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ABSTRACT

The acceleration times of the highest-energy particles, which emit gamma-rays in young and middle-age supernova remnants (SNRs),
are comparable with SNR age. If the number of particles starting acceleration was varying during early times after the supernova
explosion then this variation should be re�ected in the shape of the gamma-ray spectrum. We use the solution of the non-stationary
equation for particle acceleration in order to analyse this e� ect. As a test case, we apply our method to describe gamma-rays from
IC 443. As a proxy of the IC 443 parent supernova we consider SN1987A. First, we infer the time dependence of injection e� ciency
from evolution of the radio spectral index in SN1987A. Then, we use the inferred injection behaviour to �t the gamma-ray spectrum of
IC 443. We show that the break in the proton spectrum needed to explain the gamma-ray emission is a natural consequence of the early
variation of the cosmic ray injection, and that the very-high-energy gamma rays originate from particles which began acceleration
during the �rst months after the supernova explosion. We conclude that the shape of the gamma-ray spectrum observed today in SNRs
critically depends on the time variation of the cosmic ray injection process in the immediate post-explosion phases. With the same
model, we also estimate the future possibility of detecting gamma-rays from SN 1987A.
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1. Introduction

There is a gap in observations which prevents us from seeing
how the properties of supernovae (SNe) – asymmetry of explo-
sion, initial structures in the distribution of ions and in the cir-
cumstellar medium, and so on – in�uence their further evolution
towards the supernova remnants (SNRs) and how they determine
SNR morphologies. Few known supernova events have occurred
in our Galaxy during the centuries and so we cannot directly
track the development of such objects. E� ort is therefore re-
quired to look for other possible relationships between SNe and
SNRs, which are observed at the present time. One such idea is
described here.

Typically, the interpretation of the nonthermal emission from
SNRs involves a solution of the steady-state equation for parti-
cle acceleration. Time-dependent acceleration however could be
important in the analysis of young and middle-aged SNRs be-
cause the system eventually has not had enough time to reach
the steady-state regime. There are numerical simulations that
demonstrate that the particle spectrum is not stationary even in
the relatively old SNRs (Brose et al. 2016). The solution of the
time-dependent equation demonstrates that the variable injection
(fraction of particles which begin acceleration) a� ects the slope
of the power-law part and the shape of the high-energy end of
the CR spectrum (Petruk & Kopytko 2016).

Di� usive shock acceleration increases the particle energy by
a small amount in each acceleration cycle. In order to reach
the high energy, a particle must di� use around the shock for a
long time. Ultrarelativistic electrons lose energy via synchrotron

radiation. There is evidence suggesting that in several SNRs their
maximum energy is loss-limited. In particular, the loss-limited
scenario has been successfully adopted to describe the X-ray
spectrum of RX J1713.7-3946 (Zirakashvili & Aharonian 2010;
Tanaka et al. 2008), of Tycho (Morlino & Caprioli 2012) and of
the nonthermal limbs of SN 1006 (Miceli et al. 2013). At odds
with electrons, hadrons do not su� er signi�cant radiative losses
and the highest-energy particles are mostly those that have the
maximum available time for acceleration; they have to start ac-
celerating very early, around or shortly after the time of super-
nova explosion. Therefore, the time variation of the number of
particles which enter the acceleration during the �rst decades af-
ter the supernova explosion a� ects the high-energy end of the
particle spectrum and thus the hadronic -ray emission of SNRs.

In the present paper, we adopt the measurements of the time
variation of the radio spectral index in a SN in order to recon-
struct the time evolution of the particle-injection e� ciency dur-
ing the early times after the explosion. The extracted dependence
is then used to derive the particle momentum distribution and the
 -ray spectrum of a SNR. Here we challenge our method consid-
ering the radio observations of SN1987A and the -ray spectrum
of SNR IC 443.

2. Method

2.1. Time-dependent solution

The distribution of particles in space and momentum with on-
going di� usive shock acceleration is described by the isotropic
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non-stationary distribution functionf (t; x; p). The equation for
its evolution is (Skilling 1975; Jones 1990):
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wheret is the time,x the spatial coordinate,p the momentum,D
the di� usion coe� cient,u the �ow velocity in the shock refer-
ence frame, andQ the injection term; the velocities of the scat-
tering centres are neglected. We assume the injection to happen
at the shock, to be isotropic and monoenergetic with the initial
momentumpi :

Q(t; x; p) =
� n1u1

4� p2
i

� (p � pi)� (x)Qt(t); (2)

where the parameter� is the injection e� ciency (the density
fraction of accelerated particles); actually, it is the amplitude of
the e� ciency at the saturated level. The termQt(t) represents
the time evolution of the injection (that may be caused by the
variation of � or n1). It is unity in the steady-state regime. In
the present paper, the indices “1”, “2”, and “o” correspond to
upstream, downstream, and to the shock itself.

The test-particle solution of Eq. (1) for the steady-state in-
jection Qt = 1 was derived by Drury (1983), Forman & Drury
(1983); the authors additionally assume that the upstream accel-
eration timet1 = 4D1=u2

1 is much higher than the downstream
one t2 = 4D2=u2

2. A more general solution for the time-
dependent injection and any relation betweent1 andt2 was de-
rived by Petruk & Kopytko (2016). It was shown that ift1=t2 is
larger than a few, the di� erence with the solution obtained for the
limit t1 � t2 is negligible. Therefore, for simplicity, we consider
t1 � t2 in the present paper. In that case, the particle distribution
function at the shock, which satis�es Eq. (1) and accounts for
the variable injectionQt(t); is (Petruk & Kopytko 2016)

fo(t; p) = fo(p)

�Z

0

Qt(� � � 0)' o(� 0)d� 0: (3)

In this expression,

fo(p) =
� n1

4� p3
i

3�
� � 1

 
p
pi

! � sf

(4)

is the solution of the stationary equation,

sf = 3�= (� � 1) (5)

is the spectral index,� = u1=u2 the shock compression factor
and (Forman & Drury 1983; Petruk & Kopytko 2016)

' o(� ) =
e2A

22A+1
p

�

e� � (� )2

� A=2+1

�
HA+1 (� ) � 2� 1=2HA (� )

�
; (6)

where Hm(x) is the Hermite polynomial,� = t=t1, � (� ) =
� 1=2 + A=(2� 1=2), andA = sf =� , with � being the index in the
dependence of the di� usion coe� cient on the particle momen-
tum D(p) / p� (the value of� should result inA being an
integer).

At this point we can answer the following questions: Is the
time-dependent consideration of the particle acceleration really
necessary? And, if so, to what extent? Also, is the steady-state
acceleration regime adequate for describing the radio and -ray
emission? Equation (3) clearly shows that the time-dependent
solution equals the steady-state one if the integral over� is unity.

Fig. 1. Probability ' o (red solid line) and the integralI (blue dashed
line) versus time for the �xed momentump = pmax (bottom horizon-
tal axis) and versus particle momenta for the �xed timet = tage (top
horizontal axis). Numbers on the horizontal axes correspond to the par-
ticular choice oftage = 3000 yr,pmax = 104mpc and� = 1. The meaning
of the dotted vertical lines is explained in the text.

This may happen starting from some� , if the injection is con-
stant, that is, ifQt = 1. Thus, we may adopt the steady-state
description of the particle acceleration whern the following cri-
terion is matched;

I (� ) �
Z �

0
' o(� 0)d� 0 � 1: (7)

The function' o(� (t; p)) is the two-dimensional probability dis-
tribution for particles injected with the momentumpi at the time
ti to be accelerated to the momentump in time t. Let us con-
sider, without loss of generality of the conclusions, an SNR
with agetage = 3000 yr and the maximum particle momentum
pmax = 104mpc and plot two cross-sections of the 2D distribu-
tions ' o andI : for the �xed momentump = pmax and for the
�xed time t = tage (Fig. 1). Looking at the top axis we see that:
i) during the timetage, most of the particles (maximum of' o)
are accelerated to the momentum (marked by the dotted vertical
line a) somehow larger thanpmax (which is marked by the dot-
ted vertical lineb); and ii) particles with momenta smaller than
the threshold momentum� pmax=3 (marked by the vertical line
c) may be described by the steady-state solution. The bottom
axis in Fig. 1 demonstrates that: i) most particles are accelerated
to the momentumpmax during the time (vertical linea) which
is somehow smaller thantage (vertical lineb); ii) the accelera-
tion regime for particles around the maximum momentum is not
yet steady-state becauseI (pmax) = 0:6 for the timetage; and iii)
the acceleration of particles with momentump = pmax may be
considered to be steady-state after the threshold time (vertical
line c), which is about three times larger thantage.

In summary, the time-scale for the steady acceleration until
pmax is a few times larger than the SNR age. Therefore, if injec-
tion is constant, it is mandatory to consider the time-dependent
acceleration for particles with the highest momenta, and these
particles are actually those emitting -rays in SNRs. If injection
varies with time, the time-dependent regime has to be adopted
for all particles which start acceleration before the injection
reaches the levelQt = 1.
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2.2. Our approach

The solution given by Eq. (3) allows us to consider e� ects of the
variable injection on the spectrum of accelerated particles and on
their nonthermal emission.

Our approach is the following. We use properties of some
supernova observed in the present epoch to reconstruct the early
evolution of some supernova remnant, assuming that they have
similar evolution during the �rst years after SN event.

Namely, we start from the observations of the time variation
of the radio spectral index� r in the SN. This index is known to
be � r = (s � 3)=2 wheres is the spectral index of the particle
distribution fo. Thus, at the �rst step, we �nd the functionQt(� )
by solving the integro-di� erential equation

� r(t) = �
3
2

�
1
2

dln fo(t; p)
dln p

�����
p=p�

; (8)

where fo(t; p) is given by (3),� r(t) are taken from observations
andp� is the particle momentum which gives the maximum con-
tribution to emission at the observational frequency. As a result,
we uncover how the injection e� ciency evolved during the early
times after the SN explosion.

At the second step, we use this functionQt(� ) as an input
to Eq. (3), in order to model the particle spectrumfo(t� ; p) in
the SNR at the present timet� . Having the particle spectrum, we
calculate the nonthermal emission of the SNR, in particular, its
 -ray spectrum.

There is a property noted by Petruk & Kopytko (2016) which
essentially simpli�es the �rst step. Namely, if the injection term
is of the formQt / � � , then the spectral index of the radio emit-
ting electrons in SNRs is approximately

s = sf + �� (9)

(for details see Appendix A). We use this relation to reconstruct
Qt(t) without solving Eq. (8). In fact, we derive the time series
of di� erent� i from the observed series of� ri and approximate
Qt(t) by a complex piecewise function. The normalisation of this
function comes from the condition thatQt = 1 in the steady-state
part.

The solution is expressed in Eq. (3) through the unitless time
� which, in fact, is a function oft and p. Therefore, we need
two scaling rules, in order to convert between the physical and
normalised values. The �rst rule is obviously

t = � tm; tm = t1(p� ): (10)

The second rule is given by the de�nition of� written for a gen-
eral p in the form

� =
tu2

1

4D1(pmax)
p�

max

p� ; (11)

it follows from here that

p = � � 1=� pm; pm =
t1=�
agepmax

t1(pmax)1=�
; (12)

wheretage is the SNR age andpmax is the maximum momentum
of accelerated particles in the SNR whose spectrum we would
like to explain. The value oft1(pmax) is a rough estimate of the
acceleration time to reach the momentumpmax. Since the time
available is limited by the age of SNR thent1(pmax) ' tage and
thereforepm ' pmax.

In the present paper, we set� = 4 that corresponds to the
unmodi�ed shock and� = 1 which is relevant to the Bohm-like
di� usion.

Fig. 2. Evolution of the radio spectral index as observed by
Zanardo et al. (2010) during the period between 1517 and 8014 days
after explosion (�lled circles with errors), extrapolation (black circles
without errors) of the linear �t (black line; from the same reference) up
to the value� r = 0:5; then the constant� r is assumed. The red solid line
represents the spectral index� r calculated by Eq. (8) with the depen-
denceQt(t) derived from the observed� r with the simple approximate
formula (9); thisQt(t) is shown in Fig. 3. Green dashed line represents
the case of the steady-state injection.

3. Ongoing acceleration in SN1987A and the  -ray
spectrum of IC 443

The described approach is adopted in the present paper to the su-
pernovae 1987A and the supernova remnant IC 443. SN1987A is
a type II supernova (Lyman et al. 2014) and IC 443 is generally
expected to also be from the type II SN. The initial arguments
for this were based on SNR location in the star-forming region
and the association with a neutron star and its pulsar-wind neb-
ula (Bocchino & Bykov 2001; Olbert et al. 2001; Gaensler et al.
2006; Swartz et al. 2015). The low Fe and high Mg abundance
(Troja et al. 2008), as well as the position of the centroid of the
Fe K� emission (Yamaguchi et al. 2014) found by observing X-
rays from IC 443, strengthen this view. As discussed below, our
results also support the core-collapse scenario for this SNR.

3.1. Radio index of SN1987A

3.1.1. Radio index and injection

Evolution of the radio spectral index in SN1987A is presented
by Zanardo et al. (2010), from ATCA observations during the
period between 1517 and 8014 days after explosion (Fig. 2 –
�lled circles with errors). The spectral index does not reach the
saturated value (something close to the canonical 0:5) yet, thus
the injection in SN1987A is not in the steady state. In order to
trace a possible future evolution of the spectral index, we extrap-
olate the linear �t of the data up to the time when the spectral
index becomes 0.5 and then keep it constant (black circles with-
out errors), as shown in Fig. 2.

At the �rst step, the time-dependence of the injection term is
derived from� r with the use of the approximate formula (9), as
described in the previous section (Fig. 3). It is interesting that the
derived functionQt(t) looks smooth despite the noisy behaviour
of the radio index. In particular, during most of the observational
period, it may approximately be traced by the simple dependence
Qt = lg(t=(950 days)). This means thatQt is sensitive to the av-
erage global shape of the radio index evolution. All short-time
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Fig. 3. Time dependence of injection term. Blue circles correspond to
the days of the radio observations. A red solid line traces the function
Qt(t) derived as described in Sect. 2 from the observations during the
period between 1517 and 8014 days after explosion and from the extrap-
olation of � r after the 8014th day. As for the behaviour of the injection
term before day 1517, we adopt a simple approximation as described
in the text, with� x = 0:8 anddx = 100. Green dashed line represents
the case of the steady-state injection. The thin black line is the function
Qt = lg(t=950).

features, which may depend on the details of the blast wave in-
teraction with nonuniformities of the circumstellar medium, do
not signi�cantly a� ect the shape ofQt.

SN1987A was invisible in radio before day 1200
(Zanardo et al. 2010). Therefore, we describe the behaviour
of Qt(t) at earlier times with a simple approximation: it is
steady-state from the beginning up to daydx and thenQt(t) / t� x

after this day until day 1450; then it follows the dependence
from observations. The values of the parameters� x and dx
are determined ad hoc, from the requirement to provide an
acceptable �t of the -ray spectrum of IC 443. It is worth
mentioning that there are also detailed radio observations of
SN1987A during the �rst months after the explosion (from
February to September, e.g. Ball et al. 2001) that are useful
for the studies of the �ux evolution. Papers that report the
radio spectral index, which is of interest for our purposes,
(Turtle et al. 1987; Storey & Manchester 1987) demonstrated
that the radio spectrum at this early stage is a� ected by the
free-free absorption and the synchrotron self-absorption that
makes it impossible to use these data in the solution of the
Eq. (1), which does not account for these e� ects.

In order to check the accuracy of our approach, we calculated
the spectral index� r from the full Eq. (8) using derivedQt. One
can see in Fig. 2 (solid red line) that we restore even the small-
scale features of the original observational data, meaning that
our approximate approach based on Eq. (9) is relatively accurate
and robust.

3.1.2. What could be the reason for the injection behaviour?

Though it is not necessary for the purpose of the present paper
– which consists in derivation of the time-dependence of the in-
jection from observations and in its use in modelling the -ray
emission – we investigate the reason for the obtained time de-
pendence of the injection e� ciency.

It is clear from observations that SN1987A may not
be approximated by an emitting sphere (e.g. Ng et al. 2013;
Zanardo et al. 2013). The accurate analysis of the radio

Fig. 4. Structure of the ambient medium around SN1987A in the 3D
numerical model from Orlando et al. (2015). The shock is almost plane-
parallel between points A and B because it decelerates in the dense
medium of the Hii region.

observations in the Fourier space (Ng et al. 2008, 2013) reveals
that the radio emission arises from a ring-like structure. De-
tailed 3D numerical models of SN1987A (Potter et al. 2014;
Orlando et al. 2015) supported this fact and have demonstrated
that this emitting torus is a consequence of the interaction of
the supernova shock with the Hii region with density a few
orders of magnitude higher than in the blue super-giant wind
where the rest of the SN evolves. Figure 4 illustrates a sketch of
the ambient medium structure and Fig. 5 shows the 3D render-
ing of the post-shock density as derived from the model which
explains the temporal and spatial properties of the X-ray emis-
sion from SN1987A (Orlando et al. 2015)1. In order to quan-
tify the changes of the thickness of the emitting ring, Ng et al.
(2008, 2013) introduced the half-opening angle� (see our Fig. 4)
and derived its temporal evolution (shown by the black dots
with errors in Fig. 6). Actually, the thickness of the Hii re-
gion in the 3D numerical model of Orlando et al. (2015) �ts
well the evolution of� (shown by the red solid line in Fig. 6).
The thickness of the Hii region is approximated by the function
h(r) = 0:25((r � rHii )=rm)0:25 pc wherer is the distance from the
explosion site in the equatorial plane,rHii = 0:08 pc is the inner
radius of the Hii region, and the scalerm = 3 pc.

From the same 3D numerical model, besidesh, we can calcu-
late the average characteristics of the shocked �ow, namely, the
shock radiusR, the pre-shock �ow velocityu1 and the post-shock
density of plasman2 which is proportional to the pre-shock den-
sity n1. With these data, we may calculate the time evolution of
the product

Qt;num(t) / n1(t)u1(t)R(t)h(t); (13)

which is an approximate measure of the particle �ux through the
(increasing) shock surface.

We considered two cases, namely, a uniform Hii region with
and without a denser equatorial ring inside. In order to mimic
these two con�gurations with our single simulation, we have
averaged the values in the cross-section in the equatorial plane
(the black line in Fig. 7) and in a plane inclined by few degrees
(the red line in Fig. 7) in order to simulate the situation when the
shock does not interact with the dense equatorial ring in the neb-
ula around SN1987A. Both the black and the red lines follow the
1 At this point, our use of the Eq. (1), which describes the plane shock,
is justi�ed: we divide the thin emitting cylinder on a number of sectors
and consider the shock to be plane-parallel in each sector.
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