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ABSTRACT

Because many of our X-ray telescopes are optimized towards observing faint sources, observations of bright sources like X-ray
binaries in outburst are often affected by instrumental biases. These effects include dead time and photon pile-up, which can
dramatically change the statistical inference of physical parameters from these observations. While dead time is difficult to take
into account in a statistically consistent manner, simulating dead-time-affected data is often straightforward. This structure makes
the issue of inferring physical properties from dead-time-affected observations fall into a class of problems common across many
scientific disciplines. There is a growing number of methods to address them under the name of simulation-based inference
(SBI), aided by new developments in density estimation and statistical machine learning. In this paper, we introduce SBI as a
principled way to infer variability properties from dead-time-affected light curves. We use sequential neural posterior estimation
to estimate the posterior probability for variability properties. We show that this method can recover variability parameters on
simulated data even when dead time is variable, and present results of an application of this approach to NuSTAR observations

of the galactic black hole X-ray binary GRS 19154-105.

Key words: methods: data analysis — methods: statistical — X-rays: general.

1 INTRODUCTION

As X-ray telescopes become more sensitive and detect even faint
sources at a high signal-to-noise ratio, systematic biases become
increasingly relevant over statistical fluctuations. Because many
instruments are also optimized for faint sources, bright sources
especially are targets where instrumental effects such as dead time
and photon pile-up can significantly bias astrophysical inferences.

Dead time is an instrumental effect whereby after arrival of a
photon, a photon counting detector cannot record the arrival of
a subsequent photon within a certain time interval. Dead time
can be paralyzable or non-paralyzable. For paralyzable dead time,
subsequent photons, while not measured, impose their own dead
time on the detector, effectively prolonging the interval the detector
cannot record events. In non-paralyzable dead time, photons arriving
during this interval will be lost, but no longer affect the detector.

For bright sources where a significant fraction of photons are lost,
a paralyzable detector might be unable to record for a significant
fraction of the time. Similarly, at high fluxes, a non-paralyzable
detector may effectively record photons at a relatively regular
interval set by the dead time. In both cases, the effect imposes a
regular structure on to the resulting data set, which becomes readily
apparent in Fourier representations of the light curve, and thus affects
measurements of variability properties (Zhang et al. 1995).

The effect of dead time on the periodogram can be easily modelled
under two key assumptions that (1) the variability of the observed
astrophysical source is low, and (2) that the dead time for a given
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detector is constant (Vikhlinin, Churazov & Gilfanov 1994; Zhang
etal. 1995). The latter implies that the dead time must be independent
of photon energy and event grade, i.e. the number and morphology of
pixels involved in the detection of a single event. However, usually
neither of the two above conditions is fulfilled in practice.

Many of the sources we study using X-ray timing exhibit very
strong stochastic or even flare-like variability (e.g. Fender, Belloni &
Gallo 2004; Walton et al. 2017). Moreover, the time a detector stops
to process a given event is often driven by the number of pixels
affected by the event, which is, in turn, related to the event grade
and energy. This can be a problem in missions where the dead
time is comparable to the time-scale of the physically interesting
variability, like the Nuclear Spectroscopic Telescope Array (NuSTAR;
Harrison et al. 2013; see Bachetti et al. 2015), and will be a problem
in future missions like the Imaging X-ray Polarimetry Explorer
(IXPE, Soffitta et al. 2021; non-paralyzable dead time, 1.2 ms,
private communication), the enhanced X-ray Timing and Polarimetry
mission’s Large Area Detector (eXTP/LAD, Zhang et al. 2016; non-
paralyzable dead time, 83 ws, private communication), and Athena’s
X-ray Integral Field Unit (X-IFU, Barret et al. 2018; paralyzable
dead time, 1.2 ms, see Peille 2016).

Bachetti et al. (2015) take advantage of the independence of
NuSTAR’s two identical detectors and proposes to use the cospec-
trum as an alternative representation to traditional periodogram!’

IThe X-ray astronomy literature often uses the expression ‘power density
spectrum’ (PDS) or ‘power spectral density’ (PSD) to refer to what is
effectively a single realization of the PDS itself. Throughout this paper, we
will use the more proper term ‘periodogram’ instead.
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representations. Because dead time is a within-detector effect, its
effects, unlike the intrinsic source variability in the light curve,
are uncorrelated for identical detectors. The cospectrum effectively
removes the amplitude variations imposed by dead time, though
an imprint of the effect remains in that the noise variance of the
cospectrum depends on frequency.

In Huppenkothen & Bachetti (2018), we formally derived the
statistical distribution of the cospectrum for the limiting case of white
noise, and found that the cospectrum is well represented by a Laplace
distribution. While this result is useful particularly for hypothesis
testing against white noise (e.g. to search for a strictly periodic signal
from a pulsar or similar source), the presence of variability across a
wide range of frequencies, as is commonly seen in accreting sources,
severely distorts the statistical distribution of cospectral powers. As a
result, the distributions derived in Huppenkothen & Bachetti (2018)
are inappropriate for use as a likelihood when modelling broad-band
stochastic processes.

Bachetti & Huppenkothen (2018) effectively aim to circumvent
that problem entirely, by yet again making use of independent,
identical photon counting detectors present in telescopes like NuS-
TAR and Fermi’s Gamma-Ray Burst Monitor (GBM; Meegan et al.
2009) in their Fourier Amplitude Differences (FAD) method. It uses
the differences between Fourier amplitudes to effectively build an
empirical model for the way dead time affects the periodogram,
and makes it possible to divide out most of the effect in both
periodograms and cospectra. If the duration of the light curve
is long compared to the time-scales of the variability of inter-
est, such that it is possible to generate Fourier representations
averaged of ~30 or more individual segments, the problem can
also be circumvented. In this limit, Gaussian distributions pro-
vide a reasonable approximation to periodograms, cospectra and
related Fourier-based data representations like cross-spectra, phase
lags and the coherence (Huppenkothen & Bachetti 2018; Ingram
2019).

In this paper, we introduce a new formalism based on simulation-
based inference (SBI; for a recent review, see Cranmer, Brehmer &
Louppe 2020) that allows us to model the periodograms from
instruments with complicated dead time distributions but lacking
multiple detectors. The formalism is introduced — after a brief
description of the data used in this paper (Section 2) — in Section 3.
This approach takes advantage of the specific structure of the problem
we aim to solve: While it is difficult to build an accurate, general
model for dead time, it is relatively straightforward to simulate from
the process in many instances. This allows us to take advantage
of recent advances in SBI to perform inference tasks as if we
knew how to parametrize the dead time process as part of our
model.

In Section 4, we extensively test this formalism on simulated
light curves designed to mimic real-world observations taken with
NuSTAR, and also illustrate the generality of the approach laid
out here to other problems with a similar structure, where instru-
mental effects impose biases on to the data that are difficult to
model, but relatively straightforward to simulate. As an illustra-
tion, we show how the method can be used to accurately recover
timing properties of simulated data designed to mimic an active
galactic nucleus (AGN) in the presence of gaps in the observa-
tions (Section 4.7). In Section 5, we demonstrate the method’s
validity on NuSTAR observations of the galactic black hole X-
ray binary GRS 19154-105. Finally, in Section 6, we discuss
the results, the limitations of the approach, and point out future
applications.
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2 DATA PROCESSING

We selected a public NuSTAR observation of the galactic black hole
X-ray binary GRS 1915+105 with known quasi-periodic oscilla-
tions (QPOs; Shreeram & Ingram 2020). The observation, ObsID
80401312002, was part of a target-of-opportunity joint NICER-
NuSTAR program to study the QPOs from the source, and was
executed on UT 2018 June 8. We downloaded the data from the High
Energy Astrophysics Science Archive Research Center (HEASARC)
and processed them with the nupipeline FTOOL shipped with
HEASOFT 6.28, using the default options. We barycentred the data
using the known optical position of the source (Cutri et al. 2003),
the International Celestial Reference System (ICRS) reference frame
and the Planetary and Lunar Ephemeris DE 421.

We extracted events from a region of 70arcsec centred on the
position of the source on the detector. Due to small astrometric
differences between the two detectors, we adjusted and centred
the source position with the peak_local_max function in SCIKIT-
IMAGE v. 0.18 (van der Walt et al. 2014) using images in detector
coordinates.

3 SIMULATION-BASED INFERENCE

The aim of statistical inference, particularly in a Bayesian context,
is to infer causal knowledge about physical processes from observed
data. This process requires several components. First, it requires
a generative model: a function f(x, 0) that will generate values
Ymodel, i =f(x, 0) that are assumed to be a reasonable approximation of
the real process presumed to have generated the data. This function
is specified by some parameters 6 governing the shape of f, given
some dependent variable x (e.g. time of observations, wavelength,
spatial coordinates). The data vector y.,s and model are compared
via a likelihood function L(0) = p(y.bs|0), an analytical relationship
determined by the measurement process: For many astronomical
instruments measuring large incident fluxes (e.g. in optical
astronomy), a Gaussian likelihood is often assumed to be valid. In
X-ray astronomy, where individual incident photons are recorded,
a Poisson distribution is generally appropriate for light curves,
whereas a x? likelihood is applicable to Fourier periodograms.
Inference of the parameters 6 then proceeds via Bayes’ rule:

PO 1Yovs, 1) ¢ p(Yous|6, D pB11), )

where p(0|1) describes the prior knowledge and constraints on param-
eters 0 before inference, and / encapsulates all inherent assumptions
decisions made in setting up the model (e.g. the shape of the prior
probability distribution, the form of the likelihood). The posterior
probability density p(@|y.bs) iS generally not analytically tractable
except in simple problems, and thus is often numerically approxi-
mated through methods like Markov chain Monte Carlo (Metropolis
et al. 1953; Hastings 1970) or Nested Sampling (Skilling 2004).
There are two inherent assumptions in this process that may not
be true in practice: (1) the function f{x, 8) giving rise to the emission
can be directly compared to the observed data points, and (2) it is
possible to write down an analytical form of the likelihood. The
first assumption might be challenged when the process in question
is inherently stochastic. Because the observed data are a single
realization of a process with sometimes infinite possible realizations,
comparing data to the model directly is not possible. In X-ray
spectral timing, this problem is often circumvented by modelling
summarizing representations of the data that approximate the process
from which the realization was drawn (e.g. Fourier periodograms,
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the rms-flux relation describing the relationship between root-mean-
square variability and brightness) rather than the raw data. The second
assumption might be broken for example when the measurement
process is complicated and as a consequence the likelihood becomes
intractable. Spectral timing of bright accreting sources is complicated
by both: the underlying process generating the X-ray flux we observe
is stochastic, and for many instruments, dead time heavily censors
the observed list of photon arrivals. Because dead time directly
depends on the incident flux, an analytical model is only available
in the simplifying case where dead time is constant and does
not depend on energy or event grade. The cospectrum can be a
powerful alternative for problems that involve tests against white
noise (e.g. searching for pulsars), but has an analytically intractable
likelihood when stochastic processes contribute to the variable
incident flux (Huppenkothen & Bachetti 2018; Huppenkothen &
Bachetti, in preparation). For instruments without multiple detectors,
the cospectrum may simply not be available.

The intractability of the likelihood for cospectra removes one
important avenue for parametric modelling of stochastic variability in
Fourier space in the presence of dead time. Without a likelihood, para-
metric models of QPOs and other stochastic processes cannot be com-
pared to the cospectrum. Even with a likelihood, the effects of dead
time would not be completely removed from the cospectrum: The
imprints of dead time are still observable in the variance of the noise
distributions, and might hence bias the resulting parameter inference
for physical components inferred to be present in the light curve.

Modelling the periodogram in the presence of dead time instead
presents its own challenges: while the periodogram retains its
fundamental x> properties, dead time imprints its effects strongly
on to the underlying power spectrum. Parametric models for dead
time exist, but dead time-scales strongly with the flux impinging on
the instrument: Intervals of high source flux will be more strongly
affected by dead time than intervals of low flux. Because the objects
we study tend to vary rapidly, sometimes over multiple orders of
magnitude, and variability tends to be driven by stochastic processes,
quantifying the effect of dead time on a specific observation is
difficult: In statistical terms, a precise estimate of the dead time would
involve an integral over all possible realizations of the underlying
stochastic process:

P(Yobs|0) = /dZP(YOstZ|9)7

where yobs 1S the observed periodogram, 6 are input parameters to
the underlying variability model, and z are all possible realizations
of the stochastic process that could have produced yps.

However, for many detectors, dead time is not difficult to simulate.
If the dead time of the detector is well known, one can draw
individual photons from a Poisson process given some underlying
varying mean Poisson rate A, and remove those photons that arrive
within the dead time interval of a previous photon (in the non-
paralyzable case, though equivalent simulation routines exist for
paralyzable dead time; e.g. Zhang et al. 1995). Both are implemented
in the software package STINGRAY; Huppenkothen et al. 2019).
While in a traditional likelihood, one compares an underlying,
noiseless function to an observed, noisy observation, one now faces
the problem of comparing two noisy data sets: one observed, one
simulated. Because both the underlying process that generated the
data and the measurement process itself are stochastic, a direct
comparison of the observed and simulated data sets is difficult.

The structure of this problem, where a likelihood does not exist or
is implicitly defined in a simulator, but simulations of the full process
are relatively easily accessible, is sometimes called likelihood-free

Accurate timing with SBI ~ 5691

inference (LFI) and is common in science. Early solutions were
first suggested by Diggle & Gratton (1984) and Rubin (1984)
and later formulated in the context of population ecology under
the name Approximate Bayesian Computation (ABC; Beaumont,
Zhang & Balding 2002). These early works show that it is possible
to accurately recover a Bayesian posterior probability distribution
from simulations, given a well-designed metric to measure the
distance between the observed and simulated data. The traditional
ABC rejection sampling algorithm is remarkably straightforward
(Tavaré et al. 1997; Pritchard et al. 1999). First, draw parameter
sets from the prior. Then, for each parameter set, generate an
observation incorporating all measurement effects and biases that the
real observed data are believed to be affected by. Generally, simulated
and observed data sets may be too noisy and high-dimensional for
direct comparison, so they are often transformed into summary
statistics, designed to encode as much information relevant to the
inference process as possible. Each simulation is then compared
to the observed data through a distance metric (e.g. the Euclidean
distance, though many other metrics exist): All parameter sets for
which the distance between simulations and the observed data are
below a specified threshold € are kept, all others are discarded. This
approach suffers from a natural trade-off between the desire to be
accurate (i.e. making € very small), and the computational feasibility
of generating orders of magnitude more observations that are rejected
than those that are kept.

Subsequent work improved on all aspects of this approach in
order to make it computationally feasible, including more efficient
sampling methods, better distance metrics and alternative, non-
Bayesian formulations. Recent work, often under the name SBI,?
combines the ideas of ABC with advances in machine learning
in order to circumvent some of the traditional ABC problems
through the use of neural networks. The latter can learn to emulate
the simulation process, but can also be used to directly learn the
likelihood (Lueckmann et al. 2019; Papamakarios, Sterratt & Murray
2019), likelihood ratios (Hermans, Begy & Louppe 2019; Durkan,
Murray & Papamakarios 2020) or posterior density (Papamakarios &
Murray 2016; Lueckmann et al. 2018; Greenberg, Nonnenmacher &
Macke 2019). For recent reviews, see Sisson, Fan & Beaumont
(2018) and Cranmer et al. (2020), and a benchmarking of recent
algorithms can be found in Lueckmann et al. (2021). These methods
take advantage of recent advances in using neural networks to specify
flexible probability distributions.

Neural posterior estimation (NPE; Jimenez Rezende & Mohamed
2015; Paige & Wood 2016; Tran, Ranganath & Blei 2017; Izbicki,
Lee & Pospisil 2018; Lueckmann et al. 2018) uses this approach
to directly infer the target posterior. In its original version, NPE
uses a large set of simulated data sets drawn from the prior to learn
a mapping between simulator output § and (potentially complex,
multimodal) posteriors p(6]9). The posterior estimate is selected
from a family of densities gy, where ¥ are distribution parameters
and generally the output of a neural network F(J, ¢) with neural
network weights ¢. These weights are learned by minimizing a
form of the negative log-likelihood, £ = — Z?’Zl log qrs;,4)(6). The
trained proposal posterior probability density approximates the true
posterior, g r(s; ¢)(0) ~ p(6|9). This might require a reasonably large
set of simulations in order to fully map out the posterior space. How-
ever, it has the advantage of amortization: once the network is trained,

2In many contexts, the respective terms ABC, LFI, and SBI can be and
are used interchangeably. In the rest of this paper, we will follow recent
convention and use the term SBI.

MNRAS 511, 5689-5708 (2022)
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drawing posterior samples is very fast, and can be done for multiple
independent observations using the same model without retraining.
The sequential version of this algorithm (sequential neural posterior
estimation, SNPE) is based on the insight that for inference on a given
data set, the prior is an inefficient proposal distribution for generating
simulated data. In this version, a network is trained on a small set
of simulations, and the posterior constructed for the observed data.
This posterior is then used as the proposal distribution p(6) for
simulations in the next round. Papamakarios & Murray (2016) show
that this drastically reduces the number of simulations required, but
loses its amortization. Because in SNPE the proposal distribution
for subsequent inference rounds is conditioned on a single set of
observed data, the trained network can no longer be used to infer
the posterior for other data sets. In addition, it requires either post-
processing of the distribution (or its samples), or a reformulation of
the loss function (i.e. the function describing the distance between the
approximate distribution and the true posterior) because minimizing
L no longer yields the target posterior, but rather a proposal posterior
p(@]9). Greenberg et al. (2019) suggest two improvements: (1) a
new parametrization of the loss function that enables automatic
transformation between estimates of p(f|¥y) and p(@|¥), and (2)
‘atomic’ proposals. The former change enables the recovery of the
ground truth posterior p(6|¥) during inference. The latter allows an
arbitrary choice of density estimators, priors and posteriors.

Problems of this type, where a simulator is accessible and
computationally feasible, but a likelihood is not, are common in
astronomy, and have led to a recent rise in work implementing SBI
models, in a wide range of areas including cosmology (Jennings,
Wolf & Sako 2016; Hahn et al. 2017; Herbel et al. 2017; Jennings &
Madigan 2017; Alsing et al. 2019; Leclercq et al. 2019; Kacprzak
et al. 2020; List & Lewis 2020), solar physics (Weiss et al. 2021),
supermassive black holes (Witzel et al. 2021), exoplanets (Sandford,
Kipping & Collins 2019; Bryson et al. 2020; Hsu, Ford & Terrien
2020; Kunimoto & Bryson 2021), stellar astronomy (Cisewski-Kehe,
Weller & Schafer 2019; Kunimoto & Matthews 2020; Morris 2020),
galactic astronomy (Mor et al. 2019; Cheng, Price-Jones & Bovy
2020), dark matter studies (Hermans et al. 2020), and extragalactic
astronomy (Aufort et al. 2020; Enzi et al. 2020; He et al. 2020;
Tortorelli et al. 2020).

Our goal here is to implement an SBI model with SNPE for dead
time in X-ray detectors. We first build a simulator for NuSTAR-
like dead time, and generate periodograms with a quasi-periodic
oscillation in order to study how well SNPE can recover the
parameters used to generate the data. NuSTAR presents a convenient
test case because alternative methods taking advantage of its two
independent detectors exist and can be used to compare performance.
We explore both amortized and sequential versions of the neural
posterior estimation algorithm with automatic posterior transforma-
tion as introduced by Greenberg et al. (2019) and implemented
in the PYTHON package sBI (Tejero-Cantero et al. 2020). As a
density estimator, we choose a masked autoregressive flow (MAF;
Papamakarios, Pavlakou & Murray 2017). MAFs combine two recent
ideas: autoregressive density estimation and normalizing flows.
Autoregressive density estimation decomposes the joint density
p(@19) into the product of one-dimensional conditional densities:
p©019) =TT, p(6xlO14—1, §), where these conditional densities are
generally simple one-dimensional distributions (e.g. a Gaussian) with
parameters estimated through a neural network conditioned on all
previous 6., — 1. This ascribes intrinsic meaning to the ordering of
the parameters 6, which may or may not be realistic in practical
situations. Normalizing flows, on the other hand, are based on the
idea of taking a base distribution, and applying a sequence of m

MNRAS 511, 5689-5708 (2022)

invertible transforms (with learnable parameters) to generate a more
complex target distribution. Papamakarios et al. (2017) suggested
to stack multiple subsequent autoregressive transformations, with
each implementing a different ordering for € in order to construct a
MAF. Here, we use an MAF with 5 transformation and 50 hidden
units each, and embed the MAF in both the sequential and amortized
versions of the NPE algorithm as explained above.

4 SIMULATIONS WITH DEAD TIME

We present results for SBI in the form of (S)NPE applied to simulated
light curves and their resulting periodograms. We set up a realistic
toy problem where the goal is accurate inference of the centroid
frequency, width, and fractional rms amplitude of a QPO in the
presence of dead time. We simulate both a low-frequency (LF) QPO
as well as a high-frequency (HF) QPO, and we explore both inference
on single periodograms as well as averaged periodograms.? For aver-
aged periodograms, we compare our results to posterior distributions
sampled with a Markov chain Monte Carlo approach with a x>
likelihood. In the latter case, periodograms were corrected for dead
time using the Fourier Amplitude Differencing (FAD) method.

4.1 Single periodogram: LF QPO

For simulating light curves with a single QPO, we assume an
underlying power spectrum consisting of a single Lorentzian with a
centroid frequency of vy = 20 Hz, a quality factor ¢ = 10 (resulting
in a narrow peak with a full width at half-maximum, FWHM, of
Av = 2Hz). We assume a fractional rms amplitude of 0.4 for the
signal. Given these parameters, we simulate a single light curve of
length 7 = 10s with a high time resolution of df = 10> s based
on the underlying power spectrum using the method of Timmer &
Koenig (1995). The high time resolution is chosen to be significantly
better than the average dead time in NuSTAR, dfge,a = 0.0025's in
order to allow for an effective simulation of the dead time process.
We rescale the simulated light curve such that the mean incident count
rate is 1000 counts s~ 1. The count rate is chosen to be high enough for
dead time to have an appreciable impact. In order to turn the simulated
light curve into events, we first draw from a Poisson distribution for
each bin in the light curve, using the simulated rate in that bin as
a Poisson parameter. We then take all time bins that contain more
than one count and randomly distribute n events within the time bin
according to a uniform distribution, where 7 is the number of counts
in that bin. We repeat this process to generate two light curves, which
are identical except for the Poisson noise. This effectively simulates
the behaviour of observing a single source with two independent
NuSTAR detector modules, Focal Plane Module A (FPMA) and
Focal Plane Module B (FPMB). To the resulting event lists, we
apply NuSTAR-like, non-paralyzable dead time: All photons that
arrive within 0.0025 s of the previous photon are discarded as having
arrived while the detector was unresponsive. The resulting event lists
are treated as an observation. We generate light curves at a coarser
time resolution of dt,,s = 0.005 s, since we are primarily interested
in a QPO at 20 Hz and can ignore the higher frequencies, and sum the
two light curves together. We present the simulated light curve — both
with and without dead time—along with the associated periodograms

3Pre-run simulations to train the neural networks are available on Zenodo.
All code related to the project, including notebooks detailing the simulation
and inference procedure, as well as PYTHON scripts to run simulations, can
be found in the GitHub repository.
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Figure 1. Simulated light curve and Fourier products for a single QPO at
20Hz. Top panel: simulated light curves both with (orange) and without
(purple) dead time applied. Bottom panel: periodograms corresponding to
the light curves in the top panel.

in Fig. 1. Because this simulated light curve corresponds to an
observation of an extraordinarily bright source, dead time has a
very strong effect on the measured counts. The average count rate
in the dead-time-affected light curve is 550 counts s~' compared to
2000 counts s~! (for a sum of two light curves from independent
detectors and an incident rate of 1000 counts s~!). This corresponds
to a loss of about 72 per cent of incident photons.

The goal of the SBI procedure is to accurately infer the parameters
of the QPO present in the simulated data. We aim to infer four
parameters: the QPO centroid frequency, vo; the quality factor of
the QPO g, related to the FWHM, Av, through the equation ¢ =
vo/ Av; the fractional rms amplitude of the variability present in the
QPO, rmsy; and the incident mean count rate without dead time,
e For simplicity, we set flat priors for all parameters in our toy
experiments, with bounds defined in Table 1. Because our data
are very informative (the fractional rms amplitude of the QPO is
very high), we expect the prior choice to have little impact on the
results for the toy problem set out here. Our initial experiments
suggest that choosing very wide, uninformative priors for the QPO
centroid frequency (allowing this frequency to range over multiple
orders of magnitude) requires a higher number of simulations in
order to cover enough of the available parameter space. How this
increased computational requirement manifests in practice depends

Table 1. Priors used in the models.
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Figure 2. Posterior distribution as derived through amortized SNPE: On
the diagonal, we show one-dimensional marginalized posterior densities,
and on the off-diagonal a heat map of parameter pairs. All distributions are
normalized so that they integrate to one. In red, we mark the true parameters
that generated the data. For all parameters, the posterior clusters tightly around
the true value.

on the other choices made in setting up the problem (e.g. number of
model components, priors for other parameters).

We then generate 50000 parameter sets from the prior, and
generate simulated periodograms assuming NuSTAR-like dead time,
using the same procedure we used to generate our ‘observation’. For
the first inference round, we use all 50 000 simulated periodograms
to build an MAF that approximates the posterior probability density,
allowing for amortized inference. We use the raw periodogram
as a feature vector. Because the periodogram is very noisy, and
SBI procedures generally perform best on well-designed summary
statistics of the data, we would naively not expect good performance
when comparing raw data sets.

We sample from this posterior, and present the results in Figs 2
and 3. We find that even when dead time removes a large fraction
of the incident photons and we use the raw periodogram as features,

Model Parameter Meaning Probability distribution
SBI Models, shared parameters rmsy Fractional rms amplitude Uniform(0.1, 0.5)
q QPO quality factor Uniform(3, 30)
Mer Mean incident count rate Uniform(500, 1500)
SBI Models, LF QPO simulations ) QPO centroid frequency [Hz] Uniform(5, 40)
SBI Models, HF QPO simulations, single periodogram ) QPO centroid frequency [Hz] Uniform(100, 300)
SBI Models, HF QPO simulations, averaged periodogram Vo QPO centroid frequency [Hz] Uniform(100, 500)
Traditional Bayesian Models, Shared parameters Aqgpo QPO amplitude Uniform(10~1°, 100)
Av QPO FWHM Uniform(0.01, 40)
Awn White noise amplitude Uniform(10=2°, 10°)
Traditional Bayesian Models, LF simulations ) QPO centroid frequency [Hz] Uniform(5, 50)
Traditional Bayesian Models, HF simulations ) QPO centroid frequency [Hz] Uniform(100, 500)

Note. An overview over the model parameters with their respective prior probability distributions for the models in this section.
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Figure 3. We show the simulated observation (dark purple), along with 100
random draws from the posterior (light pink), as well as the posterior median
derived from these 100 random draws (orange). The draws from the posterior
clearly trace out the QPO. In addition, the posterior median makes frequency-
dependent changes in the white noise level due to dead time evident.

the SBI procedure is capable of recovering all four parameters with
a high degree of accuracy: As the corner plot shows, the posterior
probability density clusters relatively tightly around the true input
parameters.

Because the QPO is strong, accurate inferences for the centroid
frequency and quality factor are not surprising. It is noteworthy,
however, that the model accurately recovers both the fractional rms
amplitude as well as the incident mean count rate, because we limited
the periodogram here to a Nyquist frequency of 100 Hz for computa-
tional efficiency. This means that there is enough information about
the dead time present at low frequencies to accurately infer the true
incident count rate, despite the model not having access to the full
imprint of dead time on to the periodogram at higher frequencies.
This is possibly caused by the dead time-dependent drop in the white
noise level at low frequencies.

In a second experiment, we repeat the inference process with the
same 50 000 simulations, but include a convolutional neural network
to generate summaries of the data. We train multiple such embedding
networks with different architectures, though all contain at least
convolutional layer, a max-pooling operation and a fully connected
layer. We use rectified linear unit (ReLU) activation functions,
and trained architectures with both one and two convolutional
layers. The embedding net is trained concurrently with the density
estimator, using the same loss function. In all cases, we recover
at most comparable performance to using the raw periodogram.
Most embedding networks produce biased results, and lose precision
especially for the quality factor (Fig. 4). We settle on an architecture
with a convolutional layer, a kernel size of 12, and a set of 12 output
summary features for subsequent experiments.

In a final experiment, we use the sequential learning process of
SNPE: instead of learning an approximation to the posterior density
from a single set of 50000 simulations, we run » = 5 rounds of
inference with N = 1000 simulations each, and train an MAF in
each round. We find that using SNPE, we can generate a posterior
probability density with comparable precision and accuracy as that
derived from the full 50 000 simulations using only the five rounds
of 1000 simulations each, or 5000 simulations total (Fig. 4). This
amounts to a speed-up of a factor of 10 compared to the amortized
inference process, which is especially helpful when the data set of
interest consists of a single data set. As we will show in Section 5,
amortized inference, in comparison, can be very efficient when
inferences are to be made over a large series of periodograms.

MNRAS 511, 5689-5708 (2022)

We quantify the performance of the three models — the amortized
version, the sequential version, and the model with an embedding
net — by calculating the distance between the mean of the posterior
distribution and the known true parameter value. In general, all three
models perform acceptably at recovering the true parameters. In
all but two cases, the true value is within 1 standard deviation of
the mean of the posterior distribution. Exceptions are the posterior
for vgpo in the amortized model (Avgpo = 1.480) and the posterior
for rms, in the model with the embedding net (Ay,, = 1.360).
However, given the large uncertainties inherent in the periodogram
estimator, and the additional loss of information due to the removal of
photons because of dead time, these deviations are within acceptable
tolerances. The sequential model outperforms the other two models
on all parameters except the fractional rms amplitude. The distances
for all three models are summarized in Table 2.

We compare the SBI process to an ordinary model using the
standard x? likelihood for periodograms without taking dead time
into account. Because the QPO has a relatively LF where dead time
effects might be less pronounced, one might expect that this model
would generate comparable or better results, which, in turn, would
have advantages in terms of computationally efficiency. We build a
model for the periodogram using a single Lorentzian to represent
the QPO, and, where possible, implement the same priors as for
the SBI model. Note, however, than instead of parameters for the
fractional rms amplitude and the mean count rate, the periodogram
model here includes an amplitude for the Lorentzian function and
a white noise level in the periodogram (priors for these parameters
are also included in Table 1). We then sample from the posterior
using Markov chain Monte Carlo as implemented in the PYTHON
package EMCEE (Foreman-Mackey et al. 2013), and compare the
posterior distribution computed with SNPE to the version sampled
using MCMC.

In Fig. 5, we compare posteriors for the fractional rms amplitude
derived with both approaches. We find that while the SNPE model
accurately recovers the injected rms amplitude, the likelihood-based
model without dead time leads to a highly biased posterior probability
density that underpredicts the fractional rms amplitude by a factor
of 4, with a high degree of confidence (the true value is excluded at
the 120 level). This can largely be explained by the flux-dependent
loss of photons due to dead time. More photons are lost to dead time
when the incident flux is high. This, in effect, reduces the intrinsic
variability in the light curve, and leads to a lower inferred fractional
rms amplitude (van der Klis 1989; Bachetti et al. 2015).

4.2 Single periodogram: HF QPO

While at low frequencies, the dead time effects are appreciable
and strongly affect inferences, e.g. of the rms amplitude, arguably
the strongest effects due to the specific time-scale that dead time
imposes on the time-series are at high frequencies. In particular, the
periodogram is known to be ‘wavy’ with saddle points at n/27 g.,q Hz.
Thus, we also generate data that includes an HF QPO at vy = 200 Hz
(the first saddle point) with a quality factor of ¢ = 15 and a fractional
rms amplitude of rms; = 0.45. We again use the process from
Timmer & Koenig (1995) to generate a light curve of T = 10-s
duration with a mean incident count rate of ., = 1000, transform
it into a list of events by randomizing the arrival time inside a given
light curve bin, and apply dead time to the resulting event lists.
We then sum the individual light curves generated to represent data
from each of NuSTAR’s individual detector modules, and calculate a
periodogram with a Nyquist frequency of vnyquisc = 750Hz. The
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Figure 4. Posterior probability distributions for three different SBI models: (1) amortized posterior inference with 50 000 simulations on the raw periodogram
(purple), (2) amortized posterior inference with 50 000 simulations, with an embedding net generating summaries of the data (pink), and (3) sequential posterior
estimation on the raw periodogram, for five rounds of 1000 simulations each (orange).

Table 2. LF QPO: distance between true parameters and posterior

mean.
Parameter True value Aam AEN Asg
rmsy 0.4 0.050 1.360 0.550
Avg 20.0 1.480 0.460 0.200
qqQpPo 10.0 0.380 0.850 0.170
Ier 1000.0 0.180 0.850 0.160

Note. We provide a rough quantification of how well the posterior
distributions recover the true parameter values through calculating
the distance between the true parameters and the posterior mean,
in units of standard deviations from the mean o, for the three
models (AN: amortized model; EN: model with embedding net);
SE: sequential model.
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Figure 5. We compare the fractional rms amplitude derived from the SBI
model (pink) with the traditional Bayesian model sampled with MCMC
(orange). While the SBI model directly sampled the fractional rms amplitude,
we calculated the distribution of rms; for the Bayesian model by integrating
under the white-noise corrected, rms-normalized model periodogram for 1000
parameter sets drawn from the posterior. While the Bayesian model can
approximate the centroid frequency and the width of the QPO well, it fails
estimating the fractional rms amplitude correctly in the presence of dead time
because the latter removes events especially when the flux is high. This, in
turn, leads to a lower variance in the light curve than without the effects of
dead time.
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Figure 6. Simulated light curve and Fourier products for a single QPO at
200 Hz. Top panel: simulated light curves both with (orange) and without
(purple) dead time applied. Bottom panel: periodograms corresponding to
the light curves in the top panel. The effects of dead time in the periodogram
are apparent at high frequencies, where there is additional power in a very
broad, wavy pattern.

resulting light curves and periodograms for both the dead-time-
affected data and the data without dead time are shown in Fig. 6.
The effect of dead time becomes much more apparent than in the
periodogram for the LF QPO: At high frequencies, dead time imposes
a strong oscillatory structure on to the periodogram, which, in turn,
reduces the signal-to-noise ratio of the QPO intrinsic in the simulated
data. We repeat the same inference process as for the LF QPO, but
adjust the prior for the centroid frequency to reflect our change in
expectation about the frequency of the QPO (see Table 1). We draw
50000 parameter sets from the prior and generated an associated
dead-time-affected periodograms to use for training the MAF. We
first again train the model on the periodogram itself, but here choose
a logarithmically binned periodogram to reduce noise effects at high
frequencies. We present results in Figs 7 and 8. As in the LF case, the
trained model successfully recovers the true parameters, though we
the distributions for the fractional rms amplitude and quality factor
are wider than for the LF QPO. Fig. 8 shows once again posterior
draws along with a posterior median derived from 100 simulated data
sets. Overall, the SBI model recovers the shape of the QPO well, and
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Figure 7. Posterior distribution as derived through amortized SNPE: On the
diagonal, we show one-dimensional marginalized posterior densities, on the
off-diagonal a heat map of parameter pairs. All distributions are normalized
so that they integrate to 1. In red, we mark the true parameters that generated
the data. For all parameters except the quality factor, the posterior clusters
tightly around the true value.
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Figure 8. We show the simulated observation of a QPO at 200 Hz (dark
purple), along with 100 random draws from the posterior (light pink), as well
as the posterior median derived from these 100 random draws (orange). The
draws from the posterior clearly trace out the QPO. In addition, the posterior
median makes frequency-dependent changes in the white noise level due to
dead time evident.

also provides an adequate model for the dead time affecting the
observations.

Again, we build an embedding net with a convolutional layer, a
maxpooling operation, a fully connected layer, and rectified linear
activation units, but explore different architectures and hyperpa-
rameters (e.g. convolutional kernel sizes) within these bounds. As
with the LF QPO, we recover at most comparable performance
to using the logarithmically-binned periodogram directly (see also
Fig. 9). In fact, in all architectures, the embedding net favours higher
quality factors compared to the model without embedding net. It is
worth noting, however, that models drawn from the posterior, and
the median of these draws, are virtually indistinguishable from the
previous model and reproduce the observed powers almost exactly
within the uncertainties. This could indicate that there is an intrinsic
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uncertainty in the quality factor for this QPO. Given that dead time
produces excess power at these frequencies, it is not unexpected that
information about the wings of the Lorentzian that produced the data
is lost, and that this loss of information directly translates into a loss
of precision in our inferences of the width of the QPO.

We compare the two amortized models to posteriors produced by
SNPE of five rounds of 1000 simulations each, set up in the same
way as for the LF QPO. This approach produces well-constrained
posterior distributions that are narrower than for the amortized
versions, with only 5000 simulations. A comparison of all three
approaches is shown in Fig. 9. Again, we use the distance between the
posterior mean and the true parameter value, expressed in standard
deviations of the posterior, as a rough measure of how well the
posterior captures the true underlying parameter value. As before,
the sequential algorithm produces posteriors with means nearest to
the true value. The largest distances between true parameter value
and posterior mean are of the order of ~1o, which we consider an
acceptable performance (see also Table 3).

4.3 Averaged periodogram: LF QPO

Huppenkothen & Bachetti (2018) showed that above ~30 averaged
cospectra, the distribution of cospectral powers become approxi-
mately Gaussian. In this case, a standard Gaussian likelihood will
provide a reasonably good approximation and a more traditional
Bayesian modelling procedure should yield adequate results. For
observations that are too short to admit averaging 30 or more
segments, however, the distribution of cospectral powers is not
known, and SBI might provide a viable alternative. We test its use
on averaged periodograms of simulated observations analogously to
Sections 4.1 and 4.2 for both an LF and an HF QPO.

We used the same simulated data as in Section 4.1 with a single
QPO at vy = 20Hz in an observation of duration 7 = 10s. Instead
of Fourier-transforming the entire light curve, we subdivided the
light curve into 10 segments of Ty, = 1s duration, constructed
the periodogram of each, and then averaged all 10 individual
periodograms. The resulting periodogram for the observation, both
with and without dead time applied to the photon arrival times, is
shown in Fig. 10.

As in Section 4.1, we build three models using SBI: (1) an
amortized model using 50 000 simulation generated using the same
process that generated the data, (2) a sequential version with five
round of 5000 simulations each, and (3) a model that includes
an embedding net to generate informative summaries of the data.
In Figs 11 and 12, we show the results for the amortized model
generated from 50000 simulations as an example. As with the
single periodogram, the model recovers the input parameters well.
The sequential model generates comparable results, except for the
centroid frequency, where it produces a narrower posterior around
the true value, but requires only a tenth of the simulations as the
amortized model. As with previous models, the embedding net
does not improve the quality of the inferences, nor does it lead to
computational gains.

To understand the performance of an SBI-based model compared
to alternative treatments of dead time, we compare the model to a
likelihood-based model using an FAD-corrected version of the aver-
aged periodogram. Because our NuSTAR-like simulations generate
light curves for two independent detectors, we followed Bachetti &
Huppenkothen (2018) and the differences in Fourier amplitudes
to estimate the imprint of dead time on the periodogram. We
subtracted a spline-fit model of the dead time as an approximation,
and subsequently defined a model analogous to that in Section 4.1,
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Figure 9. Posterior probability distributions for three different SBI models: (1) amortized posterior inference with 50 000 simulations on the raw periodogram

(purple), (2) amortized posterior inference with 50 000 simulations, with an embedding net generating summaries of the data (pink), and (3) sequential posterior

estimation on the raw periodogram, for five rounds of 1000 simulations each (orange).

Table 3. HF QPO: distance between true parameters and posterior

mean.
Parameter True value Aam Asg AEN
rmsy 0.45 1.180 0.270 1.170
Avg 200.0 0.090 0.060 0.510
qqQpPo 15.0 0.230 0.030 0.850
Her 1000.0 1.130 0.850 0910

Note. We provide a rough quantification of how well the posterior
distributions recover the true parameter values through calculating
the distance between the true parameters and the posterior mean,
in units of standard deviations from the mean o, for the three
models (AN: amortized model; SE: sequential model; EN: model
with embedding net).

Simulated Observation

30 — no dead time
dead time |

Counts per bin

2 4 6 8
Time in seconds

PSD

Power [(rms/j)?/Hz]

10° 10!
Frequency [Hz]

Figure 10. Simulated light curve and Fourier products for a single QPO
at 20 Hz. Top panel: simulated light curves both with (orange) and without
(purple) dead time applied. Bottom panel: averaged periodograms out of 10
1-s segments corresponding to the light curves in the top panel.

using the same model structure and priors. We sampled this model
using MCMC and present posterior draws and the FAD-corrected
periodogram in Fig. 13. We find that overall, the model represents
the FAD-corrected periodogram well. Comparing the distributions
derived from both SNPE and the likelihood-based model (Fig. 13),
the latter overestimates the fractional rms amplitude (as already
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Figure 11. Posterior distribution as derived through amortized SNPE for
the 20-Hz QPO in an averaged periodogram: on the diagonal, we show one-
dimensional marginalized posterior densities, on the off-diagonal a heat map
of parameter pairs. All distributions are normalized so that they integrate to
one. In red, we mark the true parameters that generated the data.

observed by Bachetti & Huppenkothen 2018), but provides broadly
similar performance for the centroid frequency and the quality factor.
The posterior derived from SNPE are somewhat wider for the latter
two parameters; that is also expected, given that it is derived from
noisy simulations.

4.4 Averaged periodogram: HF QPO

We repeat the process of the previous section, but with an HF QPO
at vop = 400Hz. This frequency is higher than the QPO simulated in
Section 4.2, an intentional choice to allow us to prove the response
of the model to a QPO in a different part of the highly dead-time-
affected part of the periodogram. We use SNPE on both the raw
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Figure 12. For an LF QPO at 20 Hz in an averaged periodogram, we show
the simulated observation (dark purple), along with 100 random draws from
the posterior (light pink), as well as the posterior median derived from these
100 random draws (orange). The draws from the posterior clearly trace out the
QPO. In addition, the posterior median makes frequency-dependent changes
in the white noise level due to dead time evident.
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Figure 13. Top panel: FAD-corrected periodogram with draws from the
posterior probability density of a model with a x? likelihood and samples
generated with MCMC. Bottom panel: comparisons between the SNPE model
and the likelihood-based model of the FAD-corrected periodogram for the
three most important QPO parameters: the fractional rms amplitude (left-
hand panel), the QPO centroid frequency (middle panel), and the QPO quality
factor (right-hand panel).

periodogram powers, as well as a logarithmically binned version of
the periodogram, and find consistently better inferences for the latter.
This is not surprising, as the additional averaging dampens some of
the noise variance at high frequencies.

As in the rest of this section, we run the same three SNPE models,
and find overall good results with all models. We find that all
three produce acceptable posteriors, with the amortized model once
more producing the best-constrained distributions for the smallest
computational cost.

4.5 Variable dead time

Dead time is related to the amount of time the flight software takes
to process a given event. This could be related to the properties of
the single event, e.g. how many pixels are involved in the detection
(event ‘grade’), but also on the subtleties of the flight software itself.
Therefore, dead time can change considerably between different
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events, departing from the assumption of constant dead time we have
used so far. Indeed, the dead time for NuSTAR is not constant: It varies
slightly around an assumed value of 74eog = 0.0025 s. However, most
dead time models — including the simulator we use above as part of
the SNPE model — assume that a constant dead time of Tgeq 1S a
reasonable approximation. In principle, the SBI method introduced
here can take variable dead time into account: as long as we have some
understanding of the underlying process that generated the dead time
and can implement it in the simulator that generated the data, it can
be part of the model, at the potential loss of computational efficiency
due to the additional operations introduced as part of letting 7 gead
vary. We implement a simulator with variable dead time to (1) test
whether a model that assumes constant dead time generates biased
results when dead time is not, in fact constant, and (2) whether
taking variable dead time into account in the SBI model produces
significantly better inferences.

We constructed an empirical distribution of dead times for NusS-
TAR from the observation of GRS 19154-105 introduced in Section 2.
We calculated the intervals between photon arrival times for all N =
3572 101 photons recorded in both detector modules, and corrected
these intervals for the live time of the detector since the last event
recorded in the column PRIOR. The remainder constitutes the dead
time caused by the previous event. Because some non-scientific
events like shield vetoes reset the live time, but the associated
events are not recorded, we expect a small number of outliers in
the distribution.

In Fig. 14, we present a histogram of the dead time for this
observation: it is apparent that the dead time values follow a complex,
multimodal distribution around the generally accepted value of
Tgead = 0.0025 s. This distribution was corrected for outliers caused
by the aforementioned shield vetoes after an initial visual inspection.
To be conservative, we only removed dead time intervals larger than
10 ms. Even so, NuSTAR dead time can vary from below 2ms to
above 3 ms.

In order to explore the effect of the non-constant nature of
NuSTAR dead time, we built a simulator that takes it into account:
Instead of applying a constant dead time to each photon, and
removing photons falling within that dead time, for each simulated
photon we draw from the real, empirical distribution of dead times
from this observation of GRS 19154105, and remove photons that
fall within the specific value of dead time for a given photon. Because
standard periodograms are noisy and therefore the subtle effects of
variable dead time will be difficult to discern visually, we simulate a
long light curve of 500 s and construct an averaged periodogram out
of 500 1-s segments, in order to reduce the noise in the periodogram
enough to illustrate the differences between variable and constant
dead time. We include the HF QPO from Section 4.4, since dead
time depends on total flux, and we expect the sources we observe to
be highly variable in practice. In Fig. 14 (right-hand panel), we show
the periodogram of a light curve affected with variable dead time,
as well as the periodogram corresponding to the same list of events,
but filtered with a constant dead time of Tgeaq = 0.0025s. There
are appreciable deviations in the shape of the dead-time-affected
power spectrum when dead time is not constant, though it is unclear
from this plot alone how different the resulting posterior probability
distributions are.

To test this, we simulated the same photon arrival times as in
Section 4.4, but used the procedure above where the dead time is not
constant, but randomly drawn from the empirical distribution derived
from the observed NuSTAR data. We generated a 10-s light curve,
which was used to produce an averaged periodogram out of 10 1-s
segments.
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Figure 14. Left-hand panel: Histogram of dead time intervals derived from the NuSTAR observation 80401312002 reveals a highly structured distribution
around the nominal constant value of 0.0025s. Right-hand panel: The effect of variable dead time on the periodogram becomes apparent in an averaged
periodogram consisting of 500 segments of 1-s duration: At high frequencies, the periodogram derived with variable dead time (pink) deviates significantly in
shape from the periodogram generated from data assuming constant dead time (orange).

We then used SNPE to draw from the posterior, using the simulator
with the constant dead time representation. This aims to reproduce
the situation we expect to see in real applications: observations af-
fected by variable dead time, modelled with a simulator that assumes
dead time is constant. We use fiveunds of 1000 simulations each on
the raw periodogram powers to allow comparison with the SNPE
model from Section 4.4. We find that the model produces posteriors
that accurately recover the true input parameters (Fig. 15, purple
distributions), except for the incident count rate, where the model
produces a posterior that centres on 900 counts s~ and excludes the
true value of 1, = 1000 counts s~!. This may be related to the fact
that the mean dead time derived from the observation used to generate
the empirical distribution is not exactly 2.5 ms, but rather 2.57 ms; the
additional dead time can, in the limit of observing a very high count
rate, account for the additional loss of photons. It appears, however,
that the model efficiently compensates for this by assuming a lower
incident count rate. It may be possible, in the future, to infer a better
constant dead time value together with the other model parameters.
In order to test whether this effect is also relevant for single short
segments, we repeat the set-up above, but generate a periodogram of
the full 10-s segment. Again, we use SNPE with a simulator assuming
constant dead time, and discover that the same effect is also present
when the periodogram is not averaged (i.e. uncertainties are large):
Parameter inferences are comparable to Section 4.4 except for the
incident count rate, which is underestimated.

In order to confirm our interpretation of our posteriors, we also
generate posteriors based on the simulator that uses the empirical
distribution. That is, the simulations used to generate the posterior
distribution will also include variable dead time. For this model,
we required an additional three rounds in the sequential inference
process, for a total of 8000 simulations. The posterior probability
densities are comparable to those with the constant dead time model
in all parameters except for the incident count rate, where this model
accurately recovers the true incident count rate (Fig. 15, orange
distributions). This indicates that indeed, assuming constant dead
time will lead to biased inferences in the incident count rate and,
thus, in the total flux. We repeat this analysis with simulated data
sets that include QPOs at multiple other frequencies: at 35, 168, 250,
and 450 Hz. It is, in principle, plausible that the bias in the inference
for the incident count rate depends on the QPO frequency. However,

we broadly find that not to be true. For all frequencies above 100 Hz,
the model produces accurate, well-bounded posteriors for the QPO
parameters, and a biased posterior for the incident count rate around
Uue =~ 900 countss~! and a variance of o, ~ 20countss~!, 5
standard deviations away from the true value. For the QPO at 35 Hz,
the marginalized posterior for the incident count rate actually has a
mean of 4, = 1081 countss~!, but the distribution is also close to
five times wider, with a standard deviation of o,,,, = 98 counts s~

This discrepancy can be explained by the information available
to the model: For QPOs with centroid frequencies above 100 Hz,
we generally used periodograms that are sampled up to a Nyquist
frequency of vnyquist = 500 Hz. For an LF QPO like the one at 35 Hz,
sampling that high would be computationally wasteful in practical
applications, thus we only sampled up to vNyquist = 100 Hz. Conse-
quently, the model has much less information available on the dead
time affecting the light curve if the periodogram cuts off at 100 Hz.
As a result, the posterior distribution reflects the higher uncertainty
in the incident count rate in the much larger standard deviation.

If accurate inference of the incident count rate is required and the
instrument’s time resolution allows for it, we recommend generating
a periodogram that includes the frequency range where dead time
effects are prominent, and employing the variable dead time model.
However, the variable dead time model adds significant computa-
tional overhead on to the calculations by a factor of ~2. In cases
where inferences do not rest critically on the incident flux, using a
constant dead time model may be computationally more expedient.
If the incident flux is important to the physical inferences to be made,
then one may implement an empirical dead time model as suggested
above in order to accurately treat variable dead time.

4.6 Computational requirements

We run all simulations and models on a machine with two AMD
EPYC 7401 processors (48 CPU cores or 92 threads total) and 1TB
RAM. The simulator itself is not parallelized, and a single simulation
runs in about 0.24 s for all simulations in this section (simulations
with variable dead time are slightly slower due to the additional
random draws, but not substantially so). Thus, total time on a single
CPU for 50000 simulations is about 3 h, though this process is
trivially parallelizable.
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Figure 15. Marginalized posterior probability distributions for simulated data with variable dead time, using a model with constant dead time (purple) and
variable dead time (orange) to infer QPO and light-curve parameters. The constant dead time model compensates for the underestimation of the true dead time
by inferring a lower incident count rate, whereas the variable dead time model accurately recovers all four parameters.

The amortized models in this section are trained (without embed-
ding nets) over 40 epochs in ~20 min when all cores are available.
The addition of embedding nets (and consequently of parameters)
always requires drastically more epochs for convergence (of the order
of 150), and consequently also more than triple the training time.
Once trained, inference with all models becomes very fast: drawing
10 000 samples from the posterior takes only ~ 1.5s or less.

When training the sequential version of the algorithm, we generate
1000 simulations in each of the five training rounds, and alternate the
generation of simulations with training a model. For the simulations
in this section, this inference process takes ~30 min, though the
single-core generation of simulations is the clear computational
bottleneck of this procedure (about 24 of those 30 min are spent on
generating simulations). Parallelizing the simulator would drastically
improve efficiency in practical circumstances. Similarly, training the
neural networks on a modern GPU would likely significantly reduce
computation time for the amortized models. We find no significant
computational differences between the different scenarios we test:
both LF and HF QPO, as well as single PSD and averaged PSD cases
have similar simulation/training requirements. We focus in this paper
on the generation of segments that are extremely short (10s) com-
pared to the typical lengths of observations (1 ks—100ks). Simulating
full observations similar to those generated by modern, sensitive
instruments like N/CER with millions of photons might strain both
computational and memory resources without further optimization.

4.7 LF variability in light curves with gaps

Dead time is not the only instrumental effect that imposes significant
biases on to the data. Most instruments cannot record continuous,
unbroken data streams: Ground-based instruments are constrained
by the sun, by weather and observing constraints. Space-based
instruments are limited by the need to process and downlink data, and
natural effects interrupting data collection such as the South Atlantic
Anomaly. As a result, long observations will contain gaps, in X-ray
astronomy often defined by good time intervals (GTIs) describing
the intervals during which the instrument yielded data appropriate
for scientific studies.

These gaps can make it difficult to study processes at time-scales
longer than the typical length of a GTI, because the windowing
of the GTIs will impose their own imprint on a standard Fourier
periodogram. Alternative approaches include the Lomb-Scargle
periodogram (Lomb 1976; Scargle 1982) and a recent method by
Wilkins (2019) that employs Gaussian Process models to fill the
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gaps in the observations with realistic simulated data points. The
simulation-based modelling approach employed here for dead time
can also straightforwardly be used for studies of variability at very
low frequencies in the presence of gaps. If a model for the variability
exists and can be used as a simulator, we can construct simulated data
sets and impose the same GTIs on these simulations as the instrument
did on the real data during the collection process.

We simulate a 44-ks observation of a stochastic light curve
generated using a power spectrum comprising a broken power law
with a very low frequency break at vy..,x = 0.3 mHz, equivalent to a
time-scale of 3000 s. The broken power law we use is given by

—ay
v .
A ( > s if Vv < Vpreak
Vbreak

v o\ "
A ( > B ifv 2 Vbreak
Vbreak

We use the real GTIs from the observation presented in Section 2 to
introduce realistic gaps into the data. Because we are interested in
the behaviour of the model in the presence of gaps, no dead time was
included in the simulations. The simulated data are shown in Fig. 16.
Other parameters of the model are the fractional rms amplitude rms;,
the LF power-law index o, the HF power-law index «,, and the
mean count rate [t.. We built a simulator that generates simulated
observations using equation (2), given a set of parameters, and
uses the NuSTAR GTIs from observation 80401312002 and use
this simulator in combination with the SNPE algorithm, comparing
logarithmically binned periodograms.

We run 10 rounds of sequential posterior estimation, each with
1000 simulations (see Table 4 for the priors used in this model).
The results are presented in Figs 17 and 18, respectively. The
posterior probability is relatively narrow for all parameters except
for the LF power-law index. The latter result is unsurprising, given
that there are only approximately seven frequency bins below the
break, which naturally makes estimation of that index difficult given
the typical intrinsic noise in the periodogram. More importantly,
however, the break frequency is well constrained and accurately
inferred, as is the HF power index, though the latter has a fairly broad
distribution.

In initial experiments, the incident count rate was entirely uncon-
strained, an initially surprising result that can be explained by the use
of the fractional rms normalization we used for the periodogram. This
normalization rescales the periodogram such that it is independent
of the mean count rate. But because the periodogram is the only
summary of the data used in the model, the incident mean count rate

f)= @
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Figure 16. Top panel: light curve simulated from a broken power-law power spectrum. In dark purple, the observed segments. Light pink marks the gaps and
shows the data points that would have been observed if these gaps did not exist. Bottom panel: the logarithmically binned periodogram for the data without the
GTIs imposed (light pink), and with the GTIs imposed (purple). The imprint of the gaps is most strongly visible in the HF power-law index, where the gaps
push the index towards a smaller value. The dashed line marks the location of the break frequency.

Table 4. Priors used in the models.

Model Parameter Meaning Probability distribution
Red noise SBI model rmsy Fractional rms amplitude Uniform(0.1, 0.5)
o Power-law index below vpreak Uniform(— 0.2, 5.0)
oy Power-law index above Vpreak Uniform(— 0.2, 5.0)
log (Vbreak) Break frequency Uniform(log (10™%), log (1072)
Mer Mean incident photon count rate Uniform(500, 1500)
Red noise MCMC model® Am Red noise amplitude Uniform(107, 10%)

Awn White noise amplitude

Uniform(102, 10%)

Notes. An overview over the model parameters with their respective prior probability distributions for the red noise models

in this section.

¢ The MCMC model shares o1, op, and vpreqx With the SBI model; fractional rms amplitude and mean count rate are

reparametrized as two amplitude parameters.

can no longer be inferred. For the results presented in this section,
we used the absolute rms normalization (Uttley & McHardy 2001)
instead, which preserves the scaling factor due to the flux in the
periodogram and thus allows for accurate inference of the mean
count rate as shown by the well-constrained and accurate distribution
in Fig. 17. In line with these well-constrained posterior distributions,
Fig. 18 reveals that realizations drawn from the posterior follow the
observed data very closely.

We compare the SNPE-derived posterior with a posterior from
classical MCMC on the periodogram. This pretends that the gaps do

not exist, and is not an entirely fair comparison: Both the Lomb-
Scargle periodogram and the Gaussian Process-based interpolation
method from Wilkins (2019) would almost certainly provide better
performance, but come with their own limitations: accurate inference
on Lomb-Scargle periodograms is not straightforward because
powers at neighbouring frequencies are not always statistically
independent. The Gaussian Process interpolation can be very com-
putationally expensive for long light curves, unless there exists a
covariance function that is fast and easy to invert and that also
matches the presumed underlying process well.
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Figure 18. Purple: simulated observation of a broken power-law-type red
noise process with gaps; pink: realizations drawn from the posterior proba-
bility distribution displayed in Fig. 17; orange: posterior median from 100
posterior realizations.

We use the same model as for the SNPE, but with two re-
parametrizations. Instead of the fractional rms amplitude and the
mean count rate, the model used for traditional MCMC has an
amplitude for the broken power law and a parameter for the flat
white noise at high frequencies (priors for all parameters in Table 4).
We use a standard analytical x? likelihood, and, where possible, the
same flat priors as for the SNPE model for easier comparison.

In Fig. 19, we present the comparison between the simulation-
based model and the analytical model without gaps for the most
important parameters: the two spectral indices «; and o, and the
break frequency V. In both models, the LF index is not well
constrained, as expected, given the small number of frequencies
below the break frequency. Both the break frequency and the HF
power-law index are biased away from the true value in the analytical
model without gaps. Especially «; is inferred to be close to a spectral
index of 2.2, and the narrow distribution excludes the true value of
3.5. The posterior distribution inferred through SNPE, conversely,
is much broader, but with a mode at the true value. The bias is less
pronounced for the break frequency, but still significant. Our results
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suggest that SNPE can produce accurate posteriors for problems that
involve data with gaps, at the cost of some precision.

5 QPO MODELLING IN GRS 19154105

To test the model on real data, we extract photon events from
NuSTAR observation (obsid 80401312002) of the black hole X-
ray binary GRS 1915+4105. The observation has a total exposure of
26 166 s and a mean count rate of 1., = 143 counts s~! after summing
the photons of both detector modules and taking into account GTIs.
An averaged periodogram generated out of 530 light curve segments
of 64 s each reveals a strong QPO at 2.2 Hz and a harmonic at twice
that frequency (Fig. 20). Because we would like to explore the time-
dependent structure of the QPO, we split the light curve into segments
of 240-s duration, each of which is turned into a periodogram that
averages 15 individual segments of 16-s duration. The periodogram
is logarithmically binned with f= 0.01 in order to reduce noise at the
high frequencies. This yields a total of 207 averaged periodograms
over the full observation. Visual inspection reveals that the QPO is
present over the course of the entire observation.

We build a model for the underlying power spectrum of the
observed data that contains three Lorentzian components: (1) a
zero-centred Lorentzian to account for the broadband noise, (2) a
Lorentzian to account for the strong QPO around 2.2Hz and (3) a
Lorentzian to account for the harmonic, with its centroid frequency
required to be twice the centroid frequency of component (2) and its
quality factor to be the same as component (2). We parametrize these
components relative to the broadband noise component, which is
fixed to an amplitude of A;, = 1.0, and relative to the fractional
rms amplitude of the entire spectrum. The mean incident count
rate of the light curve is the final free parameter. All parameters
are described with their priors in Table 5. To simulate dead-time-
affected light curves, we choose the constant dead time model with
Tgead = 0.0025 s. Simulated light curves are generated with a high
resolution of dfy;es = 10~s in order to be able to accurately represent
how short-term variations and dead time combine to affect the data.
After removing photons due to dead time, light curves are rebinned
to a resolution of dr = 0.001 s, equivalent to a Nyquist frequency of
vny = 500 Hz, in order to allow the model to accurately estimate the
incident count rates.

Using this simulator, we generate 100 000 simulated periodograms
from parameters drawn from the prior specified in Table 5, which we
use to train the density estimator. Based on the results in Section 4,
we choose not to include a neural network to generate summary
features, but let the MAF use the periodogram directly. While a
sequential estimation would be less computationally expensive, it
would also require training a separate estimator for each of the
207 individual light curves from this observation. We generate more
simulations upfront and train a single MAF in order to take advantage
of the amortization of this process: Once trained, generating samples
from the posterior is a fast and efficient process for all light
curves. We also retrain the network with 10 000, 25 000, 50 000, and
75 000 simulations to understand whether we can perform similarly
successful inference with fewer simulations, and find that 50 000
simulations produces posteriors of comparable shapes and widths.

In Figs 21 and 22, we show the marginalized posterior distributions
and realizations drawn from the posterior probability distribution for
the first of the 207 light curves. We find that the posterior density
is well-constrained in a single mode for all parameters, though
the quality factor has a relatively wide posterior. The comparison
between the observed periodogram and posterior draws reveals
some variance in the latter, expected given the noise properties of
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Figure 20. Top panel: light curve for NuSTAR observation 80401312002 of the black hole X-ray binary GRS 1915+105, binned at a 5-s resolution. Bottom
panel: the averaged periodogram created from combining 530 individual segments of 64-s duration reveals a strong QPO at 2.2 Hz and an associated harmonic
at 4.4 Hz. It also shows the characteristic broadband oscillatory structure typical for dead time.
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Table 5. Priors used in model for GRS 1915+105.

Parameter Meaning Probability distribution
rmsy Fractional rms amplitude Uniform(0.1, 0.4)
Avg FWHM of the zero-centred Lorentzian Uniform(1, 10)
Aqro Relative amplitude of the QPO Uniform(0.5, 20)
VQPO QPO centroid frequency Uniform(1.5, 3.5)
qQro Quality factor of the QPO Uniform(3, 100)

Ap Relative amplitude of the harmonic Uniform(0.1, 1.0)
Her Mean incident photon count rate Uniform(500, 1500)

Note. An overview over the model parameters with their respective prior probability distributions

for the model for GRS 1915+105.
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Figure 21. Corner plot of the posterior probability distribution for the QPO
model and the first light curve of the NuSTAR observation of GRS 19154-105.
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Figure 22. Periodogram of the first light curve in the NuSTAR observation
of GRS 19154105 (purple), along with realizations of random draws from
the posterior (pink) and the posterior median (orange). The well-constrained
posteriors in Fig. 21 translate into realizations that generally capture all of the
behaviour seen in this periodogram: the LF noise, the QPO and its harmonic,
and, at high frequencies, the imprint of dead time.

a periodogram averaged from 15 segments. The posterior median
from 100 simulations traces all features in the periodogram closely
and shows no inherent biases. Visual checks of the posterior samples
for other light curves in the observation confirms that, overall, the
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density estimator trained on 100 000 simulations does a good job of
approximating the posteriors.

In order to explore the time-dependent behaviour of the pe-
riodograms, we generate posterior samples for each of the 207
averaged periodograms generated from this observation. Because the
model is amortized, drawing posterior samples is fast, of the order of
seconds for 10000 samples. We generate histograms with 200 bins
for the marginalized posteriors for each parameter in each segment,
and then plot these histograms in a heatmap as a function of time
(Fig. 23). This plot reveals significant variation in all parameters.
Stark dips in the posterior for the incident count rate that occur
directly at the beginning of a GTI and are likely due to instrumental
effects. We also observe stochastic variability in the fractional rms
amplitude, and somewhat more structured changes in the centroid
frequency of the QPO: while the other parameters appear to jitter on
shorter time-scales, the QPO centroid frequency seems to change on a
time-scale closer to the length of the total observation. However, this
appearance may be related to the fact that in both our simulations and
in the real data, the centroid frequency is always the parameter with
the narrowest posterior density; thus, we cannot say whether there is
an intrinsic difference between variability in different parameters. To
the eye, this variation may appear near-periodic, though we caution
the reader that this might be an illusion generated by an otherwise
stochastic process (e.g. Press 1978).

As a check on the validity of the model, we compare the inferred
incident count rates with the observed mean count rate in each light
curve, and with a commonly-used analytical estimate for the incident
count rate, given by

Mobs
P
1- Tdead Mobs

Mexp = (3)
where [tops 1S the observed mean count rate and Tge,q is the dead
time. Fig. 24 presents the comparison between observed count
rates, expected count rates, and the mean of the posterior pdf for
each of the light curves as a function of time. Overall, both the
analytic estimate and the posterior means are significantly higher
than the observed count rates, as expected for a bright light curve
with a significant loss of photons. While the posterior means and
the analytic estimate appear very similar, the posterior means are
systematically higher by ~ 0.75counts s~!. This may indicate that the
analytic estimate is a slight underestimation. Both analytic estimate
and posterior means used a constant dead time model; if variable
dead time were consistently taken into account, we would expect the
incident count rate somewhat higher, as was the case in Section 4.5.
Because posterior means are only an incomplete representation of a
full posterior, we also present violin plots of the posterior for the first
five light curves along with the analytical estimate as a comparison.
While overall, the distributions and the analytical estimates agree, the
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Figure 24. Left-hand panel: comparison of the observed mean count rate (purple), the mean of the posterior probability distribution (pink) and the expected
mean count rate calculated using the observed count rate and NuSTAR constant dead time using equation (3) for each of the 207 light curves in NuSTAR
observation 80401312002. Right-hand panel: violin plot of the posterior probability densities for the incident mean count rate (purple), and the expected
mean count rate (orange) as in the left-hand plot, for the first five light curves.
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latter seems to generally fall into the lower half of the distribution,
in line with the overall observation that the posterior favours slightly
higher incident mean count rates.

6 DISCUSSION

Problems where an analytical likelihood is inaccessible or where the
data are affected by instrumental effects that are hard to incorporate
in a parametric model are common in science. X-ray astronomy is no
exception, and dead time has been a long-standing issue for timing
studies in this field. Our work here presents a powerful new approach
to mitigating instrumental effects like dead time, based on recent
advances in density estimation via neural networks, which have dra-
matically improved the efficiency and accuracy of SBI. Simulations
to assess instrumental effects are not new in astronomy. However, SBI
as presented here embeds these simulations into the framework of
probabilistic modelling and allows for a direct estimation of posterior
probability distributions from these simulations.

We used dead time in NuSTAR as an example, but in some
ways, NuSTAR is the least interesting instrument for this kind of
approach. Its two identical detectors make other, faster methods
like the FAD accessible, though we have also shown that the
dead time distribution in NuSTAR does matter compared to the
constant value often assumed. In studies that require extremely
accurate measurements of the incident flux, the model proposed
here, especially when drawing individual dead time intervals from
the observed distribution, is likely to produce less biased results,
though this will also depend on the strength of the variability in
question (biases are most likely strongest for very high fractional
rms amplitudes; Bachetti & Huppenkothen 2018). However, there
are instruments for which alternative approaches are not available
because the instrument comprises a single detector, or because the
dead time process itself is more complex (e.g. energy-dependent dead
time). In these cases, simulations might be the only option to assess
and mitigate dead time effects.

Traditionally, SBI required the careful construction of handcrafted
summary features from the data to enable the algorithm to efficiently
construct posteriors. For a relatively simple problem with few pa-
rameters, we have shown that SNPE works impressively well on the
periodograms themselves. We note, however, that the periodogram
in fact is a summary of the data, albeit a noisy and incomplete
one. For stochastic processes common in accreting sources like GRS
1915+105, it is a better estimator than the raw light curves would be,
though our experience with the example of a red noise process with
gaps and without dead time also shows that a careful construction
of the summaries used is still important. Because the mean flux in
a light curve imposes a constant scaling factor on the periodogram
that is divided out in the fractional rms normalization, a model that
uses this normalization to construct the periodogram as a summary
will not be able to infer the incident count rate in the light curve,
because there is no information available in the summary to do.
Interestingly, we only noticed this in the model without dead time,
despite the fact that all previous simulations in Section 4 also employ
the same normalization. We conclude that in these other cases, the
incident mean count rate was actually inferred through the dead time
process itself. Because the effect of dead time is flux-dependent, the
model can use the shape of the periodogram across a wide range of
frequencies to estimate the incident flux, despite no other information
about the flux being available.

In this paper, we focused on introducing and validating SBI
using relatively simple toy problems to showcase the approach,
but the method admits much more complex problems and data
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sets. In principle, one might combine different, more comprehensive
summaries of the data, such as time lags, covariance-energy spectra,
phase-resolved spectroscopy, or rms-flux spectra in order to perform
joint probabilistic inference given an underlying physical model for
the effects observed in the data. Because new, neural-network-based
methods for SBI scale well to higher dimensions, and because they
also allow for the use of intrinsically stochastic models, limitations to
this approach come primarily from the ability to simulate the process
in question.

While in the past, SBI was extremely computationally expensive,
the sequential approach proposed by Greenberg et al. (2019) makes
it possible to construct accurate posteriors with a few thousand sim-
ulations; less than or at most equal to what many MCMC algorithms
commonly used in astronomy require. Amortized inference without
the sequential components is significantly more computationally ex-
pensive, but depending on the problem at hand, that upfront expense
may be justified if it enables inference across many different data
sets later on, as we have shown on the GRS 1915+105 data. While
we do not find that summaries constructed through convolutional
neural networks improve our results, and posterior inference seems
to work well on the periodograms from GRS 19154105 data without
such summaries, it is possible that other sources may benefit from
feature extraction with convolutional neural networks. In general,
while our results provide a proof of concept that SBI with SNPE
enables reliable inference in the presence of dead time, our modelling
choices should not be seen as prescriptive, especially when applying
this approach to sources with significantly different light curves and
periodograms, which may require additional experimentation and
hyperparameter optimization.

We caution that a simulator based on a physical model might
be computationally expensive. For the problem considered here,
we found that simulating whole light curves of more than a few
thousand seconds becomes very slow because of the simultaneous
requirement of a time resolution smaller than the typical time-scale
of the dead time process. This leads to an excessively large number of
frequencies to be inverse Fourier-transformed into a light curve, and
consequently to a slow simulator. However, simulations can be pre-
recorded, and easily parallelized. Amortized inference on multiple
observations only works if the observations all have the same overall
properties as the simulated data: That is, they must have the same
length and time resolution in order to be comparable to the simulated
data. Finally, while neural networks have been shown to be extremely
efficient and flexible estimators of densities, they are also opaque
models that are difficult to interpret. Understanding when they fail,
or how well they estimate the target posterior density in practice
can be difficult. We performed extensive simulations to understand
the model’s performance on a relatively simple problem with dead
time. We also employed posterior predictive checking through
comparisons between the observed periodogram and realizations of
the posteriors as well as the posterior median to identify possible
biases in the model.

The fast posterior sampling using the amortized model has addi-
tional advantages, because it opens up spectral timing to hierarchical
inference. Rodrigues et al. (2021) recently introduced an algorithm
for SNPE in a hierarchical modelling context. In the context of
the GRS 1915+105 data presented above, a hierarchical model
could help constrain the variability properties of the QPO centroid
frequency. Given a (stochastic or periodic) function for the evolution
of the QPO centroid frequency in time, a hierarchical model might
define the parameters of that function as population-level parameters,
and recast the centroid frequency for each individual segment as
latent variables. In a hierarchical framework, these parameters are

220Z KBy 60 Uo Jasn (81Sal] Ip 0DIWIOUO.]SY OLIOJBAIaSSQ) 81sali] 4VNI AQ 8610919/689G/1/ L L S/301e/Seluw/Wwo2 dno-olwapeoe//:sdiy Wolj papeojumo(]



jointly inferred. This provides a powerful tool for future spectral
timing studies of accreting sources.
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