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ABSTRACT

Context. An equation of state (EoS) is a relation between thermodynamic state variables and it is essential for closing the set of
equations describing a �uid system. Although an ideal EoS with a constant adiabatic index� is the preferred choice owing to its
simplistic implementation, many astrophysical �uid simulations may bene�t from a more sophisticated treatment that can account for
diverse chemical processes.
Aims. In the present work we �rst review the basic thermodynamic principles of a gas mixture in terms of its thermal and caloric
EoS by including e� ects like ionization, dissociation, and temperature dependent degrees of freedom such as molecular vibrations
and rotations. The formulation is revisited in the context of plasmas that are either in equilibrium conditions (local thermodynamic-
or collisional excitation-equilibria) or described by non-equilibrium chemistry coupled to optically thin radiative cooling. We then
present a numerical implementation of thermally ideal gases obeying a more general caloric EoS with non-constant adiabatic index
in Godunov-type numerical schemes.
Methods. We discuss the necessary modi�cations to the Riemann solver and to the conversion between total energy and pressure (or
vice versa) routinely invoked in Godunov-type schemes. We then present two di� erent approaches for computing the EoS. The �rst
employs root-�nder methods and it is best suited for EoS in analytical form. The second is based on lookup tables and interpolation
and results in a more computationally e� cient approach, although care must be taken to ensure thermodynamic consistency.
Results. A number of selected benchmarks demonstrate that the employment of a non-ideal EoS can lead to important di� erences in
the solution when the temperature range is 500� 104 K where dissociation and ionization occur. The implementation of selected EoS
introduces additional computational costs although the employment of lookup table methods (when possible) can signi�cantly reduce
the overhead by a factor of� 3� 4.
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1. Introduction

An equation of state (EoS) is a relationship between state vari-
ables of a thermodynamic system under certain physical condi-
tions. Such a constitutive equation provides the necessary clo-
sure for a complete mathematical description of a �uid system
in addition to the conservation laws of mass, momentum and
energy. Numerical simulations of astrophysical systems such as
interstellar medium (ISM), planetary atmospheres, stellar evolu-
tion, jets and out�ows, require the inter-play of various thermal,
radiative and chemical processes. For such complex systems, us-
ing a simple ideal (or an isothermal) EoS would be considered
a serious limitation. A consistent description for such systems
demands the use of a general EoS that can account for thermal
and chemical processes.

For example, the thermodynamic state of the gas plays a piv-
otal role in governing the fragmentation of self-gravitating and
turbulent molecular clouds (e.g., Spaans & Silk 2000; Li et al.
2003; Jappsen et al. 2005). The balance between heating and
cooling in molecular clouds is approximated by using a poly-
tropic EoS,p / � � . Multiple smoothed particle hydrodynami-
cal simulations with di� erent adiabatic indices, 0:2 < � < 1:4
(Spaans & Silk 2000) were used to show that the degree of frag-
mentation decreases with increasing value of� (Li et al. 2003).
Jappsen et al. (2005) showed that the thermal properties of the
gas determine the stellar mass function (IMF) using a piecewise

poly-tropic EoS. Such empirical forms of EoS in general de-
pend on chemical abundances and complex atomic and molecu-
lar physics.

Numerical simulations studying thermo-chemical evolution
of early structure formation used an e� ective adiabatic in-
dex, � e� , to relate internal energy with thermal pressure (e.g.,
Yoshida et al. 2006; Glover & Abel 2008). The value of� e�
is estimated from number fractions of chemical species treating
the chemical composition as an ideal mixture. In the context of
disk instability leading to formation of gas giant planets, Boley
et al. (2007) pointed out the importance of incorporating isotopic
forms of molecular hydrogen, H2, as well the molecular physics
(rotation and vibration) under thermodynamic equilibrium in the
estimate of internal energy. A more complex EoS taking into ac-
count ionization of atomic hydrogen, helium and radiation along
with molecular dissociations is used to study the envelopes of
young planetary cores (D'Angelo & Bodenheimer 2013).

From the computational perspective, procedures to treat dy-
namics of astrophysical plasmas with a general EoS have been
developed by appropriately modifying the Riemann solver as
described, e.g., by Colella & Glaz (1985), Glaister (1988b,a),
Meniko� & Plohr (1989), Liou et al. (1990), Fedkiw et al.
(1997), Hu et al. (2009). Similarly, numerical codes like FLASH
(Fryxell et al. 2000) and CASTRO (Almgren et al. 2010) have
implemented electron-positron EoS (Timmes & Swesty 2000)
using high-order polynomials as interpolating functions. Such
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an EoS based on tabulated Helmholtz free energy is employed
in the study of stellar evolution and supernovae. Falle & Raga
(1993, 1995) incorporated local thermodynamic equilibrium
(LTE) e� ects to model partially ionized hydrogen gas using Saha
Equations to study variable knots produced in stellar jets.

The goal of this paper is to outline a consistent numerical
framework for the implementation of a more general equation
of state in the context of the magnetohydrodynamics (MHD)
equations. Our formulation accounts for di� erent physical pro-
cesses such as atomic ionization and recombination, molecular
dissociation, etc., and it is suitable under equilibrium conditions
(local thermodynamic or collisional ionization equilibria) and
for non-equilibrium optically thin radiative cooling (Teşileanu
et al. 2008). The numerical method is implemented as part of the
PLUTO code (Mignone et al. 2007) and it is built while ensur-
ing thermodynamical consistency, accuracy and computational
e� ciency.

Our starting point are the ideal MHD equations written in
conservation form,

@�
@t

+ r � (� v) = 0 (1)

@(�v )
@t

+ r �
�
� vvT � BBT

�
+ r pt = 0 (2)

@B
@t

� r � (v � B) = 0 (3)

@E
@t

+ r �
�
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�
= � (4)

@(� Xk)
@t

+ r � (� Xkv) = Sk; (5)

where� is the mass density,v is the �uid velocity, B is the mag-
netic �eld, andpt = p+ B2=2 is the total pressure accounting for
thermal (p) and magnetic (B2=2) contributions. The total energy
densityE is given by

E = � e+
1
2

� v2 +
1
2

B2: (6)

An additional EoS relating the internal energy density� ewith p
and � must be speci�ed. This issue is addressed in Sect. 2.
Dissipative e� ects have been neglected for the sake of exposi-
tion although they can be easily incorporated in this framework.

The paper is organized as follows, in Sect. 2 the basic princi-
ples and formulations of general EoS used for the present work
are described. The numerical framework is discussed in Sect. 3.
The results obtained from various test problems are outlined in
Sect. 4 and the concluding remarks are summarized in Sect. 5.

2. Equation of state

2.1. Thermodynamical principles

The principle of conservation of energy in thermodynamics is
commonly known as the �rst law of thermodynamics and can be
expressed as

dU = TdS� pdV; (7)

whereS(U;V) is the entropy. The internal energyU and the vol-
umeV are classi�ed as extensive variables and depend on bulk
properties of the system. Whereas, the intensive variables like
temperatureT and pressurep show no dependence on the size
of the system. An EoS describing such a system is de�ned as
a relation among intensive and extensive variables. A thermal

EoS is an expression relating pressure, temperature and volume
and we will express it asp = p(V;T). Conversely, a caloric EoS
speci�es the dependence of the internal energy of the systemU
on volumeV and temperatureT. The total internal energy,U is
related to the internal energy density (see Eq. (6)) asU=V = � e.

In general, di� erent forms of EoS relations are derived from
empirical results and are used to estimate various thermodynam-
ical properties of a system. Theoretically, statistical principles
can be applied to describe such a system on basis of its micro-
scopic processes using the partition functionZ . For example, the
macroscopic thermodynamic quantities can be obtained from the
following standard relations,

p = kBT
 
@ln Z

@V

!

T

U = kBT2
 
@ln Z

@T

!

V
;

(8)

where, kB is the Boltzmann constant. The previous equation
essentially provides two forms of EoS in terms of partition
function.

An important quantity that relates the pressurep with den-
sity � is the speed of sound, de�ned as

cs =

s  
@p
@�

!

s
; (9)

where the derivative must be taken at constant entropy. The
above de�nition can be further expressed in terms of the �rst
adiabatic exponent,� 1, de�ned as (@ln p=@ln � )s. Thus, Eq. (9)
now becomes

cs =

s  
� 1p
�

!
� (10)

In general the �rst adiabatic exponent� 1 has a functional depen-
dence on temperature and density as

� 1 =
1

CV(T)

 
p

� T

!
� 2

T + � � ; (11)

where,CV(T) is obtained by taking the derivative of the speci�c
gas internal energy,e(T) with respect to temperature at constant
volume while� T and� P are referred to as temperature and den-
sity exponents (see D'Angelo & Bodenheimer 2013),

� T =
 
@ln p
@ln T

!

�
= 1 �

@ln �
@ln T

� � =
 
@ln p
@ln �

!

T
= 1 �

@ln �
@ln �

�

(12)

For an ideal gas, the value of� 1 coincides with the adiabatic
index� , which is essentially the ratio of speci�c heats. In such a
case, the sound speed can be expressed as

cs =

s  
� p
�

!
� (13)

In the present work, we will focus on thermally ideal gases.
These gases have their thermal EoS same as that of an ideal gas.
However, the caloric EoS can have non-linear dependence on
temperature based on various chemical processes taken into con-
sideration (see Sect. 2.3). We point out that, although the analy-
sis presented here is limited to thermally ideal gas, the numerical
implementation described in this work can also be extended to
describe real gases obeying EoS that are not thermally ideal.
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