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ABSTRACT
We introduce a new model to explain the modulation of the orbital period observed in close
stellar binary systems based on an angular momentum exchange between the spin of the active
component and the orbital motion. This spin–orbit coupling is not due to tides, but is produced
by a non-axisymmetric component of the gravitational quadrupole moment of the active
star due to a persistent non-axisymmetric internal magnetic field. The proposed mechanism
easily satisfies all the energy constraints having an energy budget ∼102–103 times smaller
than those of previously proposed models and is supported by the observations of persistent
active longitudes in the active components of close binary systems. We present preliminary
applications to three well-studied binary systems to illustrate the model. The case of stars with
hot Jupiters is also discussed showing that no significant orbital period modulation is generally
expected on the basis of the proposed model.

Key words: stars: activity – binaries: close – stars: individual: HR 1099, V471 Tau, NN Ser –
stars: late-type – stars: magnetic fields – planetary systems.

1 IN T RO D U C T I O N

The orbital period P of an eclipsing binary can be measured with
high precision thanks to the periodic character of the orbital motion.
Long-term monitoring led to the discovery of cyclic modulations
of the orbital periods of close binaries with at least one late-
type component star, that is, with a spectral type later than ∼
F5 (Hall 1989, 1990). In Algol and RS Canum Venaticorum
systems, the typical relative amplitudes are �P/P ∼ (1−3) ×
10−5 with a typical modulation period Pmod ∼ 30–50 yr, while
in more compact systems, such as cataclysmic variables (CVs),
post-common envelope binaries (PCEBs), and contact binaries of
the W Ursae Maioris class, typical �P/P ∼ (0.1 − 3) × 10−6 with
Pmod ranging from several years to a few decades (e.g. Lanza &
Rodonò 1999, and references therein). Low-mass X-ray binaries
and millisecond binary pulsars also share a similar phenomenology
(e.g. Wolff et al. 2009; Lazaridis et al. 2011; Pletsch & Clark 2015).

In these binary systems, the late-type secondaries have an outer
convective zone and are rotating fast owing to the strong tidal
interactions with their companions. Therefore, the basic ingredi-
ents for a vigorous hydromagnetic dynamo are in place, leading
Hall to conjecture that the orbital period modulation is somehow
associated with the hydromagnetic dynamo action in the secondary
components of close binaries.

Several models have been proposed to account for this con-
nection, in particular those based on a cyclic variation of the

� E-mail: antonino.lanza@inaf.it

gravitational quadrupole moment of the secondary components,
originally proposed by Matese & Whitmire (1983) and linked to
the dynamo action by Applegate & Patterson (1987), Applegate
(1992), and Lanza, Rodono & Rosner (1998). By modulating the
gravitational quadrupole moment of the active star, the orbital
motion of the companion is instantaneously perturbed without
requiring any exchange of angular momentum between stellar spin
and the orbit. Specifically, when the quadrupole moment increases,
the gravitational field in the equatorial plane of the secondary
increases, thus forcing the companion to move closer and faster
than during the phases when the quadrupole decreases. Changing
the quadrupole moment requires a change in the internal density
distribution of the secondary star, that implies a direct perturbation
of the internal hydrostatic balance by the magnetic fields as in
Applegate & Patterson (1987), or an indirect effect produced by
redistributing the internal angular momentum which changes the
centrifugal force as in Applegate (1992). By including both the
effects of the Lorentz and centrifugal forces, Lanza et al. (1998)
and Lanza & Rodonò (1999) showed that the energy required to
produce a given change of the quadrupole moment can be reduced
by a factor of ∼2 with respect to the original Applegate’s model.

These models have been criticized because the modulation of the
quadrupole moment requires more energy than is available from
the stellar luminosity over the duration of the cycle. Marsh &
Pringle (1990) reached this conclusion for the mechanisms invoking
a direct perturbation of the hydrostatic balance by the Lorentz
force, while Lanza (2005, 2006) showed that the amplitude of
the required differential rotation changes in the Applegate (1992)
model is significantly larger than the variations observed in RS CVn
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Orbital period modulation in close binaries 1821

Figure 1. Sketch of a close binary system with a magnetic flux tube F
inside the active component star (depicted in orange). The secondary star S
is considered as a point mass and is rendered in green. The angle α between
the line joining the centres of the two stars and the axis of the flux tube,
assumed to lie in the equatorial plane, is indicated.

systems and the energy dissipated by the shear during the cycles
exceeds that available from the stellar luminosity by at least two
orders of magnitude. More recent studies, based on refinements of
the Applegate’s or Lanza’s approaches have confirmed these results
showing that these mechanisms can be viable, in the best case, only
for a restricted range of parameters of the close binary systems (e.g.
Brinkworth et al. 2006; Völschow et al. 2016; Navarrete et al. 2018;
Völschow et al. 2018).

The investigation of eclipse time changes in PCEBs has recently
become of relevant interest because interpreting the phenomenon
as a light-time effect leads to masses of the third body in the giant
planet or brown dwarf regimes. Subsequent investigations of the
dynamical stability of the systems showed that in general the orbits
of those third bodies are unstable, an exception being the candidates
proposed around NN Serpentis (Bours et al. 2016). The possibility
that the Applegate mechanism can induce variations in the times of
mid-transits in systems with close-by planets has also been proposed
(Watson & Marsh 2010), thus making models to explain orbital
period modulation worth of further investigation.

In this work, an alternative mechanism to explain orbital pe-
riod modulation in close binaries with late-type components is
proposed based on a permanent non-axisymmetric gravitational
quadrupole moment. Such a quadrupole moment is produced by
non-axisymmetric internal magnetic fields in the convection zone
of the active component. The model energetic requirements are
shown to be fully compatible with the stellar luminosity and the
observed time-scales.

2 MO D EL

2.1 Overview

In this subsection, we provide a qualitative description of our model
deferring quantitative considerations to the next subsections. In
Fig. 1, we consider a Cartesian reference frame with the origin O in
the barycentre of the magnetically active star and the ẑ-axis along
its spin axis, while the x̂-axis is directed along the line joining the
centres of the two components in the equatorial plane. We consider

Figure 2. Illustration of an active star with a non-axisymmetric quadrupole
moment and the gravitational forces acting on the companion S in a binary
system. The section of the radial flux tube having an angular radius θ0 is
rendered in orange (see text for explanation).

a radial magnetic flux tube F (in orange) in the equatorial plane
inside the convection zone of the active star. The magnetic pressure
contributes to the pressure balance inside the flux tube thus reducing
the density of the plasma inside it. Therefore, the outer gravitational
field of the active star is modified by the presence of the flux
tube because of this density perturbation. The orbital motion of the
companion S, considered as a point mass orbiting in the equatorial
plane, is affected and the effect depends on the angle α between the
axis x̂ joining the centres of the two stars and the axis ŝ of the flux
tube.

In the case of perfectly rigid rotation and tidal synchronization
of the two components, α would stay constant, but, if the system is
not perfectly synchronized, α will vary in time producing a time-
dependent effect on the orbit of the companion. The period of the
modulation of the orbital period will be the period of the variation
in the angle α, while the amplitude will depend on the strength of
the magnetic field inside the flux tube.

In this scenario, the non-axisymmetric component of the
quadrupole moment of the active star, associated with the density
perturbation inside the flux tube, produces a torque on the orbit,
thus exchanging angular momentum between the orbit and the spin
of the active component. A simple representation of a star with a
non-axisymmetric quadrupole moment is sketched in Fig. 2 where
two point masses A and A

′
are added in the equatorial plane xy of an

otherwise spherically symmetric mass distribution (cf. Murray &
Dermott 1999). The principal axes of inertia of this configuration are
the line joining the two point masses AA′ ≡ ŝ ′, the line ŝ orthogonal
to ŝ ′ in the equatorial plane, and the axis ẑ that is orthogonal to the
equatorial plane and directed along the line of sight. The ŝ-axis is
directed along the axis of the vertical flux tube F; its internal density
is lower and the removed mass has been redistributed in the two point
masses A and A

′
displaced along the direction ŝ ′ perpendicular to

ŝ. The moment of inertia I
′

about the ŝ ′-axis is minimum because
the point masses lie along the axis, while the moment I about the
axis ŝ is maximum because the distance of the point masses from
the axis is maximal. The non-axisymmetric quadrupole moment
of this configuration is given by T = I − I

′
(cf. Section 2.5). The

gravitational forces exerted by the two point masses A and A
′

on
the companion S produce a net torque that accelerates its orbital
motion exchanging angular momentum with the spin of the active
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1822 A. F. Lanza

component. This angular momentum exchange is periodic because
it depends on the angle α that varies periodically (see Section 2.5)
and is responsible for the orbital period modulation of the binary
system.

We stress that this spin–orbit coupling is not produced by the tidal
bulge, the deviation of which from the line joining the centres of the
two stars is very small (cf. Section 2.6), but by the non-axisymmetric
component of the density perturbation that can make a large angle α

with the line joining the centres of the two components. This allows
a much faster exchange of angular momentum in spite of the modest
amplitude of the density perturbation (cf. Sections 2.2 and 2.5).

As we shall see in Section 3, a field strength of the order of
0.5–10 T is required to account for the observed amplitude of the
orbital period modulation assuming that the internal magnetic field
consists of a single flux tube with a cross-section area of the order
of 10 per cent of the total area at the base of the convection zone.
Such field strengths have been obtained in magnetohydrodynamic
numerical models of the dynamo in active stars, even without an
overshoot layer at the base of the convection zone where strong
fields can be stored (Browning 2008; Browning et al. 2016; Brun &
Browning 2017). In the Sun, fields up to 10 T in the overshoot
region have been considered to account for the properties of sunspot
groups (Caligari, Moreno-Insertis & Schussler 1995; Moreno-
Insertis, Caligari & Schuessler 1995). Such strong fields are highly
buoyant in the superadiabatic convection zone, thus we assume that
they are organized in vertical (radial) magnetic flux tubes going
from the base of the convection zone up to the surface where
they appear as star-spots. Admittedly, the presence of such large
vertical magnetic flux tubes is not generally seen in present dynamo
models. In their numerical simulations, Nelson et al. (2013) found
mainly toroidal and axisymmetric fields in the bulk of the convection
zone that became increasingly amplified developing intermittency
and non-axisymmetric loops as the Taylor number (a measure of
the influence of rotation) was increased. Those loops could then
emerge producing flux tubes with a remarkable non-axisymmetric
distribution (Nelson et al. 2014), but capturing the full process is
still beyond the possibilities of present simulations. A tendency for
non-axisymmetric fields to become dominant with rotation rates
exceeding a few times the solar angular velocity has been found
also in the simulations by Viviani et al. (2018). Our assumption
of a single vertical magnetic flux tube is adopted to simplify
the computation of the density perturbation inside the magnetic
structure. As a matter of fact, what is really needed is a strongly
non-axisymmetric field configuration in the convection zone of the
active components as suggested by such models. Nevertheless, even
the most advanced simulations are still several orders of magnitude
far from the magnetohydrodynamic regimes characteristic of real
active stars, therefore they results should always be taken with great
caution.

In very active stars, the non-axisymmetric distribution of the
photospheric magnetic fields is revealed by the persistent active lon-
gitudes for the appearance and evolution of star-spots (cf. Lehtinen
et al. 2016). In close binary systems, such as the prototype RS CVn
or HR 1099, a main active longitude is generally present and persists
for several decades, that is, for time-scales comparable with the total
extension of the available observations (Rodono, Lanza & Catalano
1995; Lanza et al. 2006). Therefore, the observations are in favour
of our hypothesis that non-axisymmetric internal magnetic fields are
present in the active components of close binary systems and remain
stationary for time-scales longer than the orbital period modulation
cycle. Note that individual spots can form and decay on time-scales
much shorter than the modulation cycle, but the active longitude is
a persistent feature with a long lifetime, thus we can assume that the

non-axisymmetric field configuration is stationary over very long
time-scales. However, a word of caution is in order here because the
presence of non-axisymmetric fields in the bulk of the convection
zones of active components, required to produce a sufficient density
perturbation in their interiors, cannot be demonstrated by these
observations. The active longitudes where spots preferentially
appear could be a surface phenomenon related to the concentration
of photospheric fields by large-scale non-axisymmetric convective
flows that have been observed in hydrodynamic simulations of
rapidly rotating convection zones (Brown et al. 2008; Brun et al.
2017). It is interesting to note that these large-scale convective
flows are present in spite of the increasing radial shear �� in
the stellar angular velocity with increasing rotation rate � (Brun
et al. 2017), thus withstanding the effects of differential rotation
that tends to erase non-axisymmetric structures. The same is true
for non-axisymmetric magnetic fields in the case of models with
relative differential rotation amplitudes ��/� ∼ 0.1 (e.g. Viviani
et al. 2018), although our simplifying assumption of a single radial
magnetic flux tube, strictly speaking, is untenable in the case of a
large radial shear.

2.2 Order-of-magnitude estimates

A simple order-of-magnitude estimate of the amplitude of the
orbital period modulation produced by a given non-axisymmetric
quadrupole moment T can be obtained by computing the torque
associated with the sum of the two forces FA and FA′ in Fig. 2
as shown by, for example, Murray & Dermott (1999) (see their
section 5.3). Here we make use of the equation of motion for the
true anomaly f (see the third of equations 24 in Section 2.5) that we
rewrite in order of magnitude for a circular orbit (ṙ = 0) as

mr2f̈ ≈ 3GmST

4r3
, (1)

where G is the gravitation constant, m = MmS/(M + mS) the reduced
mass of the binary, M the mass of the active star, mS the mass of the
companion star, r the radius of the orbit; and we have approximated
sin 2α ≈ 1/2. If the cycle of the orbital period modulation has a
duration Pmod, assuming a nearly sinusoidal modulation of the true
anomaly with respect to an unperturbed orbit, we have

f̈ = 2π

Pmod
�ḟ , (2)

where �ḟ is the variation of the orbital mean motion. To evaluate
�ḟ for a circular orbit, we note that ḟ = n = 2π/P , where P is the
orbital period and n the mean orbital motion. By differentiating this
expression, we find �ḟ = −n(�P/P ). Making use of equation (2)
and the Kepler III law, we recast equation (1) as

T

Ip
≈ 4

3

(
MT

mS

)(
mr2

Ip

)(
P

Pmod

) ∣∣∣∣�P

P

∣∣∣∣ , (3)

where Ip is the moment of inertia of the active star about its spin axis
and MT = M + mS the total mass of the binary system. For a typical
RS CVn system, mr2/Ip ranges between 25 and 100; assuming
MT/mS = 2, P = 3 d, Pmod = 40 yr, and �P/P = 10−5, we obtain
T/Ip = (0.7 − 2.7) × 10−7. For comparison, the variation of the
axisymmetric quadrupole moment �Q considered by the models of
Applegate (1992) or Lanza et al. (1998) is

�Q

Ip
= 1

9

(
MT

mS

)(
mr2

Ip

) ∣∣∣∣�P

P

∣∣∣∣ , (4)
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that is larger by a factor ∼Pmod/(12P) ∼ 100–1000 than the
non-axisymmetric quadrupole moment assumed in the present
model. Since the quadrupole moment perturbations are directly
proportional to the magnetic energy (Lanza & Rodonò 1999), the
present model has a strong advantage over previous models from
an energetic point of view.

2.3 Internal magnetic fields in the active components of close
binary systems

We consider a spherical polar coordinate system in the reference
frame introduced in Fig. 1. The distance from the barycentre
O of the magnetically active star is the radial coordinate r, the
colatitude θ is measured from the North pole, and the azimuthal
coordinate around the ẑ-axis is indicated with φ. For the sake
of simplicity, we describe the stationary non-axisymmetric field
configuration as a single magnetic flux tube. The condition that
the field be mainly vertical in this flux tube can be expressed as
Br � Bθ , Bφ . Since the magnetic field is solenoidal ∇ · B =
0 and we have Brr2 = const. that can be used to compute the
magnetic field strength as a function of the radial coordinate r.
Considering a magnetic flux tube extending from the base of the
convection zone rb up to the photosphere at the star radius R, this
implies

B(r, σ ) = B0(σ )

(
r

rb

)−2

, (5)

where σ is the distance from the axis ŝ of the vertical flux tube
on a surface of constant radius r and B0 the field at the base of
the stellar convection zone, that is, B0(σ ) = B(rb, σ ). Given that
the field is vertical, we can neglect the magnetic tension force
and write the pressure balance across the section of the flux tube
as

pi(r, σ ) + B2(r, σ )

2μ
= pe(r), (6)

where pi is the pressure of the plasma inside the flux tube and
pe the unperturbed pressure outside the tube that, for the sake of
simplicity, we assume to depend only on the radial coordinate r.
Equation (6) is valid only at a sufficiently large depth where pe(r)
> B2(r, 0)/2μ, otherwise the pressure of the external plasma is
insufficient to confine the field that opens up and becomes more
and more inclined as the external pressure decreases towards the
photosphere. In that region, we can no longer neglect the effects of
the tension force, so our simple model becomes invalid. However,
the contribution of those surface layers to the perturbation of the
stellar quadrupole moment is very small because of their relatively
low density. Therefore, we apply our model from the base of the
convection zone rb up to some limit radius rL < R where β ≡
2μpe/B2 = βL with the limiting parameter βL arbitrarily fixed at
βL = 3.

The perturbation of the density inside the magnetic flux tube can
be computed by differentiating equation (6) with respect to the radial
coordinate r and taking into account that the pressure stratifications
inside and outside the flux tube obey the equations

∂pi,e(r, σ )

∂r
= −GM(r)

r2
ρi,e, (7)

where M(r) is the mass of the star inside the radius r, and ρ the
plasma density with the same meaning of the subscripts as in the

case of the pressure. In this way, we find

ρi(r, σ ) − ρe(r) = 1

2μ

r2

GM(r)

∂B2(r, σ )

∂r

= − 2

μ
B2

0 (σ )r4
b

1

GM(r)r3
, (8)

where we made use of equation (5) to compute the radial derivative
of the field intensity. To compute the pressure gradients in equa-
tion (7), we assume that the gravitational potential of the active star
is spherically symmetric. This is a perfectly justified approximation
given that the deviation of the local acceleration of gravity from the
spherical symmetry does not exceed a few per cents in most of the
tidally distorted detached close binaries.

2.4 Perturbation of the gravitational quadrupole moment

The outer gravitational potential of the active star can be expressed
as (e.g. Applegate 1992)

G = −GM

r
− 3G

2r3

∑
i,k

Qikxixk

r2
, (9)

where M is the mass of the star, Qik its quadrupole moment tensor,
and xi the Cartesian coordinates of a point outside the star in our
reference frame as specified in Section 2.3 with i, k = x, y, z. The
components of the quadrupole moment tensor can be expressed in
terms of the components of the inertia tensor of the mass distribution
of the star as

Qik = Iik − 1

3
δikTr I , (10)

where δik is the Kronecker δ tensor,

Iik =
∫

V

ρ(x)xixk dV , (11)

x being the position vector, and Tr I the trace of the inertia tensor,
i.e. Tr I = Ixx + Iyy + Izz.

The quadrupole moment due to stellar rotation and tidal deforma-
tion is considered steady in the reference frame of Figs 1 and 2, thus
it does not contribute to the orbital period modulation in our model
and can be neglected. We assume that only the density perturbation
inside the radial flux tube F produces a time-dependent contribution
to the quadrupole moment with an angle α in Figs 1 and 2 that
changes in time because we assume a small deviation of the stellar
rotation from a perfect synchronization with the orbital motion (see
below).

To compute the components of the inertia tensor, it is useful to
exploit the symmetry of the density configuration. To do so, we
first consider the case when the axis of the flux tube ŝ coincides
with the axis ẑ of our Cartesian frame and then apply a rotation to
bring the flux tube in the equatorial plane as assumed by our model.
We further assume that the flux tube has an angular radius θ0 (see
Fig. 2) and indicate the density perturbation inside the flux tube as
ρ

′
(r, θ ) = ρ i(r, θ ) − ρe(r) as given by equation (8) with σ = rsin θ

when ŝ ≡ ẑ. The perturbation δIzz of the Izz component of the inertia
tensor is

δIzz =
∫

V

ρ ′z2 dV . (12)

Performing the integration in spherical coordinates with z = rcos θ

and making use of equation (8), we find

δIzz = −4π

3

B2
0

μ
r4

b (1 − cos3 θ0)J , (13)
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where J is the integral

J ≡
∫ rL

rb

r ′

GM(r ′)
dr ′. (14)

The perturbations of the principal components of the inertia tensor
along the x̂ and ŷ axes in the equatorial plane are equal by symmetry.
Since x2 + y2 = r2 − z2, we can easily compute their sum and then
find

δIxx = δIyy = −2π
B2

0

μ

(
2

3
− cos θ0 + 1

3
cos3 θ0

)
r4

bJ . (15)

The perturbation of the trace of the inertia tensor is

δ TrI = −4π
B2

0

μ
(1 − cos θ0)r4

bJ . (16)

The perturbations of the non-diagonal components of the inertia
tensor are zero by symmetry: δIxy = δIxz = δIyz = 0.

To compute the perturbations in the case of a flux tube the axis
ŝ of which is not along the polar axis of the star, we can apply
two consecutive rotations of the reference frame, for example, first
around the ẑ-axis and then around the transformed ŷ-axis, to bring
the ẑ-axis to coincide with the ŝ-axis. For the sake of simplicity,
we assume that the ŝ-axis is in the xz plane and makes an angle ζ

with the ẑ-axis, i.e. the colatitude of the flux tube is ζ . In this case,
we need only a rotation of an angle ζ around the ŷ-axis to find the
perturbations of the components of the inertia tensor, that is⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

δIx′x′ = δIxx cos2 ζ + δIzz sin2 ζ

δIy′y′ = δIyy

δIz′z′ = δIxx sin2 ζ + δIzz cos2 ζ

δIx′y′ = 0
δIx′z′ = (δIzz − δIxx) sin ζ cos ζ

δIy′z′ = 0

. (17)

When ζ = π /2, equations (17) provide the perturbations of the
components of the inertia tensor due to a radial magnetic flux tube
in the equatorial plane with ŝ = x̂.

Finally, the perturbations of the components of the quadrupole
moment tensor are

δQik = δIik − 1

3
δik (δTrI ) . (18)

2.5 Equations of motion of the binary system

The equations of motion of a binary system when the gravitational
field of one of the components is not axially symmetric have been
investigated in the context of the rotation of Mercury and of some
satellites of the solar system planets (Goldreich 1966; Goldreich &
Peale 1966; Murray & Dermott 1999). Applegate (1989) made an
application to close stellar binary systems that paved the way for
the model presented in this paper. We shall neglect the torques
due to tides and stellar winds because their time-scales are much
longer than the typical period of the orbital period modulation (cf.
Section 2.6) and consider only the effect of the non-axisymmetric
perturbation of the gravitational quadrupole moment of the active
star.

The Lagrangian function L for our binary system can be written
as

L = T − �G, (19)

where T is the kinetic energy of the orbital motion and the rotation
of the active star because the companion is treated as a point mass,
while �G is the gravitational potential energy that includes the term

arising from the non-axisymmetric perturbation of the gravitational
quadrupole moment. The expression of the kinetic energy when the
spin and orbital angular momenta are aligned is

T = 1

2
m(ṙ2 + r2ḟ 2) + 1

2
Ipϕ̇

2, (20)

where m is the reduced mass of the system, f the true anomaly of
the orbital motion, Ip the moment of inertia of the active star about
the ẑ-axis, that is, Ip = Ixx + Iyy, and ϕ the angle of rotation of the
active star around its spin axis (the ẑ-axis). Note that both ϕ and f
are given in an inertial reference frame, that is, they are measured
with respect to a direction fixed in the inertial space and not with
respect to the line joining the centres of the two components that
is rotating in such a space with angular velocity ḟ . On the other
hand, the azimuthal coordinate φ is measured with respect to the
orbit radius vector x̂ joining the centres of the two components that
is rotating in the inertial reference frame (cf. Section 2.3).

Because the axes x̂, ŷ, and ẑ are principal axes of inertia for the
perturbed star, the expression of the gravitational potential energy
of the system is

�G = −GMmS

r
− 3GmS

2r3

(
δQxx sin2 θ cos2 α

+ δQyy sin2 θ sin2 α + δQzz cos2 θ
)
, (21)

where δQxx, δQyy, and δQzz are the perturbations of the components
of the gravitational quadrupole moment computed as specified in
Section 2.4, θ is the colatitude measured from the spin axis of the
active star, and α ≡ f − ϕ is the angle between the line joining the
centres of the two stars and the axis of the magnetic flux tube in
the equatorial plane (see Fig. 1). For simplicity sake, we dropped
the steady components of the quadrupole moment tensor due to the
tidal and rotational deformations that do not contribute to the orbital
period variation in the present model.

Since the tensor Qik is traceless, we define two scalars δQ and T
such that

δQxx = δQ + T /2, δQyy = δQ − T /2, and δQzz = −2δQ,

(22)

with T = δQxx − δQyy. Substituting into equation (21), we find

�G = −GMmS

r
− 3GmS

2r3

×
(

−2δQ + 3δQ sin2 θ + 1

2
T sin2 θ cos 2α

)
. (23)

Assuming that the orbit lies on the equatorial plane (θ = π /2),
we derive the following equations of motion using the Lagrangian
formalism:

r̈ − rḟ 2 + GMT

r2
+ 9GMT

2r4M

(
δQ + 1

2
T cos 2α

)
= 0,

Ipϕ̈ − 3GmST

2r3
sin 2α = 0,

mr2f̈ + 2mrṙḟ + 3GmST

2r3
sin 2α = 0. (24)

The effect of tides is that of making the orbit circular (ṙ = 0) and
to align the spin and orbital angular momenta. The quadrupole
moment variation does not excite any orbital eccentricity because
the period of the oscillation of the angle α is much longer than the
orbital period (cf. Phinney 1992; Lanza & Rodonò 2001), so we
shall assume ṙ = 0 in our equations of motion.
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The first of equations (24) with r̈ = 0 provides a generalization
of the Kepler III law that we write

r3ḟ 2 = GMT

[
1 + 9

2

1

Mr2

(
δQ + 1

2
T cos 2α

)]
	 GMT, (25)

where we neglect the second term in the square brackets because it
is of the order of 10−6 or smaller with respect to the unity.

Now consider the second and the third of equations (24). Their
sum can be immediately integrated with respect to the time to give
the conservation of the total (orbital + spin) angular momentum J
of the system:

Ipϕ̇ + mr2ḟ = J . (26)

Making use of the Kepler III law, we can recast this as

Ipϕ̇ + m(GMT)2/3ḟ −1/3 = J . (27)

By subtracting the second of the equations (24) from the third,
considering that ṙ = 0, and the definition of α ≡ f − ϕ, we obtain
an equation for α

α̈ + 1

2
ω2

P sin 2α = 0, (28)

that is the equation of motion of a simple pendulum making
oscillations of finite amplitude with

ω2
P = 3

GmST

r3

(
1

mr2
+ 1

Ip

)
. (29)

We recast the expression for ωp using Kepler III law and introducing
the mean orbital motion n = 2π /P as

ωp =
√

3n

(
mS

MT

)1/2 (
T

Ip

)1/2 (
1 + Ip

mr2

)1/2

. (30)

Equation (28) has the first integral

1

2
α̇2 + 1

2
ω2

P sin2 α = 1

2
E2, (31)

where E ≥ 0 is a constant of the motion depending on the initial
conditions. The positions of equilibrium falling at α = ± kπ with
k ∈ N correspond to E = 0. The solutions of equation (31) require
E ≥ ωpsin α because α̇2 ≥ 0. For E ≤ ωP, the angle α librates
around a position of equilibrium making oscillations with amplitude
α0 = arcsin(E/ωP) with α̇ = 0 when α = ±α0. On the other hand,
if E > ωP, the angle α circulates, that is, it varies in a monotone
way because α̇ is never equal to zero and never changes its sign.

2.5.1 Libration

The period of libration is given by

Plibr = 4

ωp
K (sin α0) , (32)

where K(γ ) with γ < 1 is the complete elliptical integral of the first
kind (see Appendix A). The period diverges for E/ωp = sin α0 →
1 because K(γ ) → ∞ as γ → 1. Note that the cycle of the orbital
period is one-half of the libration period because of the 2α argument
in the equations of motion (24). The maximum and minimum of α̇

are given by

α̇max = ωp sin α0

α̇min = −ωp sin α0 (33)

and corresponds to the extrema of the orbital period. These equa-
tions imply

α̇max − α̇min = 2ωp sin α0. (34)

Twice during a libration period, α̇ = 0 that corresponds to ϕ̇ =
ḟ ≡ ḟ0. This allows us to write the total angular momentum as

J = (
Ip + mr2

0

)
ḟ0, (35)

where r0 is the orbital radius that corresponds to the orbital angular
velocity ḟ0. Using the conservation of the total angular momentum,
the expression for α̇ can be written as

α̇ = ḟ − ϕ̇ = − J

Ip
+

(
1 + mr2

Ip

)
ḟ , (36)

where we applied equation (26) to express ϕ̇ in terms of ḟ . Making
use of equation (35), Kepler III law to express r in terms of ḟ in the
case of a circular orbit, and taking into account that the variation of
ḟ is very small in comparison with its mean value, we find

α̇ =
(

1 − mr2
0

3Ip

)(
ḟ − ḟ0

)
. (37)

In the case of a circular orbit, ḟ = 2π/P , therefore, we can use
equation (37) to recast equation (34) in terms of the relative variation
of the orbital period �P/P introducing the mean orbital motion n ≡
2π /P, where P is the mean orbital period(

mr2
0

3Ip
− 1

)
�P

P
= 2

(ωp

n

)
sin α0. (38)

This equation can be used to evaluate sin α0 from the observations
when ωp is determined from the quadrupole term T that in turn
depends on the magnetic field of the flux tube considered in our
model. The value of sin α0 must be consistent with that derived
from the length of the modulation cycle by means of equation (32).
In practice, since T is unknown, we iterate between equations (38)
and (32) until we find the values of T and sin α0 that satisfy both the
two equations for the observed values of Pmod = Plibr/2 and �P/P.
For r0 we take the orbital radius corresponding to the mean period
P given the very small variation of the period itself.

Finally, we compute the total variation of the angle α during
one cycle of the orbital period modulation that must be close to
2α0 ≤ 2π rad for consistency with equation (38). Considering the
conservation of the total angular momentum, we find

|�α| = 2π

(
mr2

0

3Ip
− 1

) |O − C|
P

, (39)

where |O − C| is the amplitude of the difference between the
observed mid-eclipse times O and those computed with a constant-
period ephemeris C.

2.5.2 Circulation

When E > ωP, the angle α circulates with the period (cf.
Appendix A):

Pcirc = 4

ωp

(ωp

E

)
K

(ωp

E

)
, (40)

that again diverges for ωp/E → 1. From the energy integral (31),
we derive the minimum and the maximum of α̇ as

α̇2
max = E2

α̇2
min = E2 − ω2

p. (41)
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1826 A. F. Lanza

Subtracting these equations from each other and with little algebra,
we obtain

(α̇max + α̇min) (α̇max − α̇min) = ω2
p. (42)

Since the variation of α̇ is very small in comparison with its mean
value, we can express α̇max and α̇min as

˙αmax = 〈α̇〉 + dα̇,

˙αmin = 〈α̇〉 − dα̇, (43)

where 〈α̇〉 = (1/2) (α̇max + α̇min) is the mean value of α̇ along
one cycle of the period modulation and dα̇ can be derived by
differentiating equation (27) and applying the definition of the angle
α as

dα̇ =
(

1 − mr2
0

3Ip

)
dḟ , (44)

where r0 is the orbital radius corresponding to the mean orbital
period P and dḟ is the difference in ḟ with respect to the value
2π /P corresponding to the mean orbital period.

We can introduce the mean degree of asynchronism of the rotation
of the active component with respect to the mean orbital motion as

ηAS ≡ n − 〈ϕ̇〉
n

, (45)

where n = 2π /P and 〈ϕ̇〉 is the mean spin angular velocity of the
active star along one cycle of the period modulation. The mean
asynchronism ηAS > 0 because tides transfer angular momentum
from the orbit to the rotation of the active primary to compensate for
the angular momentum lost through its magnetized wind on time-
scales much longer than those of the orbital period modulation (cf.
Section 2.6). In defining ηAS we implicitly assumed that the active
star is rotating rigidly with a mean angular velocity � = 〈ϕ̇〉. We
shall discuss the validity of this hypothesis later. We express the
mean of α̇ in terms of ηAS as

〈α̇〉 = nηAS. (46)

Differentiating ḟ = 2π/P and using the above definitions, finally
we write equation (42) as

2ηAS

(
mr2

0

3Ip
− 1

)
�P

P
=

(ωp

n

)2
(47)

that can be used to evaluate ηAS from the observed amplitude of
the orbital period modulation when the value of ωp, that depends
on T (cf. equation 29), is known. Another equation to compute
the pendulum energy E can be obtained from the second of
equations (41) giving
(

E

ωp

)2

= 1 + ηAS

[
ηAS −

(
mr2

0

3Ip
− 1

)
�P

P

](ωp

n

)−2
. (48)

As in the case of the librating solution, the value of the quadrupole
moment T is in general unknown, but we can iterate to find a
consistent solution to the three equations (40), (47), and (48) that
reproduces the observed period of the modulation Pmod = Pcirc/2
and its amplitude �P/P.

2.6 Tidal and stellar wind torques

Now we add the effects of the tidal and wind torques that were
previously neglected in equation (28)

α̈ + 1

2
ω2

p sin 2α + α̇

tsyn
= −Nw

Ip
, (49)

where tsyn is the tidal synchronization time-scale that depends on
the tidal torque �tide as tsyn ≡ Ip/�tide, and Nw is the torque of the
magnetized stellar wind with Nw < 0 in order to have a steady loss
of angular momentum.

By averaging equation (49) over the period of the modulation
Pmod, the only surviving terms are

〈α̇〉
tsyn

= −Nw

Ip
. (50)

In other words, on time-scales equal to Pmod or longer, the tidal
torque extracts angular momentum from the orbital motion of the
binary to compensate for the loss in the active component due to
its magnetized wind. To make this transfer possible, the rotation
of the active component cannot be perfectly synchronized with the
orbital motion, in other words, 〈α̇〉 �= 0. Noting that 〈α̇〉 = n −
�, we define the expected degree of asynchronism of the active
component ηwt as

ηwt = n − �

n
= −Nwtsyn

nIp
, (51)

where we made use of equation (50).
To evaluate the tidal torque �tide acting on the active star, we

follow Mardling & Lin (2002) considering a circular orbit (cf. their
equation 54):

�tide = − 9

2Q′
m2

S

MT

√
GMTR

(
R

a

)9/2

(� − n) , (52)

where Q
′
is the modified tidal quality factor of the active component

that describes the efficiency of the tidal energy dissipation inside
the star. Therefore, the tidal time-scale in equation (49) is given by

tsyn = 2Q′

9

MT

m2
S

Ip√
GMTR

( a

R

)9/2
. (53)

The lag angle αtide between the tidal bulge and the line joining the
centres of the two components is related to Q

′
as

αtide ∼ 1

Q′ , (54)

where Q
′ � 1. The modified tidal quality factor depends on the

internal structure of the star and on the tidal frequency, ω̂ = 2(� −
n), because the semidiurnal tide dominates in the case of a circular
and coplanar orbit (Ogilvie 2014). For nearly synchronous close
binaries (|ω̂| < 2�), the excitation of inertial waves by the time-
varying tidal potential increases the dissipation in a remarkable way,
so we assume Q

′ ∼ 105–106 corresponding to a strong tidal coupling
between the components, further increased by the fast rotation of
the stars (cf. Ogilvie & Lin 2007, who found Q

′ ∝ �−2). On the
other hand, the tidal dissipation is much lower in the case of the
stars hosting hot Jupiters because they are far from synchronous
rotation (|ω̂| ≥ 2�). In that case Q

′ ∼ 107–108 (Ogilvie & Lin
2007; Bonomo et al. 2017; Collier Cameron & Jardine 2018).

The large values of Q
′

imply very small values of αtide which
means that the non-axisymmetric tidal bulge is almost perfectly
aligned with the two components. Note that αtide cannot oscillates
because the tidal bulge of the active star is always lagging the
orbital motion of the companion to transfer angular momentum
from the orbit to the stellar rotation in order to compensate for the
wind torque. Therefore, we neglect the fixed quadrupole component
associated with the tidal bulge in equation (21).

The wind torque Nw can be obtained from equation 4 of Amard
et al. (2016) considering that the angular momentum loss rate
is in the saturated regime in the case of the fast-rotating active
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components of close binary systems. On the other hand, in the
case of stars with hot Jupiters, we can use their equation 5 because
the stellar wind is in the unsaturated regime, except for young
hosts rotating faster than the saturation angular velocity �sat 	
(10 − 12)��. The expression for Nw in the saturated regime is

Nw = −Kw � �2
sat

(
R

R�

)1/2 (
M

M�

)−1/2

, (55)

with Kw = 2.7 × 1040 kg m2 s. Considering a typical RS CVn
system with an active component of M = 1.3 M� and R = 4.0 R�,
a secondary with mS = 1.3 M�, a = 4R, P = 3 d, and Q

′ = 106,
we obtain ηwt = 3.4 × 10−6 from equation (51) that is compatible
with the values of ηAS that will be derived from our model in
Section 3. Note that a stronger tidal interaction as parametrized by
a smaller Q

′
would imply a smaller value of ηAS because a smaller

degree of asynchronism would be sufficient to drain enough angular
momentum from the orbit to balance the losses in the wind.

When comparing the present estimates with the results obtained
with the model in Section 2.5.2, we do not expect that ηAS and
ηwt will coincide because of the large uncertainties in the tidal and
wind theories. The expressions for Q

′
and Nw have been calibrated

with main-sequence F, G, and K stars belonging to open clusters
of different ages and with rotation periods �1–2 d. Therefore, their
extrapolations to the case of active subgiant stars in Algols and
RS CVn’s systems or to the K or M main-sequence stars in CVs
or PCEBs with rotation periods below 0.5 d can be remarkable in
error. In other words, we cannot expect a coincidence between ηAS

and ηwt better than within 1−2 orders of magnitude.

2.7 Variation of stellar rotation

Combining the conservation of the total angular momentum (equa-
tion 26) with Kepler III law and considering that the system is nearly
synchronous (� ∼ n), we can compute the variation of the stellar
angular velocity � associated with a relative variation of the orbital
period �P/P:

��

�
= −mr2

0

3Ip

�P

P
. (56)

Therefore, our model predicts that a decrease of the orbital period
�P/P < 0 is accompanied by a spin-up of the active component,
while an increase of the period is associated with a spin-down of
the stellar rotation. For typical values �P/P ∼ (0.1 − 1) × 10−5 and
mr2/Ip ∼ 25–100, we predict variations with a relative amplitude of
��/� ∼ (0.1 − 10) × 10−4 that could be observable if the lifetimes
of star-spots and magnetic features, used as rotation tracers, were at
least of the order of 103 rotation periods, that is, comparable with
2π /�� if a variation �� is to be measured. The existence of such
extremely long-lived features is questionable (Bradshaw & Hartigan
2014; Giles et al. 2018), therefore, such very small rotation changes
are likely impossible to measure. Note that these oscillations of
the mean angular velocity of the active component are averaged
out when we consider time-scales equal to or longer than the
modulation cycle Pmod. Thus they do not contribute to the mean
level of asynchronous rotation ηAS as defined in Section 2.5 or to
ηwt in Section 2.6, the amplitude of which is two or three orders of
magnitude smaller.

The torque accelerating or decelerating the stellar rotation basi-
cally acts on the magnetic flux tube where the density perturbation
is localized, thus the transferred angular momentum needs to be
redistributed through the whole convection zone for the effects to
be observable. Reynolds stresses produced by turbulent convective

motions can be regarded as relevant transporters of angular momen-
tum producing this redistribution over a characteristic time-scale
τRS ∼ R2/ν turb, where R is the radius of the star and ν turb = (1/3)lvc

the kinematic turbulent diffusivity with l being the mixing length
and vc the convective velocity (cf. Rüdiger & Hollerbach 2004).
In rapidly rotating late-type stars, the turbulent transport becomes
anisotropic, thus transport coefficients should be substituted by
tensors the components of which are strongly dependent on angular
velocity and magnetic field components (e.g. Warnecke et al. 2018).
Generally, the transport of angular momentum is quenched with
respect to the simple mixing-length estimate adopted above with a
decrease of ν turb by approximately one order of magnitude when the
magnetic field is ∼3 times the equipartition value. Nevertheless, in
a strongly magnetized convection zone, the Maxwell stresses may
redistribute the angular momentum on a time-scale comparable with
the Alfven crossing time τALF along the magnetic flux tube from
its base at r = rb to the surface at r = R, that is shorter than the
turbulent diffusion time. Therefore, the actual redistribution time in
our active stars should fall in between the two extremes τALF and
τRS depending on the relative contributions of the two mechanisms
that are not possible to predict without a detailed modelling.

As we shall see in Section 3, in the active components of
close binary systems, neglecting turbulent transport quenching,
τRS is comparable or longer than the modulation cycle of the
orbital period, while τALF is remarkably shorter, suggesting that
a significant fraction of the transferred angular momentum can be
redistributed over the whole convection zone of the active star during
the modulation cycle thanks to the Maxwell stresses. In other words,
the above estimate of ��/� can be regarded as an upper limit to
the observable variation, although the latter should not be much
smaller.

A relative variation of the rotation �10−3 is comparable with
or smaller than the observed amplitudes of the differential rotation
in the active components of RS CVn binaries or single rapidly
rotating solar-like stars such as AB Dor that has a rotation period
of 12 h. The strong internal magnetic fields of such stars produce
fluctuations of the surface differential rotation that have amplitudes
comparable with the differential rotation itself owing to the effects
of the Lorentz force (e.g. Donati & Collier Cameron 1997; Donati
1999; Collier Cameron & Donati 2002; Collier Cameron, Donati &
Semel 2002; Donati, Collier Cameron & Petit 2003; Barnes et al.
2005). Therefore, the observation of the cyclic variations predicted
by our model may be hampered by the internal redistribution of
the angular momentum in the active component due to its strong
magnetic fields.

2.8 Systems with hot Jupiters

Stars hosting hot Jupiters are generally far from synchronous
rotation, except in a few notable cases, such as that of τ Bootis
(Borsa et al. 2015; Damiani & Lanza 2015). When ηAS ∼ 1, we can
only have circulation and the expected orbital period modulation
is very small according to equations (29) and (47), that is, of the
order of �P/P ∼ 10−10 even in the case of very active stars. The
reason is that the exchange of angular momentum between the orbit
and the spin of the active star becomes very inefficient because the
angle α changes on the time-scale of the stellar rotation, that is,
much shorter than the typical period Pmod of the modulation cycles.
Only if the system is close to synchronization, so that α changes
slowly, the small torque produced by the density perturbation in the
magnetized plasma has time to transfer enough angular momentum
to produce an observable variation of the orbital period.
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Table 1. System and active star parameters.

System M R L rb/R mb/M Ip mS P mr2
0 /Ip ηwt τRS Ref.

(M�) (R�) (L�) (kg m2) (M�) (d) (yr)

HR 1099 1.3 4.255 9.327 0.193 0.257 3.218 × 1048 1.05 2.83774 24.303 6.675 × 10−7 ∼56 1
V471 Tau 1.0 0.941 0.834 0.724 0.975 7.056 × 1046 0.875 0.52118 67.14 2.966 × 10−6 ∼36 2
NN Ser 0.15 0.171 3.812 × 10−3 0.0 0.0 8.981 × 1044 0.57 0.13 112.06 1.063 × 10−3 ∼1.8 3

Note. References for system parameters: 1: Lanza et al. (2006); 2: Vaccaro et al. (2015); 3: Brinkworth et al. (2006).

We conclude that our model does not predict observable orbital
period modulations in systems with hot Jupiters, unless the star is
very active and the system close to synchronization. However, even
if those requirements are fulfilled, we expect to see modulations
with an amplitude smaller than in the case of active close binaries
because the term mr2

0 /Ip is larger by a factor of ∼5–20 in systems
with hot Jupiters.

3 A PPLICATIONS

In this section, we consider only three representative cases to
illustrate the application of the model developed in Section 2 and
defer to a successive work a systematic application to a larger sample
of binary stars.

The relevant parameters of our systems and of their active
components are listed in Table 1. This table reports from the left to
the right, the name of the binary system; the mass M of the active
component; its radius R; its luminosity L; the relative radius at the
base of its convection zone rb/R; the mass fraction mb/M at radius rb;
the moment of inertia of the active star about its spin axis Ip; the mass
mS of the secondary component of the system; the orbital period
P; the ratio of the orbital to the stellar moment of inertia mr2

0 /Ip;
the expected relative asynchronization ηwt according to the tidal and
wind theory in Section 2.6, computed for Q

′ = 106 and assuming that
the wind angular momentum loss rate is saturated; an estimate of the
turbulent diffusion time τRS ∼ R2/ν turb, where ν turb is the mean of the
turbulent diffusivity (see Section 2.7); and the literature reference
for the system parameters. We do not consider rotational or magnetic
quenching of the turbulent diffusion, therefore, the estimated τRS is
a lower limit that can differ by 1–2 orders of magnitude from the
true time-scale in the case of very active stars (cf. Section 2.7).

The parameters of the active components are derived from
internal structure models computed for the given masses M with
the MESA (Paxton et al. 2011) web interface assuming a metallicity
Z = 0.02, a ratio of the mixing length l to the local pressure scale
height Hp, l/Hp = 2.0, and without including the structure effects of
rotation and overshooting.1 The mass M of the primary, the orbital
period P, the mass of the secondary mS, and the orbital radius r0

come from the indicated literature references, respectively.
The vertical magnetic flux tube in our model is assumed to be in

the equatorial plane (ζ = π /2) with an angular radius θ0 = 30◦ in
all the considered active stars giving a filling factor of 6.7 per cent,
that is, perfectly compatible with the star-spot coverage observed in
RS CVn systems and other active binaries that ranges between ≈10
and ≈50 per cent (e.g. Neff, O’Neal & Saar 1995; Rodono et al.
1995). Note that increasing θ0 for a fixed value of the quadrupole
moment variation decreases the magnetic field strength at the base
of the flux tube B0 (cf. equations 13, 15, and 16). Our choice of a
relatively small filling factor at the base of the stellar convection

1http://mesa-web.asu.edu/

zone, corresponding to the adopted θ0 = 30◦, is therefore rather
conservative and gives an upper limit for the field strength in the
flux tube.

3.1 HR 1099

HR 1099 is a detached binary of the RS CVn type for which the
orbital period modulation is very large (�P/P ∼ 9 × 10−5) and
cannot be explained by a light-time effect as confirmed by the
constancy of the radial velocity of its barycentre (Donati 1999;
Frasca & Lanza 2005). The length of the cycle of its orbital
modulation is Pmod ≈ 36 yr, while the star-spot cycle of the active
component has a period of ∼14–19 yr (e.g. Lanza et al. 2006;
Muneer et al. 2010; Perdelwitz et al. 2018). The analysis of Muneer
et al. (2010) found a somewhat smaller relative amplitude of the
period modulation �P/P ∼ 5 × 10−5, but we adopt the larger
value given in previous studies to put a stronger constraint on our
model. Indeed, this system has been considered as a benchmark for
a comparison of different models of orbital period modulation (e.g.
Lanza 2005, 2006; Völschow et al. 2018).

Considering first the case of a libration of the angle α, we solve
simultaneously equations (32) and (38) by successive iterations
and find the model parameters listed in the first row of Table 2.
In this table, we report from the left to the right the name of the
binary system; the modulation period Pmod = Plibr/2 as derived
from the model equations; the quadrupole moment T; the libration
pulsation ωp; the sine of the limiting angle of libration α0; the
estimate of the maximum excursion of the angle α based on the
observed amplitude O − C and equation (39); the magnetic field B0

in the flux tube at the base of the convection zone; the total magnetic
energy Emag of the field in the flux tube; the time required by the
stellar luminosity L to supply the energy Emag; the radius rL where
the plasma pressure becomes smaller than three times the magnetic
energy density; and the Alfven crossing time along the magnetic
flux tube from the base of the convection zone to the surface of the
star.

The librating solution is acceptable in the case of HR 1099,
although the energy of the oscillator is very close to the limit E/ωp =
sin α0 = 1 beyond which the angle α circulates. The value of |�α| is
uncertain in this system because we do not have observed a complete
cycle of the modulation yet (cf. Lanza et al. 2006). Assuming
the revised ephemeris of Muneer et al. (2010), just one complete
cycle appears to have been covered with an O − C amplitude of
0.17 d that yields |�α| = 144.◦14 giving sin α0 = 0.9514 that is not
incompatible with the value found from the libration model, given
the uncertainties.

The magnetic field intensity and energy found in the case of libra-
tion are perfectly feasible and require a small amount of the energy
available from the stellar luminosity to support the hydromagnetic
dynamo that should maintain the field against turbulent diffusion,
the latter operating with a time-scale τRS comparable or slightly
longer than the modulation cycle.
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Table 2. Parameters of the libration models computed for the orbital period modulation of the listed binary systems (see text for discussion).

System Pmod |T|/Ip ωp/n sin α0 |�α| B0 Emag Emag/L rL/R τALF

(yr) (deg) (T) (J) (yr) (yr)

HR 1099 35.95 7.328 × 10−8 3.198 × 10−4 0.999 263 58 324.31 7.8124 3.064 × 1033 0.027 0.994 98 0.395
V471 Tau 35.25 4.213 × 10−10 2.451 × 10−5 0.743 682 41 51.55 0.8400 6.931 × 1030 6.82 × 10−4 0.9987 0.078
NN Ser 16.02 1.001 × 10−10 1.548 × 10−5 0.876 382 61 69.91 0.3550 4.444 × 1027 9.57 × 10−5 1.0 2.727

Table 3. Parameters of the circulation models computed for the orbital period modulation of the listed binary systems (see text for discussion).

System Pmod |T|/Ip ωp/n ωp/E ηAS B0 Emag Emag/L rL/R τALF

(yr) (T) (J) (yr) (yr)

HR 1099 28.50 5.854 × 10−7 9.038 × 10−4 1–1.0 × 10−8 6.391 × 10−4 22.162 2.463 × 1034 0.217 0.9901 0.139
V471 Tau 35.44 1.882 × 10−9 5.180 × 10−5 0.997 558 3.681 × 10−5 1.779 3.101 × 1031 0.003 0.9978 0.037
NN Ser 16.61 6.151 × 10−10 3.839 × 10−5 0.999 897 2.715 × 10−5 0.880 2.732 × 1028 5.9 × 10−4 1.0 1.100

On the other hand, the parameters of the circulation models are
listed in Table 3, where the contents of the columns are the same as
in Table 2, except for ωp/E and the relative asynchronization ηAS that
comes from equation (47). In the case of HR 1099, the circulating
solution requires a ratio ωp/E extremely close to 1 because even a
deviation as small as 10−8 is not sufficient to reproduce the period
of the modulation (cf. the first row of Table 3). Therefore, in the
case of HR 1099, our preference is given to the libration model.

The change in stellar rotation along a cycle of the orbital period
modulation, computed with equation (56), is ��/� 	 6.94 × 10−4.
It is probably an upper limit for the observable variation because
the turbulent diffusion of the angular momentum takes a time-scale
comparable or longer than the modulation cycle. On the other hand,
if the angular momentum is mainly redistributed by the Maxwell
stresses, the stellar rotation can be adjusted on a shorter time-scale
because τALF is ∼0.4 yr.

The kinetic energy variation associated with the transfer of
angular momentum from the orbit to the spin of the active star
is �T = 1.541 × 1036 J. Even if all the kinetic energy �T were
dissipated inside the active component, the mechanism would still
be perfectly feasible from an energetic point of view because the
stellar luminosity requires only 13.6 yr to supply this amount of
energy, that is only 1/3 of the duration of the modulation cycle.
As a matter of fact, the amount of dissipated energy is certainly
lower than �T because the shear associated with the differential
rotation is very small in the active component of HR 1099 (cf.
Donati et al. 2003). From an observational point of view, the relative
change in the rotation rate of the star-spots along the activity cycle
of HR 1099 is ∼1.1 × 10−3 (Lanza et al. 2006), that is larger
than the predicted variation of the stellar rotation due to the spin–
orbit angular momentum exchanges. Therefore, the variation of
the rotation rate of the star-spots associated with their latitudinal
migration along the cycle may hide the variation expected along the
longer cycle of the orbital period modulation.

3.2 V471 Tauri

The second system to which we apply our model is the PCEB
V471 Tauri that was also considered in several previous investiga-
tions of the orbital period modulation. It shows a modulation with
an amplitude �P/P 	 8.5 × 10−7 and Pmod ∼ 35 yr (cf. Marchioni
et al. 2018). We assume that the modulation is due to the mechanism
proposed in this paper, although the possibility of a light-time effect

due to a third body cannot be completely ruled out with the present
data.

Both the libration and the circulation models are feasible for this
system from the point of view of the parameters and the energy
required to support the magnetic field. Only a very small fraction
of the stellar luminosity is required to power the hydromagnetic
dynamo to maintain the magnetic field against turbulent diffusion
that has a time-scale comparable with the modulation cycle of the
orbital period. In the case of libration, the excursion |�α| computed
from the observed O − C amplitude and period is smaller than 2α0,
but again this could be a consequence of having observed only one
cycle of the modulation, so its period and amplitude are not well
constrained (cf. Marchioni et al. 2018).

The relative amplitude of the variation of the angular velocity as
given by equation (56) is ��/� = 3.816 × 10−5 that is too small to
be observable. The associated variation of the kinetic energy of the
spin of the active star is �T = 5.241 × 1034 J with a luminosity
time-scale �T /L = 5.16 yr, that is less than 1/4 of the modulation
cycle. Therefore, the possible dissipation of the kinetic energy
�T inside the active component has no impact on the energetic
feasibility of the mechanism.

3.3 NN Serpentis

This is a PCEB detacted binary, worth of investigation because
the modulation of the mid-eclipse times, interpreted as a light-time
effect, points to the presence of two planetary companions around
the binary whose orbits can be stable on a time-scale comparable
with the estimated age of the system (Brinkworth et al. 2006; Bours
et al. 2016). The amplitude of the modulation is �P/P ∼ 7.5 × 10−7

with Pmod ∼ 16 yr (Bours et al. 2016).
Here we explore an interpretation in terms of an intrinsic

orbital period modulation due to the proposed model. The active
component is a very low-mass main-sequence star accompanied by
a more massive white dwarf. Assuming a mass of only 0.15 M� for
the active star, its internal structure is fully convective. To avoid a
divergence of the magnetic field inside our model flux tube at the
centre of the star, we assume that the flux tube extends from the mid
of the convection zone to the surface, thus the value B0 refers to a
base radius rb = 0.5 R.

The libration model seems to be preferable for this system in
terms of a less extreme value of ωp/E, although again |�α| is not
coincident with 2α0. However, the relative variation of the stellar
spin coming from equation (56) is ��/� = 2.789 × 10−5 implying
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a kinetic energy change of �T = 7.837 × 1033 J and a luminosity
time-scale of �T /L = 168.75 yr, much longer than the modulation
cycle. We conclude that, even if less than 10 per cent of the kinetic
energy �T is dissipated during the operation of the mechanism, the
very small stellar luminosity does not appear capable to supply the
required energy along one modulation cycle. This gives support to
the interpretation of the apparent orbital period changes in terms of
a light-time effect.

4 D I S C U S S I O N A N D C O N C L U S I O N S

We have introduced a new model to explain the orbital period
modulation observed in detached and semidetached close binary
systems with a late-type magnetically active component. An illus-
trative application to three representative systems shows that the
model is capable of accounting for the observations, except in the
case of an extremely low-mass active component star (cf. Section 3).

Our model assumes that an internal magnetic field produces a
non-axisymmetric quadrupole moment that persists for time-scales
longer than the orbital period modulation. This is suggested by the
observation of active longitudes that persist for very long times
in active stars (see Section 2.1). From a theoretical point of view,
we may invoke α2-type dynamos in those rapidly rotating stars,
where the helicity of convective motions imparted by the Coriolis
force may dominate over the effects of the differential rotation, to
produce steady magnetic fields (Rüdiger et al. 2002; Rüdiger &
Hollerbach 2004). A mixture of steady and oscillating fields can
be produced according to the profile of the hydromagnetic α-effect
or by the simultaneous operation of different kinds of dynamos
in different layers of the stellar convection zone, thus accounting
for the magnetic cycles observed in those stars (Rüdiger et al.
2002; Oláh et al. 2009). Stellar cycles on century time-scales can
account for very long-term orbital period modulations such as those
observed in the prototype Algol (Soderhjelm 1980) because they can
modulate the internal magnetic field and the associated quadrupole
moment on those time-scales.

Our model is based on a coupling of the spin of the active star
with the orbital motion of the binary that is directly mediated by
the non-axisymmetric stellar quadrupole moment and not by tides
whose time-scale is much longer. The cyclic exchange of angular
momentum between the stellar spin and the orbit is responsible
for the modulation of the orbital period. A consequence of this
exchange is the variation of the stellar rotation along the cycle of the
modulation with relative amplitudes of the order of 10−5–10−4 (cf.
Sections 2.7 and 3). They are in general too small to be detectable,
but may play a role in modulating stellar activity because they might
excite torsional oscillations in the large-scale stellar poloidal field
that could account for the approximately 2:1 ratio of the periods of
the orbital modulations and star-spot activity cycles as observed in
some systems (see Lanza et al. 1998; Lanza & Rodonò 2004, for
details).

The most attractive feature of the proposed model is its capability
of easily verifying all the constraints imposed by energy conserva-
tion. In particular, the energy available from the stellar luminosity
along one cycle of the modulation is more than sufficient to support
the proposed mechanism, except in very low mass stars such as in
NN Ser (M�0.15 M�). This is not the case with the quadrupole
moment change models of Applegate (1992) or Lanza et al. (1998)
as demonstrated by, e.g. Lanza (2006) or Völschow et al. (2018).

Our model gives observable orbital period modulations only
in systems that are close to tidal synchronization, while predict-

ing negligible orbital period variations in transiting hot Jupiter
systems because they are generally far from synchronization (cf.
Section 2.8). Indeed, the change in the angle α between the principal
axis of inertia of the active component and the orbital radius vector
produces an additional very small variation of the orbital period
because α appears in the generalized Kepler III law in equation (25).
The relative variation is �P/P ∼ 10−8–10−7 in RS CVn and Algol
binaries and �P/P ∼ 10−11–10−10 in PCEBs and CVs systems
having a main-sequence active star. Therefore, they are much
smaller than the variations produced by the spin–orbit coupling
considered in our model and can be completely neglected in the case
of stellar binary systems. Nevertheless, they could be detectable in
the case of hot Jupiter systems, if very accurate measurements of
their orbital periods become available because the expected relative
changes are at the level of 10−11–10−10.

Finally, we consider the similarity between our model and that
proposed by Applegate (1989). Although the basic equations are
similar, he considered much larger values of T/Ip leading to modula-
tion periods remarkably shorter than the observed modulation cycles
in close binaries. The estimates of the tidal dissipation efficiency
available at that time were remarkably smaller than what we used in
this work and this may have prevented Applegate from discovering
the kind of solutions exploited in the present model. In particular, the
strong tidal coupling occurring in late-type synchronized binaries
was not recognized until the works by Meibom & Mathieu (2005)
and Ogilvie & Lin (2007). It represents a crucial ingredient of the
present model because it leads to a small level of asynchronization
ηAS that implies a slow variation of the angle α. This gives sufficient
time for the torque associated with the small non-axisymmetric
quadrupole moment to transfer angular momentum back and forth
from the stellar rotation to the orbit (cf. Sections 2.1, 2.6,
and 2.8).
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A P P E N D I X A : C O M P U TAT I O N O F TH E
L I B R AT I O N A N D C I R C U L AT I O N PE R I O D S

To compute the period of libration, we note that it corresponds
to four times the time taken to go from α = 0 to the maximum
excursion α0 = arcsin(E/ωp). In other words, the libration period
is

Plibr = 4
∫ α0

0

(
dt

dα

)
dα = 4

∫ α0

0

dα

α̇
, (A1)

where α̇ comes from equation (31). In this way, we obtain

Plibr = 4

ωp

∫ α0

0

dα√
sin2 α0 − sin2 α

. (A2)

Introducing a new angular variable ξ as sin ξ ≡ sin α/sin α0, we
have

dα = sin α0
cos ξ√

1 − sin2 α0 sin2 ξ
dξ. (A3)

Changing the variable of integration from α to ξ in equation (A2),
we have

Plibr = 4

ωp

∫ π/2

0

dξ√
1 − sin2 α0 sin2 ξ

= 4

ωp
K(sin α0), (A4)

where K(γ ) is the complete elliptical integral of the first kind with
γ < 1. For small values of γ ,

K(γ ) 	 π

2
+ π

8

γ 2

1 − γ 2
− π

16

γ 4

1 − γ 2
+ .... (A5)

In the case of the circulating solution E > ωp, α̇ has always the
same sign, and we can again consider that the period is four times
the time taken to go from α = 0 to α = π /2:

Pcirc = 4

E

∫ π/2

0

dα√
1 − (ωp/E)2 sin2 α

= 4

E
K

(ωp

E

)
. (A6)
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