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Abstract We introduce a general mathematical framework to model the internal
transport of angular momentum in a star hosting a close-in planetary/stellar com-
panion. By assuming that the tidal and rotational distortions are small and that
the deposit/extraction of angular momentum induced by stellar winds and tidal
torques are redistributed solely by an effective eddy-viscosity that depends on
the radial coordinate, we can formulate the model in a completely analytic way.
It allows us to compute simultaneously the evolution of the orbit of the compan-
ion and of the spin and the radial differential rotation of the star. An illustrative
application to the case of an F-type main-sequence star hosting a hot Jupiter is
presented. The general relevance of our model to test more sophisticated numeri-
cal dynamical models and to study the internal rotation profile of exoplanet hosts,
submitted to the combined effects of tides and stellar winds, by means of astero-
seismology are discussed.

Keywords Planet-star interactions · Stars: rotation · Binaries: general ·
Hydrodynamics · Turbulence · Methods: analytical

1 Introduction

Tides in close binary systems produce a redistribution of angular momentum and
a dissipation of kinetic energy until a final equilibrium state is attained or the two
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bodies collide with each other (e.g. Hut, 1980, 1981). The equilibrium state is the
minimum kinetic energy state corresponding to the given total angular momentum
of the system. It is characterized by the synchronous rotation of the two bodies
with their orbit, the alignment of their spin angular momenta with the orbital
angular momentum, and a circular orbit. This state is typical of binary systems
consisting of two stars of comparable masses (e.g. Zahn, 1977). On the other hand,
if the initial orbital angular momentum is smaller than three times the sum of the
spin angular momenta of the two bodies, the synchronization of their rotation with
the orbit is not possible. In this case, the system is unstable (Hut, 1980) and the
tidal evolution will lead to the fall of the less massive body onto the heavier one,
provided that the initial rotation period of the latter is longer than the orbital
period (e.g. Levrard et al, 2009). In binary systems containing late-type stars,
stellar winds will spin down their components, so that tidal equilibrium is not
possible and the final fate of the system depends on the wind braking timescale
compared to the main-sequence lifetime of the stars. For a discussion of the role
of wind braking see, e.g. Dobbs-Dixon et al (2004), Barker and Ogilvie (2009) and
Damiani and Lanza (2015).

The timescale for attaining the final state (tidal equilibrium or collision) de-
pends on the physical processes that dissipate the kinetic energy of the system. In
late-type stars and planets with an outer convective envelope, turbulent convec-
tion acts on the equilibrium tidal flow, i.e., the flow induced by the hydrostatic
elongation of the body in the direction of the companion, which is steady when
rotation is uniform in a reference frame rotating with this latter (e.g. Zahn, 1966a;
Remus et al, 2012) that produces a net dissipation of its kinetic energy (e.g. Zahn,
1989; Penev and Sasselov, 2011; Ogilvie and Lesur, 2012). On the other hand, the
time-varying tidal potential, as seen in the same reference frame, excites different
kinds of waves (the so-called dynamical tide) that also contribute to the dissipation
of the kinetic energy. Indeed, both in convective and radiative regions, the equilib-
rium tide is not solution of the hydrodynamics equations (e.g. Zahn, 1975; Ogilvie
and Lin, 2004; Ogilvie, 2013) and it must be completed by the so-called dynamical
tide. In convective regions, it is constituted of inertial waves, which are driven by
the Coriolis acceleration, that are excited when the tidal frequency ω̂ ∈ [−2Ω, 2Ω],
where Ω is the rotation frequency of the star (Ogilvie and Lin, 2007). Therefore,
an additional dissipation must be taken into account because of the turbulent
friction applied by convective eddies on tidal inertial waves. In stellar radiative
zones, the dynamical tide is constituted by internal gravity waves which are in-
fluenced by the Coriolis acceleration (Zahn, 1975; Terquem et al, 1998; Ogilvie
and Lin, 2007; Ivanov et al, 2013; Auclair Desrotour et al, 2015). Their dissipation
can compete with those of the equilibrium tide and inertial waves in convective
regions (e.g. Goodman and Dickson, 1998; Ogilvie and Lin, 2007), especially when
massive companions excite high-amplitude waves that may non-linearly break at
the center of K- and G-type stars (Barker and Ogilvie, 2010; Barker, 2011; Guillot
et al, 2014). In low-mass stars, recent works (Ogilvie and Lin, 2007; Barker and
Ogilvie, 2009; Mathis et al, 2014; Mathis, 2015b) demonstrated that the dissipa-
tion of the dynamical tide vary over several orders of magnitude with the tidal
frequency, stellar mass, age and the related internal structure, rotation, and the
adopted subgrid modeling for turbulent friction in convective regions. Therefore,
our current estimates of tidal dissipation in stars are uncertain by at least 2-3
orders of magnitude (see e.g. the detailed discussion in Ogilvie, 2014).
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The discovery of close binary systems consisting of a main-sequence star and
a close-in massive planet (hot Jupiter) or brown dwarf made it possible to study
tidal dissipation processes in a regime of mass ratio previously not accessible to the
observations (e.g. Mayor and Queloz, 1995; Henry et al, 2000; Charbonneau et al,
2000; Fabrycky et al, 2014). While binary systems consisting of two late-type stars
reach their equilibrium state in a timescale much shorter than the main-sequence
lifetime of the two stars (Zahn, 2008, and references therein), hot Jupiter and
brown dwarf systems can be often observed far from their final state with the star
rotating slower than the orbit, thus allowing us to study their tidal evolution in
action (e.g. Bolmont et al, 2012; Damiani and Lanza, 2015; Ferraz-Mello et al,
2015).

To date, tidal evolution studies have been based on the measurement of the
rotation in the stellar photospheres, of the orbital period and eccentricity of binary
systems, and of their spin-orbit misalignment (e.g. Winn et al, 2010; Albrecht et al,
2012; McQuillan et al, 2013, 2014; Gizon et al, 2013; Garćıa et al, 2014; Ceillier
et al, 2016). However, recent progress in asteroseismic techniques now allow us to
begin the investigation of the internal differential rotation in late-type stars (e.g.
Benomar et al, 2015). On the one hand, the rapidly rotating stars in close stellar
binaries are magnetically active, thus hampering the detection of p-mode oscilla-
tion (Chaplin et al, 2011). On the other hand, stars accompanied by hot Jupiters
and brown dwarfs are generally slow rotators thanks to the relatively lower tidal
torques that have not been capable to counteract the loss of angular momentum
produced by their magnetized stellar winds (Damiani and Lanza, 2015). Therefore,
those stars are the best candidates to investigate internal differential rotation and
should allow us a measurement of tidal effects on their internal angular momentum
distribution by comparing their behavior with that of single stars with similar pa-
rameters. In this framework and to fully exploit the possibilities offered by present
and future asteroseismic measurements of internal stellar rotation (see e.g. Rauer
et al, 2014, and references therein), we need models to predict the effects of tides
on the internal angular momentum distribution in late-type stars. Only very few
works have examined the problem. First, Zahn (1966b) has derived an estimation
of the possible radial shear at the convective-radiative interface assuming two dif-
ferent solid-body rotations both in the convective envelope and in the radiative
core. Next, Goldreich and Nicholson (1989) have described the progressive syn-
chronization of stellar interiors by tidal internal gravity waves but in the case of
early-type stars (see also Talon and Kumar, 1998). Finally, more recent works have
provided first quantifications of mean zonal flows induced by tidal inertial waves
in convective shells (Tilgner, 2007; Morize et al, 2010; Favier et al, 2014).

In the present work, we propose a first analytical model to study the effect
of tides on the rotation of the radiative core and the outer convection zone of a
late-type star, assuming that the angular momentum is redistributed inside those
zones in a diffusive way by an effective viscosity depending only on the radial
coordinate. If this model constitutes a simplification of the real picture, where
advection by mean meridional flows (Zahn, 1992; Maeder and Zahn, 1998; Mathis
and Zahn, 2004) and transport by Reynolds (and Maxwell) stresses induced by
tidal waves (e.g. Talon and Kumar, 1998; Favier et al, 2014) must be taken into
account, it will allow us to unravel the competition between applied tidal and
stellar wind torques and provide first estimates of tidally-induced radial gradients
of angular velocity, which can be potentially probed with asteroseismology. In ad-
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dition to provide potentially new constraints on tidal dissipation and evolution,
models of the internal rotation in stars hosting companions are important because
tidally-driven differential rotation can produce an additional internal mixing that
may affect the abundance of light elements such as Lithium, Boron, and Berilllium
(e.g. Zahn, 1994; Brun et al, 1999; Charbonnel and Talon, 2005) and nucleosyn-
thesis in general (Song et al, 2013, 2016). Moreover, it would play a fundamental
role in the amplification of magnetic fields through hydromagnetic dynamo action
(e.g. Browning et al, 2006). Last but not least, the analytical formulation of our
model makes it useful to test in a near future more complete and complex numer-
ical models of the same processes, thus allowing their validation.

In sec. 2, we first present the hypotheses and assumptions of our physical model
and the corresponding mathematical formalism. In sec. 3, we apply our model to
the rotational evolution of an F-star hosting a close massive hot-Jupiter and to its
simultaneous orbital evolution. Finally, in sec. 4, we present the conclusions and
the perspectives of this work.

2 Physical model

2.1 Basic assumptions and hypotheses

We consider a binary system consisting of bodies of mass M and m, respectively.
The more massive (primary) body A has mass M and radius R, while the least
massive B is assumed to be point-like. As a first step and to simplify the problem,
the relative orbit is assumed to be circular with a semi-major axis a and in the
equatorial plane of the primary body (see Fig. 1). This is usually the case for stars
hosting hot Jupiters because tidal dissipation inside the planets circularizes the
orbit on timescales shorter than the main-sequence lifetimes of the systems and
the measurements of their projected obliquity based on the Rossiter-McLaughlin
effect indicate alignment between the stellar spin and the orbital angular momen-
tum in a substantial fraction of the systems when Teff ≤ 6250 K, where Teff is the
effective temperature of the star (e.g., Winn et al (2010) and Albrecht et al (2012)).

We shall investigate the angular momentum distribution inside the primary
body considering a reference frame having its origin O in the barycentre of that
body and its z-axis along its spin angular momentum that is parallel to the orbital
angular momentum. We adopt spherical polar coordinates (r, θ, ϕ), where r is the
distance from O, θ the colatitude measured from the North pole, and ϕ the az-
imuthal angle. We assume that the primary body is spherically symmetric, i.e., we
neglect the distortions induced by its rotation and the tidal potential of the sec-
ondary body. This is not too bad an approximation for stars hosting hot Jupiters
because they usually rotate with periods Prot ∼ 5−30 days, while the system mass
ratio is m/M ∼ 10−3 and R/a ∼ 0.1. Therefore, their centrifugal distortion is of the
order εC = Ω2R3/(GM) ∼ 10−4−10−5, where Ω = 2π/Prot and G is the gravitation
constant, while the tidal distortion is εT = δR/R ∼ (m/M)(R/a)3 ∼ 10−6 − 10−5.

If we assume for the moment that the primary body is isolated, the equation for
the conservation of its internal angular momentum can be written in the mean-field
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Fig. 1 The studied system: we consider a low-mass star A of mass M and radius R hosting
a point-mass companion B of mass m orbiting A circularly in its equatorial plane. The radius
of the base (the top) of the convective (radiative) region is rc. Ω is the angular velocity of the
star, n the mean motion of the orbit and a its semi-major axis. Finally, we introduce the usual
spherical coordinates (r, θ, ϕ).

approximation as (see Lanza, 2006, 2007, and references therein):

∂

∂t
(ρr2 sin2 θ Ω) +∇ ·F = 0, (1)

where ρ(r) is the hydrostatic background density, Ω(r, θ, t) the angular velocity
and F the angular momentum flux vector given by:

F = (ρr2 sin2 θ Ω)u(m)+

+r sin θ〈ρu′u′ϕ〉 −
r sin θ

µ̃
(BBϕ + 〈B′B′ϕ〉), (2)

where u(m) is the meridional circulation, u′ the fluctuating velocity field induced
by waves, instabilities or turbulence, µ̃ the magnetic permeability, B the mean
magnetic field and B′ the fluctuating magnetic field (also induced by waves, in-
stabilities or turbulence); angular brackets indicate the Reynolds and Maxwell
stresses azimuthal averages defining the mean-field quantities. The mean-field ap-
proximation can be justified in the limit of a separation between the small spatial
scales of the fluctuations, over which we compute averages, and the large scales
that are those over which the mean quantities vary (e.g. Rüdiger and Hollerbach,
2004). Moreover, we filter out any perturbation in time of the density ρ, i.e., we
adopt the so-called anelastic approximation. In the following, we choose for our
simplified proof of concept to not model the complex redistribution of angular
momentum by meridional flows and internal magnetic fields both in the radiative
core and in the convective envelope (see e.g. Brun and Toomre, 2002; Mathis and
Zahn, 2004; Brun et al, 2004; Mathis and Zahn, 2005). In this context, helioseis-
mology shows that the radiative zone of the Sun is rotating rigidly (e.g. Schou
et al, 1998; Garćıa et al, 2007). If internal magnetic field has been invoked as a
possible cause for this rotational behavior (see e.g. Gough and McIntyre, 1998;
Spruit, 1999), internal gravity waves and some mild shear-induced turbulence also
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appear to be a viable explanation (e.g. Talon et al, 2002). We thus assume in our
model that redistribution of angular momentum in the radiative region results
from these two mechanisms, while convective turbulent Reynolds stresses sustain
differential rotation in the convective envelope (e.g. Brun and Toomre, 2002). In
this framework, turbulence and waves’ Reynolds stresses are written following the
mean-field hydrodynamics formalism introduced in Ruediger (1989) and Rüdiger
and Hollerbach (2004):

〈ρu′iu
′
j〉 = −ηeff (r)

(
∂ui
∂xj

+
∂uj
∂xi

)
+ Λij , (3)

where u is the mean flow field, ηeff (r) is an effective diffusive eddy-viscosity, as-
sumed to be a scalar function of r only, and Λij indicates the non-diffusive part
of the Reynolds stresses due to the velocity correlations in the rotating star. To
make our model analytically tractable and as a first approximation to the complete
problem, we neglect the impact of rotation and magnetic fields on ηeff (see Mathis
et al (2016) for the action of the Coriolis acceleration) and the potential induced
anisotropy of ηeff . For example, Kitchatinov et al (1994) provide expressions for
the components of the anisotropic turbulent diffusivity tensor in the so-called first-
order smoothing approximation that neglects the non-linearity of the interaction
between the turbulence, the Coriolis acceleration and the Lorentz force. More-
over, we neglect the role of the Λij tensor that is a source of angular momentum
redistribution that can affect the differential rotation.

In the case of a non-interacting star, the conservation of the total angular
momentum implies:

Fr = 0 for r = R. (4)

The equation for the conservation of the angular momentum can be finally
recast in the form:

∂Ω

∂t
− 1

ρr4
∂

∂r

(
r4ηeff

∂Ω

∂r

)
+

−ηeff

ρr2
1

(1− µ2)

∂

∂µ

[
(1− µ2)2 ∂Ω

∂µ

]
= S, (5)

where µ ≡ cos θ and the source term S is given by:

S = − ∇ · τ
ρr2(1− µ2)

; (6)

τ is a vector whose components are:

τi = r sin θΛiϕ +
[
ρr2 sin2 θΩu(m)i

]
, (7)

where the second term related to large-scale meridional flows is here neglected
as discussed above. From a physical point of view, τ is the net flux of angular
momentum coming out from the unit volume in the unit time, while S is the z-
component of the torque per unit volume divided by the moment of inertia of the
same volume in order to give the variation of the angular velocity there.

We shall consider the variation of the angular momentum inside the star in
a shell extending from a base radius r = rb to the surface r = R because it
is convenient to avoid singularities at r = 0 in the numerical integration of the
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equations (see Sect. 3). This is for example applicable to a main-sequence F-type
star that has a convective core, an extended radiative zone, and a thin outer
convection zone. Taking rb equal to the radius of its inner convective core, we can
assume that its total angular momentum stays constant because all torques by the
stellar wind and the tides are applied to the outer convection zone or to the bulk
of the radiative zone with their effects propagating very slowly towards the central
region of the star, thus having a negligible effect on the rotation of the inner core
(see the detailed discussion in Sec. 3). Therefore, the boundary conditions given
by Eq. (4) can be written as:

∂Ω

∂r
= 0 for r = rb, R, (8)

that imply the conservation of the total angular momentum in the shell between
rb and R.

Rigorously speaking, the surface of the star at r = R is not exactly stress-free
because the stellar winds and the tides induce torques there. Nevertheless, it is
mathematically convenient to assume stress-free boundary conditions on the an-
gular velocity Ω and add the effects of the wind and tides as internal torques that
act inside the outer convection zone of the star (see below).

Then, we choose to expand the angular velocity as the superposition of a dif-
ferential rotation Ω0 (r, µ, t) sustained by internal processes redistributing angular
momentum and a second component ω (r, µ, t) induced by applied tidal and wind
torques:

Ω(r, µ, t) = Ω0(r, µ, t) + ω(r, µ, t). (9)

Such an expansion is justified in the following situations. First, in convective re-
gions, the characteristic dynamical time of transport of angular momentum by
turbulent Reynolds stresses is much shorter than the secular ones associated to
the braking of stars by winds and to their spin-up/spin-down by tides. Then,
a timescale separation can be assumed when solving Eq. (1) with one equation
for short timescales corresponding to convective motions and a separated one for
secular timescales. The same applies to stellar radiation zones if the processes
suspected to enforce the observed uniform rotation in the Sun (e.g. Garćıa et al,
2007) and the weak differential rotation in other solar-type stars (Benomar et al,
2015) have characteristic timescales shorter than those of wind and tidal torques.
Such an expansion is also possible in stellar radiative regions where ω is a small
fluctuation compared to the mean sustained weak differential rotation. Moreover,
our separation of Ω0 from ω is valid only as a first approximation if neglecting the
dependance of the turbulent viscosity on rotation. We also neglect the effects of
the rotation on the Λ tensor in Eq. (3) that can induce an additional differential
rotation component that varies with the stellar spin during the course of the stel-
lar evolution. Moreover, the intensity of the tidal torque could depend explicitly
on the local background rotation because of the tidal excitation of inertial and
gravito-inertial waves discussed in Sect. 1 and of the modification of the turbulent
convective tidal friction by the Coriolis acceleration (Mathis et al, 2016). It will
be here modeled by a fixed constant modified tidal quality factor computed inde-
pendently (see Eq. 45).
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The equation for ω then becomes:

∂ω

∂t
− 1

ρr4
∂

∂r

(
r4ηeff

∂ω

∂r

)
+

−ηeff

ρr2
1

(1− µ2)

∂

∂µ

[
(1− µ2)2 ∂ω

∂µ

]
= S1, (10)

where the perturbation of the source term is:

S1 = −∇ · (τW + τT)

ρr2(1− µ2)
, (11)

where ∇·τW and ∇·τT are the torques per unit volume induced by the stellar wind
and the tides, respectively. Eq. (10) must be solved together with the boundary
conditions:

∂ω

∂r
= 0 for r = rb, R. (12)

As a consequence of Eq. (12), if we assume that ηeff vanishes for r = rb and r = R,
by deriving both sides of Eq. (10) with respect to r, we obtain:

∂S1

∂r
= 0 for r = rb, R. (13)

2.2 Solution of the angular momentum equation

The general solution of Eq. (10) with the boundary conditions (12) can be obtained
by the method of separation of the variables and expressed as a series of the form
(e.g. Lanza, 2006):

ω(r, µ, t) =

∞∑
n=0,2,4,...

∞∑
k=0

αnk(t)ζnk(r)P
(1,1)
n (µ), (14)

where αnk(t) and ζnk(r) are functions that will be specified below and P
(1,1)
n (µ)

are Jacobian polynomials, i.e., the finite solutions of the equation:

d

dµ

[
(1− µ2)2 dP

(1,1)
n

dµ

]
+ n(n+ 3)(1− µ2)P

(1,1)
n = 0, (15)

in the interval −1 ≤ µ ≤ 1 including its ends (e.g. Abramowitz and Stegun, 1972).
The Jacobian polynomials form a complete and orthogonal set in this interval with
respect to the weight function (1−µ2). Only the polynomials of even degree appear
in Eq. (14) because the angular velocity perturbation is symmetric with respect
to the equator under the assumptions of our model. For n � 1 the asymptotic
expression of the Jacobian polynomials is (Gradshteyn and Ryzhik, 1994):

P
(1,1)
n (cos θ) =

cos
[
(n+ 3

2 )θ − 3π
4

]
√
πn
[
sin
(
θ
2

)
cos
(
θ
2

)]3/2 +O(n−
3
2 ). (16)

The functions ζnk are the solutions of the Sturm-Liouville problem defined in
the interval rb ≤ r ≤ R by the equation:

d

dr

(
r4ηeff

dζnk
dr

)
− n(n+ 3)r2ηeffζnk + λnkρr

4ζnk = 0 (17)
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with the boundary conditions (following from Eq. 12):

dζnk
dr

= 0 at r = rb, R. (18)

We shall consider normalized eigenfunctions, i.e.:
∫ R
rb
ρr4ζ2

nkdr = 1. The eigenfunc-

tions ζnk for a fixed n, form a complete and orthonormal set in the interval [rb, R]
with respect to the weight function ρr4 that does not depend on n. For n = 0, the
first eigenvalue corresponding to the eigenfunction ζ00 is zero and the eigenfunc-
tion is constant, as it is evident by integrating both sides of Eq. (17) in the same
interval and applying the boundary conditions (18). We shall see below how this
constant is related to the total angular momentum of the star.

We recall from the theory of the Sturm-Liouville problem that the eigenvalues
for fixed n verify the inequality: λn0 < λn1 < ... < λnk < λnk+1 < ... and that
the eigenfunction ζnk with k > 0 has k − 1 nodes in the interval [rb, R] for each
n, if we indicate with ζ00 the constant eigenfunction associated with λ00 = 0 as
discussed above. For n > 0, all the eigenvalues λn0 are positive, as can be derived
by integrating both sides of Eq. (17) in the interval [rb, R], applying the boundary
conditions (18) and considering that ζn0 has no nodes. In view of the inequality
given above, all the eigenvalues λnk are then positive for n > 0. Moreover, it is
possible to prove that λn′k ≥ λnk if n′ > n (see Morse and Feshbach, 1953). For
k � 1 and k � n the asymptotic expression for the eigenvalue is independent of n
and is:

λnk '
π2k2∫ R

rb

√
ρ/ηeffdr′

, (19)

while the eigenfunction ζnk is (e.g. Morse and Feshbach, 1953):

ζnk(r) ' (ρηeff)−
1
4 r−2 cos

(√
λnk

∫ r

rb

√
ρ/ηeffdr

′
)
. (20)

The time dependence of the solution (14) is specified by the functions αnk that
are given by:

dαnk
dt

+ λnkαnk(t) = βnk(t), (21)

where the functions βnk appear in the development of the forcing term S1:

S1(r, µ, t) =
∑
n

∑
k

βnk(t)ζnk(r)P
(1,1)
n (µ), (22)

and are given by Lanza (2006):

βnk =
(2n+ 3)(n+ 2)

8(n+ 1)
×

×
∫ R

rb

∫ 1

−1

ρr′
4
(1− µ′2)S1(r′, µ′, t)ζnk(r′)P (1,1)

n (µ′)dr′dµ′. (23)

The solution of Eq. (21) is:

α00(t) = α00(0) +

∫ t

0

β00(t′)dt′, (24)
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for the coefficient associated with the first eigenfunction, whose eigenvalue is zero,
while:

αnk(t) = αnk(0) exp(−λnkt) + exp(−λnkt)
∫ t

0

βnk(t′) exp(λnkt
′)dt′ (25)

for λnk > 0, which allows us to specify the general solution of Eq. (10) with the
boundary conditions (12) when the forcing term S1(r, µ, t) and the initial conditions
are given.

If the internal rotation is initially non-uniform and the source term S1 van-
ishes everywhere, the angular momentum redistribution due to the effective eddy-
viscosity drives the system towards a final state of uniform rotation because the
coefficients αnk of all the eigenfunctions with k > 0 decay exponentially in time (cf.
Eq. 25 with βnk = 0). The eigenfunction with the slowest decay rate is that with
the lowest eigenvalue, i.e., λ01, that sets the characteristic timescale of angular
momentum redistribution across the interval [rb, R], that is λ−1

01 . This is the char-
acteristic timescale after which any initial spatial inhomogeneity in the angular
velocity is erased by the effective diffusion.

When the functions βnk(t) are non-zero and vary slowly with respect to λ−1
nk ,

i.e., the characteristic timescale of diffusion of the angular momentum associated
with the eigenfunction ζnk, we can take βnk(t) outside of the integration and obtain
the approximate solution:

αnk(t) ' αnk(0) exp(−λnkt) + βnk(t)[1− exp(−λnkt)]λ−1
nk (26)

that gives the stationary solution for t� λ−1
nk , independent of the initial rotation

profile:
αnk(t) ' βnk(t)λ−1

nk . (27)

The case when the diffusion timescales associated with the eigenvalues are com-
parable or shorter than the timescale of variation of βnk requires to perform the
integration indicated in Eq. (25). For a variation of the stellar angular momentum
produced by a magnetized wind or tides, it is possible to perform the integration
analytically, if we adopt the simple parametrizations given in Sect. 2.4. Neverthe-
less, the primitive functions involve complicated transcendental functions such as
the imaginary error function or the incomplete gamma function1.

2.3 Variation of the total angular momentum

The rate of variation of the total angular momentum L of our primary star is:

dL

dt
=

∫
V

ρr′
2
(1− µ′2)

∂ω

∂t
dV, (28)

where V is its volume. If we substitute the expression for the angular velocity ω as
given by Eq. (14) and consider that the elementary volume is dV = −r2dµ dr dϕ,
we obtain:

dL

dt
=

8π

3

∞∑
k=0

dα0k

dt

∫ R

rb

ρr′ 4ζ0kdr
′, (29)

1 For more details, the reader can apply the integral calculator available through the Wolfram
website at: http://www.wolframalpha.com/calculators/integral calculator.

http://www.wolframalpha.com/calculators/integral_calculator
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where we have made use of the orthogonality of the Jacobian polynomials with
respect to the weight function 1− µ2 and considered that P 1,1

0 (µ) = 1. For k > 0,
all the definite integrals appearing on the r.h.s. of Eq. (29) vanish as can be im-
mediately found by integrating Eq. (17) in the interval [rb, R] and applying the
boundary conditions (18). Therefore, only the term associated with the first con-
stant eigenfunction ζ00 remains. On the other hand, considering the normalization
of ζ00(r), we have:

dL

dt
=

8π

3

dα00

dt

(∫ R

rb

ρr′ 4 dr′

)1/2

=
8π

3
β00(t)

(∫ R

rb

ρr′ 4 dr′

)1/2

. (30)

The moment of inertia Is of the shell [rb, R] is given by:

Is =
8π

3

∫ R

rb

ρr′ 4 dr′. (31)

Introducing the mean angular velocity of the shell as ωmean ≡ L/Is, we finally
obtain:

dωmean

dt
= ζ00

dα00

dt
=

(∫ R

rb

ρr′ 4 dr′

)−1/2

β00(t). (32)

2.4 Latitudinally averaged model

It is interesting to consider a convenient latitudinal average of the equation for
the angular velocity because current asteroseismic techniques provide an estimate
of the radial gradient of the angular velocity inside stars (see e.g. Aerts, 2015,
and references therein). This happens because only modes with a degree ` ≤ 3
are detectable by means of photometric observations, so that any resolution in
latitude is lacking (e.g. Benomar et al, 2015). The simplest latitudinal average can
be obtained by multiplying Eq. (10) by 1−µ2, that gives the latitudinal dependence
of the moment of inertia, and integrating over µ. The angular part of the equation
is thus averaged out and we obtain:

∂ω̃

∂t
− 1

ρr4
∂

∂r

(
r4ηeff

∂ω̃

∂r

)
= S̃1, (33)

where the latitudinal average of the angular velocity is defined as:

ω̃ (r, t) ≡
∫ 1

−1

ω(r, µ′, t)(1− µ′2)dµ′, (34)

while the latitudinally averaged torque is:

S̃1 ≡
∫ 1

−1

S1(r, µ′, t)(1− µ′2) dµ′. (35)

Eq. (33) must be solved with the boundary conditions: ∂ω̃/∂r = 0 at r = rb, R.
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Thanks to the orthogonality properties of the Jacobian polynomials and con-
sidering that P 1,1

0 (µ) = 1, we can develop the solution ω̃ of Eq. (33) into a series
that contains only the eigenfunctions ζ0k as:

ω̃ =

∞∑
k=0

α0k(t)ζ0k(r), (36)

where the time-dependent coefficients α0k obey Eqs. (24) and (25); the boundary
conditions are automatically satisfied given the definition of the eigenfunctions
ζ0k.

The development of S̃1 into a series of the same eigenfunctions is given by:

S̃1 =

∞∑
k=0

β0k(t)ζ0k(r), (37)

where the coefficients β0k are given by Eq. (23) with n = 0 and P
(1,1)
0 = 1.

We can derive expressions for the terms S̃1W and S̃1T produced by the stellar
wind and the tides, respectively, by considering the relationship between S̃1 and
the variation of the angular momentum dL in a spherical shell between radii r and
r + dr:

d

dt

(
dL

dr

)
= 2πρr4S̃1(r, t), (38)

that is obtained from Eq. (33) by considering that the angular momentum of the
shell obeys the relationship: dL/dr = 2πρr4ω̃.

The first process responsible for the rotation evolution of late-type stars is
the angular momentum loss produced by their magnetized winds (see, e.g., Gallet
and Bouvier (2013), Gallet and Bouvier (2015) and Matt et al (2015) for details).
We consider a simplified treatment by assuming that, after an initial phase, the
rotation period of a main-sequence star varies according to the so-called Sku-
manich law, that is Prot ∝

√
t, where t is the age of the star (Skumanich, 1972;

Kawaler, 1988). The corresponding angular momentum loss rate is proportional
to Ω3, assuming a constant moment of inertia of the star. Turbulent convection
redistributes the angular momentum loss across the whole convection zone over a
timescale comparable with the convective turnover time, i.e., much shorter than
the timescale for the evolution of the stellar angular momentum. Therefore, we can
assume that the torque is uniform across a radial interval [rc, R], where rc is the
base of the convection zone. In other word, the angular momentum loss associated
with the stellar wind can be expressed as:

d

dt

(
dLW

dr

)
= −KwindΩ

3

R− rc
, (39)

where Kwind is a constant depending on the mass of the star and Ω its surface
angular velocity that is a function of the time. From this equation, we derive the
corresponding S̃1W term from Eq. (38).

Similarly, we can express the tidal contribution to S̃1. The tidal torque in the
coplanar and circular case in the weak-friction approximation is proportional to



Title Suppressed Due to Excessive Length 13

(Ω − n), where n is the mean orbital motion of the binary system, and is given by
(Zahn, 2008):

dLT

dt
= −Ω − n

tdiss
MR2

(
m

M

)2 (R
a

)6

, (40)

where tdiss is the characteristic timescale for the dissipation of the kinetic energy
of tidal flows due to the turbulent friction in convective regions and to thermal
diffusion in radiative ones. To simplify the problem, we choose here as a first step to
consider only tidal dissipation in the convective envelope of the star (e.g. Mathis,
2015b). This will be particularly relevant for the case of F-type stars studied in sec.
3 (see the corresponding discussion). We thus integrate the tidal torque dLT/dt

over the volume of the convection zone.
If we differentiate Eq. (40) with respect to the radius of the star, we obtain

the average contribution of each shell that can be expressed as:

d

dt

(
dLT

dr

)
' −6

(
Ω − n
tdiss

)
I
(
m

M

)2
(
r5

a6

)
, (41)

where the moment of inertia I = MR2 is assumed to be independent of the shell for
our purposes because it enters into the expression for the tidal lag that we assume
to be the same for all the shells inside the convection zone (c.f. Zahn, 2008). To
simplify our treatment, all tidal torques, including those of the dynamical tide (cf.
Sect. 1), will be modeled using a constant modified tidal quality factor computed
independently (see Eq. 45).

From Eqs. (41) and (38), we derive S1T by assuming that the torque is applied
to the shell [rc, R]. Thanks to the orthogonality of the radial eigenfunctions, the
time-dependent coefficients are given by:

β0k(t) =
3

4

∫ R

rb

ρ r′
4
(S̃1W + S̃1T)ζ0k(r′) dr′, (42)

where the time dependence comes from the variation of the stellar angular velocity
Ω that we can assume to be an average over the whole star without significantly
increasing the error of our approximations. Moreover, we shall consider below the
case when the timescales for the variation of Ω, n, and a are much longer than the
diffusion timescales associated with the eigenvalues, i.e., λ−1

nk , so that the stationary
solutions as given by Eqs. (27) apply for k > 0. For k = 0, we obtain the variation
of α00 by a simple integration (cf. Eq. 24), where β00 is derived from the variation
of the total angular momentum by means of Eq. (30).

From a physical point of view, the stationary solution is characterized by an
angular velocity profile ω(r) whose gradient maintains a constant angular momen-
tum flux across each spherical shell that balances the contributions coming from
the tidal and wind torques acting inside the convection zone. Therefore, we expect
that the variations of ω are localized not too far from the layers where the torques
act, in particular where ηeff(r) is close to its minimum, because a larger gradient of
ω is required to transport the angular momentum there. Far from those layers, we
expect ω to be almost uniform and close to ωmean because the additional angular
momentum coming from tides and winds is rapidly redistributed across the whole
internal layers on a timescale shorter than the variation of the torques themselves.
We shall verify those predictions in the following illustrative case of F-type stars.
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Fig. 2 The radius of our primary F-type star vs. the time since the Zero-Age Main-Sequence
(hereafter noted ZAMS). The dot-dashed line marks the age of 1.205 Gyr at which we consider
its interior model.

3 An illustrative case: F-type stars hosting hot Jupiters

3.1 Modeling stellar structure and evolution, internal stresses and applied torques

As an illustrative application of the theory introduced above, we consider a binary
system consisting of an F-type main-sequence star of mass M = 1.4 M� and a hot
Jupiter of mass m = 0.0035M .

The stellar interior model is computed by means of the EZ-Web stellar evolu-
tion code2. The chemical composition is assumed to be solar-like (i.e. Z = 0.02,
where Z is the stellar metallicity). The model is evolved for 1.205 Gyr when the
star reaches a radius R = 1.5576 R� (cf. Fig. 2). The star has an inner convective
core that extends up to rb/R = 0.0739, while the outer convection zone extends
down to rc/R = 0.9309 with the radiative zone in between. The density radial
profile in the stellar interior is plotted in Fig. 3.

In convective regions, the effective eddy-viscosity is evaluated using the usual
mixing-length theory

ηeff (r) =
1

3
ραmltHp vconv, (43)

where αmlt = 1.7 is the ratio of the mixing length to the local pressure scale height
Hp = |dr/d lnP | (P being the pressure) and vconv the mean vertical convective

2 http://www.astro.wisc.edu/∼townsend/static.php?ref=ez-web
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velocity given by the interior model in this framework (e.g. Böhm-Vitense, 1958;
Zahn, 1989).

In the radiative zone, we impose the value of the kinematic effective eddy-
viscosity νeff in order to have an effective diffusion time for the angular momentum
τeff = 1 Gyr across the zone itself, if the spatial scale of the angular velocity vari-
ation is of the order of rc. Therefore, we fix νeff = r2c/τeff and compute ηeff = ρνeff .
The actual timescale for the redistribution of the angular momentum, given by the
inverse of the lowest order eigenvalue, is indeed much shorter owing to the spatial
variation of the associated eigenfunction on a scale smaller than rc (see below). We
recall that this effective (vertical) eddy-viscosity models here the (diffusive) action
of the Reynolds stresses produced by the shear-induced turbulence and internal
gravity waves (see e.g. Talon and Zahn, 1997; Mathis et al, 2004; Talon and Char-
bonnel, 2005; Mathis et al, 2013; Rogers, 2015) that may possibly enforce a weak
differential rotation as recently revealed by asteroseismology in some F-type stars
observed with Kepler (Kurtz et al, 2014; Saio et al, 2015; Benomar et al, 2015).
We here recall that in our simplified model, we neglect the potential anisotropy of
the viscosity induced by the Coriolis acceleration and the Lorentz force, in view of
the lack of a detailed non-linear theory of their effects (cf. Kitchatinov et al, 1994)
and of our ignorance of the internal magnetic fields of the stars.

The effective eddy-viscosity is plotted in Fig. 4, while an enlargement in an
interval across the lower boundary of the outer convection zone is plotted in Fig 5.
Note that ηeff reaches its minimum just above the lower boundary of the convective
envelope because of the remarkable decrease of the convective velocity there as
given by the standard mixing length theory. This plot will be used to interpret the
angular velocity variation vs. the radius in Sect. 3.2.

The eigenvalues and the eigenfunctions for the radial dependence of the angu-
lar velocity are computed by integrating Eq. (17) from the stellar surface at r = R

inwards, down to the boundary of the inner convective core at r = rb, where we
apply the boundary condition given in Eq. (18) on the eigenfunction derivative.
To find the eigenvalues, we use a bisection method, starting from a trial-and-error
adjustment of the extrema of the interval to be searched and ending the search
when the absolute value of the derivative at r = rb becomes smaller than a pre-
scribed (very small) value. By counting the number of zeros of the eigenfunctions,
we can be certain of identifying all the successive eigenvalues and eigenfunctions.
The numerical integration is performed by means of the ODEINT subroutine (Press
et al, 1992).

We compute the dynamical evolution of our star-planet system under the sim-
plifying hypotheses that: i) the stellar radius R evolves as shown in Fig. 2, while
the mass M is constant; ii) the angular momentum loss associated with the stellar
wind is given by:

dLW

dt
= −KwindΩ

3; (44)

and iii) the tidal torque applied onto the star is given by Eq. (40) with an opposite
torque applied to the orbit.

On the one hand, the constant Kwind = 3.52× 1039 kg m2 s is held fixed at a
value that is ≈ 10 times smaller than in the case of a solar-like star because the
angular momentum loss is lower in F-type than in G-type stars (e.g., Lanza et al,
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Fig. 3 The stellar density in the interior of our primary F-type star vs. the relative stellar
radius.

2011). On the other hand, the tidal dissipation time is held fixed along the evolu-
tion and is determined from the modified tidal quality factor Q′ of the star, which
has been defined by Ogilvie and Lin (2007), according to the parameterization
given by Zahn (2008):

tdiss =
4

9

[R(t0)]3

GM
|n(t0)−Ω(t0)|Q′, (45)

where n(t0) is the mean orbital motion and Ω(t0) the global spin angular velocity
of the primary (noted ωmean in Sec. 3) at the initial time t0 on the ZAMS. We recall
that introducing Q′ is a simple way to parametrize the tidal dissipation and that,
as in the case of a damped oscillator, the lower Q′ the stronger the tidal kinetic
energy dissipation and the faster the evolution of the system towards its final
configuration. Rigorously speaking, Q′ may vary over several orders of magnitude
as a function of the age, rotation, stratification, viscous and thermal diffusivities,
and tidal frequency for a given stellar mass (e.g. Ogilvie and Lin, 2007; Auclair
Desrotour et al, 2015; Mathis, 2015b).

Studying the case of F-type stars with M > 1.1M� (i.e. with a convective core)
allows us to do several simplifications. First, we can neglect tidal dissipation in
the convective core. Indeed, tidal inertial waves excited there are regular modes
leading only to a weak dissipation in opposition to singular ones excited in the
external convective envelope that lead to sheared waves attractors where strong
dissipation may occur (e.g. Wu, 2005; Barker and Ogilvie, 2009; Ogilvie, 2013).
Next, since our goal is to compute only an illustrative example for our method, we
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Fig. 4 The dynamical effective eddy-viscosity ηeff in the interior of our primary F-type star
vs. the relative stellar radius.

ignore as a first step the dissipation of linear tidal internal gravity waves excited
in the radiative zone. Note however, that this dissipation can be comparable or
larger than the tidal turbulent friction in the thin external convective envelope
as pointed out by Valsecchi and Rasio (2014). They estimate that tidal internal
gravity waves may dissipate at least 1-2 orders of magnitude more power than
the equilibrium tide in the case of an F-star with a mass of ∼ 1.5M� when the
star’s spin frequency is sufficiently away from the orbital frequency as in most of
non-synchronized star-planet systems. Moreover, as pointed out by Guillot et al
(2014), the presence of this core may inhibit the possible nonlinear breaking of
high-amplitude tidal gravity waves excited and propagating in the radiative zone as
expected in lower-mass stars because of their central focusing (Barker and Ogilvie,
2010). We thus focus only on the dissipation of tidal inertial waves propagating
in the external convective envelope. To simplify the problem for this first work,
we choose to consider an equivalent modified tidal quality factor corresponding
to the frequency-averaged dissipation (e.g. Ogilvie, 2013; Mathis, 2015b,a). This
latter depends only on stellar structure and rotation and allows us to filter out the
complex frequency dependence of the dissipation of tidal (gravito-)inertial waves
(e.g. Ogilvie and Lin, 2007) in contrast to the smooth frequency variation of the
dissipated power in the usually adopted weak-friction approximation. Moreover,
the extraction of angular momentum by stellar winds in F-type stars is relatively
weak as discussed above, while the structure of the star is almost fixed during its
main-sequence (hereafter noted MS) evolution. Therefore, we can assume that Q′

and tdiss are constant throughout the tidal evolution studied here along the MS
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Fig. 5 The dynamical effective eddy-viscosity ηeff vs. the relative stellar radius close to the
base of the outer convection zone of our F-type star. This plot is an enlargement of Fig. 4 in
the radial interval of interest. The vertical dotted line marks the base of the convection zone
where vconv = 0.

and equal to their initial values on the ZAMS as obtained for a rotation period of
the star Prot(t0) = 6 days and a semimajor axis of the orbit a(t0) = 0.05 AU.

We integrate the evolution equations for the stellar and orbital angular mo-
menta. Specifically, we solve the equation for the semimajor axis of the orbit

da

dt
= −2

√
a(M +m)
√
GMm

dLT

dt
, (46)

where dLT/dt is given by Eq. (40) with Ω = ωmean, and that for the mean stellar
angular velocity (cf. Eq. 44)

dωmean

dt
=

1

I∗

(
dLT

dt
−Kwindω

3
mean

)
, (47)

where I∗ is the moment of inertia of the star assumed to be virtually equal to that
of the shell Ic considered in our model. It is computed taking into account the
variation of the stellar radius, i.e., I∗ = M [grR(t)]2, where gr = 0.35 is the relative
gyration radius of the star that is assumed constant.

We integrate Eqs. (46) and (47) starting from the above initial configuration
with the star on the ZAMS (t = t0) up to the time t = 1.205 Gyr. To perform the
numerical integration of Eqs. (46) and (47), we use ODEINT again. Since this is a
first illustrative calculation, we compute the evolution of the global stellar angular
momentum as if the star is rotating as a solid body to simplify its calculation and
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those of a. In this framework, we introduce the associated mean angular velocity
of the star ωmean. Of course, this is not consistent with the results on the internal
rotation, where a radial gradient of the angular velocity is found to be present,
but we postpone a fully consistent evolutionary calculation to a successive study
because the purpose of the present work is only to make a proof of concept of
our mathematical dynamical model. It allows for the first time to compute the
simultaneous evolution of the orbital angular momentum of the planet and of the
spin and internal radial differential rotation of its host star.

3.2 Results

As discussed in previous sections, we focus here on the latitudinally averaged model
introduced in Sect. 2.4. The first 30 eigenvalues as obtained from the numerical
solution of the Sturm-Liouville problem for n = 0 are listed in Table 1 in units of
the inverse of the diffusion time we assumed for the radiative zone τ−1

diff . We recall
that the diffusion of the angular momentum associated with the k-th eigenfunction
occurs with a characteristic timescale λ−1

nk that decreases rapidly as ≈ k−2 for n =
0. In our case, the slowest decaying mode with k = 1 has a characteristic diffusion
time λ−1

01 ≈ 53 Myr. This is much shorter than the timescales of the variation
of the background stellar rotation Ω0 under the effects of the wind braking and
the tides, that was a requisite for the validity of our approximation (cf. sec 2.1).
Note that λ−1

01 is comparable with the characteristic timescale of 107 − 108 yr for
the angular momentum transport by internal gravity waves and magnetic fields
estimated for solar-like stars (Zahn et al, 1997; Denissenkov et al, 2008), that
supports our assumption for τeff .

The first five normalized eigenfunctions obtained for n = 0 are plotted in Fig. 6.
Their amplitude variations can be understood on the basis of Eq. (20) because√
ρ/ηeff is much larger in the radiative zone than in the outer convective envelope,

thus producing a remarkable decrease of their amplitude there. The decrease of
the density with radius also plays a role, making their amplitude larger towards
the outer layers of the radiative zone.

The evolution of the spin angular velocity ωmean and orbital semimajor axis
a of our binary system is plotted in Fig. 7 for Q′ = 7 × 106, 107, and 2 × 107.
The star is initially rotating slower than the mean orbital motion, therefore tides
transfer angular momentum from the orbit to the stellar spin producing a decrease
of the semimajor axis. The loss of angular momentum due to the stellar wind is
not able to counteract the action of tides for Q′ < 2× 107, thus the stellar angular
velocity is increasing vs. the time, except in the third case when the two torques
are opposite and almost equal, so it stays almost constant. The orbital angular
momentum is smaller than three times the stellar spin angular momentum, so
the system is tidally unstable and the planet fate is to fall into the star without
reaching synchronization between the stellar spin and the orbital motion.

The internal torques produced by the stellar wind and tides for Q′ = 7×106 are
plotted vs. the radius in the convection zone in Fig. 8. The wind torque is negative,
while the tidal torque is positive because the mean orbital motion is faster than
stellar rotation. In this case, the tides overcome the wind angular momentum loss
leading to an acceleration of the internal rotation in a certain layer.
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Table 1 Eigenvalues of the Sturm-Liouville problem as defined by Eqs. (17) and (18) for
n = 0. They are obtained by numerical integration as detailed in sec. 3. The zeros of the k-th
eigenfunction are k − 1. The diffusion time is τdiff = 1 Gyr.

k λ0k k λ0k k λ0k

(τ−1
diff

) (τ−1
diff

) (τ−1
diff

)

1 18.828 11 1314.45 21 4814.06
2 52.302 12 1562.89 22 5285.94
3 110.11 13 1832.81 23 5784.37
4 188.44 14 2126.17 24 6306.23
5 286.68 15 2442.00 25 6845.31
6 404.84 16 2779.37 26 7415.63
7 544.34 17 3142.66 27 8008.59
8 704.37 18 3525.00 28 8591.41
9 885.94 19 3932.42 29 9259.38

10 1089.06 20 4362.50 30 10578.1

Fig. 6 The first five normalized eigenfunctions ζnk for n = 0 vs. the relative radius. Different
linestyles mark different values of k. The eigenfunction with k = 0 is associated with the zero
eigenvalue and is constant (solid line). The other eigenfunctions are those with k = 1 (dotted
line); k = 2 (dashed line); k = 3 (dash-dotted line); and k = 4 (dashed-three-dotted line).
Note that the eigenfunction of order k has k − 1 radial zeros and that the starting value for
the integration at r = R is the same for all the unnormalized eigenfunctions. As a consequence
of the large increase of the effective eddy-viscosity ηeff in the outer convection zone, all the
eigenfunctions are very small there.
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Fig. 7 Upper panel: the stellar spin angular velocity ωmean vs. the time for three different
values of the modified stellar tidal quality factor Q′: 7 × 106 (solid line); 107 (dotted line);
2×107 (dashed line). Lower panel: the orbit semimajor axis a vs. the time. Different linestyles
indicate different values of Q′ as in the upper panel. The vertical dotted line marks the epoch
corresponding to the internal angular velocity plotted in Fig. 9 when we stop computing the
evolution.

Indeed, the latitudinally-averaged stellar angular velocity at t− t0 = 1.205 Gyr
is plotted in Fig. 9 vs. the relative stellar radius for the three different values of the
modified stellar tidal quality factor Q′. We model the rotation inside the radiative
zone and the outer convection zone (cf. Sect. 2.4) and discard the inner convec-
tive core because we find that the variation of the angular velocity is localized in
the upper layers of the radiative zone, while ω becomes virtually indistinguishable
from its mean value ωmean in its lower part. Therefore, we expect that ω remains
very close to ωmean also in the inner convective core because its moment of inertia
is much smaller than that of the layers above (see below). Moreover, note that
asteroseismic techniques would not be sensitive to rotation gradients too close to
the centre of solar-type stars on the MS because of the lack of detection of indi-
vidual gravity (g-) modes (see e.g. the detailed discussion in Benomar et al, 2015;
Mathur et al, 2008, and references therein). The displayed solutions are computed
by considering the first 40 eigenfunctions as obtained by numerically solving the
eigenvalue problem for n = 0. Although the eigenvalues computed by means of
the asymptotic formula (19) differ by only 1.8 percent from those obtained by
the numerical solution for k > 20, the corresponding eigenfunctions do not pro-
vide a solution of quality comparable with that obtained from the eigenfunctions
computed by numerical integration. This is likely a consequence of the strong
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Fig. 8 The angular velocity source term S̃1 produced by the stellar wind torque (diamonds)
and by the tidal torque (solid line) vs. the radius in the outer convection zone, respectively.
These are latitudinally averaged source terms as introduced in Sect. 2.4 computed for Q′ =
7 × 106 and t− t0 = 1.205 Gyr.

gradients in ηeff(r) present in our model that make the asymptotic expressions
vary too much in comparison to their true expressions. We estimate that only for
k > 50 − 60 the asymptotic eigenfunctions provide results comparable to those
obtained with the eigenfunctions computed by integrating numerically the radial
equation. Our solutions are computed by Eq. (26), i.e., by assuming that the vari-
ation of the time-dependent coefficients β0k is much slower than the characteristic
timescales of angular momentum diffusion λ−1

0k , the longest of which is ≈ 53 Myr
(cf. Table 1). Moreover, the solutions are computed at a time t − t0 much longer
than all the λ−1

0k , therefore, they get very close to the stationary state as given by
Eq. (27).

For Q′ = 7 × 106 (Fig. 9, solid line), the angular velocity shows a remarkable
increase close to the base of the convection zone in the interval where ηeff reaches
its minimum (cf. Fig. 5). This is due to the tidal torque that is applied in the
convection zone and provides more angular momentum than can be removed by
the wind. Moreover, in the interval where ηeff reaches its minimum, the transport
is not efficient enough to erase the radial gradient of angular velocity induced by
tides. In other words, a large local gradient of the angular velocity develops there
to allow a transfer of the angular momentum towards the layers below, in spite
of the locally small value of ηeff . This explains the steep increase of ω with the
decrease of the radius. After reaching a relative maximum, the angular velocity
decreases in a slower way towards the bulk of the radiative zone because ηeff



Title Suppressed Due to Excessive Length 23

increases making the transport of angular momentum more efficient there, thus
leading to a smaller gradient of ω. The variation in ω is confined down to ≈ 0.4R
with the angular velocity below that limit virtually equal to the mean angular
velocity ωmean. This happens because t− t0 � λ−1

01 , so there has been enough time
to redistribute the angular momentum in those layers making the latitudinally-
averaged rotation uniform in that part of the star and practically indistinguishable
from the mean value. The angular velocity approaches again the mean value ωmean

in the bulk of the outer convection zone because the effective eddy-viscosity is large
enough to effectively transport the angular momentum, even if the gradient of ω
is vanishingly small. Therefore, we do not see any appreciable radial gradient of
the angular velocity there.

For Q′ = 107 (Fig. 9, dotted line), the angular velocity has a similar behaviour,
although with a smaller amplitude because the unbalance between the tidal and the
wind torques is smaller. For Q′ = 2×107 (dashed line), our solution displays a layer
with a slightly negative variation of the angular velocity across the base of the outer
convection zone. This is a consequence of the wind torque that counterbalances
the tidal torque, thus reversing the sign of the variation, while the mean stellar
angular velocity stays almost constant (cf. Fig. 7, upper panel).

Our solutions display wiggles that are likely associated with the finite accuracy
of the numerically computed eigenvalues and eigenfunctions as well as the trun-
cation of our series at k = 40. By considering a truncation at k = 20, we estimate
that our solution is accurate at the level of 1.5 − 3 percent of ωmean away from
the sharp peak close to the base of the convection zone. This is comparable with
the amplitude of the wiggles we observe. To further investigate the effects of the
series truncation, we compute numerically the stationary solution of Eq. (33) in
the case of Q′ = 7 × 106 by applying a shooting method to satisfy the bound-
ary conditions. In Fig. 10, we compare this exact solution with those obtained by
truncating the eigenfunction series at k = 25 and k = 40, respectively. The series
with k = 40 provides a good approximation, except close to the top of the sharp
peak near the base of the convection zone because its radial resolution is of the
order of R/k ≈ 0.025R that is not adequate to reproduce that localized variation.
The differences are smaller in the cases with Q′ = 107 and Q′ = 2 × 107 because
of the less sharp variations.

4 Discussion and conclusions

We introduced a first dynamical model to compute simultaneously the global rota-
tional evolution and the latitudinally-averaged differential rotation for a late-type
star under the combined effects of the torques associated with the stellar wind
and the tides produced by a close-by companion and the orbital evolution of this
latter. Our model is based on several simplifying assumptions among which the
most important are: no angular momentum transport by internal magnetic fields
or/and meridional flows; an internal effective eddy-viscosity depending only on the
radius; and a negligible deformation of the stellar density stratification by rota-
tion and tides. We present the mathematical basis of our approach that has the
advantage of solving the equation for the internal angular momentum transport in
an analytic way. This model opens the path to the integrated study of the dynam-
ical evolution of stars and of their surrounding (planetary) systems in a context
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Fig. 9 Variation of the stellar angular velocity ω in units of ωmean vs. the relative stellar radius
for three different values of the modified stellar tidal quality factor Q′ = 7 × 106, solid line;
107, dotted line; 2×107, dashed line. The mean angular velocity ωmean is plotted in the upper
panel of Fig. 7 vs. the time. The present plots correspond to an age of t− t0 = 1.205 Gyr. The
vertical dotted line marks the lower boundary of the outer stellar convective zone at r = rc.

where high-resolution photometric space missions such as CoRoT (Baglin et al,
2006), Kepler (Borucki et al, 2010) and TESS (Ricker et al, 2014) and PLATO
(Rauer et al, 2014) in a near future are aimed to simultaneously characterize plan-
ets using the transit method and their host stars thanks to asteroseismology (e.g.
Gizon et al, 2013; Davies et al, 2015; Ceillier et al, 2016). Thanks to its simplicity,
our model will be used in forthcoming works to test more sophisticated hydro-
dynamical numerical models including realistic treatments of tidal flows and of
their dissipation (e.g. Zahn, 1975; Talon and Kumar, 1998; Ogilvie and Lin, 2007;
Ivanov et al, 2013; Baruteau and Rieutord, 2013; Favier et al, 2014; Guenel et al,
2016).

As an illustrative case, we apply our model to an F-type main-sequence star
with a massive close-in planet orbiting in its equatorial plane. The model is used
to compute the wind and tidal torques inside the convective envelope of the star.
From the expressions of the torques averaged over the latitudes, we compute the
variation of the internal angular velocity with the radius at a given epoch along
the evolution of the system. For simplicity sake, we assume a slow time variation
of the external torques so that the stellar rotation profile can adjust itself to a
stationary state.The deviation of the angular velocity from a uniform rotation is
localized in the upper layers of the radiative zone, close to the base of the outer
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Fig. 10 Variation of the stellar angular velocity ω in units of ωmean vs. the relative stellar
radius for Q′ = 7 × 106 computed by a solving Eq. (33) with a numerical shooting method
(dashed line) and with our eigenvalue series truncated at k = 25 (dash-dotted line) and k = 40
(solid line) to illustrate the impact of the eigenseries truncation on the computed solution.

convection zone of the star, reaching maximum values between ∼ 2 and ∼ 15
percent of the mean rotation rate, according to the assumed strengths of the tidal
and wind torques.

The modified tidal quality factor Q′ we consider ranges between 7 × 106 and
2×107 to illustrate the transition from a tidal torque stronger than the wind torque
to a weaker one for the assumed mass of the hot Jupiter companion. Nevertheless,
the recent calculations by Mathis (2015a) suggest that Q′ is higher by ≈ 3 orders
of magnitude owing to the shallow convective envelopes of F-type stars. In order
to reproduce the same transition regime with a higher Q′, it suffices to increase the
mass m of the secondary component because the tidal torque is proportional to
(m/M)2. For instance, considering a brown dwarf of mass 0.035M�, we increase the
torque by a factor of 102 approaching the stationary states considered above. It is
important to remind here that our results constitute a first illustrative application
of our method, which is only a first step because of the rough modeling of tidal
dissipation mechanisms using the modified tidal quality factor. This should be
improved in a near future by taking into account all dissipative mechanisms both in
the radiative and convective regions and their frequency-dependence (e.g. Ogilvie
and Lin, 2007; Barker and Ogilvie, 2009; Valsecchi and Rasio, 2014)

Although the gradients in the angular velocity we have found are quite localized
and cannot be resolved with current asteroseismic techniques, it is hoped that
they can become detectable with future methods, thus allowing us to directly
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probe the effects of the stellar wind and tides on stellar rotation in star-planet
systems. The angular velocity gradients predicted by our model could also play a
role in the internal mixing close to the base of the convection zone that affects the
abundance of light elements such as Lithium, Boron, or Berillium (e.g., Bouvier,
2008). Moreover, differential rotation is key to the stellar hydromagnetic dynamo
because it produces strong toroidal fields from weak poloidal ones in active late-
type stars (e.g. Charbonneau, 2010; Brun, 2014, and references therein). In this
context, the case of WASP-18, an F-type star with an anomalously low level of
magnetic activity (Pillitteri et al, 2014), could be explained as a consequence of
its massive hot Jupiter that may modify its radial differential rotation close to
the base of its outer convection zone where the large-scale dynamo is supposed
to operate (Augustson et al, 2013). If the differential rotation is decreased below
a threshold value, turbulent Ohmic diffusion overcomes field amplification and
the large-scale dynamo immediately shuts off. Then, the local small-scale dynamo
operating in the photosphere is the only remaining one, but it cannot produce the
same level of activity of the large-scale dynamo, which supports hot loops emitting
in the X-rays. In other words, only a low chromospheric emission close to the basal
value is expected to remain in this case.
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internal rotation of solar-like main-sequence stars revealed by space-based as-
teroseismology and spectroscopic measurements. MNRAS 452:2654–2674, DOI
10.1093/mnras/stv1493, 1507.01140
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Brun AS, Turck-Chièze S, Zahn JP (1999) Standard Solar Models in the Light
of New Helioseismic Constraints. II. Mixing below the Convective Zone. ApJ
525:1032–1041, DOI 10.1086/307932, astro-ph/9906382

Brun AS, Miesch MS, Toomre J (2004) Global-Scale Turbulent Convection and
Magnetic Dynamo Action in the Solar Envelope. ApJ 614:1073–1098, DOI
10.1086/423835, astro-ph/0610073
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