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Abstract We illustrate the proposal, nicknamed LAGRANGE, to use space-
craft, located at the Sun-Earth Lagrange points, as a physical reference frame.
Performing time of ight measurements of electromagnetic signals traveling
on closed paths between the points, we show that it would be possible: a) to
re�ne gravitational time delay knowledge due both to the Sun and the Earth;
b) to detect the gravito-magnetic frame dragging of the Sun, so deducing in-
formation about the interior of the star; c) to check the possible existence of a
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galactic gravitomagnetic �eld, which would imply a revision of the properties
of a dark matter halo; d) to set up a relativistic positioning and navigation
system at the scale of the inner solar system. The paper presents estimated
values for the relevant quantities and discusses the feasibility of the project
analyzing the behavior of the space devices close to the Lagrange points.

Keywords gravitation � reference systems� Sun rotation � galactic halo

1 Introduction

We propose here to use the Lagrangian (L ) points of the Sun-Earth system
as a physical framework for a number of measurements related to General
Relativity (GR) and possible deviations thereof. The same set ofL points
could furthermore be the basis for a relativistic navigation and positioning
system at least at the scale of the inner Solar System.

As it is well known the Lagrangian points of a gravitationally bound two-
body system are a feature of Newtonian gravity. Unlike General Relativity
(GR) Newton's gravity admits analytic solutions for the two-body problem;
furthermore, looking for the positions, on the joint orbital plane, where the
attraction of both bodies on a negligible mass test particle counterbalances
exactly the centrifugal force, one �nds �ve points where such a condition is
ful�lled, with an orbital angular velocity coinciding with that of the two main
bodies around their common center of mass. The traditional labelling of the
�ve points is L 1, L 2, L 3, L 4, L 5 and the geometry of the system is as sketched
in Fig. 1.

Fig. 1 Schematic view of the Lagrangian points of a two body system.

Three points (L 1, L 2, L 3) are saddle points of the e�ective potential; in
other words, the equilibrium there is unstable, however in the case of the
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Sun/Earth pair the instability is very mild. The remaining two points ( L 4 and
L 5) are real local minima so the equilibrium there is stable, though corre-
sponding to a shallow potential well. When coming to a relativistic approach,
even though we may guess that the situation is marginally or even negligibly
di�erent from the Newtonian case, the existence of Lagrangian points is a pri-
ori not guaranteed so that the problem needs a careful discussion. Hopefully
the �nal conclusion is indeed that libration points (Lagrange points) still exist
also in a relativistic 2 plus 1 body con�guration, at least in a range of masses
including the Sun/Earth pair, even though no closed solution is available for
the position of such points [1].

The advantage of the set of the Lagrangian points is that they form a con-
�guration rigidly rotating together with the Earth. This property has already
been exploited many times for space missions, such as WMAP [2], the Her-
schel space observatory [3], Planck [4] (all concluded) and now Gaia [5], inL 2;
the Deep Space Climate Observatory [6], the Solar and Heliospheric Obser-
vatory (SOHO)[7] and LISA Path�nder [8], in L 1. The list is not exhaustive
and many more missions are planned directed again toL 1 or L 2. It is also
worth mentioning that proposals have been issued to exploit, for fundamental
physics, the Lagrangian points of the pair Earth-Moon [9].

The stability of the positions with respect to one another and to the Earth
makes the Lagrangian points appropriate to work as basis for a physical ref-
erence frame at the scale of the inner solar system. Furthermore, considering
the size of the polygon having theL 's as vertices, we may remark that the
time of ight of electromagnetic signals going from one point to another is in
the order of some 10 minutes or more; such long time may act as a multiplier
for the tiny asymmetries originated by angular momentum e�ects predicted
by GR.

The present paper will discuss the possibilities listed above, highlighting
the advantages for fundamental physics experiments and for the positioning
and guidance of spacecraft out of the terrestrial environment.

In particular, we shall nickname LAGRANGE the proposal of exploiting
time of ight measurements along a closed path havingL points as vertices, in
order to take advantage of the asymmetric propagation produced by the angu-
lar momentum of the Sun in the case of two counter-rotating electromagnetic
signals. The use of one and the same loop will avoid delays due to di�erent
geometric paths for the two beams; the cancellation of the purely geomet-
ric component of the time of ight will let the above mentioned asymmetry
emerge.

In Section 2 we discuss the GR time delay due both to the Sun and to
the Earth; then in Subsection 2.1, we specialize the analysis to the case where
emitter, central body and receiver are aligned (indeed a special case for LA-
GRANGE). In the calculation, the contribution of the quadrupole of the cen-
tral body will be included. In Section 3 the analysis will concern the more
general con�guration with a closed contour encompassing a wide area and the
purpose will be the measurement of the solar gravitomagnetic e�ect with an
accuracy better than 1%. Section 4 evaluates the possibilities to retrieve infor-
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mation about a galactic gravito-magnetic �eld, if it is there. Section 5 presents
a Relativistic Positioning System (RPS) based on a set of emitters of electro-
magnetic signals located at the mentionedL-points. Since the feasibility of our
proposals crucially depends on the possibility of keeping the position of each
spacecraft with respect to the correspondingL and its time dependence under
control, we shall discuss the issue in Section 6. A short conclusion closes the
paper.

2 Gravitational time delay

A gravitational �eld produces a time delay and a deection (deviation) on the
propagation of electromagnetic waves. Presently, we are interested only to de-
scribe the e�ects of the delays in time propagation, because the e�ects of the
deection on the time propagation are negligible with respect to the leading
contributions. The main e�ect depends on the mass of the central body and
is fully explained in terms of the metric developed by Schwarzschild in 1916
[10]. Therefore, these delays are related to the gravitoelectric �eld of GR [11].
The �rst successful measurements having the Sun as a source were obtained
by Shapiro and collaborators by means of radar-echoes from Earth to the
planets Mercury and Venus [12]. Successively, Anderson and collaborators [13]
repeated the measurement of the delay in the round trip time from the two
spacecraft Mariner 6 and 7 orbiting the Sun. Finally, Shapiro [14] and Reasen-
berg [15] obtained the most accurate results with this technique by means of
a transponder placed on the surface of Mars by the NASA mission Viking.
The agreement between the measured delay and its general relativity predic-
tion was around 0.1%. This kind of measurements are quite important because
they allow to constrain the PPN parameter  , which measures the space curva-
ture per unit of mass. Currently, the best measurement of has been obtained
by the radar tracking of the CASSINI spacecraft during a superior conjunc-
tion with the Sun along its cruise to Saturn [16]. Bertotti and collaborators
obtained  � 1 ' 2 � 10� 5. The advantage of the latter measurement relies
on the Doppler tracking (not exploited before) and the multi-frequency link
(both X-band and Ka-band) that allow for the plasma compensation of the
solar corona. This delay, which is now known as the Shapiro time delay, rep-
resents the �rst GR correction to the time propagation of an electromagnetic
signal between an emitter and a receiver with respect to the time of propaga-
tion that is needed in the at spacetime of Minkowski.

LAGRANGE, with its multi-spacecraft con�guration, would allow the mea-
surement of the time delay in the propagation of the electromagnetic signals in
several di�erent geometrical con�gurations. In the same time, it would extend
the measurement of the delay not only to the e�ect previously mentioned,
the so-called Shapiro time-delay, but also to the delay produced by the grav-
itomagnetic �eld [11] of the Sun and/or to that of the Earth. For instance,
referring to previous Fig. 1, we can consider the propagation of light and the
corresponding delay between the two equilateral Lagrangian pointsL 4 and L 5.
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In this case, the impact parameterb, the point of closest approach to the Sun,
is equal to 0.5 AU, i.e. comparable with the other distances, avoiding the prob-
lem connected with the plasma of the solar corona, as well as the additional
delay produced by the quadrupole moment of the Sun. Another very inter-
esting geometrical con�guration is the one represented by the two collinear
points L 1 and L 2. The propagation of signals between these two points would
allow, for the �rst time, a direct measurement (in the �eld of the Earth) of
the overall delay on their propagation, as produced by the combined action of
the mass and angular momentum of the Earth plus the additional delay due
to its oblateness. Some of the corresponding measurements with LAGRANGE
would allow to improve the current limits in gravitational physics by exploiting
the present know-how and accuracy in time of ight measurements and with
the present state of art in atomic clocks precision and accuracy. Conversely,
other e�ects, in order to emerge from the noise, need an improvement in the
current technology of time measurements. The LAGRANGE measurements
would be based on the application of null geodesics around a spinning body
in the weak �eld and slow motion limit (WFSM) of GR. In terms of metric,
the Kerr metric will be the reference [17], or, to say better, its weak �eld limit
[18], with a non-diagonal componentg0� proportional to the intrinsic angular
momentum (spin) J of the central body.

2.1 Time delays for a con�guration where emitter and receiver are aligned
with the delaying object

We consider a quasi-Cartesian coordinate system at the post-Newtonian level
with origin in the central (deecting and delaying) body. We consider the
propagation in the z = 0 plane (coincident with the plane of the ecliptic)
and assume that the angular momentumJ of the body is along the z-axis
and that this axis is also the symmetry axis of the body (i.e. we assume
cylindrical, or axial, symmetry). In particular, we assumed a standard isotropic
PN approximation [19] where the receiver (or observer) has to be considered
positioned along the positivey-axis. Under the above approximations, the line
element can be written as:

ds2 = c2d� 2 ' g00c2dt2 + gxx dx2 + gyy dy2 + gzz dz2 (1)

+2g0x dxdt + 2g0y dydt;

where1

g00 ' �
�

1 + 2
U
c2

�
(2)

gij '
�

1 � 2
U
c2

�
� ij (3)

1 Here g00 represents the time-time component of the metric, while the other terms provide
spatial and mixed contributions.
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g0x ' 2
GJ
c2r 3 (� y) (4)

g0y ' 2
GJ
c2r 3 (x) : (5)

In the above expressions,c represents the speed of light,� the (invariant)
proper time, G the Newtonian gravitational constant, J the angular momen-
tum of the central body, r the distance in the reference plane,� ij the Kronecker
symbol and, �nally, U represents the gravitational potential2

U ' �
GM

r

 

1 � J2

�
R
r

� 2 3
�

z
r

� 2
� 1

2

!

; (6)

whereM , R and J2 are, respectively, the mass, radius and quadrupole moment
of the body.

This con�guration is particularly interesting when the delays in the prop-
agation of the electromagnetic signal are analysed in order to take care also
of the e�ect in the time propagation produced by the quadrupole moment
of the central object, besides the contributions from the gravitoelectric and
gravitomagnetic �elds of GR.

In the case of the propagation of electromagnetic waves we need to impose
the condition of null geodesics with the further condition that we restrict to
the propagation in the reference planez = 0 with x = b constant and b � y.
Therefore, Eq. (1) reduces to:

0 ' g00c2dt2 + gyy dy2 + 2g0y dydt: (7)

We can now solve for the coordinate time elementdt from Eq. (7) and integrate
the �nal expression from the emitter position at y = � y1 up to the receiver (or
observer) position at y = + y2 (y1 and y2 are positive quantities and we further
assume thaty2 ' y1). For the propagation time �t prop we �nally obtain:

�t prop '
y2 + y1

c
+

2GM
c3 ln

�
4y1y2

b2

�
�

4GJ
c4b

+
2GM

c3

�
R
b

� 2

J2 + : : : ; (8)

where smaller contributions to the time delay have been neglected.
The �rst term in Eq. (8) accounts for the time propagation in the at

spacetime of Special Relativity. The second term represents the contribution
from the gravitoelectric �eld of GR in the weak �eld approximation: it is the
Shapiro time delay. The third contribution arises from the gravitomagnetic
�eld in the same approximation. The � sign accounts for the chirality of this
contribution: it is positive for a propagation of the signals in the same sense of
rotation of the central mass, it is negative in the case of the opposite sense for
the propagation. Finally, the last term represents the contribution that arises
from the oblateness of the central body.

2 We considered only the main contribution, that arises from the �rst even zonal harmonic,
with respect to the deviation from the spherical symmetry in the mass distribution of the
Earth.


































