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with H(z) the Hubble constant at redshiftz, � 0 = 2:0 Gyr, and
� V = �=� crit (Bryan & Norman 1998).

We followed this approach because the merger trees of the
simulation were not stored, and therefore the infall mass cannot
be calculated directly from the snapshots. However, as shown in
Gao et al. (2004), Eq. 1 has been calibrated for subhalos with
masses higher than 6� 1010h� 1M� in a � CDM cosmology, and
therefore it is suitable for the regime of subhalo masses in our
simulation.

In the remainder of this paper, we use the infall mass of the
subhalos because as we described above, it is a better tracer of
the gravitational potential well at the moment of galaxy forma-
tion. It is therefore expected to provide a better link to the stellar
mass than the observed mass. In Fig. 1 we show the histograms
representing the mass distribution of subhalos that have lost mass
(i.e., those located atr < R200 at the time of observation) for
three comoving boxes, and for the mass at the time of observa-
tion and the infall mass. For subhalos atr < R200 the median
mass loss at all redshifts is� log(Mh) = 0:25 dex, with a maxi-
mum mass loss of� log(Mh)max = 1:26 dex (this only occurs in
a few cases). Fig. 1 shows, however, that because of the mass
resolution of the simulation we adopted, the total contribution of
subhalos to the density of the total population of halos is almost
negligible.

It might be argued that galaxies can also lose or acquire
stellar mass through gravitational interaction between di� erent
galaxies in di� erent halos (or subhalos), or through simple star
formation activity, since the time of the infall. The median time
elapsed between the infall of the subhalo into the main halo and
the observation time is� (t) = 0:6 Gyr. The stellar mass loss
through gravitational interactions can be modeled through simu-
lations of galaxy formation and evolution. As an example, Kimm
et al. (2011) adopted a semianalytic approach and tried to model
the mass loss of satellite galaxies at the moment they enter into
their main halos: the authors found that the majority of baryonic
mass loss is in the form of hot and cold gas that is present in
the disk or halo of the galaxy. The stellar mass loss is not triv-
ial to model, and quantitative values were not provided. On the
other hand, galaxies continue to form stars with a rate that de-
pends on their star formation history, gas reservoirs, initial mass
function (IMF), and several other parameters. Using the Illus-
tris hydrodynamic simulation, Niemiec et al. (2019) found that
subhalos can lose a large portion of their dark matter at accre-
tion, but continue to form stars, which increases the stellar mass
up to � 6% after 1 Gyr from the accretion event. Considering
the median timescale of 0:6 Gyr, the uncertainties in treating the
processes of stellar mass loss and gain, and the numerous vari-
ables at play, we decided to take the stellar mass changes after
the infall into the main halos not into account. In the following,
unless speci�ed otherwise, the halo massMh represents

Mh =
(

M200; for main halos
Minf ; for subhalos

: (4)

2.4. Halo mass function

The mass function is de�ned as the number density of objects
(i.e., halos and galaxies) per unit comoving volume in bins of
(halo or stellar) mass and redshift. In order to extend the SHMR
not only at any redshift, but also in the widest possible mass
range (because the simulation we used is limited to halos with
log(Mh=M� ) � 12:5), we compared the halo mass functions
(HMFs) of the simulation to theoretical parameterizations. In
Fig. 2 we show a comparison of the cumulative halo mass func-

tions (CMF) of the� CDM DUSTGRAIN-path�nder simulation
with those reported by Despali et al. (2016), who measured the
HMF using a suite of six N-body cosmological simulations with
di� erent volumes and resolutions (see Despali et al. 2016 for de-
tails). We computed the Despali et al. (2016) cumulative HMFs
for halos whose mass is de�ned as 200� crit in order to match
the halo mass de�nition of the simulation we used. In particular,
we show the CMF computed from light cones without taking the
infall mass for the subhalos into account, and the one using the
infall mass. Using the light cones, we were able to precisely se-
lect the redshift intervals in which we calculated the CMF. The
comoving boxes, instead, are located at �xed redshifts. To cal-
culate the HMF, we therefore considered all the boxes located
in the same redshift bin. We also evaluated the halo CMF for
boxes with or without the infall mass for the subhalos. We esti-
mate the relative di� erence of the CMF of the simulation with
respect to the Despali et al. (2016) mass function in the bottom
panels of Fig. 2, showing that the di� erences between the HMFs
of the simulation (on comoving boxes and light cones) and the
theoretical HMFs are minimal: the maximum di� erence is only
a few percent of the value of the Despali et al. (2016). Fig. 2
also clearly shows that even if the median di� erence between the
infall mass and observed mass is 0:25 dex, the halo mass func-
tion does not change sign�cantly, regardless of the infall mass
for subhalos. When we consider the mass of subhalos at the in-
fall or the mass at observation, the di� erences in mass functions
are lower than 1%. This is reasonable because only a few sub-
halos have already enteredR200, and have therefore lost mass.
This is because the simulation is limited to very massive halos
(log(Mh=M� ) � 12:5). Their total in�uence on the HMF at high
halo masses and on the derived SHMR is therefore very limited
because the fraction of subhalos with respect to main halos is
small (� 10% at log(Mh=M� ) = 12:5 andz = 0, consistent with
the results by Rodríguez-Puebla et al. 2017 and Despali & Veg-
etti 2017). This is also visible in the histograms of Fig. 1, which
clearly show that the e� ect of subhalos is negligible compared
to the total halo distribution, regardless of the infall mass.

In order to derive the SHMR relation on a wider mass range
than allowed by the HMFs of� CDM DUSTGRAIN-path�nder
simulations, we adopted the Despali et al. (2016) HMF: in this
way, we were able to compute the SHMR from the lowest ob-
served stellar masses (M� � 108 M� , Mh � 1010:5 M� ) to the
highest (M� � 1012 M� , Mh � 1015 M� ) from z = 0 to z = 4.
Finally, we stress that in order to build a realistic mock catalog
of galaxies, however, the derived SHMR relation needs to be ap-
plied to the infall mass of subhalos to derive the corresponding
stellar mass.

3. Stellar mass functions

The SMF is a powerful tool for statistically describing the distri-
bution of stellar mass in galaxies, the galaxy mass assembly over
cosmic time, and the evolution of the galaxy population with red-
shift. The SMF of galaxies has been extensively studied over the
past years out toz � 4 � 5 (e.g., Fontana et al. 2006; Pozzetti
et al. 2007; Stark et al. 2009; Pozzetti et al. 2010; Ilbert et al.
2013; Muzzin et al. 2013; Grazian et al. 2015; Song et al. 2016;
Davidzon et al. 2017). Traditionally, the SMF is modeled with a
Schechter function (Schechter 1976), but for certain galaxy pop-
ulations, a double Schechter function provides a better �t to ob-
servations (e.g., Baldry et al. 2008; Pozzetti et al. 2010). For all
the SMFs we used in this work that we describe in the following
sections, we rescaled the data points to our cosmology (i.e., to
Planck15 values) and to a Chabrier IMF.
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Fig. 2. Cumulative halo mass functions in nine di� erent redshift bins. The cyan line represents the Despali et al. (2016) halo mass function
calculated at the center of the redshift bin. The colored points represent the halo mass function of the� CDM DUSTGRAIN-path�ndersimulation:
red triangles are the halo CMF evaluated on the ligth cones without taking the infall mass for the subhalos into account, green circles make use of
the infall mass, gray hexagons represent the halo CMF using comoving boxes without using the infall mass for the subhalos, and blue squares are
derived from simulation boxes taking the infall mass into account. The bottom panels represent the relative di� erence of the CMF of the simulation
with respect to the Despali et al. (2016) mass function.
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