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Abstract. We use high-precision kinematic and lensing measurements of the total mass
profile of the dynamically relaxed galaxy cluster MACS J1206.2-0847 at z = 0.44 to estimate
the value of the ratio η = Ψ/Φ between the two scalar potentials in the linear perturbed
Friedmann-Lemaitre-Robertson-Walker metric. An accurate measurement of this ratio, called
anisotropic stress, could show possible, interesting deviations from the predictions of the
theory of General Relativity, according to which Ψ should be equal to Φ. Complementary
kinematic and lensing mass profiles were derived from exhaustive analyses using the data
from the Cluster Lensing And Supernova survey with Hubble (CLASH) and the spectroscopic
follow-up with the Very Large Telescope (CLASH-VLT). Whereas the kinematic mass profile
tracks only the time-time part of the perturbed metric (i.e. only Φ), the lensing mass profile
reflects the contribution of both time-time and space-space components (i.e. the sum Φ +
Ψ). We thus express η as a function of the mass profiles and perform our analysis over
the radial range 0.5Mpc ≤ r ≤ r200 = 1.96Mpc. Using a spherical Navarro-Frenk-White
mass profile, which well fits the data, we obtain η(r200) = 1.01 +0.31

−0.28 at the 68% C.L. We
discuss the effect of assuming different functional forms for mass profiles and of the orbit
anisotropy in the kinematic reconstruction. Interpreting this result within the well-studied
f(R) modified gravity model, the constraint on η translates into an upper bound to the
interaction length (inverse of the scalaron mass) smaller than 2 Mpc. This tight constraint
on the f(R) interaction range is however substantially relaxed when systematic uncertainties
in the analysis are considered. Our analysis highlights the potential of this method to detect
deviations from general relativity, while calling for the need of further high-quality data on
the total mass distribution of clusters and improved control on systematic effects.

Keywords: Galaxy clusters, modified gravity, gravitational lensing, dark energy theory,
cosmology of theories beyond the SM
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1 Introduction

In the current picture of cosmological studies, the standard ΛCDMmodel seems to be the most
suitable to describe the expansion history, constrained with a wide range of observations (e.g.
ref. [1]). In this scenario, the nature of Dark Energy, which is invoked to explain the current
accelerating expansion (e.g. ref. [2]) and which should represent about 70% of the total
density of the Universe, is still unknown. Several alternatives have been proposed to explain
cosmic acceleration, including the possibility of introducing a modification of the Einstein’s
field theory of General Relativity (hereafter GR), assumed in the Standard Cosmological
model. These models are expected not only to reproduce the expansion history, but also
to match general relativity at scales comparable with those of the Solar System, where the
theory is tested to high precision. Besides an accelerated expansion, a modification of GR
should manifest itself also through its effect on the evolution of density perturbations. A
possible evidence of modified gravity should also involve a change into the relation between
the scalar potentials which appear in the perturbed Friedmann-Lemaitre-Robertson-Walker
(hereafter FLRW) metric and the fluctuations in the matter density field (ref. [3]). Suitable
parameterizations of these relations allow one to characterize deviations from GR as a function
of redshift and scale (e.g. see ref. [4] and references therein).

In this paper we constrain deviations from GR by comparing mass profiles of galaxy clus-
ters as derived from gravitational lensing and from a kinematic analysis of member galaxies.
In fact, galaxies moving within clusters under the action of gravity only feel the time-time part
of the perturbed FLRW metric, which is expressed by the potential Φ. On the other hand,
the geodesics along which photons propagate within clusters reflect the contribution of both
time-time and space-space components of the linear metric perturbations, i.e. they feel the
sum of the two potentials Φ+Ψ. Since Φ = Ψ in standard gravity with non-relativistic matter
sources, mass profiles obtained from kinematic and lensing analyses, under the assumption of
GR, should coincide as long as GR itself is valid. In other words, under the assumption that
astrophysical and observational systematics are well understood for both the kinematic and
lensing analyses, any deviation of mass profiles based on using either photons or galaxies as
tracers of the metric perturbations should reflect a deviation from GR.

In the following, as a case study, we present results from MACS J1206.2-0847 (hereafter
MACS 1206) a galaxy cluster at redshift z = 0.44 for which high-quality imaging and spec-
troscopic data have been analysed in detail as part of the Cluster Lensing And Supernova
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survey with Hubble (CLASH, ref. [5]) and the spectroscopic follow-up with the Very Large
Telescope (CLASH-VLT, ref. [6]) programs. By using the reconstructed mass density profiles
from kinematic analysis of ref. [7] and combined strong-weak lensing measurements of ref.
[8], we derive a relation between the mass profiles and the metric scalar potentials Φ and
Ψ to estimate their ratio η(r, z = 0.44) under the assumption of spherical symmetry of the
cluster mass distribution. A similar analysis, that presented in ref. [9], used the mass profiles
for the same cluster to obtain a constraint on the pressureless nature of dark matter. The
possibility of measuring η from observations and therefore to detect deviations from the GR
was discussed in ref. [10, 11], where it was pointed out that by combining constraints on
the metric potentials ratio η and on the evolution of density perturbations, it is in principle
possible to distinguish modifications of gravity from non-standard dark energy models. In the
following, we assume a flat ΛCDM model with Ωm = 0.3 for the matter density parameter
and H0 = 70 km s−1Mpc−1 for the present-day Hubble constant to convert observed angular
scales into physical scales.

2 Theoretical framework

We describe the linear perturbation to the FLRW metric associated to a galaxy cluster as
(e.g. ref. [12])

ds2 = a2(τ)

{(
1 + 2

φ

c2

)
dτ2 − 2widτdx

i −
[(

1− 2
ψ

c2

)
γ(K)ij + hij

]
dxidxj

}
, (2.1)

where wi, hij , φ and ψ are functions of the coordinates that characterize the perturbation,
γ(K)ij is the three-dimensional metric tensor for a space with constant curvature K. The
general perturbed FLRW metric can be decomposed into scalar, vector and tensor modes, by
appropriate modifications of the functions mentioned above. Since we are interested only in
the scalar part of the perturbation, related to the gravitational potential, we perform a gauge
transformation setting wi = hij = 0. The metric in spherical coordinates takes now the form:

ds2 = a2(τ)

{(
1− 2

Φ

c2

)
dτ2 −

(
1− 2

Ψ

c2

)
[dχ2 + f2K(χ)dΩ2]

}
. (2.2)

This gauge choice is called the conformal Newtonian gauge [13], for the similarity with the
Newtonian limit of gravity. In the above expression Φ and Ψ are gauge-invariant scalar
quantities, the Bardeen potentials (see ref. [14]), with Φ playing the role of the standard
Newtonian potential. As usual, a(τ) is the expansion factor, which is a function of the
conformal time τ . Finally, fK(χ) is a function of the curvature K and the radial comoving
coordinate χ, with fK(χ) = χ for a flat background universe with K = 0.

The perturbed metric of eq. 2.2 is related to the perturbation in the matter and energy
content through the linearized Einstein’s field equations:

δGµν =
8πG

c4
δTµν .

If we assume the cosmological principle, the background energy momentum tensor is that of
an ideal fluid,

Tµν =
( p
c2

+ ρ
)
uµuν − gµν p

c2
,
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where ρ and p are the density and pressure of the fluid, uµ = dxµ/dτ is the four-velocity.
In this case, it can be shown that the difference between the Bardeen potentials obeys the
following equation in Fourier space:

k2(Ψ− Φ) = −8πGa2P̄Π, (2.3)

with

P̄Π =
3

2

(
kikj
k2
− 1

3
δij

)(
T ij −

1

3
δijT

)
the stress tensor of the fluid. Since for an ideal fluid P̄Π = 0, this leads to the condition that
Φ = Ψ. We thus define the anisotropic stress η(x) as the ratio Ψ(x)/Φ(x), where x ≡ xµ

are the spacetime coordinates; a deviation of this parameter from the value η = 1 indicates a
violation of the Einstein’s equations, i.e. a deviation from standard gravity.

In the following analysis, we carry out an observational determination of η by using the
cluster mass profiles obtained from measurements of the velocity dispersion of the cluster
galaxies and from combined strong and weak lensing measurements. These two methods to
infer mass profiles from observational data are connected to the gravitational potentials in
different ways. The motion of the galaxies in a cluster is determined by the metric time-time
component only g00 = −(1 + 2Φ/c2), since their typical velocities, ∼ 103 km s−1, are non-
relativistic. For example, in the case of the cluster MACS 1206, the velocity dispersion along
the line of sight has been measured by ref. [7] σLOS = 1087+53

−55 km s−1 � c. In the weak field
limit the geodesic equation, for a non-relativistic particle in a gravitational field reduces to

d2~x

dt2
= −∇Φ .

Here Φ is related to the source term by the (0,0) component of the Einstein’s equations, which
in this context is simply given by the Poisson equation

∇2Φ = 4πGρ . (2.4)

On the other hand, photons perceive the gravitational field reflecting the contribution of
both time-time and space-space metric components. This can be shown by using the general
formalism of light propagation in curved spacetime. Adopting an approach similar to Faber
& Visser (ref. [15]), in a spherically symmetric, static spacetime 1 (i.e. ∂tg00 = 0 and
gi0 = g0i = 0) we define an effective refractive index n(r) that, in the weak field approximation,
is related to the perturbed metric coefficients as

n(r) =

[
1− 2

c2
Φlens +O(2)(Φ,Ψ)

]
, (2.5)

where we set Φlens = (Φ + Ψ)/2 to be the lensing potential. Eq. 2.5 can be simply derived
setting ds2 = 0 in eq. 2.2 and computing c/v ≡ n.

Using the lensing potential, we can define a lensing density field ρlens through the Poisson
equation

∇2Φlens = 4πGρlens . (2.6)

1In general the metric is also a function of the time coordinate, but we can safely assume that the geometry
does not change during the lensing and kinematic observations.
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Under the assumption of spherical symmetry one can integrate eq. 2.4 and eq. 2.6 over a
sphere of radius r, thus obtaining

d

dr
Φ(r) =

G

r2
mdyn(r), (2.7a)

d

dr
[Φ(r) + Ψ(r)] =

2G

r2
mlens(r) . (2.7b)

In the above equations, mdyn(r) and mlens(r) are the total dynamic and lensing masses
enclosed within a sphere of radius r. Inserting eq. 2.7a into eq. 2.7b, we derive the relation
between the ratio of the Bardeen potentials and the cumulative mass profiles:

η(r) ≡ Ψ(r)−Ψ(r0)

Φ(r)− Φ(r0)
=

∫ r
r0

G
r′2 [2mlens(r

′)−mdyn(r′)] dr′∫ r
r0

G
r′2mdyn(r′)dr′

. (2.8)

Here Φ(r0) and Ψ(r0) are two integration constants that we can set equal to zero using the
freedom in the definition of the potentials.

3 MACS 1206 and mass profiles

The galaxy cluster MACS 1206, located at redshift z = 0.44, is one of the 25 X-ray selected
clusters observed as part of the CLASH survey.

Specifically, twenty CLASH clusters, including MACS1206, have been selected from X-
ray-based compilations of dynamically relaxed systems, and the remaining five clusters have
been chosen for their lensing strength [5]. MACS1206 appears as a large-scale relaxed system
with a few minor overdensities in 2D distribution [16]. This result is also supported by the
analysis of ref. [17], that does not find a significant level of substructures within the cluster
when the most conservative selection is used to assign the membership of cluster galaxies.
The concentric distribution of the mass components (stellar, gas and dark matter, see ref.
[8]) further point to a relaxed status of the cluster (see also ref. [18] who demonstrate that
the projected separation of the BCG and the X-ray emission peak is a robust indicator
of a system’s dynamical state). Moreover, the kinematic mass profile determination is in
agreement with the analysis based on the Chandra X-ray observations under the assumption
of hydrostatic equilibrium. Mass profiles based on hydrostatic equilibrium of the intra-cluster
medium and on the Jeans’ equation are both sensitive to the time-time component of the
metric, but they feel the lack of equilibrium in different ways. Therefore, the consistent
results obtained by these methods suggest that the cluster is in an equilibrium configuration
(i.e. dynamically relaxed).

A first strong lensing analysis of MACS1206 was carried out in ref. [19] using 50 multiple
images of 13 background lensed galaxies. An upgrade of this analysis was presented in ref.
[8], exploiting a combination of strong lensing information with weak lensing shear and mag-
nification measurements from Subaru multi-band images. Taking advantage of high purity
sample of background galaxies derived from extensive multicolor and spectroscopic informa-
tion, a robust measurement of the cluster mass density profile was obtained out to ∼ 2Mpc.
In the radial region between 0.3 and 0.4Mpc, the mass profiles derived from strong lensing
and weak lensing shear and magnification analyses have been shown to be consistent with
each other. The resulting mass profile is parametrized according to the Navarro-Frenk-White
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model (NFW hereafter), ref. [20],

M(r) = M200
ln(1 + r/r−2)− (r/r−2)(1 + r/r−2)

−1

ln(1 + c)− c/(1 + c)
, (3.1)

where M200 is the mass of a sphere with overdensity 200 times the critical density of the
universe at that redshift. Furthermore, r−2 is a scale radius that for the NFW model coincides
with the radius where the logarithmic derivative of the mass density profile takes the value
d ln ρ(r)/d ln r = −2. Finally, the concentration parameter c is defined as c = r200/r−2, with
r200 the radius encompassing the mass M200.

The measurement of the kinematic mass profile is presented in ref. [7] using spectroscopy
information from the CLASH-VLT project (ref. [6]). Observations with VLT/VIMOS led to
a total of 2749 galaxies with reliable redshift measurements in the cluster field. After the
rejection of interlopers, 592 cluster members were identified. The sample was then analyzed
in the projected phase-space with the MAMPOSSt method of ref. [21], that solves the Jeans’
equation

d(νσ2r )

dr
+ 2β(r)

νσ2r
r

= −ν(r)
GM(r)

r2
, (3.2)

to provide a maximum likelihood fit for the parameters of different mass models out to the
virial radius (∼ 2Mpc). In eq. 3.2 ν(r) is the galaxy number density and σr indicates
the radial velocity dispersion. The kinematic analysis also requires modeling the velocity
anisotropy profile β(r) of the tracers of the gravitational potential2, due to the well-known
mass-anisotropy degeneracy. In the original analysis of ref. [7] three models for β(r) were
considered, specifically:

βO(r) = β∞
r − rc
r + rc

, (3.3)

βT (r) = β∞
r

r + rc
, (3.4)

(from ref. [22]), and constant anisotropy with no radial dependence βC . In the above equa-
tions, β∞ is the anisotropy value at large radii. Finally, the parameter rc is assumed to
coincide with the radius r−2 of the mass profile. In fact, ref. [23] proved that with this value
of rc the “O" and “T" models provide a good fit to the average anisotropy profiles predicted
by a set of cosmological simulations of galaxy clusters.

The NFW model gives the highest likelihood fit to the kinematic data for the mass
profiles reconstructed with the MAMPOSSt method, and in combination with the anisotropy
"O" model it gives the smallest product of the relative errors in the two free parameters r−2
and r200. In our analysis, following ref. [7], we adopt the combination of the NFW profile
and the “O” model for the orbit anisotropy (“NFW+O" hereafter) as the reference model, as
obtained considering the scale radius of the number density profile rν = 0.63 Mpc. In order
to estimate the dependence of the η(r) measurement (Eq. 2.8) on the kinematic mass profile
used, we also consider the Hernquist (ref. [24], hereafter “Her” ) and the Burkert (ref. [25],
hereafter “Bur") models, that provide acceptable fits to the kinematic data (as shown in ref.
[7]). In Table 1, we summarize the kinematic mass models for which we derived constraints
on η.

2The velocity anisotropy is defined as β = 1− (σt/σr)
2 where σt and σr are the tangential and the radial

component of the velocity dispersion, respectively.
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4 Results

In this section we discuss the application of eq. 2.8 to compute the anisotropic stress η(r)
for MACS 1206, using the lensing and kinematic mass profiles considered above. In our
analysis, we integrated the mass profiles in the radial range [r0, r200], with r0 = 0.55Mpc and
r200 = 1.96Mpc, where the latter is the best-fit value as obtained from both the kinematic
and lensing analysis (refs. [7, 8]). At larger radii, dynamical equilibrium cannot be reliably
assumed, and therefore the Jeans’ equation can no longer be used to infer the gravitational
potential. Moreover, at such large radii, the lensing masses become less reliable, as the weak
shear signal becomes increasingly contaminated by large-scale structure filaments that might
affect the recovered mass profiles.

In spite of MACS 1206 global behavior (see Section 3), in the innermost regions (r ≤
0.5Mpc) we do not have sufficient information to establish whether the central core is dy-
namically relaxed and to confirm the validity of the spherical symmetry assumption. In fact,
Chandra X–ray observations of MACS 1206 show an inner entropy profile (see ref. [26]) which
is higher than expected for a relaxed cool core cluster, thus indicating a dynamically active
core. Moreover, optical photometric observations, presented in ref. [27], show evidence for
a distribution of the intracluster light (ICL) which is asymmetric with respect to the posi-
tion of the BCG, with an elongation in the direction of the second brightest cluster galaxy.
This suggests the presence of a tidal interaction between these two central galaxies, further
questioning dynamical relaxation to hold in the central region of MACS 1206.

In our analysis we consider four parameters: r−2 and r200, derived from the kinematic
analysis in ref. [7] and r−2 and r200 derived from the lensing analysis by ref. [8]. In order
to propagate the statistical errors from the mass profile parameters to η(r), and following
the analysis of ref. [9], we repeated the calculation of η(r) by Montecarlo sampling with 104

trials the two probability distributions in the (r−2, r200) parameter space, as provided by the
kinematic and by the lensing analyses. The results of these trials are shown in Figure 1 (from
left to right: NFW, Hernquist and Burkert mass profiles) with red and blue points for the
kinematic and lensing analysis, respectively. As discussed in ref. [9], the joint distribution
of the (r200, r−2) parameters from the kinematic analysis has nearly zero covariance, so the
errors on these two characteristic radii are almost uncorrelated. On the other hand, the
joint probability distribution of the parameters from the lensing analysis can be assumed
to be a bi-variate Gaussian with covariance between r−2 and r200. As expected, the iso-
probability contours in the (r200, r−2) plane are almost elliptical in this case (see Figure 1).
In Figure 2 we plot our results for η(r) as a function of the distance from the center, r.
For our reference analysis based on the NFW+O mass model, we show the results in the
range 0.55− 1.96Mpc with the red solid line, along with the corresponding 68% C.L. (orange
shaded area). The effect of starting the integration of the mass profiles in eq. 2.8 from a
smaller radius, namely r0 = 0.07 Mpc, is shown by the black dashed curve, with the yellow
area marking the corresponding 68% C.L. The errors increase when we use information from
the cluster central region where the mass profile derived from strong-lensing has larger errors
than the one obtained from weak-lensing (see Figure 13 of ref. [7]). Here the errors in the
strong-lensing regime are dominated by model-dependent systematic uncertainties [8, 28].
The weaker constraint affects all the η profile by virtue of the correlation between errors at
different radii. We also notice that the median values of η(r) are slightly lower than those
estimated when using r0 = 0.55 Mpc. In both cases, the results are consistent with η = 1,
thus with the predictions of GR.
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Figure 1. Results of the 104 Montecarlo simulations generated by sampling the joint probability
distribution of r200 and r−2 from the kinematic analysis (red points) and from the combination of
strong and weak lensing analyses (blue points). Left panel: NFW mass model of ref. [20]; central
panel: Hernquist mass model of ref. [24]; right panel: Burkert mass model of ref. [25].

Figure 2. Constraints on the radial profile of the anisotropic stress η(r) for the reference analysis
based on the NFW parametrization of the density profile (see eq. 3.1) and the O-model of eq. 3.3 for
the orbit anisotropy. Results correspond to r0 = 0.55 Mpc (NFW-betaO) and 0.07 Mpc (NFW-betaO
extended) for the minimum radius down to which mass density profiles are considered. Solid red and
black dashed curves show the median values of η(r), while the narrower orange and broader yellow
areas mark the corresponding 68 % C.L. regions.

Possible systematic effects could in principle affect our analysis. From an observational
point of view, the cluster orientation and asphericity can affect both lensing and kinematic
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Figure 3. The effect of changing the reference model for the mass density profile (left panel) and the
orbit anisotropy profile β(r) (right panel) on the resulting constraints on the anisotropy stress profile
η(r). Here we assume r0 = 0.55 Mpc. Left panel: three mass profile models with fixed anisotropy
β = ”O”. NFW model, ref. [20]: red solid curve; Hernquist model, ref. [24]: blue dashed curve;
Burkert model, ref. [25]: black dash-dotted curve. Right panel: NFW mass profile for different
anisotropy models. β = ”O”: red solid curve; β = ”T”: black dashed curve; β = ”C”: blue dotted
curve. In both panels the shaded area indicates the 68% C.L. errors for the reference NFW+O model.

mass profile determinations. Ref. [16] found that the ellipticity of the galaxy distribution for
MACS1206 is ε = 0.20+0.05

−0.06. Such value is low especially for a medium-z cluster compared
with what found at low redshift by ref. [29] (〈ε〉 = 0.25± 0.12 in a sample 44 Abell clusters)
and by ref. [30] (〈ε〉 = 0.4 for a sample of 99 Abell clusters). Moreover, since the kinematic
analysis is based on the Jeans equation and thus on the assumption that the cluster is in
dynamical equilibrium, the presence of substructures could affect our results on η. However,
as we discuss in Section 3, MACS1206 do not show a significant level of substructures.

In Figure 3 we quantify the systematic effect on η obtained by changing all the mass and
anisotropy models. We stress that all the kinematic mass and anisotropy profile combinations
considered in this analysis have been proven in ref. [7] to provide acceptable fits and none of
them is rejected by data. The same finding also holds for the mass profiles from the lensing
analysis. In the left panel, we consider three different mass profiles (see also Table I) in both
kinematic and lensing analysis, assuming in all cases β = ”O” for the orbit anisotropy. The
solid, dashed and dash-dotted lines indicate the median values of the distributions for NFW,
Hernquist and Burkert respectively, while the colored area indicates the 68% C.L. region for
the NFW+O profile. We note that GR predictions are now slightly outside the 68% C.L.
regions when using the “Bur” mass profile, thus underlining the importance of the adopted
mass profile parametrization. However, we note that noting that the “Bur” model has been
statistically disfavored by the ensemble mass profile derived from a stacked lensing analysis
of the CLASH X-ray-selected sample, also including MACS J1206, based on strong–lensing,
weak–lensing shear and magnification data [31].

In the right panel of Figure 3 we show η(r) computed using the NFW mass profile
and the three anisotropy profiles discussed in Section 3. The shaded areas indicate the 68%
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Mass profile β η ∆η(68%C.L.) ∆η(95%C.L.)

NFW O 1.00 +0.31
−0.28

+0.61
−0.54

NFW C 1.22 +0.45
−0.38

+0.93
−0.68

NFW T 1.23 +0.33
−0.33

+0.71
−0.61

Bur O 0.65 +0.26
−0.23

+0.51
−0.44

Her O 0.84 +0.31
−0.28

+0.66
−0.60

Table 1. Constraints on the anisotropic stress η for the different mass and anisotropy models.
Column 1: mass model used (NFW: ref. [20]; Bur: ref. [25]; Her: ref. [24]). Column 2: model for the
profile of orbit anisotropy as fitted in the kinematic mass reconstruction (O: eq. 3.3; T: eq. 3.4; C:
constant β). Column 3: median values for η at r200; Columns 4 and 5: errors at 68% and 95% C.L.

confidence regions for the reference model NFW+O while the solid, dashed and dotted lines
represent the medians of the distributions. In this case, although the details of the results
are sensitive to the anisotropy model adopted, the resulting η profiles always lie within the
statistical uncertainties of the reference model (see also Table I).

As mentioned above, since η is obtained as a ratio of integrals depending on the mass
profiles (see eq. 2.8), the errors at different radii are correlated. In fact, the determination of
η(r) at a fixed radius r̄ is affected by the shape of the profile at r < r̄. For this reason, we
quote the values of η computed at r200 = 1.96 Mpc for all the models analyses, as reported
in Table 1.

For our reference model (NFW with anisotropy profile ’O’), we obtain

η(1.96Mpc) = 1.00+0.31
−0.28 (stat) ± 0.35 (syst), (4.1)

at 68 % C.L. where the systematic error is computed taking into account the variation in the
median value of η(r200), due to the different anisotropy and mass profiles used. As such, our
analysis provides constraints on the anisotropic stress η which are fully consistent with the
GR predictions. In order to highlight how these constraints compare with those derived from
other cosmological probes, in the following section we will recast them in terms of constraints
on the specific class of f(R) modified gravity models.

5 Constraints on f(R) models

Constraints on η can generally be used to set bounds on specific modified gravity models. We
consider here for a moment only the statistical error given by eq. 4.1, and assume therefore
that η lies between 0.7 and 1.3 at r = 1.96 Mpc. Then we study how this translates into
constraints on one of the simplest and most investigated class of modified gravity models,
namely f(R) models. In this class of models, proposed first in 1970 by ref. [32] (see ref. [33]
for a review), the Einstein-Hilbert Action

SEH =
1

16πG

∫ √
−gRd4x
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is replaced by

S =
1

16πG

∫ √
−g[R+ f(R)]d4x, (5.1)

where f(R) is a function of the curvature scalar R. Varying the action of eq. 5.1 with respect
to the metric gµν leads to the field equations:

(1 + f,R)Rµν −
1

2
gµν [f(R) +R] + (gµν�−∇µ∇ν)f,R = 8πGTµν , (5.2)

where f,R = df(R)/dR.
The general expression for the two Newtonian potentials in f(R) models in Fourier space

is

Φ = −4πGρm
1 + f,R

a2

k2

(
1 +

1

3

k2

M2a2 + k2

)
, (5.3)

Ψ = −4πGρm
1 + f,R

a2

k2

(
1− 1

3

k2

M2a2 + k2

)
. (5.4)

where k is the norm of the comoving wavevector. In the above expressions for the potentials,
the effective scalaron mass

M2 =
R

3

(
1 + f,R
Rf,RR

− 1

)
. (5.5)

(where f,RR = d2f(R)/dR2) provides the interaction range λ = M−1 in the corresponding
Yukawa-type potential. These expressions are valid provided there are no screening mecha-
nisms active at the relevant scales. In standard GR f,R = 0, f,RR = 0 and M →∞, so that
one recovers the usual expression for Ψ,Φ and for η. The expression for η(r) = Ψ(r)/Φ(r) is
the ratio of the Fourier anti-transforms of the potentials, and one could derive directly con-
straints on M and f,R at the scale and redshift of the cluster. Since the present constraints
are still dominated by systematics is probably not worth to try a very detailed comparison
with theory. Therefore, our aim here is just to point out the potential of this method. In this
spirit, we derive here below constraints on the parameters that characterize a f(R) model.

In the limit of small scales, k �M , one has simply

η =
Ψ

Φ
=

1

2
(5.6)

while in the opposite limit k �M one recovers the standard GR result η = 1. It is then clear
that if we can rule out η = 1/2, which indeed appears at almost 2σ from our best fit when
considering only the statistical error, we can say that the interaction scale λ = M−1 should
be smaller than the cluster scale, i.e.

λ < 2 Mpc. (5.7)

In f(R) models the first derivative f,R is already well constrained to be much smaller than
unity in order to pass cosmological constraints (see, e.g., ref. [4], and references therein);
moreover, for small deviations from standard gravity f,RR � R−1 so we can approximate
M2 = 1/(3f,RR) and we obtain at z = 0.44

|f,RR(0.44)| < 1.3 Mpc2. (5.8)
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This is the first time a constraint on the second derivative of f(R) is obtained without
relying on a particular f(R) model. However, we emphasize again that we are neglecting the
systematic errors, so this constraint should be taken with some caution.

If the f(R) model can be approximated near the present epoch by a power law f(R) =
αR0(R/R0)

−n where R0 ≈ H2
0 is the present curvature scalar, then we find for the dimen-

sionless constants α, n the constraint

|n(n+ 1)α| = |(n+ 1)f,R0| <
(
1.3H2

0

)
≈ 10−7. (5.9)

(we are neglecting here the evolution between z = 0.44 and the present time). This is very
close to, or better than, the current constraint |f,R0| = |αn| ≤ 10−6 (see e.g. refs. [34, 35]) for
compatibility with background and linear perturbation theory. Of course the f(R) Lagrangian
can have any shape so there is no need to expect necessarily a simple connection between f,R
and f,RR. In general, the power of estimating η from lensing and kinematic mass profiles of
clusters is that one can put an independent constraint also on the second, rather than just the
first, derivative of f(R) at scales of order of one Mpc, much smaller than what is obtainable
from linear perturbation theory. Moreover, such constraints can be obtained independently
at various redshifts and do not require a specific f(R) model valid along the entire cosmic
evolution which is instead needed when constraining f(R) theories with the cosmic microwave
background or the linear perturbation growth.

6 Conclusions

In this paper we have presented a method to derive constraints on the anisotropic stress
η = Φ/Ψ by comparing high-precision determinations of the total mass profiles of galaxy
clusters from lensing and kinematic analyses. As a case study, we have applied this method
to MACS 1206, a bona fide relaxed cluster at z = 0.44 with M200 = 1.4 ± 0.2M� (ref.[7]).
Lensing masses for MACS 1206 have been derived by ref. [8] using the high-quality imaging
and photometric data obtained from HST and Subaru within the CLASH project. Kinematic
mass profiles have been derived by ref. [7] thanks to intensive spectroscopic observations
carried out within the CLASH-VLT program. Galaxy motions are sensitive only to the time-
time component Φ of the metric perturbation, while lensing is sensitive to both the time-time
and space-space components, i.e. to Φ + Ψ. Therefore, a comparison of mass profiles based
on these two independent methods allows one to set constraints on possible deviations from
the prediction of General Relativity (GR), η = 1.

The results of our analysis can be summarized as follows.

• Comparing mass profiles over the range of radii from r0 = 0.55 Mpc out to r200 = 1.96
Mpc, we find results to be consistent with the prediction of GR: η(r200) = 1.00+0.31

−0.28
at 68% C.L. for our reference analysis based on the NFW parametrization of the mass
density profile and a specific model for the profile of orbit anisotropy.

• While the above errors refer only to statistical uncertainties, we also estimated the
effects of systematic uncertainties related to changing the parametrization of the mass
density and orbit anisotropy profile, as well as changing the minimum radius down
to which mass profiles are considered. Within the range of models considered, these
systematic uncertainties roughly double the uncertainty in the measurement of η.

– 11 –



• To illustrate the potential of the method, we re-phrased the constraints on η, with a
30% uncertainty, in terms of constraints on the f(R) class of modified gravity mod-
els, neglecting systematics. Interestingly, we find these constraints to be competitive
with those obtained by combining expansion probes, cosmic microwave background
anisotropies and large-scale structure observations (e.g., refs. [4, 34, 35]). In particular,
ref. [36] constrained the values of η(z = 0) and µ(z = 0), where µ(z, k) represents the
modification to the Poisson equation for Φ, according to

− k2Φ = 4πGa2µ(z, k)δρ, (6.1)

with δρ the overdensity of the perturbation. This analysis was based on WMAP-5 data
combined with cosmic shear data from CFHTLenS and Integrated Sachs Wolf (ISW)
data, taking into account also a possible time evolution of the two functions. They
found η(z = 0) = 0.98+0.73

−1.00 for zs = 1.0 and η(z = 0) = 1.30 ± 0.35 for zs = 2, where
zs is a transition redshift at which the parameters smoothly change to their late time
values, with uncertainties referring to 68% C.L.. In a similar way, ref. [37] obtained
−1.6 < η(0) − 1 < 2.7 at 95% C.L. by combining CMB constraints from WMAP-5,
Type-Ia SN from Union2, and cosmic shear data from CFHTLS and COSMOS surveys.

Ref. [4] combined CMB data with different cosmological probes to study time- and scale-
dependence of the modified gravity parameters η and µ, both extrapolated to z = 0. As
a result, a tension with GR is found at ∼ 3σ C.L. when Planck CMB data are combined
with constraints from Baryonic Acoustic Oscillations, Redshift Space Distortions and
Weak Lensing data. Interestingly, the tension with ΛCDM predictions is alleviated
when including in the analysis also the contribution from CMB lensing (see Table 6 and
also Figures 14,17 of ref. [4]). In this case they obtain η(z = 0)−1 = 0.60±0.86 for the
scale-independent determinations. They also show that the constraints become weaker
when introducing the dependence on the scale.

In general, our results are broadly consistent with the above constraints on deviations
from GR, even if our method provides constraints only on η. Our statistical uncertainty
in the measurement of η is quite competitive with those obtained from CMB and large-
scale structure probes. However, we emphasize once again that an accurate control of
the systematics in our analysis is mandatory for our proof-of-concept analysis to turn
into an accurate and robust method to constrain modifications of gravity at the scales
of galaxy clusters.

It is worth pointing out that the above results have been obtained from high-quality observa-
tional data of only a single galaxy cluster, thus highlighting the potential of using mass profiles
of clusters as tools to probe the nature of gravity on cosmological scales. In principle, this
result should not surprise; as long as the cluster in consideration satisfies the main assump-
tions on which lensing and kinematic mass profiles are recovered, the precision of the derived
constraints is only limited by the quality of observational data. Kinematic mass profiles
are based on solving the Jeans equation for the projected phase-space distribution of cluster
galaxies, assuming a spherically symmetric stationary system within which galaxies moves as
tracers of the underlying potential. Even though the lensing mass profile do not rely on any
assumption on the dynamical state of the cluster, its reconstruction still assumes spherical
symmetry, as well as negligible contamination from the surrounding large-scale structure. In
this respect, the choice of MACSJ 1206 for this case study is close to be optimal, given the
overall appearance of this object as dynamically relaxed system.
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MACSJ 1206 is only one of a dozen clusters of the CLASH-VLT survey for which data
of comparable quality are available. The extension of this analysis to other clusters requires
the combination of large redshift samples, high-quality weak and strong lensing data, as well
as X-ray data on well selected clusters. A sample of at least 500 redshifts of member galaxies
is needed for accurate dynamical mass profiles. Together with deep X-ray data, kinematic
data are also needed to check whether the system is relaxed or whether other astrophysical
systematics can play a significant role. As a complementary approach, applying the same
analyses to realistic cosmological simulations of galaxy clusters should quantify the impact of
systematics in the measurement of lensing and kinematic mass profiles, and, ultimately, their
impact in precision tests of gravity at the scale of galaxy clusters.
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