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With the launch of the Gaia mission, general relativity (GR) is now at the very core of astrometry. Given
the high level of accuracy of the measurements, the development of a suitable relativistic model for carrying
out the correct data processing and analysis has become a critical necessity; its primary goal is to have a
consistent set of stellar astrometric parameters by which to map a relativistic kinematic of a large portion of
the Milky Way and, therefore, taking the first step of the cosmic distance ladder to higher accuracy. To trace
light trajectories back to the emitting stars requires an appropriate treatment of local gravity and a
relativistic definition of the observable, according to the measurement protocol of GR, so that astrometry
cannot be set apart from fundamental physics. Consequently, the final Gaia outputs, following completion
of its operational life, will have important new implications and an overwhelming potential for
astrophysical phenomena requiring the highest precision. In this regard, the present work establishes
the background GR procedure to treat such relativistic measurements from within the weak gravitational
field of the Solar System. In particular, we make the method explicit in the framework of the RAMOD
relativistic models, consistent with the IAU (standard) resolutions and, therefore, suitable for validating the

GREM approach baselined for Gaia.
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I. INTRODUCTION

Gaia, of the European Space Agency (ESA), is the first
astrometric mission of the twenty-first century and was
successfully launched on December 19, 2013. The chal-
lenging astrometric goal of the mission is the census of about
two billion individual stars comprising the Milky Way
(MW) to be materialized in the form of a catalog that will
list, for each entry, the five fundamental astrometric param-
eters: two angular coordinates (providing a direction), the
parallax, and the two components of annual proper motion
[1,2]. Gaia is a spinning two-telescope astrometric system
imaging two fields-of-view (FOVs), separated by a large
angle (indispensable for absolute parallaxes), on to the same
focal plane. In addition, a special scanning law (that
combines a six-hour spin period of the two-telescope optical
assembly with a 5.8 revolutions/year precession of the same
axis at a fixed 45° angle to the Sun) ensures a repeated 47
coverage of the celestial sphere over the satellite’s opera-
tional lifetime. In five years, each detected object is expected
to be observed, on average, 70 times, leading to a total of
more than 150 billion measurements. At the end of the
mission, astrometric accuracies are expected to be better
than 5—10 microarcseconds (uas) for the brighter stars and
130- 600 pas for faint targets, with red objects better
measured than bluer ones.

Since the location of an object in astrophysical astrom-
etry is considered reliable if its relative error is better than
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10%, performing parallaxes to 10 pas or better implies
reaching the kpc scale, i.e., the Galactic scale. Therefore,
thanks to the depth of the MW probed with precision
parallaxes, space motions (including radial velocities when-
ever possible), and astrophysical characterization (through
spectrophotometry) for such an unprecedented sample of
individual stars, Gaia will have a huge impact across many
fields. These include many branches of stellar astrophysics
(details of the structure and stellar evolutionary phases),
exoplanets (about 15000 within 200-500 pc), solar system
objects, the cosmic distance ladder (through a superb
astrometric characterization, i.e., model independent, of
the primary calibrators such as Cepheids), and fundamental
physics. Gaia will not only greatly enhance our knowledge
of the Galactic structure, but it will also provide precise
information allowing astronomers to frame a much more
detailed kinematical picture of our Galaxy than ever before.
For instance, new “accurate” distances and motions of the
stars within our Galaxy will provide access to the cosmo-
logical signatures left in the disk and halo, offering inde-
pendent, direct and detailed comparisons of the predictions
of the most advanced cosmological simulations [3].

On September 14, 2016, the first catalogue, TGAS, was
released to the scientific community worldwide ([4,5]). The
five-parameter astrometric solution for two million stars in
common between the Tycho-2 Catalogue and Gaia were
collected, complete down to magnitude 9—solar neighbor-
hood, open clusters and associations, moving groups, etc.—
with submilliarcsec accuracy (10% at 300 pc). Although
TGAS has not yet achieved the final expected accuracy, it
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represents a first return from the Gaia data that already shows
the mission is fulfilling its promise.

Nevertheless, a six-dimensional accurate reconstruction
of the individual stars across a large portion of the
Milky Way necessarily needs extremely accurate astromet-
ric observations modeled within a fully, comparably
accurate, relativistic framework. Indeed, at the microarc-
second level of accuracy, a fully relativistic inverse ray-
tracing methodology is required in accordance with the local
geometrical environment affecting light propagation itself
and at the observer’s gravitational location, i.e., a correct
application of the precepts of the theory of measurement in
general relativity (GR) [6]. Consequently, rigorous models
of the Gaia observables consistent with the precepts of GR
and the relativistic consistency of the whole data processing
chain are both indispensable prerequisites for the physically
correct achievement of Gaia’s goals.

Given the absolute character of the results, the DPAC
(Data Processing and Analysis Consortium, i.e., the
international consortium which is in charge of the reduction
of the Gaia data [7]) decided two procedures for the sphere
reconstruction task: one by the Astrometric Global Iterative
Solution (AGIS,[8]) and the other by the Global Sphere
Reconstruction (GSR, [9,10]), an independent procedure
for validation purposes. This approach brings some simi-
larities with the strategy adopted for the HIPPARCOS
mission. In that case, two different consortia (FAST and
NDAC) prepared two complete and independent data
reduction pipelines. In the case of Gaia, it was decided
to replicate the baseline process AGIS by implementing
GSR, which uses different astrometric models and different
algorithms, as part of the so-called Astrometric Verification
Unit (AVU).

In the Gaia context, the practical realization of the
celestial sphere is an extremely challenging problem
because of the high quality of the observations and the
large number of unknowns involved. The former issue
implies that the aforementioned accurate relativistic astro-
metric model has to be adequately used, while the huge
number of unknowns and observations puts this task at the
forefront of high-performance computing problems [11].
Finally, this reconstruction allows, as a byproduct, a high-
accuracy estimation of the PPN y parameter at the 10~°
level, and thus represents a high-accuracy test of gravity
theories by itself [12]. Moreover, the scientific validation of
the sphere reconstruction will involve both a mutual
verification of the AGIS and GSR results and several
comparisons with external data.

This paper is the development of the GSR astrometric
model suitable for the AVU purpose within the framework of
the General Relativistic Astrometric MODels (RAMOD), a
family with increasing intrinsic accuracy adapted to many
different observer’s settings, interfacing numerical and
analytical relativity and based on the measurement protocol
of classical general relativity.
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RAMOD was initially developed to finalize consistently
with GR the sphere reconstructions within AVU, but it
actually describes, in a relativistically rigorous way, the null
geodesics in the weak field regime at different levels of
accuracy for the first linear perturbations of the metric, and
different models of the family can be adopted according to
the needs of a specific problem or measurements in the
Solar System. For example, in principle, RAMOD3a (see
Crosta et al., 2015, and references therein [13]), a static
model at the € level (where € = v/c), should be sufficient
for the sphere reconstruction at the Gaia accuracy of GSR,
and RAMOD3b/4a (e3) will be used if the retarded
distances need to be included appropriately, because it is
able to consider them in a more rigorous way. Dynamical
models like RAMOD4 (up to e*) could be suitable, for
example, for taking into account gravitomagnetic relativ-
istic effects. The modular structure of GSR, moreover,
allows one to implement different astrometric models, thus
transforming this pipeline in a sort of machinery for the
numerical testing of different relativistic models. Here we
adapt the RAMOD3/4 solutions in GSR in order to produce
a validation Gaia catalogue and compare its outputs with
those of the GREM baselined model of AGIS. The resulting
catalog will be expressed in the BCRS coordinates of the
IAU resolutions [14].

Despite the fact that this issue might seem rather
technical, we wish to stress that from the theoretical,
computational, and experimental points of view, relativistic
astrometry is opening largely uncharted territory.
Stemming from the Gaia needs, there now exist different
ways to model light propagation observables in the context
of GR [15-17]. Their multiple and simultaneous avail-
ability is needed in order to rule out possible spurious
contributions (especially systematic errors due to, e.g.,
insufficient instrumental modeling) and to consolidate the
future experimental results, particularly if one is required to
take into account and to implement gravitational source
velocities and retarded time effects; these manifest them-
selves in the weak gravitational fields of the Solar System,
which turns out to be “strong” already at the level of the
accuracy expected for Gaia, namely (v/c)?. Light tracing
can be affected by such ever-present and ever-changing
gravitational perturbations interfering with the accurate
physical interpretation of the measurements, especially in
the case of a continuous whole sky coverage.

Section II is devoted to summarize the GR light-tracing
from within the IAU metric of the Solar System in the
RAMOD context, and Sec. III puts in the same framework
the relativistic observation for a Gaia-like observer.
Section IV details the relativistic observation equations
needed to solve the astrometric problem for AVU/GSR,
while Sec. V shows the numerical consistency of the new
relativistic algorithms with the intrinsic accuracy of the
RAMOD/IAU adopted relativistic model and their valida-
tion with respect to GREM. Finally, in Sec. VI, we remark
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on the impact of such a relativistic procedure beyond the
immediate scope of the AVU/GSR astrometric solution.

II. INVERSE RAY-TRACING FROM WITHIN
WEAK GRAVITATIONAL FIELDS

A. Spacetime metric in the global and
local coordinate system

Given a geometrical background, analytical solutions of
the null geodesic provide the light directions that can be
implemented in the relativistic modeling of astronomical
observables. As far as the Solar System is concerned, the
background spacetime consists of N gravitationally inter-
acting bodies, each associated with its own world lines £,
(a =1...N). Here, we choose to neglect the multipolar
fields defined along it.

It is customary to identify a “global coordinate system”
x* = (ct,x') (with the origin at the center-of-mass) and N
local coordinate systems X7, = (cT'(,),X{,)) for each

single body. A mapping between the global and local set
of coordinates is given by [18] (Damour-Soffel-Xu for-
malism, hereafter DSX)

x’(‘a) = x”(cT<u),XEa))
= Z?@(CT((J)) + EZ?(CT(L,))XEa) + éﬂ(CT(u),Xéa)),
& = o[(x],, . (1)

where 2, = z{, (7(a)) is the parametric equations of L,
(with 7, proper time), e} (cT(,) denotes a triad of
spacelike vectors (i = 1, 2, 3) undergoing some geometric
transport (e.g., Fermi transport) along the line £,).

The gravitational fields interact weakly if the spacetime
region of interest can be assumed to be not too close to any
given body, so that the metric results as the sum of the
Minkowskian metric 7,5 = diag[—1, 1, 1, 1] and small per-
turbations given as

ga/} = ’70(/1 + haﬁ (2)

and can be expressed either in the global coordinates x* or
in any of the N local coordinates X’(‘a). The choice of

coordinates is actually a gauge choice. In fact, the form of
the metric can be very different within different coordinate
systems. A minimal request is that it admits a PN expansion
in the usual sense,
_ -2 _ - _ -2
hoo=0(c™),  hyi=0(c),  ho=0(c7), (3)
in each of these coordinate systems. Following DSX, in all
coordinate systems we require the spatial coordinates to be
“conformally Cartesian” or “isotropic,”

9googij = —0ij + O(1/c*). (4)

PHYSICAL REVIEW D 96, 104030 (2017)

This condition imposes severe restrictions on the
various elements z#, ¢4, & entering the map between
the global coordinates and any of the local ones.
However, while standard gauges (harmonic, standard
PN gauges) impose differential conditions on the metric,
DSX conditions are instead purely algebraic and, hence,
more flexible.

Furthermore, at the level of Gaia accuracy, each
source can be assumed to move with a constant velocity
relative to the global reference system, i.e., f)éa) = const,

where 17’@ are the coordinate components of the

spatial velocity of the ath source, with 4-velocity u
(see Sec. II B). In this case, the transformation between
local coordinates X* = (c¢T,X') (where the body is at
rest) to global coordinates x* = (ct, x') (where the body
moves with constant velocity) is given by a Lorentz
transformation, i.e.,

XH(X) = + ASXY, (5)

such that for the body
X(t) =X+ v(1 = ty) + O(P?). (6)
According to DSX the transformation law of the canoni-
cal form of the metric perturbation in the local coordinates

X* = (cT, X") in the exterior region of the matter field can
be written as

W (ct,x7) = AN g (cT, XP). (7)

In the simplest case of an extended body with monopole
structure one obtains

Rhono (¢, x")

= 2GME [ (r(t) = ¥-1{1))| (1 + 230 i). (8)

Replacing then the retarded time ¢,.; with 7 in the retarded
distance (see Appendix A)

(te) = 1 (1) + er()v' + €(x (1) - V)0' + O(&%),

F(te) = r(2)|1 4+ ev-n(z) +%€2172 +%€2(€' n(1))?],
+0(€), )

so that

Vor(t) = r(0)[F-n(0) + €2+ 25 (V-n (1)) + O(e?).
(10)
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The latter approximations allow to make explicit the
retarted time dependency on the coordinate time in the
metric coefficient at the accuracy level targeted for a Gaia-
like observer and according to the present IAU resolutions
for the BCRS metric [14], namely

goo(ct, x') = =1+ 2€2h(a)(t, x)+ 0(4),
goi(ct.x') = —4eh (1,.x1)5(,) + O(4),

gij(ct, x) = 6;;[1 + 2€2h(a>(t, ]+ 0(4), (11)
where
. GM(Q)
By (1.37) = 21 (12)
@ r(u)(t,x)

ray (t.x7) = [(x =x, () + (y = ya(1))* + (2 = 24(1))*] /2.
(13)

This is the form of the metric extensively used in the
literature (see, e.g., Ref [17,19-23]) to which we refer in
order to compare RAMOD/GSR results with those of
GREM/AGIS. In the following we remove the subscript
(a) for simplicity, and, where not useful, we retain terms up
to the order of O(e®) in the expansion of perturbation
quantities.

B. Fiducial observers and BCRS frame

RAMOD framework is based on the measurement
protocol in GR [6]. This implies the determination of a
set of fiducial observers in order to define measurements
all along the light trajectories—from the observer up to
the star—with respect to a common rest space. We remind
the reader that GR is based on covariant equations for
different observers, instead, the goal of an astrometric
catalogue is to fix coordinate quantities related to the stars.
Then the crucial point is to correctly match these two
requirements.

Following the IAU resolutions, RAMOD assumes as
fiducial observers those at rest with respect to the center-of-
mass (CM) of the BCRS, viz. the static observer with
associated 4-velocity

1
u* = 0%~ (1 + €*h)09, 14
\/% 0 ( ) 0 ( )

denoted as “local barycentric observer.”

Note that the congruence of curves u is in general not
vorticity-free at the microarcsecond level of accuracy,
because of the term w;;(u) = Jj;h;j; i.e., locally and only
locally u is at rest with respect to the CM chosen as origin
of the coordinate system.

PHYSICAL REVIEW D 96, 104030 (2017)

However, if one compares the scale of the Solar System
and the photon crossing time through it—approximately
10 hours in total- the gravitational field of the Solar
System cannot significantly change in a dynamical sense
during such a time. Then when a photon approaches the
weak gravitational field of the Solar System, practically
for a Gaia-like observer it will be subjected to the
gravitational field generated by the masses of the bodies
in the system while being rather insensitive to their own
motion. This approximation fits well for the case of
constant velocity discussed above and allows to neglect
the locality of the vorticity of u consistently with
the purpose of this paper, i.e., a straight comparison
between RAMOD and GREM approaches in the IAU
framework.

C. Photon trajectories in the RAMOD/IAU framework

The fundamental unknown of the RAMOD approach is
the space-like four-vector 7%, which is the projection of the
tangent to the null geodesic onto the rest-space of the local
barycentric observer, namely the one locally at rest with
respect to the barycenter of the Solar System. Physically,
such a four-vector identifies the line-of- sight of the
incoming photon relative to that observer.

Let the null geodesic of the photon be described by the
tangent vector field k% i.e.,

KV kP =0, k%, =0, (15)

V, being the covariant derivative associated with the
spacetime metric. The RAMOD decomposition of the
photon 4-momentum with respect to the fiducial observer
can be denoted as

ke = —(u- ke + % = E(k.wu + £ (16)

The trajectory can be parametrized by a parameter o
such that

- k“ dx*
k* =—, 17
E(kyu) do (17)
implying that Eq. (15) becomes
. din&(k,u) -
k*V kP = _Mkﬁ. (18)
do

Correspondingly we can define the previous equations for
£*, so the null geodesic reads for each value of a [13,24] as:

104030-4
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ar*  du® Sa ANl Bh 56 3¢
o +%— (2% 4+ u®) (g + PV ug)
+ T35 (&F + ) (¢ +u') = 0. (19)

Neglecting all the O(h?) terms and taking into account
that #° = hy,Z' + O(h?), the solutions of the photon
equation of motion are given by

dx® dx¢ -
L P(6) + 1 + €h(o), — 79(6).  (20)
do do
To the order O(e?), we then have
£ =%+ 622?2) + 632‘(‘3), X% =xf + €2x‘<’2) + €3x?3),
(21)

where Z% denotes the unperturbed local photon direction
and the parameter o of the light ray trajectory is fixed so
that it is ¢ = 0 at the event of observation with coordinates
x% o = (2%, x,..). Therefore, the unperturbed orbit can be
written as

x& = x4+ 40, (22)

0o _ ,0
Xg =X +o, obs

obs

with x{’, (0) =0 and xz’3)(0) =0.

The “actual” locally spatial photon direction evaluated at
the observation point 7% = £ + €2f‘(12)(0) + €3f‘(13)(0)
has to be considered as known, being related to the direct
measurement and to the selected attitude of the observ-
er’s frame.

To the order O(e?) Eq. (19) for 7% becomes

dee
do

= €2[20,h — 324,250, 1]
+ E[~4(2y - V)0 h + 409250,h — 250,h]  (23)

_dh
=220 h — 374 —
e[aa 3%6}

o _dh
463 [_4(@ V)0uh+ 47+ 2050k | + O(e*),
O

(24)
where we have used the relation
dh
do £5,0:h + €0,h + O(€?), (25)
whereas
2(6) = —4€3 (£ - V)h(o). (26)

PHYSICAL REVIEW D 96, 104030 (2017)

Note that the eq. (23) has the same form of eq. (22) in [13]
neglecting terms of the order of €*.
Once one introduces the following integral quantities

H(o) = /0 " h(o)do,
Ho(o) = /O " He()do,

H'(@) = [ 0uhl(o)de
Hi(0) = [ "[0)0)do,
H (o) = A " H'(0)do, (27)

the solution is then formally given by

£4(0) = Lo, +€{2[1 = 2¢(V- £5)|H (o)
— (32% — 4¢t)(h(0) — hovs) } + 26’5 H' (o),

(28)
so that the trajectory results in

xX(0) = xgyy + L0 +€{2[1 = 2¢(V - £5)[H* (o)

— (3% — 4€?) (H(6) — hopso) } + 2634 H! (0),
(29)

whereas
x(0) =x0 + o+ €l —4e(V-£4)H(c). (30)

Finally, the normalization factor £(K,u) satisfies the
equation

dé -
@ = ezl/ﬂl@aih - 638th
dh
= ezd——2638,h+0(€4), (31)
o

with solution
E(K,u) =1+ €e*(h(c) = hoys) — 26’ H'(6),  (32)

where the unperturbed value has been set equal to unity
without any loss of generality.

1. Light trajectories for N-body system
with constant velocities

Denoting x' — x’('a) = r’('a), x! and ni =

i —
obs _x(a) =T

obs?
r'/r, dropping the summation symbol, and the subscript
(a), the solutions for n-mass monopoles with constant
velocities to be implemented in the astrometric problem
for the RAMOD/IAU framework are (more details in

Appendix B):
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_ 2. .
2 = _acme3t2 Y
;
1

—GMez{ <l —
r Tobs
-

o de
= 2d5 - Z (V' Fobs)

obs

s-o

d* .

Tobs

3
+26Med

:| [r — Fobs — (nobs
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a

d I _
+2?[1_2€(V'f®)](n‘f®_nobs'f®)

) |

g)al,

0= =0+ EGM[1l —3e(v-£y)] ln[

. 3GM - _
r+(r fg)_ ]+ eG ] { F—Tops +0 ({,,d)_(i‘l.fg)o'}’
Fobs + (robs f@) r+ (r‘fﬂ) Tobs T (robs f@)
et (r-2y) } 0} @ ] }
_ 2 - 2—[r—rops — Mgps - )0
robs+(robs'f®) Tobs dz[ > ( ’ Q)]

X = x84 = ongsa - GMez{f‘fQ {[l +e(V-£y) ln{

a r—rops +0 .
- GM€3{r + (lo‘b'sl/zca) [robs + (l'l:)bs 79 V-
s [dz J%Wd)] (n-Zp =M ) +
where
6= (r fg)— (Yo - £p) + O(€?)
— (X = Xa) o + O(€2), (34
and
d* = [l X (Xops X £5)]°
= 1, = P4 (Fovs - ) = P(Z5) "yl (35)
d* = rl = (Yops - £)7, (36)

represents the impact parameter with respect to the
(a)-source (being P(# )", the projector orthogonal to ),
whereas

di = [l x (VX Co)|* = P(£5)", 0", (37)
is the projected source velocity with respect to the un-
perturbed light direction.

Setting 7(,) = 0 the static solution is obtained straightly.
The spatial component of these equations are equivalent
to those compared with the Time Transfer Function
approach [25].

Moreover, following Ref. [13,17] equivalently one can
parametrize the photon trajectory in terms of the photon
impact parameter éi w.r.t. to the center-of-mass of the
system (which is equivalent to @' in case of one body), as
follows

Xo=F 4 / " Pido, (38)

o

(- Zo)a) - 2d I {%}

|

Tobs
a

2

5 Z0) (0 Z0) - (7l . 33)

|
6 being the value of the parameter ¢ at the point of closest

approach, so that

F =X =, =+ Phla—8) + (), (39)

where 7, = & — x’@ denotes the relative distance between

the point of closest approach and the source position with
respect the origin of BCRS at given reference time.
Therefore, the class of solutions in [13], can be reformu-
lated from Egs. (23) and (27) by replacing 6 - 6 —6 =71
and rf)bs - ?ﬁ, and merging all the different levels of
accuracy up to € order in the case of metric (8) expressed
in IAU coordinates.

III. THE ASTROMETRIC OBSERVABLE
FOR A GAIA-LIKE OBSERVER

A. The observable

Given the solution of the null geodesic we need to define
a relationship between the unknowns, namely the position
and motion of the star, and the observable quantities.
Indeed, we need to fix the initial condition in order to
guarantee a unique solution of the astrometric problem.
These conditions are the components I/Z’gbs deduced from
equations (33) and provided by the satellite observations.

RAMOD relies on the tetrad formalism for the definition
of the observable. The observables can be expressed as
functions of the direction cosines of the incoming direction
k* with respect to the axes of the spatial triad E; adapted to
the Gaia satellite attitude [26,27], namely a set of three
orthonormal spacelike vectors that are comoving with the
satellite and define its rest frame. Therefore, the observ-
ables are given as follows:

104030-6
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P(uy) skl
COSY (4.4l o—0 = [Plug) k17, (40)

a-th being the direction cosine measured by the observer,
i.e., the satellite uy, where all the quantities are obviously
computed at the event of the observation and P(u;) is the
operator that projects onto the satellite rest frame.

B. The observer

Given an orthonormal threading frame {u, e(u),} along
u,, the (timelike) satellite world line has 4-velocity

u§ =y (ug, u)[u® + e (ug, u)] (41)
where
V¥ (ug, u) = v*(ug, u)e(u),,
2
y(ug,u) = (1 = € |lw(ug, w)|| )72, (42)
so that u, - u, = —1. An adapted frame to this world line

can be obtained by boosting the orthonormal threading
frame {u, e(u),} along uy, i.e.,

Ef = ug, E? = B*(ug, u)e(u),, (43)
where
E%=|P(uy) —Mezu(u, u;) @u(u, uy) al_e(u)a,
‘ y(us,u)+1
(44)
(the symbol L denotes right contraction) and
(1( ) 1 a a (45)
ev*(u, uy) = u* — uf.
y(ug, u)

The time component of the satellite 4-velocity (41) is
0 2 1 2 4
W =1+e v +h + 0(e*), (46)

implying that

PHYSICAL REVIEW D 96, 104030 (2017)

v = 0%, v? = 8,,v%" (48)

has been used and »* depends on ¢ only. In terms of the
coordinate components of the spatial velocity the frame
components *(ug, u)* and the associated Lorentz factor
y(uy, u) are

V¥ (ug, u)® = (1 + 2he?)ve,
2
y(ug,u) =1+ 362 + O(e*). (49)

The spatial triad (44) adapted to u; is thus given by

~ 2
Aa=E;= {ev“+e3 [ua (%+3h> —4h7ﬂ} }ag

2
+(1-€*h)0% + v“%va +0(e*)

2
1
e a(Gra)fejevenroe

(50)
where, according to metric (11),

28 =e(u), = (1-€h)0* —4e’hv,04. (51)
is the local barycentric observer-adapted orthonormal
spatial frame.

C. Gaia’s attitude frame and the observables

The astrometric satellite Gaia is expected to orbit the
Earth-Sun system at the outer Lagrangian point L2 follow-
ing a trajectory modulated in three spatial directions. More
precisely, the two Gaia Fields of View (FoVs) can sweep
the whole celestial sphere approximately every six months
thanks to the combination of three independent motions of
the satellite: the spin around its z-axis (1 turn every 6 hours),
the precession of such an axis around the satellite-Sun
direction (¢ = 45°) with a period of 70 days, and the orbital
motion around the Sun of its barycenter.

The Gaia attitude frame is specified by the following
spatial rotation of the adapted triad (50)

u? = u’[0% + ev?], (47) = A(Gi)al;jga (52)
where the notation where
| 4(0? - 063 —03) + 22 80,05 + 4032 80,03 — 40,2
A= m 8610, — 4032 4(-03 4+ 05 —03) + X2 80,05 + 40X , (53)

80301 + 4022

80302 - 40’12

A0t = o3 +2) + 37
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with £ =1-06} — 63 — 63, det(A) = 1 and {6, 65,063} are modified Rodrigues parameters.
These latter expressions can then be linked in a standard way to the astrometric unknowns of the observed object [28].
We find

cosy(ap) = (Ca- ) (142201 + e(v-£4)] —€(Cy - ) (1 — 2h) (V- £5) + (1 + 26*h)[(v- £)(Cy - £) — Cy - V]

+ el 4 (v zg)]{-%(v Z9)(Ca V) + (Cs - o) [(v L Z)? - %2] } +0(eh), (54)

which have to be evaluated at the position of the satellite, i.e., for 6 = 0. The coefficients CZ are functions only of the
attitude parameters (o1, 05, 03), and are explicitly given by

Cr=Ai C=Ay G =Ay, (55)
namely
Cl :4(5%_55_6%)‘*'22 2 _ 86162+4632 3 _ 86163—4022
I (2-1)? ' ! 2-%) ° ! 2-%)2 7
cl— 80,0, — 4032 2 — 4(—0t + 03 —03) + 27 3 _ 86,05 + 40,2
2 2-%) 2 (2-1x)? ' 2 2-%)? °
cl— 8030, + 4?22, c? — 8030, — 4212 3 — 4(—0% - 6% + 62%) + 22 (56)
3 2-%) 3 (2-%) 3 (2-%)
It is worth rewriting Eq. (54) as follows
COS W (40 = COS ‘/’Eg?k) + ecos Wgé?k) + €% cos wg?k) + €3 cos 1//8?,(), (57)
where
cos ng?k) =C, gy,
Ccos ‘I/E;?k) = (v £g)(Ca-fg) —Ca-v,
O _eo Lo ; ;o Y
COSW (o) = Ca - Cops _E(V'bﬂ@)(ca V) +(Ca - Cg) [ hops + (V- £g) S5
3 >(3 > 1 -
cosy(ayy = Ca- 2+ (V- 25)(Ca - Z0)) = (C4 - v) [2hobs (v f@>2]
7 7 7 \2 v? 7(2)
+(Ca o) (V- Cg) |4hops + (V- £ ) Y + V- o
* C Lﬂobs (V : E@) cos WE ) + 2hobs Cos I/IE (C Lﬂ@)[hobs(v : 2@) tv: 25)1235]’ (58)
with hgps = GM [ rgps and £gpg = £ + 27? obs T 632/”01)5, Le.,
3 % _pd (1o o — ! P ]2
7e. = 79 — GMe 2{ -25 (i—(nobs-fg)ﬂ —2GM€3{< h{ ro 4 (r. %) } ——)d;’,
Tobs d ‘X* - xobs| ‘X* - X0b8| Fobs T (robs : f@) Tobs
T Vobs a d* . > 2 “l .5 > v-d
b g2 % )| 0o = o) =5 |5+ o) - 2) -0 (59)

where we have used the relation

.7 |X obs| Fs = Tobs v-d ~ 3
0, =X, — Xgps| +€*[1+€(V-£) | H(x —|—GM€3—_ 1+ ———V-Ly| +0(e*). (60
o [ ? ] ( ) T+ ( r, f@) |X*_Xobs| robs“‘(robs'f@) ? ( ) )
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IV. LINKING THE ASTROMETRIC OBSERVABLE
TO THE STARS: THE LINEARIZED
OBSERVATION EQUATIONS FOR GAIA

Repeated observations of the same objects from different
satellite orientations and at different times allows to
estimate their angular positions, parallaxes, and proper
motions, i.e., the actual realization of an absolute reference
frame. This process is conventionally called Astrometric
Sphere Reconstruction. From a mathematical point of view,
these observations translate into a large number of equa-
tions, linearized with respect to the unknown parameters
around known initial values, whose solution in the least-
squares sense eventually provides the catalog with its
errors, and determines the Gaia reference frame.

In principle, the a-th direction cosine turns out to be a
function of the spatial position x¢ of the star (or, equiv-
alently, its astrometric parameters) and the satellite’s
attitude represented by the parameters o, i.e.,

cosW (o lomo = Fa(xi0) = f +ef V) + 2P 43D,

(61)
where, according to equations (58), we define:
0 _
i =Cy- 2o,
= 2o)fy = Cav.
2 2 1, 50
£ =c, 25, +§(V"f@)fé)
0 1 - U2
+f£1) hobs+§(v'f®)2 5
f) = Car 00+ (- 2o)f ) + 2hg Y
A+ f O oy (V- 2) +v- 2], (62)

Our task is to make the function f explicit by exploiting
the RAMOD/IAU astrometric solution in order to provide a
stellar catalogue consistent with the precepts of general
relativity, which is also suitable for the validation of the
baseline relativistic model for Gaia.

Since Gaia collects a large number of observations, a
large overdetermined system is produced that can be
linearized around a given starting point x’,. Then, in order
to determine the unknowns, we have to consider the
solution of a linear system of equations such as

b = Aéx (63)
where b = {—sing;5¢/} (j = 1..... ngpy), X = Xyy — X,

is the unknowns vector, and A is the n,, X n., design
matrix of the system whose coefficients are a;; = 0f/0x".

PHYSICAL REVIEW D 96, 104030 (2017)

The variation of (61) with respect to any parameters p; is

Ofa(pi)

5(cosy(a k)=o) = Z ap; opj (64)
J
which is easily computed taking into account that
oF, &= Fy7 _ P(Zy) )
8X‘i B |X* - Xobs| N |X* — Xobs '
O|X, — Xgps .y or, ;
% =75, P i nl, (66)
so that
o, Cp) i  P@)ir, 5i +r{; —7(r, - 2y)
g leti o _o (TleT T . _< 1
6)6* |X* Xobs‘ |X* Xobs|
(67)
and
a(V'LzQJ)_ P(gg)ijvi _Uj_bzéj(v'gg) (68)
Oxi |X* - Xobs| |X* - Xobs| ’
8(C?1 ’ Z@) _ P(gﬂ)ijcfli - C{Q B (Cfl : 2@)216 (69)
8)({; B |X* - Xobs| B |X* - Xobs| ’
a(robs ) Z@) _ dj (70)
8)@{ B |X* - Xobs| ’
od' 1

— =L d P 2 \ij
axi |X* _Xobs| [f@d + (robs fQ)P(fQ) ]’ (71)

od Fops ° Z/Z@ d]

—— =% 70 = 72
0 Tx X d 7
0F-4) (V- Zo)d + (tow )i 1
8xi B |X* - Xobs| ,
<. 2 J
o(v f@) _ dy ’ (74)
8xi ‘X* - Xobs|
adéj 1 - ] ~ - - ..
_v_ _____ - [~ . ij
o X, — Xopd| [Codi + (V- £5)P(£5)"].  (75)

The variations with respect to the attitude parameters is
straightforward. We list them in Appendix C.

Actually, each Gaia observation can be translated in the
measurement of an abscissa on the {x, y} focal plane which
can be modeled as a function f(x,, xc, x;, x¢) of the stellar
coordinates x%, as well as of those of the satellite attitude
xk, instrumental x}, and of another kind called global x7,.

Moreover, the attitude reconstruction requires the inclu-
sion of a certain number of across-scan measurements,
namely those of the coordinate orthogonal to the same plane.
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Then, the actual observables of Gaia are:
cosy/
cos¢p = L)
1—cos’y 3
=cosp®) +ecospV) +€2cosp? +e3cosp®)  (76)

sin{ = cos e

PHYSICAL REVIEW D 96, 104030 (2017)

Let us consider the variation of the observable cos ¢ with
respect to the parameters p; as

Ocosh(p)
0 = ——F— 0P 78
costh= 3 =5 o, (78)

:COSV/E?M —ﬁ—ecosy/g)k) +€20051//E§)k) +é cosy/g)k) The approximations of the across scan measurement are
' ’ ’ ’ directly given by (58) in the case a = 3, while those along
(77) " the scan have the following expressions:
|
0
s
cos !
U
1=(f3")

(1) (0) £(1)
cos V) L+ s2¢(©) fé fé
cos ¢(0) fio) (f(i()) )2

(2) (0) (1)y2
cos¢® [ 250 I3 000 0 ) 02

R A el VAR E P+ costp O =S (14 2(7(")),

sty R 207"

3) (0) (1)
cos /3 f 13

P =L b eosg® Lo (fOFD L AV 4 FO ) 1 cost g L3 (14 2(F0) A0 D + A

cos ¢ /i (fi )3 2(£17)

W(3+2(f< )) )-

(79)

Finally, using the relationships listed in Appendix D, from Eq. (62) we find that the derivatives with respect to the

coordinates x% of the star are

o itV

axi |X* _Xobs| ’

afgl)_vf—z?g(v-z?@)f(o)+( )8f

axi |X*_ ob9| i 6xJ

afEAIZ)_C afobﬁ_'_ [f‘ +3( E )f(o)}v]_ZJ@(sz)_’_ h +( E )2_1)_2 aft(AZO)

8xi o 8}(] Viie a |X*_X0bs| obs Viie 2 5‘xi ’

0fy _ 0%, ofg 0, 2, =Cp(V:Z5) 0 2fa" ( 35@))
a__c,. Lobs | (y.p g f )+ fN T2 T0) 3 (v 2y) v D) Pobs )

] ol +(v @)a, + Bhansfa + 1) %, — Xon] + Bhops (V- Z5) b]ax, p

where (in units of GM

, dropping the summation symbol and the subscript (a), for simplicity)

104030-10



GENERAL RELATIVISTIC OBSERVABLE FOR ...

8E(Z>i
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2 r,—r o - o dd - 2 r - did
obs * obs i 2] i i obs i
S — d't,+¢Ld P(t,)V —2— 4 ————— | P(ly)Y —2—
= e e 47 2o+ (P02 ) o) T (-2
2 dinl 1 _ o did _  Zhdi 1
- * _3P(f.Ni4+22— 12 212
d2|X*—X0bS| X*_xobs||: ( ®) - d2 - (robs Q)) d2 :|robs’
o) 2 L L (r, 7
obs _ 2L + Zod) + (V- 24) P(Z) ] In {—r *(r.-Zo) }
Oxl X = Xobs| Fobs + (Tobs * £ )
P(?@)ij & 2 1 T = Fobs robs'z(a v-d 2 1 Tobs T = Fobs robs'?’z(b
—2 el (5.7, — L (Pops Z) [ — =27 12 :
|X*_Xobs| |:(V Q) <r0bs |X*_X0bs| dz d2 (rObS Qj) Tobs d2 * |X*_X0bs| dz
+2 di {I’l |:6mjrobs'g®_ 1 _ <P(Z®)mj 5m]>:| —2j < 1 _ 4 Iy — T'obs robs'l’z®>
|X*_X0bs| o bz 1+<n*f®) |X*_X0bs| Ty @ r*—f—(r*-f@) |X*_Xobs| d2
dj r*_robs'l’ZQ robs(robs'gQ)) T = Tobs 2
a s _ s s 1— s 7
+d2 |: |X*_Xobs| d2 |X*_Xobs| (nobs ®>
7 ; v-d Tobs(Tops Zg3) [ T4 = T'op - a . -
-2 2 d) —2di —— ) |1 4--o0snobs Tol(_x Tobs 2 =[2(v-d Tops
robslx*_xobs| {< d2 ) |: - dz |X*_X0bs| (nObb ®) +d2[ <V )+(V rObS)}
di _ e F.—7 A
4—~  J(v-d N 7 R . R
* d4|X*_X0bs|{(V )(rObS ®)< Q‘X*_xobs| " robs)

Is — T'obs _
|X*_Xobs|

_ . o v-d
+ |:<r0bs : f(b)zd{) _4djrgbsvd—2:| (

Once the system is solved, in order to transform the
BCRS coordinates to those of the astrometric catalogue
(a,8) at a given epoch ¢y, it is enough to apply the well-
known transformations

X

N (82)

1

— (cos acos 8, sin a cos 8, sin 5),
w

where w is the parallax, while the proper motion can be
deduced by a Taylor expansion of the first order

a(t) = al(ty) + ua(t = to) + O(AF), (83)

8(1) = 8(to) + us(t — o) + O(AP). (84)

V. NUMERICAL TESTS ON THE INTRINSIC
CONSISTENCY OF THE ASTROMETRIC MODEL

The problem of the analytical comparison of the static
RAMOD solution (RAMOD3s) and the above models with
the others available in the literature has been already dealt
with in previous papers [25,26]. Nonetheless, the present
arrangement of the RAMOD formulas (RAMODA4a)
with the inclusion of the gravitational source velocity
contributions has been conceived in the mindset of an
application of this astrometric model to Gaia, and in
particular to its implementation in the GSR pipeline. In
this context it is mandatory to provide convincing proofs of

(- o0) )

+dj Iy — T'obs
|X*_Xobs|

[2<v-d>+<v-robs>]}. (81)

the consistency and of the reliability of the formulas also
from a numerical point of view, before proceeding with
their actual implementation.

In this regard, two kinds of numerical tests have been
performed to check the theoretical algorithms of this paper:

(1) the comparison of the predicted Gaia observable
with the one obtained by the GREM model (Klioner,
2003) used by the AGIS sphere reconstruction;
the estimation of the astrometric unknowns of some
selected stars in a Gaia-like case specifically de-
signed to show the numerical differences between
the two astrometric models.

Both of these two different tests are needed to guarantee
the correctness of the resulting linearized observation
equations. The first one can show the differences between
GREM and RAMOD4a in the computation of the Along-
scan (AL) and Across-scan (AC) Gaia measurements, thus
testing the known terms side of the observations equations.
The second one, instead, requires the computation of the
coefficients of the linearized equation through Eqgs. (76)—
(81), and therefore represents a test of the complete
equation, at least for its purely astrometric part.

For the known-terms test, we used samples from the
RDS-7-F Gaia simulated data (the same data set used for
testing AGIS), which provided the coordinates of the stars,
the ephemerides of the Solar System bodies, the position
and velocity of the satellite, and the time of each obser-
vation in the BCRS. These data are sufficient to compute

2
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Rda vs. GASS and GREM abscissae
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FIG. 1. Differences between the AL measurements as predicted

by RAMOD4a and GREM, computed with the both the older and
less accurate version used in the DPAC software that produced
the simulated dataset (GASS, in blue) and with the newer version
(GREM, in red). In the case of GASS there are very few
observations with differences up to 10 pas which are not shown
here because the scale was cropped to £1 pas. The plot also
shows the elongation of the main perturbing bodies, reported on
the right axis, from the observed star. These results refer to an 8-
hours sample of observations around day 740 of the simulation.

the AL and AC measurements with the RAMOD4a model.
In this case, the numerical evaluation was done with
MAPLE, while the same data was used to compute also
the corresponding values for GREM using the standard
DPAC software.

The results show that the differences between these two
models is always well below the pas level, thus proving
their equivalence also from the numerical point of view at
the accuracy level required for Gaia. In Fig. 1 we took an
example in which Gaia is observing close to Jupiter, and
thus in the most challenging conditions from the point of
view of a relativistic astrometric model.

The simulated dataset provided also the estimation of the
so-called field angles n and {. These two quantities are
respectively the along-scan and across-scan angles taken
from the axis of the Field of View (FoV), and therefore they
give the same Gaia measurements of above since
¢ = n +I'/2. Although not strictly necessary, we decided
to compare also these values with the RAMOD4a estima-
tions. Indeed, it was known that in the simulation they had
been computed using an older, and less accurate imple-
mentation of GREM. We therefore used these data to verify
this known issue. Fig. 1 is a plot of the differences of
RAMOD4a with the old GREM in comparison with those
of the new one previously shown, in which it can be seen
that the former are sistematically larger, as expected.

The results on the former differences, namely those
between RAMOD4a and the newer GREM, are shown also
in the histogram form of Fig. 2. In this case the average and
the median of these differences are sensible to a systematic
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FIG. 2. Histogram of the differences between the AL measure-
ments as predicted by RAMOD4a and GREM, computed with
the latest implementation of the DPAC software used by the
AGIS pipeline. These results refer to the same 8-hours sample of
the previous plot.

difference between these two models in a global sense,
which is of the order of a nano-arcsecond.

The goal of the second test was to have a numerical
evaluation of RAMODA4a that strictly regarded the accuracy
of this relativistic model with respect to GREM. In other
words, because of the goal of this paper, we purposedly
avoided any possible different source of numerical errors.
In particular

(1) it was supposed to have infinitely precise measure-
ments, thus avoiding to perturb the known terms
with a random noise that could mimick the Gaia
measurement error;

(2) inthereal case, as recalled in Egs. (63), (82), (83) the
values used as a starting point for the linearized
observation equation are affected by the so-called
catalog errors, which introduces further approxi-
mations since the expansion neglects terms of the
second order and above. These numerical approx-
imations are zeroed if, as it is always possible
with simulated data, one uses the true values instead
of the catalog ones for the starting point of the
expansion.

With these two assumptions, and if ¢, and ¢, Were
computed with the same astrometric model, the known
term would be identically zero. The expected solution
would therefore be zero, except for the standard round-off
errors of the algorithm used to solve the equation system.

In our case, however, we are in a sort of “double blind”
condition, and the known term is of the order of the
differences between the GREM model, used to compute
¢ops» and the RAMOD4a, used to compute ¢.,.. The
residuals will thus be affected by such differences, in
addition to the previously mentioned round-off errors, and
the two models can be considered compatible at the Gaia
level of accuracy only if the solution is at least at the sub-
uas level.
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TABLE I. Results of the single-star reconstruction for the four
chosen stars. The astrometric parameters solutions are expressed
in pas and pas/yr.

Star a (deg) 6 (deg) dw dé du,cosd dus

1 28.805 9.498 —0.008 —0.109 —0.059 —0.018 —0.021
2 28.722 10.799 —-0.017 0.082 —0.153 —0.024 -0.024
3 28.955 10452 0.009 —0.138 —0.034 —0.032 0.009
4 207.512-8.528 0.020 -0.002 —-0.004 -0.007 -0.017

dacoséd

The limited performances of MAPLE with respect to the
needed numerical calculations prevent a complete sphere
solution with a large number of stars. However, given the
goal of this section, that is for having a test that can prove
the reliability of the calculations and the numerical accu-
racy of RAMOD4a with respect to GREM in the sense
mentioned above, it is sufficient to use a very limited
number of stars.

We thus decided to limit the test to 4 stars, selected among
those which are mostly affected by the influence of Jupiter
and Saturn. When only the astrometric parameters are
reconstructed, each star can be treated independently from
each other. This implies that each star produces a system of
~700 linear equations which has to be solved in the least-
squares sense, namely one has to invert the resulting 5 x 5
normal matrix to find the solution. The results are reported
in Table I, which shows that the residuals are at the
expected level.

In the context of the Gaia astrometric sphere
reconstruction discussed at the beginning of the previous
section, a complete verification demands the reduction of a
full sphere and the estimation of both astrometric and attitude
parameters. The size of such a task requires a fully optimized
implementation of the formulas above on parallel computers
in a high-performance computing environment. This is under
development as part of the DPAC-GSR pipeline [11] and will
be reported in a forthcoming publication [10].

VI. CONCLUDING REMARKS

Missions like Gaia demand the proper treatment of
gravity when compiling stellar catalogues to microarc-
second accuracy. High-precision measurements, by
demanding suitable relativistic modeling, need to be
validated. In this regard, it is of capital importance to
allow the existence of different and cross-checked models
which exploit different solutions to interpret the same
experimental data. Indeed, the main Solar System curvature
perturbation, e.g. of the Sun, amounts approximately to
100 p-as, which will cause the individual parallaxes to
quickly degrade beyond 1 kpc, while completely invali-
dating the most accurate calibration of primary distance
calibrators. This alone is sufficient reason for making a
theoretical and numerical comparison of the existing
approaches a necessity and set the scientific case for further
developments and applications.

PHYSICAL REVIEW D 96, 104030 (2017)

The realization of the relativistic celestial sphere for
the Milky Way is a scientific validation of the absolute
parallaxes and proper motions in Gaia data and in their
ensuing scientific exploitation. Reaching 10 — 20 pas
accuracy on the individual parallax and annual proper
motions for bright stars (V < 16) is also key to perform-
ing what is possibly the largest GR experiment ever
attempted from space: given the number of celestial
objects (a real Galilean method applied on the sky) and
directions involved (the whole celestial sphere), one
billion light deflection measurements represent the larg-
est experiment in general relativity ever made with
astrometric methods since 1919. Moreover, using a fully
GR astrometric model will allow new tests of GR
predictions and a full probe of the Milky Way’s (outer)
halo (mass content and distribution) so that we can
compare the prediction of ACDM models on a local
scale. The GR correct picture of the Milky Way, as well
as the correct modeling of the measurements from within
the Solar System, is the only way to ensure a strong and
coherent laboratory against which fundamental physics
and the current formation/evolution model can be com-
pletely tested.

But all the above cannot be claimed without carefully
implementing, checking, and testing the basic starting
steps as shown in this paper. In fact, the actual Gaia
relativistic modeling for the inverse light-tracing repre-
sents the first stage toward the correct approach when
increasing the level of the measurement precision, requir-
ing us to refine consistently the perturbation terms of the
metric of the solar system, the solutions of the null
geodesic, the relativistic attitude, and so on. Preserving
the conceptual consistency to GR while extending the
complexity of the theoretical approaches to match the
high-accuracy observations without a solid test bed for
the numerical testing protocol and a detailed comparison
between the different methods could be very dangerous
for the scientific interpretation of the results and may lead
to unnecessary modifications of GR, the current standard
theory of gravity.

Relativistic astrometry extends beyond the scope of
Gaia: after Gaia, astrometry becomes part of the funda-
mental physics and, in particular, that of gravitation.
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APPENDIX A: TIME RETARDED
CONSIDERATIONS

Consider the following canonical metric [18,29],

4G
T x) =493 C

=0

4G (-1)! M, U
h(c)}m(cT Xl = ?Z ) {8L 1[ LRI( )]
=1

i [M} }

R

hio (T, X1) :_fff: .>’{8L 2{M,L_2(U)]

', ]

9}

R

21 Sab(iSj)bL—z(U)
+ l + 18aL_2|: R ’ (Al)

where the multipole moments are Cartesian symmetric
and tracefree (STF) tensors, all of them evaluated at

the retarded time T, =T —R/c, R=/5;X'X/ (the
overdot denoting differentiation with respect to T,, and
;= 0'/(0X“0X%...0X)). The distance R which
appears in the local metric (Al) can be written in
Lorentz invariant form as [29]

R = €|’7/u/uﬂ<xy - xg(tret))l
= y[r(tret) —ev: r(tret>]

= [r(1)* + (V- r(0)?]', (A2)

where € = 1/c, ri(te) = x' —x'(t), ' (t) =x' —x(1),
and 7., the retarded time in the global coordinate system.
The latter reads for arbitrary word lines as

(A3)

tret(cr7 xi) =1- €|X - XO(tret)L

which is an implicit relation between #,., and ¢. In the case
of a body in uniform motion, it can be approximated as

t—ep*ler(t) - v+ (r(1)* = €(x(1) x v)?)1/?]
=t—er(t)—e*v-r(t) + O(e?), (A4)

tret(Ct? xi) ~

which is related to Ty simply by Tyoy = ¥~ (e — to)-
Note that the expressions (11) can be obtained using the
approximation in [24] performing a Taylor expansion
with respect to the time coordinate of the metric coefficient.
On the hypersurface corresponding to the time of obser-

vation, let us consider r@ = <“) —|—f'( ), where réa)

{x(t) = x9(1), y(t) = y\9 (1), z(t) — 7@ (1)} is the position
vector of the photon with respect to the body, but calculated
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at the tlme t, and F(@ = {x(@ (1) = x(I(¢'),y\@) (1) =y (),
Z9(t) = z(@(¢)} is the difference between the positions of
the body at the time ¢ and at the retarded time 7.

\/511 (rh + #)(rh + 7) +
O(h) in the metric adopted in [24], namely,

The reduced distance r'@

M, -
hOO = 2262 r(i)) (1 + n(“) . V(a)) + 0(64),

(AS)
can be approximated on the hypersurface at r = t.,, as

22
r("):r()(l To )—l—(’?( >
ro o

Then, the final expression for the metric coefficient
hoo is

(A6)

2G/\/l v@ . pl@ @ @
hoo = Ze <1 + ( )0 - 0 ) ) (A7)

a
o Cry

However, we stress that the quantities inside the paren-
theses are still functions of both the time 7 and of the

retarded time 7, that is v(@ = v@) (), £l = r(()“)(t) and
7@ =@ (¢, 7). The dependence on 7 can be avoided with
a further Taylor expansion around t:

F=Xx(r)

(1) =v'(1)

—X'(t=roe) = roev' (1) —l—%r(z)ez&i(t) +0O(e)

—a'(t)roe +O(e?).

Inserting these expansions into term (A7), it is straight-
forward to show that the retarded approximated contri-
butions cancel out in the metric coefficient Ay, up to the
€* order.

APPENDIX B: THE EXPRESSION OF LIGHT
TRAJECTORY BASIC INTEGRALS

The solutions of the null goedesic are given by Eq. (28),
where functions H(c), H%(c), and H%(o), at the lowest
order, are
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r+(r-2y) }+F+GML£)[ r—Tops +0 ({]_d)_({,.fg)g:|€+0(€2),

H(c) = GM[l +¢(V- )] ln[

Tobs T (robs ’ I’ZQ) (l‘ : _(3 Tobs T (robs : I’ZQ)
Tobs | 1 d* . -
H* ( ) M ?’ﬂa '/ﬂ N ?’ﬂ ) +GM zb dU—Z—(V-d) [r_robs_(nobs'f(a)a}
" Fons d’r d?

v-d _ _
> ‘G 7 (n'fg_nobs'f@)}€+0(€2)’

o d 1
+ |:f%(vf®) 7 V Fobs :| <}"

Tobs

Ho(o) = F4]1 + e(¥ - 7 )]{ (6) ’:4 ] GM[?[ +ze(v-2®)} ) dzd} [ = Fape = (Mgps - £4)0]

rr d -
+ {d?H(G) - dogbs |:da 2? (V d):| ( f@ — Dgpg - f@) + dzi

(5 20) (Ko - 7o) — (7 - d)]a}e L o),

Tobs
(B1)
and
. I 1 1 -d _
H (0> =-GM (V'KQ) - —( “Ug — Dy - f@) +0(€)’
r Fobs Jl
- - GM -d _
(o) = =5 o) (H(6) = D0} + G = 1 = (s Zo)e] + Ol (82
obs
Note that H'(¢) = —68,,H%(6)7* and H'(c) = —5,,H*(c)7?, since 9,h = —“9,h, and
2 ~ 2 1 1 .;V d - - 4
E(K,u) =1+ GMe*[l +¢e(V-£y)] i — GMe¢’ 7(n-f®—nobs-f®)+0(€ ), (B3)
obs
being
0 ~b - - 1 1 v-d - _
HO(0) = =3, M4 (0)i" = ~GM | (V- Zo) (= ) =7 (0o = ms o) (B4)
For a mass monopole one gets
Hy(o) = GMln[ rt(x-Zo) ]
Vobs + (Xobs : f@)
_ /1 1 d? (X -Cp Xeps €
Ha — M fa o _ (%] _ obs (%]
M(G) ¢ |: Q(r robs) dz( r Vobs >:|’
- M - - d* Xobs * % - -
P (0) = 26 | Hulo) = 22 (x-20) = (s Zo)]| — GM G | = i =222 - 20) = (x| (89
where
Z dr x-¢
d2 L 2’ I % . B6
+(x-%o) do r (BY)
Then, in the case of a static mass monopole, the solutions are
=0,
1/1 1\ - d (X -Cop Xepe'l
a  — _2GM 2122 a (%) obs "t 4
=19 GMe {2 <r rom)f —|—d2< P +0(e*),
4
xo—xgbs—a—i—ezGMln[M] + O0(e*),
robs+( Xobs f@)
; 1 r+(x-2y) 1 >\,  d Xobs . .
- 7% 6—-2GMe*S ~(In|————22 | - - L) |45 | F = Fops ——=—L[(X =X ) - 7.
x xobs obso- € {2 ( n|:robs+(xobs'f®):| robs[(x Xobs) Q)]) ®+a{2 |:r Tobs Fobs [(X Xobs) Q)H
+0(€4), (B7)
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and

1 1
E(K,u) =1+ GMe? ( -
r Tobs

) + 0(e*). (B8)

APPENDIX C: DERIVATIVES WITH RESPECT TO THE ATTITUDE PARAMETERS o¢;
From Eq. (62), we deduce

0f) _9Ca 5 Ofal _(,  0f 0Ci
60'1' N 6(7] 2 aGJ N 2 6(71 adj ’
ofy) aC, o 1, 5 OfY 1o, *]ary
ao_j _?ﬂ'fobs+§(v'f®)?ﬁ+ hobs"’i(v'f@) _? aﬁj ’
ofy  9C, ) Nl ors) . ), 0f8)
E—— . a 2h. La . . Ja 1
an an fobs + (V f@) aaj + hobs (%j + [hobs (V f@) +tv l’ﬂobs} ao_j ’ (C )

with

9C{  326,(c3 + 03) aC; __160y(01 =05~ 03 + 1) aC; __1603(61 =03 —03 +1)

oy (2-3)3 do, 2-3%)3 © doy 2-3%)3 :

a_c‘% __ 8[(—362 + 010’3)2 + 20'2 - 403 - 4620% + 20103] a—cv% _ 8[(0203 + 01>2 + 4016% + 20'203 - 201]

Jo| 2-3)3 ' Jo, (2-3%)3 '
8_6‘% _ 4122 + (=2 + 203)X + 86,030, + 4063] a_cf _ 8[(303 + 6162)% — 203 + 40303 + 403 + 20,05]

803 (2 - 2)3 ’ 861 (2 - 2)3 ’

8_6? _4[Z? 4 (=24 203)% - 86,030 + 403] G_C? __8(o1 —0y03)L + 46,63 — 26,03 — 20 ()
oy (2-3%)3 ’ oy (2-3%)3 ’

and

5'_6% _ 8[(—303 + 6102)% + 203 — 40305 — 403 + 20,0, 5_6'; _ _4[22 + (=2 + 203)Z + 806,030, + 403]

8(71 (2 - Z)’; ’ 8(72 (2 - 2)3 ’

87(:% __8[(6205 +01)Z + 46,03 + 20,063 — 20 aicg B _4[22 + (4 + 263 + 263)% + 806,030, — 4 + 4063 + 403]
oy (2-X) ’ oo, (2-X) '
5‘_6'% _ 8[(=03 + 6162)X — 403063 + 26,0, + 203] 8_(% _ 8[(—05 + 6103)Z — 46,03 + 206,03 + 20,

Jo, (2-%)3 ' Jos (2-3%)° '

8_C§: 166,(07 + 05 — 03 — 1) a_cgz 166,(67 4+ 05 — 03 — 1) 8_(«%:320'3(6%4—0'%) (©3)
Jo (2-3)3 ' Jo, 2-x)3 ' Oo; 2-%)p °

as from Eq. (56).
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APPENDIX D: APPROXIMATED RELATIONSHIPS FOR THE EXPRESSIONS OF THE DERIVATIVES

cosgp® 3pj N apj f<1
(0) (1) (0) 0) £(1) 5 4(0 D A0) A1) 0)
1 ocosgh _of" 150 TS A R fg)fi a0 U2 0r
O op oy TSP o0 gyt | Gty T3S G
cos¢ Pj Pj fi (f;7)° 9P; i Uy) (fi) Pj
(0) @) (0) 5 £2) (0) (1) 4 4(1)
fi© dcosg® _Of; +cos2¢<0>f3 Oy | cop0l3 3 %
cosp®)  p; op; f§ ) dp; <f(10))2 op;
(0) £(1) (1) )
S 15 A of s
+ [cos2¢<°> (;(O);z +costgp0) —(f(%))3 (1 +2(f§°’)2)] o
i i :
0) £(2) (12 (0) @) A1) A1) 0) (2)
+ cosqu(())fg fé 4¢0 (f3 ) 1+1(f(0))2 afi + C052(/4)(0) fi+f§ fi +f§ fi
( (0)y2 4 V3 op; (0) (0)y2 (0)y2
fi) (fl) J fi (fi) (fi)
V0 oo 2FY 5 0y 00 015
+3costgp(--3 (fﬁ D+ A0 (] )2) +costp0 B3 (1+2(f9>)2)]3 ,
(f(io) )4 1 3 1 3 3]5%0) 3 2 (f(io))s 3 ap]
(0) 3) (0) 5 4(3) (0) (1) 5 4(2)
fi dcosg® _Ofi Osz¢<o>fiafé cos2¢(0>f3 f30f;
cosp®  Op; op; f%o) op; (f(i()))z op;
(0) £(1) () )
0) 17 NE
oo e eos g0 1420
i i
(0) £(2) (1) ()
+ | cos2p©® 3 f§ costp(©) (f3 ) (1 l(fO))Z)]afl
(f§°)>2 (PO 2 ap,
2 4(0) i © | 0)\2y( £2) £(0) | (1) A1)
+ Ccos ¢ f(o))z S ¢ (0))4( + (f3 ) )(f§ fl +f1 f3 )
i i
) ()2 () (0) (3) (1) )
3 (f37) 0 15 /3 3 S5 0
+Zcosfp 033~ (342(f! >)2)] : +[cos2¢<0) 334 costp0 23 (142(17)2)
2 G P ops V)2 (e
0)/ (1)y3 (0)
Leassgo s ) <f(°>>2>]—i+{°"52¢<°> L (FORD 00 4 ) gl 00
2 (0)\6 3 . (0)\2
(f;) J (/7))
(f(AO) 2 2f(1>

3

1
>—(f§0);4 [f< RIS e +—F(f§')f§')+2f§°>f§2))
1
)

1
+5c0s%") (f<§,> 207 U1+ 270 1) + 30 ()

)°
1
) ofy)

(3+2(£0y >}
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