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Abstract

The two LAGEOS satellites, currently the best tracked satellites by the track-
ing stations of the International Laser Ranging Service (ILRS), play a sig-
nificant role in the fields of space geodesy and geophysics as well as in very
precise measurements and constraints in fundamental physics. Specifical-
ly, for the measurements of tiny relativistic effects it is mandatory to build
accurate models for the dynamics of the satellites, in particular concerning
their spin evolution and the determination of their temperature distribution
and thermal behavior under different physical conditions. Consequently, an
accurate knowledge of both the external and internal structure of the laser-
ranged satellites, and of their main dynamic parameters to be used within
the orbit models, is of crucial importance. In this work we reconstruct infor-
mation about the structure, the materials used, and the moments of inertia
of the two LAGEOS satellites. The moments of inertia of LAGEOS resulted
to be 11.42±0.03 (kg m2) for the cylindrical symmetry axis and 10.96±0.03
(kg m2) for the other two main axes. The analogous quantities for LAGEOS
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II are 11.45 ± 0.03 (kg m2) and 11.00 ± 0.03 (kg m2). We also built a 3D-
CAD model of the satellites structure which is useful for finite element-based
analysis. We tried to solve contradictions and overcome several misunder-
standing present in the historical literature of the older LAGEOS, carefully
reanalyzing the earlier technical papers. To test the results we obtained, we
used our moments of inertia to compute the spin evolution of the two satel-
lites obtaining a good agreement between measured and estimated values for
the spin direction and the rotational period. We believe we now have ac-
curate knowledge of the mass, moments of inertia, and composition of both
LAGEOS satellites.

Keywords: Experimental tests of gravitational theories, Orbit
determination and improvement, Satellite orbits, Rotational dynamics,
Mass and density, Computer modeling and simulation

1. Introduction

The two LAGEOS (LAser GEOdynamics Satellite) are very simple and
passive Earth orbiting satellites having a golf ball aspect: almost spherical
in shape, their diameter is about 60 cm while their mass is about 400 kg
and their aluminum surface is covered with 426 cube-corner retro-reflectors
(CCRs) for laser tracking, see Fig. 1. In space technology, the adjective
passive means that these geodetic satellites have no solar panels to derive
power from the Sun, no instruments to perform a direct measurement of a
physical quantity, no engines or thrusters for orbital maneuvers or attitude
variation and no antennae for radio communications with a ground station.

The CCRs allow a very precise tracking of the satellites’ orbit around the
Earth by means of the powerful Satellite Laser Ranging (SLR) technique.
The ranges provide high quality data gathered by the International Laser
Ranging Service (ILRS), see (Pearlman et al., 2002). The sub-cm precision
of the SLR data allow a careful evaluation of a wide number of geophysical pa-
rameters after a data reduction of the satellites orbit through a least-squares
fit; for details we refer to (Yoder et al., 1983; Rubincam, 1984; Cohen and
Smith, 1985; Smith et al., 1990; Lemoine et al., 1998; Bianco et al., 1998;
Cox and Chao, 2002), just to cite a few references in the field of geophysical
applications of LAGEOS and LAGEOS II data analysis. The great tracking
precision also make the two LAGEOS satellites a powerful test bench for
Einstein’s theory of general relativity (Einstein, 1916), see for instance (Ciu-
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Figure 1: Picture of the LAGEOS II satellite (courtesy of ASI). Launched by ASI/NASA
space agencies at the end of October 1992, LAGEOS II is one of the best tracked satellites
all over the word by the SLR technique. LAGEOS II is almost a twin of the older LAGEOS
(NASA, 1976). In the case of LAGEOS II, the orbit has an inclination of about 53◦ over the
Earth’s equator, a semi-major axis of about 12,163 km and an eccentricity of about 0.014.
LAGEOS has an orbit inclination of about 110◦, a semi-major axis of about 12,270 km and
an eccentricity of about 0.004. The smaller inclination of LAGEOS II has been chosen
to obtain a better visibility from the network of the Earth laser ranging stations. The
area-to-mass ratio (A/m) of these satellites is quite small in order to minimize the impact
of the non-gravitational perturbations. Concerning the CCRs, 422 are made of fused silica
while 4 are made of germanium and are disposed in a tetrahedral configuration. Note that
the spatial distribution of the germanium CCRs is different for the two LAGEOS.

folini et al., 1996), (Ciufolini and Pavlis, 2004), (Lucchesi and Peron, 2010)
and (Lucchesi and Peron, 2014).

It is important to stress that presently, with the current level of develop-
ment of the SLR technique, a further increase in the precision of the mea-
surements of relativistic effects from the gravitational field of the Earth and,
more specifically, in the final accuracy of such measurements, is only possible
through the development of more accurate dynamical models for the orbit of
such geodetic satellites and their subsequent inclusion in the software used
for their precise orbit determination (POD). These models have to account
for gravitational and non-gravitational perturbations, and their accuracy will
impact on the reliability of the estimate of the final error budget in terms of
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the degree of knowledge of the various systematic error sources at work in a
given measurement. An unrefined modelling may prevent a reliable measure-
ment; for instance, a disturbing effect may mask (or even mimic) a relativistic
effect. In this regard, another important issue is in the case of possible cor-
relations among the relativistic parameters to be extracted from the data,
and those related to classical effects poorly modelled or not modelled at all.

In this context, a crucial role is played by the non-gravitational pertur-
bations (NGPs) which are characterized by subtle effects, very complex to
model. These perturbations are due to surface forces which depend on the
satellite structure and composition and are responsible for very long term
effects in the orbital elements of the two LAGEOS satellites (see for instance
(Milani et al., 1987) and (Andrés de la Fuente, 2007) for a detailed, though
not complete, discussion). Indeed, the small area-to-mass ratio of the two
LAGEOS satellites, about 6.95 × 10−4 m2/kg, has been chosen to minimize
these disturbing accelerations.

Among the plethora of NGPs acting on the two LAGEOS satellites, one
main source is due to thermal-drag perturbations, strictly connected to the
evolution of the spin vector (orientation and rate) of the satellites, we refer to
(Bertotti and Iess, 1991; Habib et al., 1994; Farinella et al., 1996; Vokrouh-
lický, 1996; Andrés de la Fuente, 2007) for details. These are the Earth-
Yarkovsky and Yarkovsky-Schach thermal effects, see (Rubincam et al., 1987;
Rubincam, 1988; Afonso et al., 1989; Farinella et al., 1990; Scharroo et al.,
1991; Slabinski, 1996; Farinella and Vokrouhlický, 1996; Rubincam et al.,
1997; Métris et al., 1997, 1999; Lucchesi, 2002).

Indeed, in order to correctly model such effects, besides a detailed knowl-
edge of the physical properties of the elements of the surface of the satellite
— such as the absorptance α, the emissivity ε, the specific heat CP and the
heat capacity H — the knowledge of the overall mass distribution of the
satellite is important. Through this knowledge, we are able to compute the
values of the moments of inertia of the satellite which, in turn, contribute to
the spin evolution.

The spin evolution is mainly provoked by the gravitational torque, which
is due to the oblateness of the satellite, and by the magnetic torque, which
arises because the satellite represents a conductor moving in a magnetic
field: the field induces eddy currents (Foucault currents), thence a magnetic
moment that in turn interacts again with the external geomagnetic field and
produces the magnetic torque.

Therefore, the equation of motion for the rotational dynamics cannot be
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written without knowing the moments of inertia of the two LAGEOS satel-
lites. These parameters were indirectly estimated but, unfortunately, not
measured before the launch of the satellites. Of course, this is not surprising,
as it was hard to imagine — at the epoch of launch of the two satellites
— the great increase in the tracking precision obtained afterward with its
consequent potential applications, as well as its remaining in full efficiency
after so many years.

It is worth mentioning that when the satellites were injected in their orbit,
a spin was induced in their motion: in the case of the older LAGEOS the
initial rotational period was about 0.6 s, while for LAGEOS II it was about
1 s. It was expected, at the epoch of LAGEOS launch, that the spin rate
would be fully decayed within a very short time (one year as written at page
3-2 of (NASA, 1975) or two years according to Johnson et al. (1976)).

In this paper we are interested in re-visiting the state of the art knowledge
of the main dynamic parameters of the two LAGEOS satellites. On the one
hand, let us say from the historical point of view, we were motivated to search
for the cause (or the causes) of the contradictory information provided in the
literature on some of these parameters. On the other hand, let us say for more
meaningful practical reasons, we were motivated by the attempt to determine
these parameters with the purpose of improving the dynamic models of the
two LAGEOS satellites with respect to their current knowledge, as specified
above. In particular, the construction of a refined three-dimensional (3D-
CAD) model for the structure of the two satellites is of primary importance
for a refined and reliable modelling of their thermal behavior based on finite
element method.

This activity falls in the LARASE research program. The LAser RAnged
Satellites Experiment (LARASE) aims to provide an original contribution in
testing and verifying relativistic physics by means of the very precise mea-
surements provided by the SLR technique together with a POD of a dedicated
set of passive laser-ranged satellites. A baseline prerequisite for the successful
outcome of this goal is represented by the availability of reliable dynamical
models for the orbit of the considered satellites. Therefore, LARASE aims to
improve the dynamical models of the currently best laser-ranged satellites,
with special attention to the subtle non-gravitational forces, see (Lucchesi
et al., 2015a) and (Lucchesi et al., 2015b) for details.

Beside the two LAGEOS, also the new LARES (LAser RElativity Satel-
lite) satellite will be subject of our investigations. LARES was launched by
ASI on February 13, 2012, and its main objective is to provide a new and
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refined measurement of the Lense-Thirring effect, see (Ciufolini et al., 2009)
and (Paolozzi and Ciufolini, 2013) for details.

The enhancements in the reliability of the dynamical models of the orbit
for these laser-ranged satellites will help also to reduce the usage of the so-
called empirical accelerations. These accelerations are generally exploited
to absorb for effects not currently accounted for by the overall dynamical
model, as in the case of some NGPs and, more specifically, for the thermal-
drag effects, at least in the case of the two LAGEOS.

Therefore, these studies, by contributing in improving the POD preci-
sion and accuracy, thanks to a reduction of possible systematic errors in the
modeling and, consequently, in the differential correction procedure, will al-
so contribute significantly in the improvements of all geophysical products of
the ILRS.

For instance, the SLR solutions for the Earth Orientation Parameters
(EOP) and the tracking stations position and velocity (which are derived
from the orbit of a few selected satellites, among which the two LAGEOS),
play a strong role in the practical realization of a reference system fixed to
the Earth, the International Terrestrial Reference Frame (ITRF) which has
its origin in the Earth’s center of mass (the so-called geocenter), i.e., the
point around which an Earth satellite orbit.

The rest of the paper is organized as follows. In Section 2, the apparent
confusion in the knowledge about the mass and moments of inertia of the
two LAGEOS satellites is described as given in the literature. In Section
3, starting from the original drawings of the satellites, we re-constructed
the dimensions of the two LAGEOS and the materials used to build their
internal structure. In Section 4, still by the use of the original drawings
of the satellites, we describe the construction of a 3D-CAD model for both
LAGEOS and LAGEOS II. This allowed us to independently estimate mass
and moments of inertia of the two LAGEOS satellites and get what we believe
are accurate values. In Section 5 the computed moments of inertia are used
in a program to simulate the spin direction evolution as further test of their
compatibility with measurements. Finally, in Section 6 our conclusions and
recommendations are provided.

2. Mass and moments of inertia in the literature

Among the main parameters needed to model the dynamic behavior of a
satellite we have to consider its mass, dimensions, center of mass position,
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and moments of inertia. Ideally, these physical quantities should be accu-
rately measured before the launch of a satellite but, unfortunately, for the
satellites we are considering, some of these measurements are absent or are
characterized by a great uncertainty.

As underlined in the previous Section, the NGPs are proportional to the
satellite area-to-mass ratio; consequently its value must be small to reduce
orbit perturbations and very well known in order to model these perturba-
tions properly.

The most likely values for the masses of the two LAGEOS satellites are
those reported in the IRLS website1 406.965 kg for LAGEOS and 405.38 kg
for LAGEOS II. The same value for the mass of LAGEOS II is reported by
Cogo (1988) and by Fontana (1990). In these reports, the mass of LAGEOS
II was computed as sum of the masses of the different parts of the satellite.

Unfortunately, in the case of the older LAGEOS satellite a clear reference
to the value of its mass is not easy to find. In 1974, the baseline value for
the mass of LAGEOS was 385 kg, successively increased to 411 kg as a result
of launch vehicle modifications — which included the addition of a 4th-stage
apogee-kick motor — as written by Siry (1975). The effective mass predicted
for the flight model was 409.8 kg, as written in Section 5.2.1 of (NASA, 1975).

In the official documentation that we have been able to collect, it was
not possible to find a direct report of the weighing of LAGEOS after the
final assembly of the satellite. This weighing was surely performed, as it is
documented by a photo at page 201 of (Wong, 1978). Unfortunately, we think
that the author of this paper did not have direct access to information about
the mass; she reported a value of 410.9 kg, higher than the most probable
one and close to that of (LAGEOS Press Kit, 1976), i.e. 411 kg. The value
of 411 kg is also reported by Kolenkiewicz et al. (1977), Fitzmaurice et al.
(1977), Smith and Dunn (1980), and Rubincam (1982).

In (Johnson et al., 1976) a value of 407.821 kg is provided for the mass of
LAGEOS (one of the authors, Charles W. Johnson was the LAGEOS project
manager at NASA-MSFC), very close to the more likely value, but Cohen
and Smith (1985) are the first to provide the value of 407 kg for the mass
of the satellite. We recall that David E. Smith was the project scientist of
LAGEOS, and the quoted value for the mass of LAGEOS is also the most

1http://ilrs.gsfc.nasa.gov/missions/satellite missions/current missions/lag1 general.html
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cited in the literature during the subsequent years. Indeed, afterwards this
value was cited by Rubincam and Weiss (1986), Rubincam (1987), Rubincam
et al. (1987) and Rubincam (1988).

From a chronological point of view the value of 406.965 kg for the mass
of LAGEOS — the same as the one presently given by the ILRS website1

— appears firstly in (Smith et al., 1990) but referring to the previous work
by Cohen and Smith (1985). Therefore, we believe that the value of 407
kg represents the rounding of 406.965 kg, where the significant digits are
not connected to the accuracy of measurements but they came as sum of
the weighing of the different components or from a conversion (not rounded)
between pounds and kilograms.

Moreover, the Table IV of (Slabinski, 1996) — which cites in the final
Reference list (Cohen and Smith, 1985) but not (Smith et al., 1990) — reports
the value as 406.965 kg, but with a note (Note f) that reads [Mass from
project engineer supplied by David E. Smith (GSFC).].

The situation is slightly more difficult when we are interested to the knowl-
edge of the center of mass position and to the moments of inertia of the
satellites.

In the (NASA, 1975) report the authors wrote that it had been decided
not to measure the position of the center of mass and of the moments of
inertia of the flight model of LAGEOS because they trusted the estimated
values on the basis of the experience made on the balance model of LAGEOS.

In the same report the authors concluded that the 1 millimeter center
of geometry to center of mass limit could not be exceeded if manufacturing
tolerances were within specification and the predicted moments of inertia
could be applied.

For the flight model of LAGEOS II the position of its center of mass was
measured by Fontana (1990), we report his values in Table 4. We refer to
Section 4.0 of this technical note for further details.

With regard to the moments of inertia of the satellites, none of them were
measured for their flight model. Measurements were made only on the LA-
GEOS test model and on the structure of LAGEOS II without retroreflectors;
see, respectively, Section 5.2.2 of (NASA, 1975) and Section 4.0 of (Fontana,
1989).
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3. Dimensions and materials of the two satellites

We verify the estimates made in the past by computing the moments of
inertia of the two satellites with numerical methods by the use of three-
dimensional 3D-CAD models to overcome the lack of measurements.

The quality of such a work depends on the level of knowledge of the
geometry of the satellites and on the density of their materials. A first
obstacle was the lack of working drawings for LAGEOS and a great confusion
present in the literature about shapes and materials used. On the other hand,
the working drawings of LAGEOS II were available in (Minott et al., 1993),
in particular we refer to Section C of this technical note.

Anyway, the available information were equally sufficient because we reached
the certainty that the two satellites were built using almost identical work-
ing drawings and that they differ only by the manufacture tolerances and the
materials alloy.

The main evidence of the use of the same project for the two satellites
comes from Cogo (1988). In this technical note the author on one hand
declares to have access to LAGEOS working drawings2 and on the other
hand explains the measured mass differences on the basis of mechanical tol-
erances and the different alloys used in the two projects. The CCRs were
also considered, but the conclusion about them was that they do not bring
any significant contribution to the mass differences. If there were any small
change in the working drawings of the two satellites, this would have been
definitely pointed out by the author.

Furthermore, the title blocks of the LAGEOS II working drawings contain
a reference to an “original” drawing (“originale” in Italian). The numbers
there reported, whenever it is possible to check, are the same of those report-
ed in the working drawings of LAGEOS. For example, LAGEOS drawings
“30M20456-1” and “30M20457-1” relative to the brass core mass and to the
tension stud, cited in flux diagrams at pages 7-4 and 6-1 of (NASA, 1975),
appear also in the text block of the LAGEOS II working drawings at pages
1-7 and 1-8 of (Minott et al., 1993).

Above these evidences, we tried to understand the origin of the uncer-
tainties regarding size, shape and mass of the different parts of the satellites
present in the literature.

2Indeed, on page 4 of (Cogo, 1988) it is explicitly stated [LAGEOS 1 drawings set
(issued by NASA-MSFC)].
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We guess that the possible origin of many errors is related with the drawing
apparently introduced for the first time in (LAGEOS Press Kit, 1976), see
page 10 of that technical note. In that drawing of LAGEOS, sizes and mass
are inconsistent with the density of the material indicated. In addition,
Wong (1978) presents a photo of the internal structure of the test model of
LAGEOS, that should be identical to the flight model except for the CCRs
installations (see (NASA, 1975)). Very interestingly, the dimensions that
can be reconstructed from the photo simply using a ruler, are absolutely
incompatible with those reported in the cited drawing of (LAGEOS Press
Kit, 1976).

We guess that this drawing refers to a preliminary model of LAGEOS,
and that many authors have tried to find a consistency between sizes and
masses of the different parts assuming different materials with respect to
those actually used.

A long debate arose around the material used for the core mass and the
threaded stud. In the drawing at page 10 of (LAGEOS Press Kit, 1976)
is written that both are made of brass. Johnson et al. (1976) corrected
this drawing, we believe wrongly, affirming that the core is made of copper
beryllium and the stud of brass.

We believe that the description of materials and working procedures con-
tained at page 6-2 in (NASA, 1975) can help us to overcome any doubt
about the materials used. The description clearly refers more than once to
a brass core weight and to a copper beryllium shaft. The descriptions of
the machining and mounting procedures are so precise and detailed that it
appears unlikely that the authors of this technical note were wrong about
the materials.

The apparent error made on the core material by Johnson et al. (1976)
was not echoed by others, being a general agreement about brass (see for
instance (Cohen and Smith, 1985)) until Rubincam et al. (1987) refer again
to (Johnson et al., 1976) to state that the core of LAGEOS was made of
copper beryllium. This information was also iterated by Slabinski (1996)
who made a careful reconstruction of the materials, dimensions, masses and
density of the satellite.

As pointed out by Andrés de la Fuente (2007), the analysis made by
Slabinski (1996) brings to a contradiction between measured and computed
moments of inertia. In his PhD thesis, Andrés concludes that either the
size values reported in (LAGEOS Press Kit, 1976) and (Cohen and Smith,
1985) were wrong or the materials given were not correct. He reports also
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that through a private communication from Slabinski, he had known that
Métris in 1996 had reached the same conclusion even if he had not published
anything about it.

The accuracy of the conclusion that we reached about materials and shapes
needs to be validated by computing the masses and the moments of inertia of
the test configuration of the satellites that have been measured and reported
in the technical papers previously described. As it will be shown in the next
Section, our results have proven to be very robust under this point of view.

4. 3D CAD models of the two satellites

Using the working drawings of LAGEOS II available in (Minott et al.,
1993) and the information about materials by Cogo (1988), we built a com-
plete 3D-CAD model of the two satellites3. A section view of the two satellites
from our CAD model is shown in Fig. 2, where the main parts of the struc-
ture are visible: i) two hemispheres of aluminum containing the CCRs, ii) the
brass core that contribute to increase the mass of the satellite, iii) the copper
beryllium shaft that allows to fasten the different parts of the satellites.

It is interesting to compare our Fig. 2 with Fig. 1 of (Cohen and Smith,
1985). The two figures differ for the internal dimensions and for the material
of the shaft: copper beryllium vs brass.

Conversely, in Fig. 3 a CCR is shown with its three rings: a retainer ring
(RR) and two mounting rings. The two mounting rings are those immediately
in contact with the CCR, they are called upper ring (UR) and lower ring
(LR).

With regard to the density of the materials, as a first approach we adopted
for the different materials the density values shown in Table 1 that, a priori,
are the most likely ones. Hereinafter, these densities will be identified as
nominal densities.

With the density values shown in Table 1 and the dimensions valid for the
LAGEOS II satellite (see Fig. 2 or (Minott et al., 1993)) we obtained masses
values close enough to those measured for both the satellites: 405.93 kg for
LAGEOS (vs. 406.965 kg) and 404.97 kg for LAGEOS II (vs. 405.38 kg).
As we can see, the fractional discrepancy is very small for both satellites,

3We take advantage of SOLIDWORKS R© 3D-CAD software and its capability to eval-
uate 3D model solid mass properties.
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Figure 2: The LAGEOS satellites assembly. The dimensions are in mm. The two a-
luminum hemispheres are shown with the section of the cavities containing the CCRs
together with the internal brass cylinder and Cu-Be shaft.

(a) Orthogonal view (b) Perspective view

Figure 3: A cube corner retroreflector (CCR) of the LAGEOS satellites: exploded view
of our engineering model from two different points of view. The two mounting rings are
machined from clear transparent PolyChloroTrifluoroEthylene (PCTFE), also known as
KEL-F. Conversely, the retainer ring and the three screws are made of aluminum, the
same of the hemispherical shells. The screws are used to fasten the entire assembly to
the aluminum surface of the satellite. In our computations of the satellites’ moments of
inertia, the geometry and masses of the entire CCRs assembly elements were considered
using the values provided in (Minott et al., 1993).

about ∼ 3 · 10−3 in the case of LAGEOS and ∼ 1 · 10−3 for LAGEOS II.
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Table 1: Materials used for the construction of the two LAGEOS satellites (Cogo, 1988)
and their nominal densities.
Satellite Material density ρn (kg/m3)

Hemispheres Core Stud
LAGEOS AA6061 QQ-B-626 COMP.11 Cu-Be

2700 a 8440 a 8230 b

LAGEOS II AlMgSiCu UNI 6170 PCuZn39Pb2 UNI 5706 Cu-Be QQ-C-172
2740 c 8280 c 8250 c

a (ASM International Handbook Committee, 1990).
b (Bauccio, 1993).
c It is the value calculated in (Cogo, 1988) starting from the measured averaged
composition.

These results convince us that our hypothesis about the internal sizes of the
LAGEOS satellite are correct.

As a further check we calculated masses and moments of inertia for the
two configurations of the satellites different from the flight model, whose
parameters were measured and reported in the literature. The results are
shown in Table 2.

We considered four cases on the basis of the previously discussed (and
available) documentation: two cases focus on the flight arrangement of the
two satellites, the other two cases concern the balance model of LAGEOS
and the LAGEOS II model with no CCRs. In particular, we computed the
moments of inertia in two different ways: i) using the nominal density ρn for
the various materials, see Table 1, ii) by the use of a normalized density ρ̄
which corrects the nominal density ρn by a factor equal to the ratio of the
measured mass Mm for the two satellites with the mass Mc we computed
using the nominal densities, that is:

ρ̄ = ρn ·
Mm

Mc

. (1)

In this way, we aim to increase the precision of our model by modifying
with the same percentage the density of the materials of each satellite in
order to better fit to its measured mass Mm.

In the case of the LAGEOS flight arrangement our computed moments
of inertia are in very good agreement with those computed in the technical
note (NASA, 1975), differing by about 1% only. In the case of the LAGEOS
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Table 2: Comparison of masses and moments of inertia for the two LAGEOS satellites. In
the notation we follow (NASA, 1975). The x axis coincides (nominally) with the principal
axis of inertia (the angle between the symmetry axis and the principal axis orientation was
bound to be below 0.02 radians). Practically, this axis coincides with the initial rotation
axis of the satellites.
Satellite Mass (kg) Moments of inertia (kg m2)
origin of value M Ixx Iyy Izz

LAGEOS flight arrangement
Computed value in (NASA, 1975) 409.8 11.516 11.084 11.084
Measured value in (NASA, 1975) 406.965 − − −
Values computed in the present work using 405.93 11.40 10.93 10.93
nominal density of Table 1
LAGEOS balance model
Computed value in (NASA, 1975) 440.3 13.14 12.71 12.71
Measured value in (NASA, 1975) 440.0 13.11 12.69 12.71
Value computed in the present work using 437.68 13.09 12.62 12.62
nominal density of Table 1
Values computed in the present work using 440.00 13.16 12.68 12.68
normalized density
LAGEOS II flight arrangement
Computed values in (Fontana, 1990) − 11.45 11.00 11.00
Measured value in (Fontana, 1990), 405.38 − − −
(Fontana, 1989) and (Cogo, 1988)
Values computed in the present work using 404.97 11.44 10.99 10.99
nominal density of Table 1
LAGEOS II without CCRs
Computed value in (Fontana, 1989) 386.59 10.39 9.95 9.95
Measured value in (Fontana, 1989) 387.20 9.67 9.37 9.15
Values computed in the present work 386.71 10.41 9.95 9.95
using nominal density of Table 1
Values computed in the present work using 387.20 10.42 9.96 9.96
normalized density

balance model, the differences among our computed moments of inertia with
those measured are even smaller, with a maximum discrepancy of about 0.3%
and a minimum discrepancy of about 0.1%.
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Table 3: Mass and moments of inertia of LAGEOS and LAGEOS II to be used in the
future. The masses are the one measured. The moments of inertia are those computed in
the present work with normalized densities.

Satellite Mass (kg) Moments of inertia (kg m2)
M Ixx Iyy Izz

LAGEOS flight arrangement 406.97 11.42± 0.03 10.96± 0.03 10.96± 0.03
LAGEOS II flight arrangement 405.38 11.45± 0.03 11.00± 0.03 11.00± 0.03

These results are well within the expected errors for the moments of iner-
tia. Obviously, since the less significant digit is the second one, the order-of-
magnitude of the error should be ≈ 0.01 kg m2. To estimate an upper bound
to the error to be attributed to the moments of inertia we had computed,
we have modified dimensions and densities of the satellites within reasonable
ranges. Using this method we arrived to give an error to our estimation of
the moments of inertia of about 3 · 10−2 kg m2. This error takes also in
account the change that can appear in the moments of inertia for thermal
expansion of the different parts of the satellite.

For the flight arrangement of LAGEOS II our computed moments of in-
ertia are in very good agreement with those computed by Fontana (1990); in
fact they differ by less than 0.2%. In the case of the LAGEOS II test mod-
el, i.e. the one with no CCRs, the disagreement between our computations
and the measurements is about 10%; however, our computed values are very
close to those computed by Fontana (1989), with a maximum discrepancy
. 0.3%. We point out that the measurements of the moments of inertia of
the test model of LAGEOS II appear only in the first version of (Fontana,
1989). Consequently, we can imagine either that the author was not so con-
fident about the measurements or he believed to have an error so large as to
consider the measurements obtained not so significant.

Moreover, in the case of the flight arrangement of the two satellites, we
corrected the computed moments of inertia for the normalized density ρ̄.
Using this method we find the most likely values for the moments of inertia
which should be used in the future (from our point of view) for new analyses,
see Table 3.

As we can see, in the case of LAGEOS II our estimated values for the
moments of inertia are coincident with those computed by Fontana (1990),
while for LAGEOS we have a discrepancy of just 0.8% for Ixx and 1% for Iyy
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and Izz with respect to those computed in (NASA, 1975).
Finally, it is not useful to use our complete 3D-CAD models to evaluate

the distance between the center of mass and the geometric center for the two
satellites. In fact, these quantities do not depend on the design of the satellite,
but derive mainly from the asymmetries introduced by the machining. We
report in Table 4 the values for these quantities in the available literature.

Table 4: Distance (offset) between the center of mass and the geometric center.

Satellite Center of mass (mm)
X Y Z

LAGEOS (estimated)a < 1 < 1 < 1
LAGEOS II (measured)b,c−0.053± 0.025 0.018± 0.040 0.008± 0.065

a (NASA, 1975).
b (Fontana, 1990).
c (Fontana, 1989).

5. Moments of inerta and spin evolution

In this Section we show how the previously calculated values for the dy-
namical parameters can be inserted in a model for the evolution of the spin
direction, obtaining values well in a agreement with the available observa-
tions.

By developing dedicated MATLAB routines, we built an environment able
to simulate the spin evolution for LAGEOS-like satellites. This software
simulates the spin evolution with different input models. Its applicability is
not only restricted for values of the spin period much lower than the orbital
period of the satellite (the so-called rapid-spin approximation) but also in
the general case.

In order to verify the reliability of the calculated values for the moments
of inertia, we have calculated the spin evolution for LAGEOS II in the rapid-
spin approximation. Our model includes the gravitational torque due to the
oblateness of the satellite, the magnetic torque due to the eddy currents
induced in the rotating satellite (the equations used are those in (Bertotti
and Iess, 1991) and (Farinella et al., 1996) with some small corrections) and
the torques due to the reflection asymmetry and the non coincidence between
the center of mass and the geometrical center of the satellite (Vokrouhlický,
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Figure 4: LAGEOS II spin vector orientation in the J2000 inertial reference frame. Our
values for the moments of inertia of LAGEOS II have been used and included in our spin
model of the satellite in the so-called rapid-spin approximation. The blue line represents
the model behavior while the red dots represent the measured values (i.e. the observations)
of the spin orientation. The spin was directly measured up to a few years ago by means
of a spectral analysis of the SLR data, see (Bianco et al., 2001) and (Kucharski et al.,
2013), and for the three years between 2000-2002 using a photometric ’flash’ technique by
(Otsubo et al., 2004). We refer to Chapter 3 and Appendix D of (Andrés de la Fuente,
2007) for further details.

1996),(Andrés de la Fuente, 2007), (Lucchesi, 2003) and (Lucchesi, 2004). In
Fig. 4, the evolution for the orientation of LAGEOS II spin vector is plotted.

The moments of inertia used in the calculations are those estimated by
means of our work and reported in Table 3. As we can see, the agreement
between model and observations, i.e. the measured values of the spin orienta-
tion in the inertial space, is remarkable and in line with the results provided
by the LOSSAM model, see Fig. 3.18 of (Andrés de la Fuente, 2007).

To assess the sensitivity of our spin model to changes in the values of the
moments of inertia, we modified them in the simulation within the errors
we evaluated and reported in Table 3. In particular we calculated the spin
orientation evolution using the maximum and minimum oblateness within
the estimated errors. The result of this analysis is reported in Fig. 5.

Although other experimental parameters can equally effect the spin be-
havior, it is evident that an a-priori estimation of the moments of inertia
brings a big advantage in modeling the dynamics of a satellite, reducing the
number of free parameters used in the model. This topic will be widely
discussed in a paper in preparation.
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Figure 5: LAGEOS II spin vector orientation in the J2000 inertial reference frame. The
spin behavior shown in Fig. 4 has been redrawn over a smaller temporal interval (continuos
line) and compared with the behavior that we obtained (still in the rapid-spin approxi-
mation) by varying the moments of inertia within their errors reported in Table 3 in such
a way to vary the oblateness of the satellite between its corresponding lower and upper
limit.

6. Conclusions and recommendations

As briefly highlighted in Section 1, the construction of a refined model
for the structure of a satellite like LAGEOS is of primary importance for a
refined and reliable modelling of its thermal behavior.

This is only one very important issue, among the several, that is necessary
to consider in order to model more accurately the disturbing effects of thermal
origin, such as the Yarkovsky-Schach and Earth-Yarkovsky thermal thrust
perturbations (Rubincam et al., 1987; Rubincam, 1988; Afonso et al., 1989;
Farinella et al., 1990; Scharroo et al., 1991; Slabinski, 1996; Farinella and
Vokrouhlický, 1996; Rubincam et al., 1997; Métris et al., 1997, 1999; Lucchesi,
2002).

For instance, a characterisation of the thermal properties of the various
elements of the satellite — both internal and external — as well as the
availability of a general model for its spin evolution — both in orientation
and rate — are two additional issues of extreme importance (see (Slabinski,
1996) and (Andrés de la Fuente, 2007)).

For these reasons, in the context of the LARASE activities (see (Lucchesi
et al., 2015a) and (Lucchesi et al., 2015b)), we started an in-depth review of
the dynamic parameters of the two LAGEOS satellites. More specifically, we
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began our work in this field from the analysis of the original drawings of the
LAGEOS II satellite, see (Minott et al., 1993).

This is the first paper which deals with the results we have obtained within
these activities. Our results on the most significant dynamic parameters of
LAGEOS and LAGEOS II can be summarized as below:

1. initially, as a first step, we reviewed the technical documentation and
the main papers regarding the dimensions and masses of the satellites;

2. after studying the original drawings of the LAGEOS II satellite, we
had the confirmation that these were exactly the same of those of the
older LAGEOS satellite;

3. the two satellites are practically twins: they only differ — besides the
well known different (tetrahedral) distribution of the four germanium
CCRs — by manufacture tolerances and densities of the alloys used,
and this is sufficient to explain a mass difference of about 1.6 kg between
the two;

4. in particular, the internal cylinder is made of brass while the shaft is
made of copper beryllium for both satellites;

5. we built a 3D-CAD model of the two satellites in the different config-
urations and using numerical methods we computed their masses and
moments of inertia, see Table 2;

6. we propose as the best fitting values for the masses and moments of
inertia of the satellites those reported in Table 3.

Indeed, a major product of this study has been the determination of the
moments of inertia of the two LAGEOS satellites from their 3D model. Un-
fortunately, such physical parameters were not measured on the flight models
and their values, similar to our approach, were simply computed by the en-
gineers of NASA and AERITALIA, respectively for LAGEOS and LAGEOS
II.

A great deal in this direction was performed also by Andrés de la Fuente
(2007) in his PhD thesis. Thanks to the LOSSAM spin model, he has been
able to estimate the moments of inertia of LAGEOS and he correctly con-
cluded that the core of LAGEOS is made of brass as that of LAGEOS II.
However, Andrés attributed the differences between the two satellites to their
different internal sizes (see for instance Section 3.5.3 of (Andrés de la Fuente,
2007)).

We have also shown that the dimensions are not different for the two
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LAGEOS; the satellites’ differences are due, as stated, to the tolerances in
their manufacture and in the slightly different densities of the alloys.

As stated above, this activity falls in those of the LARASE program.
These activities are focused on improving the dynamic models of the cur-
rent best laser-ranged satellites in order to provide new and more refined
measurements of relativistic physics in the field of the Earth, see (Lucchesi
et al., 2015a). In particular, we are interested in improving the knowledge of
the dynamics of the two LAGEOS satellites as well as that of LARES. Such
improvements are also very important for applications of these satellites in
the fields of geophysics and of space geodesy.

We have developed a new model for the spin evolution of LAGEOS-like
satellites, not restricted to the rapid-spin case — that is to the one we briefly
discussed in Section 5 — but valid for any value of the rotational period of
the satellite. In this context, the 3D-CAD model of a satellite is particularly
useful in comparing the analytic predictions with the numerical ones about
the induced eddy currents, and the corresponding magnetic moment, as a
function of the rotation frequency in the presence of the magnetic field of the
Earth.

These and other aspects will be discussed in detail in a forthcoming paper,
currently under preparation.
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