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Abstract. The Lyman alpha forest power spectrum has been measured on large scales by
the BOSS survey in SDSS-III at z � 2:3, has been shown to agree well with linear theory
predictions, and has provided the �rst measurement of Baryon Acoustic Oscillations at this
redshift. However, the power at small scales, a�ected by non-linearities, has not been well
examined so far. We present results from a variety of hydrodynamic simulations to predict
the redshift space non-linear power spectrum of the Ly� transmission for several models,
testing the dependence on resolution and box size. A new �tting formula is introduced to
facilitate the comparison of our simulation results with observations and other simulations.
The non-linear power spectrum has a generic shape determined by a transition scale from
linear to non-linear anisotropy, and a Jeans scale below which the power drops rapidly.
In addition, we predict the two linear bias factors of the Ly� forest and provide a better
physical interpretation of their values and redshift evolution. The dependence of these bias
factors and the non-linear power on the amplitude and slope of the primordial uctuations
power spectrum, the temperature-density relation of the intergalactic medium, and the mean
Ly� transmission, as well as the redshift evolution, is investigated and discussed in detail.
A preliminary comparison to the observations shows that thepredicted redshift distortion
parameter is in good agreement with the recent determination of Blomqvist et al., but the
density bias factor is lower than observed. We make all our results publicly available in
the form of tables of the non-linear power spectrum that is directly obtained from all our
simulations, and parameters of our �tting formula.
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1 Introduction

The Ly� forest is the main observational probe for studying the structure and evolution of
the intergalactic medium (IGM). The transmitted Ly � ux observed in the spectrum of a
distant source (typically a quasar) provides us with a one-dimensional map of absorption
along the line of sight (LOS), with the observed wavelength corresponding to the redshift of
the intervening neutral hydrogen causing the Ly� scattering (e.g. [43, 49]).
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The way in which the ux transmission fraction is related to t he underlying density
�eld, temperature and peculiar velocity gradient of the gas on small scales is non-linear, and
can be modelled in detail only from hydrodynamic cosmological simulations [12, 16, 27, 35,
39, 44, 55, 58, 60]. However, in the limit of large scales, the transmission fraction averaged
over a large region depends linearly on the mean overdensityand peculiar velocity gradient in
the region, and the power spectrum of the transmission is simply proportional to the power
spectrum of mass uctuations, with the standard redshift distortions that were predicted
initially for galaxy surveys [25, 29].

This simple linear treatment of the Ly � forest applicable on large scales has led to its
use as a cosmological tool to measure the power spectrum, �rst from few tens of quasar
spectra [where only the projected one-dimensional power asa function of the parallel Fourier
component is measured; see16, 17, 39, 41, 58] and then in full redshift space, where the
correlation in the transmission among parallel lines of sight is used [52]. As proposed in
[38], and implemented in the Baryon Oscillation SpectroscopicSurvey [BOSS; see18] of the
Sloan Digital Sky Survey-III [SDSS-III, see20], the Ly� power spectrum is proving to be a
powerful tool to measure the general large-scale matter power spectrum, and in particular to
measure the baryon acoustic oscillation scale, at a relatively high redshift which has not so
far been probed by other observables. This measurement provides geometrical constraints on
the expansion rate and the angular diameter distance as a function of redshift [8, 19, 22, 53].

In contrast to the large scales, the Ly� power spectrum at small scales is a�ected
by a variety of non-linear physical processes governing theevolution of the IGM. These
physical processes are highly complex, and they may includeseveral phenomena related to
the formation of stars and quasars in galaxies that can perturb the IGM. Some examples
are reionization and the inhomogeneous heating caused by it, and the hydrodynamic e�ects
from galactic winds and quasar jets. There is, however, a more simple assumption that can
be made for the evolution of the IGM: that the ionization of th e IGM is caused only by a
nearly uniform radiation background, which produces a nearly uniform heating, and that
shock waves arise only from the gravitational collapse of structure formation and not from
the ejection of any gas from galaxies due to supernovae-driven winds or quasars. Even though
it is known that quasar jets and galaxy winds are present in the universe and they have some
impact on the IGM, the volume they a�ect may in practice be very small [40, 56, 59], and
it is useful to test �rst the most simple assumption for the evolution of the IGM against the
observations. This simple model should be mostly describedby only �ve parameters, which
determine the statistical properties of the Ly� forest:

� The mean transmission fraction, �F (z), which depends on the intensity of the cosmic ion-
izing background and is directly measured in the observations (except for uncertainties
related to continuum �tting).

� The density-temperature relation, usually parameterizedby the two parameters T0 and
 in the power-law relation T = T0(1 + � ) , where � = �= �� � 1 is the gas overdensity.
When the IGM is heated in photoionization equilibrium and cools adiabatically due to
Hubble expansion, one expects this power-law relation to hold with  ' 0:6, but the
relation may be altered by the heating due to HeII reionization [28, 42, 45].

� The mass power spectrum of primordial perturbations near the Jeans scale of the IGM,
� J = 2 �=k J , which we can parameterize also with two parameters as a power-law with
free amplitude and index, P(k) = A � (k=kJ )n � . The characteristic Jeans scale at the
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mean density is related to the IGM temperature, although in detail it depends also on
the entire thermal history [23], and therefore may be considered as a sixth parameter.

Even though the large-scale properties of the Ly� forest are simply understood from
linear theory, there is a strong interest in understanding the small-scale, non-linear properties
as well. There are several motivations for this: �rst, we need to test if our understanding
of the IGM in terms of a simple uniform photoionization as mentioned above is essentially
correct, or if there are important modi�cations due to a stro ng impact of galactic winds and
jets [e.g., 32], or large inhomogeneities due to HeII reionization [15, 42]. Second, the Ly�
forest linear power spectrum depends on two bias factors, with values that can be measured
and can be predicted from an understanding of the small-scale physics. Finally, the Ly� power
spectrum transmission power spectrum is being measured to increasingly high accuracy, both
in projection [from single lines of sight, see41, 46], and in its full shape in redshift space [3],
and a detailed comparison of the observations with predictions from numerical simulations of
the fully non-linear power spectrum may o�er us new clues to essential questions in cosmology,
such as the impact of neutrino masses on the growth of structure [47], or limits on models of
warm dark matter [ 57], or other possible variations on the nature of the dark matter. There
is therefore a need to obtain reliable theoretical predictions for the non-linear power spectrum
of the Ly� transmission fraction as a function of redshift from numerical simulations of a
large array of cosmological models, in terms of the most important Ly � forest parameters
mentioned above.

The goal for the theory of the non-linear Ly� forest is comparable to that of numer-
ical simulations of the hot, X-ray emitting gas in clusters of galaxies. Detailed determi-
nations of the gas density and temperature distributions from X-ray observations and the
Sunyaev-Zeldovich e�ect, together with the mass distribution from gravitational lensing and
the kinematic distribution of galaxies, have spurred advances in the theoretical modelling
of clusters, the comparison of numerical codes for cosmological simulations, and tests of the
convergence of the results. At present, the abundance of clusters of galaxies can be used to
infer the normalization of the mass power spectrum, but thisdetermination depends on the
uncertain relation between the observable properties fromX-rays, gravitational lensing and
the Sunyaev-Zeldovich temperature decrement to the cluster mass. This relation needs to be
predicted from numerical simulations, and the theoretical modelling a�ects the comparison
with the power spectrum normalization derived from CMB observations [e.g., 26]. Similarly,
the Ly� forest is sensitive to the amplitude of the power spectrum and several other cosmo-
logical parameters and physical properties of the IGM, but constraints on these quantities
can only be inferred once we have a reliable understanding and modelling of non-linear e�ects
on the observed properties of the Ly� forest.

The aim of this work is to study several cosmological simulations of the Ly� forest
for a variety of models, to analyze the non-linear power spectrum of the Ly � transmission
that they predict, and to test the conditions that the simula tions must satisfy, in terms of
resolution and simulation volume, to reach convergence of the results. This problem was �rst
addressed in the pioneering paper of [36] (hereafter M03), and here we attempt to continue
this study by examining a large number of hydrodynamic simulations, characterizing the
power spectrum with a new, simpler �tting formula with sever al non-linear parameters, and
studying the dependence of the linear bias factors on the IGMproperties. We start in x2 by
reviewing the de�nition of the linear bias factors of the Ly� forest and the derivation of the
linear power spectrum, and we introduce alternative bias factors for the Ly� e�ective optical
depth. The simulations and our technique for measuring and �tting the power spectrum are
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explained in x3. The results for the non-linear power spectrum in one speci�c model, for
which we have run our largest simulation, are presented inx4. Several tests of convergence
with the box size and resolution of the simulations are performed in x5, and the results for
the power spectrum �ts for a variety of di�erent physical mode ls are presented inx6. Finally,
the results are discussed inx7 and conclusions are given inx8.

2 The Bias Factors of the Lyman Alpha Forest

Before proceeding to describe our analysis of hydrodynamicsimulations, we review here the
standard de�nitions of the power spectrum and bias factors of the Ly � forest. We also
introduce a new de�nition for the optical depth bias factors, already discussed in the context
of metal lines in [21], which is useful to better interpret their values and compare results at
di�erent redshifts and for di�erent types of absorption syste ms.

The transmission fraction F in the Ly � forest is the ratio of the observed ux f that is
transmitted from the source to the continuum ux, f c, when there is no intervening absorp-
tion. Usually a model of the source continuum spectrum is used to calculate F = f=f c from
the observed ux. The uctuation in the transmission is de�n ed as

� F =
F

�F (z)
� 1 ; (2.1)

where �F (z) is the mean value of the transmission, evaluated as a function of redshift. The
power spectrumPF (k; � ) is that of � F in redshift space, with � being the cosine of the angle
of the Fourier wavevector of modulusk from the LOS to the observed source. On small
scales, the value of� F at a certain point depends on the complex non-linear evolution of the
IGM. However, the average of� F over a large enough scale is related to the mass density
uctuations according to a linear expression of the form � F = bF � � + bF � � . Here, � is the
mass density uctuation, and

� = �
1

aH
@vp
@xp

(2.2)

is the dimensionless gradient of the peculiar velocityvp along the LOS, both averaged over
the same large region that is used to average� F ; xp is the comoving LOS coordinate,H
is the Hubble constant, and a the scale factor. This is the most general linear expression
for any tracer of large-scale structure. The reason is that the only scalar quantities that
can be constructed from the deformation tensor,� ;ij (equal to the second derivatives of the
gravitational potential), and the LOS unit vector, n i , are the trace of� , which is proportional
to � , and n i n j � ;ij , which is proportional to � . The bias factors are simply de�ned as the
partial derivatives of � F with respect to � and � , after the large-scale averaging is done:

bF � =
@�F
@�

; bF � =
@�F
@�

; (2.3)

where each partial derivative is understood to be done by holding the other variable (� or � )
constant.

The bias factors in equation (2.3) are not de�ned in the same way as for point objects like
galaxies. In general, denser regions or regions where the Hubble expansion rate has slowed
down have stronger absorption, and therefore lower transmissionF , so the values ofbF � and
bF � are negative. Moreover, when �F is close to unity (which occurs at low redshift), the
absolute values of the bias factors are very small simply because they express the absorption
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uctuation compared to the total transmitted fraction, whe n the mean absorption is very
small. A physical bias factor should reect the uctuation o f a quantity that is zero when the
mass density is zero, whereas the transmitted fraction is obviously one when the gas density is
zero. The quantity that reects the relative amount by which the Ly� absorption uctuates
when the mass or the peculiar velocity gradient uctuate is obtained from the uctuation of
an e�ective optical depth, � e = � logF (where F has been averaged over a large, linear scale
before taking the logarithm), which has a relative uctuati on � � = � F =log �F = � � F =�� e. The
bias factors for this e�ective optical depth uctuation are:

b� � =
@��
@�

=
bF �

log �F
; b� � =

@��
@�

=
bF �

log �F
: (2.4)

The usefulness of these new de�nitions is made apparent by considering various simple
models for the Ly� forest. Let us �rst imagine that the Ly � absorption systems are clouds
of gas distributed in space with a density bias factorbc; in other words, wherever the mass
density uctuates by � , the number density of gas clouds uctuates bybc� , but their individual
absorption line pro�les do not vary. If the internal dynamic s of these clouds are not aligned
in a correlated way with the LOS depending on the value of� , the e�ective optical depth
they produce in the spectrum uctuates as � � = bc� + � , because a peculiar velocity gradient
is simply squeezing the absorption lines of the clouds in thespectrum by the factor 1 � � ,
without altering the absorption line pro�les. Hence, for th ese population of clouds we have
b� � = bc and b� � = 1: the density bias factor reects the true physical bias of the population
of clouds, and the peculiar velocity gradient bias factor isequal to one, just like for any
population of objects that is selected isotropically, i.e., independently of the LOS direction.

Next, consider the case where the IGM absorption is optically thin everywhere. The
optical depth is proportional to the density of hydrogen atoms, which on large scales must
again behave like a biased population of objects with some bias factor ba, and b� � must
again be unity because the column density of hydrogen atoms in a given interval of the Ly�
spectrum is proportional to the integrated optical depth, which cannot be modi�ed by any
shifts due to peculiar velocities.

Therefore, if we consider that the true Ly� forest is a combination of optically thin
absorption by the IGM, plus a population of clouds with optically thick absorption lines that
follow a linear bias factor but do not change their internal properties as a function of� and
do not have correlated orientations with the principal axes of the large-scale deformation
tensor, we conclude thatb� � = 1, and b� � reects a true, physical bias factor that results
from a weighted average of the optically thin, intergalactic neutral hydrogen biasba, and the
gas clouds biasbc.

This model is of course not exactly correct, because there isan intermediate density
range of gas that is not optically thin and is not in a population of clouds that have lost any
alignment of their internal dynamics with the surrounding l arge-scale structure. Nevertheless
we can expect it to provide a �rst approximation to the realit y of the Ly� forest, and in this
way the value of the two bias factors can have a physical interpretation. Note also that these
optical depth bias factors can be de�ned for any other set of Lyman series lines and metal
lines, simply by using the appropriate value of �F in equation (3.1), as proposed in [21], and
then the bias factors of any hydrogen or metal absorption lines associated with a certain
population of clouds or galaxies are equal to the true bias factors of these objects.

The linear power spectrum is derived as in [29], from the simple fact that in the linear
regime, � = f (
) � 2� in Fourier space, wheref (
) = d logG=dlog a, and G(a) is the growth
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factor. For the linear power spectrum of the transmission uctuation � F , we have

PF (k; � ) = b2
F � (1 + �� 2)2PL (k) + N0 ; (2.5)

where the redshift distortion parameter is

� =
bF � f (
)

bF �
; (2.6)

and PL is the matter density uctuation power spectrum. We have included the intrinsic
shot noise termN0, which is a shot noise that should remain even whenPF is measured from
an arbitrarily dense set of absorption sightlines due to therandom nature of the formation
of absorption line systems as the evolution of the IGM becomes non-linear [37], although
this is believed to be very small and we shall ignore it in thispaper. This linear power
spectrum is of course valid only in the limit of large scales,and the models we shall use to
�t our simulations include a non-linear multiplicative ter m, as described below in equation
(3.3. The linear power spectrum of the e�ective optical depth � � is the same, except for
the normalization, which changes by replacingbF � by b� � . Note that � is the same for the
transmission or e�ective optical depth power spectra, because the ratio of the two bias factors
remains unaltered.

Finally, we mention also the radiation bias factor bF � , de�ned as the variation of � F

when the photoionization rate of hydrogen �, determined by t he intensity of the ionizing
background, varies. If � � is the relative uctuation of this photoionization rate, th en the
total transmission uctuation averaged on a large scale is� F = bF � � + bF � � + bF � � � . The
modi�cation of the power spectrum PF due to uctuations in the ionizing radiation intensity
caused by sources that are tracers of the mass density uctuations was discussed in [24, 48].
We ignore here the possible additional e�ect from HeII reionization of a large-scale modi�-
cation of the temperature-density relation. Under the assumption that the intensity of the
ionizing background does not appreciably a�ect the temperature and hydrodynamic evolu-
tion of the IGM, and changes the optical depth at every spectral pixel in inverse proportion
to the photoionization rate, then the variation of the trans mission uctuation with � � can be
computed in terms of the probability distribution of the tra nsmission fraction P(F ), as

� F =
1
�F

Z 1

0
dF P(F ) exp

�
logF
1 + � �

�
� 1 = �

R1
0 dF P(F ) F logF

�F
� � = bF � � � : (2.7)

Just as before, we de�ne the optical depth radiation bias factor as

b� � =
bF �

log �F
= �

R1
0 dF P(F ) F logF

�F log �F
: (2.8)

An alternative simple model for computing the peculiar velocity gradient bias factor is
to assume that all the uctuations determining the Ly � forest absorption spectrum can be
treated in the linear regime. Using this assumption, [51] showed that bF � should be given
by the same expression forbF � in equation (2.8). The reason is easy to understand: for
linear uctuations, the optical depth at any spectral pixel is simply multiplied by the factor
(1� � )� 1 ' 1+ � under the e�ect of a peculiar velocity gradient, so the same derivation shows
that bF � = bF � . For the case of radiation uctuations, however, the derivation of equation
(2.8) does not need to assume that the Ly� forest uctuations are linear even on small scales,
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so the prediction for the radiation bias factor is much more reliable. We will show in x4 that
in fact, bF � is quite di�erent from bF � because of the non-linearities that a�ect the change
of small scale Ly� forest uctuations under a variation of the large-scale peculiar velocity
gradient.

3 Method of Analysis of the Simulations

Our goal in this paper is to use cosmological hydrodynamic simulations of the IGM to predict
the three-dimensional power spectrum of the Lyman alpha forest in redshift space,PF (k; � ; z),
wherek and � are the modulus and the cosine of the angle from the LOS of the Fourier mode
vector, and z is the redshift. The simulations used are described inx3.1. The method of
analysis is inspired in that of M03 and is based on the following steps: (1) starting from a grid
of cells containing the hydrodynamic quantities of gas density, ionized fraction, temperature
and velocity at a certain redshift output of a simulation, th e corresponding spectra of Ly�
transmission are computed for the entire grid, using one of the simulation axes as the assumed
LOS direction, and the three-dimensional Fast Fourier Transform of this transmission �eld is
obtained, as described inx3.2; (2) the mean value ofPF (k; � ) is computed in bins of (k; � ),
and errorbars are assigned which take into account the variance due to the �nite simulation
volume (x3.3); (3) a parameterized �tting function for PF (k; � ) is chosen to obtain best-�t
values of the parameters for several simulations (x3.4).

3.1 Simulation characteristics

Two types of hydrodynamic simulations will be used in this chapter. Most of the simulations
rely on the Tree-PM (Particle Mesh) Smoothed Particle Hydrodynamics (SPH) GADGET-
II code [54], and the bulk of our analysis will be performed on the outputs of these Lagrangian
simulations. One simulation that is based on a �xed-grid Eulerian code is also used, to allow
for a �rst comparison of the results for the two types of hydrodynamic numerical methods.
This simulation is described in [11].

Table 3.1 shows a list of all the simulations that will be used in this work, including
variations in the spatial grid size and the spectral pixel size for the analysis of the Ly� forest.
The �rst two columns give the comoving box size,L , and the number of dark matter particles
in the SPH simulations (the number of dark matter and gas particles in the SPH simulations
being the same). The third one gives the number of cells,Nc, in the uniform grid that is
constructed to compute the density, temperature and velocity in real space. Note that the
simulation labelled Euler does not use particles, and the cells used to run the simulation are
N 3

c and are directly used as this spatial grid. The Ly� spectra are computed for each of the
three axes of the simulation playing the role of the LOS, with the number of pixels in each
spectrum from each row ofNc cells of length L given in the fourth column; generally there
are as many pixels in the spectra as cells in the spatial grid,except in the analysis labelled
P1024 where the number of pixels is doubled. The other columns give values of physical
parameters used in the simulations: the variable� 8 parameterizing the present amplitude of
linear perturbations on a sphere of 8h� 1 Mpc, the mean temperature at the mean densityT0,
and the power-law index that �ts the density-temperature re lation at low densities, which is
described below in more detail. In general, models have variations of di�erent parameters
around the values of the �ducial model in the �rst row of Table 3.1, and they are labelled
with names that refer to the parameter that is being varied.
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Name Box size Particles Nc Pixels � 8  log(T0)

Fiducial 60 Mpc/h 5123 5123 512 0.8778 1.6 4.3
P1024 60 Mpc/h 5123 5123 1024 0.8778 1.6 4.3
C256 60 Mpc/h 2563 2563 256 0.8778 1.6 4.3
R384 60 Mpc/h 3843 5123 512 0.8778 1.6 4.3

R384C 60 Mpc/h 3843 2563 256 0.8778 1.6 4.3
R640 60 Mpc/h 6403 5123 512 0.8778 1.6 4.3

R640C 60 Mpc/h 6403 2563 256 0.8778 1.6 4.3
L80 80 Mpc/h 5123 5123 512 0.8778 1.6 4.3
L120 120 Mpc/h 7683 5123 512 0.8778 1.6 4.3
Euler 50 Mpc/h | 2048 3 2048 0.82 1.54 4.03

Lagrange 50 Mpc/h 5123 5123 512 0.82 1.58 4.10
Planck 60 Mpc/h 5123 5123 512 0.8338 1.4 4.2
G1.3 60 Mpc/h 5123 5123 512 0.8778 1.3 4.3
G1.0 60 Mpc/h 5123 5123 512 0.8778 1.0 4.3
G1T4 60 Mpc/h 5123 5123 512 0.8778 1.0 4.0
S0.76 60 Mpc/h 5123 5123 512 0.7581 1.6 4.3
S0.64 60 Mpc/h 5123 5123 512 0.6396 1.6 4.3

Table 1 . List of simulations and analysis variations used in this paper. The �rst column lists the name
we give to the simulation/analysis, the second the simulation box size,and the third indicates the
number of particles used in the simulation (both for dark matter and gas, except for the simulation
named Euler, which uses a �xed Eulerian grid instead of gas particles). The fourth column gives
the number of cells, Nc, used to represent the hydrodynamic variables in the spatial grid that is
computed to obtain the Ly� forest spectra, and the �fth column is the number of pixels on the line
of sight direction used to compute the Ly� spectra. The last three columns give the power spectrum
amplitude and the (T0;  ) parameters of the temperature-density relation in the simulation, whereT0

is expressed in kelvin.

3.1.1 SPH simulations

All simulations in Table 3.1 except for the one denoted as Euler were run using the publicly
available Tree-Particle Mesh Smoothed Particle Hydrodynamics (SPH) GADGET-II code
[54].

The �ducial simulation uses a box of 60 comovingh� 1 Mpc and 2 � 5123 particles (for
the total of gas and dark matter). Other simulations are run with larger boxes of 80 and 120
h� 1 Mpc (L80 and L120) to test the e�ect of the missing large-scalepower, or with di�erent
resolution to check the convergence as the particle masses are reduced. The cosmological
model is at �CDM with the following parameters, using stand ard notation: 
 0m = 0 :3,
� = 0 :7, 
 0b = 0 :05, H0 = 70 km s� 1Mpc� 1, ns = 1 and � 8 = 0 :8778. The initial conditions
are generated using the softwareCAMB 1 and the Zel'dovich approximation at the initial
redshift of z = 49. The particle mesh grid used to calculate the long range forces is chosen to
have the same number of cells as the number of gas particles, 5123, while the gravitational
softening is 4 kpc=h in comoving units for the 60h� 1 Mpc box and scales proportionally to
the initial particle separation for the other simulations. The hydrodynamical processes are
followed according to the prescription of [30]. Star formation is also included in the model
with a simpli�ed prescription that allows to instantaneous ly convert into a star particle any

1http://camb.info/readme.html
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gas particle of overdensity larger than 1000 and temperature colder than 105 K. This has
been demonstrated to have negligible impact on the Ly� forest transmission power spectrum
[58].

Most of the SPH simulations in Table 3.1 are based on the same cosmological model as
the �ducial one. The exceptions are the simulations S0.76 and S0.64, where the amplitude of
the initial power spectrum is varied, and the Planck and Lagrange simulations. The Planck
simulation uses a model that is consistent with the most recent CMB measurements from the
Planck mission (REFERENCE), with the following parameters: 
 0m = 0 :3175, � = 0 :6825,

 0b = 0 :049, H0 = 67:11 km s� 1 Mpc� 1, ns = 0 :9624 and � 8 = 0 :8338. The Lagrange
simulation is run for the same cosmological model as the Euler simulation that is run with
the Eulerian code, described below.

Our main goal in analyzing these simulations is to understand how the non-linear
power spectrum varies several physical parameters, such asthe amplitude � 8 or the density-
temperature relation. These comparison are limited by the intrinsic random variations in
the measured power due to the sample variance in simulationsof limited box size. To reduce
this intrinsic sample variance, we have chosen to generate the initial conditions of all the
GADGET-II simulations by setting the amplitude of every Fourier mode to the exact rms
amplitude predicted by the power spectrum, instead of generating it following the Rayleigh
distribution. The mode phases are still generated randomly. Only for the �ducial simula-
tion, we have generated several realizations with di�erent random seeds, including some cases
where the Rayleigh distribution for the amplitudes is included, which will be analyzed inx5.2
to check for any e�ect that this can have on our results. This implies that the power spectrum
of the initial conditions for our simulations is exactly equal to the value predicted by the cos-
mological model at each Fourier mode, without any variations due to sample variance. The
Ly� transmission power spectrum that is obtained, however, hasrandom variations caused
by non-linear Fourier mode couplings.

The impact of di�erent thermal histories on the Ly � forest is explored by modifying the
Ultra Violet (UV) background photo-heating rate in the simu lations, as in [6]. A power-law
temperature-density relation, T = T0(1 + � ) � 1, arises in the low density IGM as a natural
consequence of the interplay between photo-heating and adiabatic cooling [28]. Two di�erent
values for the temperature at mean density,T0, and three di�erent values for the power-law
index of the temperature-density relation,  , are considered to examine the impact of the
temperature-density relation on the Ly� power spectrum; the most recent observational
constraints [4] favor values for these parameters close to those of our �ducial model. The
di�erent thermal histories are constructed by modifying the �ducial simulation He II photo-
heating rate according to � HeII = � � � �

f id;HeII , changing the parameters� and � [6]. The
�ducial thermal history appears to be in overall good agreement with recent determinations
based on line pro�le �tting [ 5]. The thermal histories for the SPH runs are built to guarantee
that the � � T relation is approximately constant with redshift in the ran ge z = 2 :2 � 3, so
the quoted values of and T0 approximate reasonably well the density-temperature relation
in the whole redshift range investigated here.

3.1.2 Eulerian simulation

In addition to the SPH simulations based on a Lagrangian approach, a simulation based on
an Eulerian code is used, [described in9, 10, 13, 14]. The simulation used here is on a 50
Mpc/h box with 2048 3 cells, and uses the cosmological model with parameters 
0m = 0 :28,

 0b = 0 :04, � = 0 :72, H0 = 70 km s� 1 Mpc� 1, ns = 0 :96, and � 8 = 0 :82. This simulation has
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been run with standard initial conditions, with the amplitu des of every Fourier mode following
the Rayleigh distribution. The � � T relation is determined by following the photoionization
heating that is derived from a model of the ionizing background that is computed as the
simulation is run. In the density range that is important for the Ly� forest over the redshift
range 2:2 < z < 3 that we analyze in this paper, this � � T relation is well approximated by
the values ofT0 and  in Table 3.1.

To compare this simulation with an equivalent one run with th e SPH method, we have
run the simulation designated "Lagrange" in Table 3.1. The Lagrange simulation is run for
the same cosmological model and box size as the Euler one, andusing HeII heating parameters
to approximately mimick the � -T relation in the Euler one. This is further discussed inx5.3.

3.2 Extracting the Ly � power spectrum from the simulations

We now start discussing the full procedure for processing the simulation outputs to obtain
an estimate of the Ly� transmission power spectrum, and for analyzing �ts to this power
spectrum. This procedure is summarized in the diagram in �gure 1, and discussed in detail
in the rest of this section.

For the GADGET-II simulations, the SPH formalism for computing the hydrodynamic
variables of gas density, temperature and velocity on a Cartesian grid, and then extracting
mock Ly� spectra, is followed as described in the Appendix A4 of [55]. For the Euler
simulation, the Cartesian grid that the simulation is run on is used directly to obtain the
Ly� spectra, as in [44]. Each simulation grid in real space is used to generate three distinct
boxes of Ly� spectra, taking each of the three axes as the LOS. For each of the three axes,
the spectra for the entire simulated box are computed, resulting in N 2

c Ly� spectra.
Apart from the parameters of each simulation, an additional parameter is necessary to

compute the Ly� spectra: the intensity of the ionizing background, which can be altered to
adjust the mean transmission �F (z) to a certain value. The mean transmission fraction is
�xed to the value given by the expression

�F (z) = exp
�
� 0:0023(1 + z)3:65�

; (3.1)

which was found to adequately �t the observational data of high-resolution spectra by [31],
after subtracting the estimated metal contribution. We not e that more recent determinations
give comparable values of �F , but there are substantial uncertainties in this determination
[1, 4].

The computed Ly� spectra are modi�ed to adjust this value of the mean transmission
by using the approximation that the optical depth varies at each pixel as the inverse of the
intensity of the ionizing background, and that the gas temperature is not a�ected by this
background intensity. This assumes that collisional ionization can be neglected and that the
atomic fraction is much smaller than unity, which is generally an excellent approximation
(except in high density regions where the optical depth is very large in any case, and therefore
does not a�ect the computed Ly� spectra). The use of this approximation avoids having to
recompute the Ly� spectra every time that the mean transmission is adjusted tothe required
value in the expression above. The assumption that the temperature and hydrodynamic
evolution of the IGM is not a�ected by the intensity of the ioni zing background is not as
accurate because cooling by line excitation is neglected, but in any case, here we are interested
in examining the dependence of the predictions forPF on an assumed, �xed � -T relation,
and separately on �F .
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Figure 1 . Flow chart of the analysis method of the power spectrum from simulations followed in
this work. A set of GADGET-II simulations are used with di�erent resolution and box sizes, and
di�erent physical properties: mean transmission �F , power spectrum amplitude � 8, mean temperature
T0, and temperature-density relation slope . The output of the simulations at various redshifts is
represented in a real space grid (the Eulerian simulation output directly provides this grid), and then
the Ly� optical depth is computed in redshift space. These optical depthsare rescaled to keep the
mean transmission fraction �xed, and then the Fast Fourier Transform is performed and the square
moduli provide estimates for the power spectrumPF (kx ; ky ; kz ). The power spectrum is then averaged
in bins of (k, � ), errors are estimated, and �ts to our proposed equation (3.6) are done. At �rst, tests
of convergence with parameters related to the binning of Fourier modes and the errors are carried out.
After these tests are performed, a �ducial model is chosen and further convergence tests are done for
the simulation box size, resolution, and grid cells. Finally, the dependence of the results on physical
e�ects is examined.

We will generally present results at the redshiftsz = 2 :2, 2:4, 2:6, 2:8, and 3, where
equation 3.1 implies rescaling the Ly� spectra to mean transmission values of�F = 0 :8517,
0:8185, 0:7813, 0:7404, and 0:6960, respectively. We shall use these values except for a few
cases discussed in section6.3, where we examine the variation ofPF under changes in �F .

A Fast Fourier Transform is applied to the entire box of Ly � spectra, for each of the
three cases taking each axis as the LOS. Usually, the grid is cubic with N 3

c cells, except in
the P1024 model in Table3.1 where the number of pixels is 2Nc. For the latter case, we
�rst average the value of F = exp( � � ) in every two pixels to obtain a cubic grid, and then
compute the Fourier transform. The routine fft from the scipy package in Python is used
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for this computation 2. This results in N 3
c =2 independent Fourier modes for each of the three

axes chosen as the LOS, each one with a modulus and a phase. Themoduli are used to
obtain the estimate of the Ly� power spectrumPF (k; � ; z).

3.3 Power spectrum estimation, Fourier space binning, and errorbars

We discuss in this subsection the procedure for evaluating the power spectrum in Fourier
space bins, using the Fourier modes of the Ly� transmission �eld of the simulations. The
wavenumbers that are available in a simulation of box sizeL go from the minimum value, k1 �
2�=L , to the maximum value equal to the Nyquist frequency, k1Nc=2. Several parameters
are involved in our choice of binning in Fourier space and thecomputation of error bars of
PF used to obtain �ts, which we enumerate here:

1. The cuto� scale kc. This is the maximum scale at which we consider thatPF can be
reliably predicted from a simulation and measured from the observations. We use only
modes with k < k c to �t the results of PF , wherekc is less than the Nyquist value. For
our �ducial simulation, the comoving cell size is L=N c = 0 :12h� 1 Mpc, corresponding
to a velocity width � 12 km s� 1 and a Nyquist value �N c(1 + z)=(HL ) � 0:25 s km� 1.
Most of the modes in a simulation have wavenumbers near the Nyquist value, which
are a�ected by the absorption tails of high column density systems arising from highly
non-linear collapsed structures that may not be correctly modelled in the simulations.
Moreover, in practice the observed power at this largek is highly sensitive to the
presence of narrow metal lines, which are not included in thesimulations. Following
M03, we consider that any comparison of theoretical and observed power spectra is not
reliable for wavenumbers abovek(1 + z)=H � 0:1 s=km, which is approximately a �xed
comoving scale in our examined redshift range We therefore choose, for our �ducial
simulation, kc = 100 k1 = 10:47h=Mpc, and for all simulations we keep the physical
value kc = 10:47h=Mpc �xed. All the modes with k > k c are discarded. This leaves,
for the �ducial model, 4 � 106 independent Fourier modes with k < k c to be used in
our analysis.

2. The transition scale kt . For e�ectively computing a � 2 function to �t the estimated
power spectrum from a simulation to an analytic model, having more than 106 values
from independent Fourier modes is still a very large number,and the vast majority of
these Fourier modes are at highk. To reduce this number, we de�ne bins in the (k; � )
variables to average the estimated power spectrum within each bin when k is larger
than a transition scale kt . For k < k t , di�erent modes obtained from the simulation are
averaged only when they have exactly the same values of (k; � ), and compared to the
power spectrum values from an analytic model at exactly the same (k; � ) to compute
the � 2 function.

We choosekt = 1 h=Mpc for the �ducial simulation with box size L = 60 h� 1 Mpc,
which is close to the geometric average ofkc and k1. This results in roughly the same
number of bins at k > k t , as di�erent values of (k; � ) at k < k t , which optimizes the
e�ciency and accuracy of the calculation. For di�erent box si zes, we keep �xed the value
of kt L = 60, so that the number of Fourier modes evaluated without binning remains
roughly constant. For example, for our largest simulation with L = 120 h� 1 Mpc, we
usekt = 0 :5h=Mpc.

2http://docs.scipy.org/doc/numpy/reference/routines. �t.html
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3. Number of bins in (k; � ). The range of k from kt to kc is divided into 16 bins that
are equally spaced in logk, and � is divided also into 16 linearly spaced, equal bins
from 0 to 1. This gives a total of 256 bins fork > k t for which the power spectrum is
estimated, for all simulations. Simulations with larger box size, with a smaller value of
kt , have therefore a larger bin size in logk. The number of di�erent values of (k; � ) that
are obtained at k < k t turns out to be 296 for our choice ofkt L = 60, therefore a total
of 552 �tting points are used for all simulations when �tting PF (k; � ) to an analytic
model.

4. Errors � P (k; � ). Evaluating the � 2 function requires assigning an error to each Fourier
mode estimated from a simulation. We assume that the Fouriermodes are independent,
and therefore that our covariance matrix is diagonal. We keep a count of the number
of Fourier modes,nF (k; � ), contributing to each of the 552 values of (k; � ) (including
all three projections we use of the simulation box in redshift space, sonF is always a
multiple of 3). We then compute the error of each power spectrum evaluation according
to:

� P (k; � ) = PF (k; � )
h
1=

p
nF (k; � ) + �

i
; (3.2)

where PF is the estimated value of the transmission power spectrum. For � = 0, this
is the expected error owing to the Poisson variance associated with the number of
independent modes available in the simulation. The constant � is included to avoid an
excessive weight to the overall �t from the modes with the highest values ofk, following
the procedure of M03. The number of modes below a certain value of k grows ask3,
so if a reasonable value of� is not included, any analytic �t will need to be very highly
accurate for all the high-k modes before the low-k modes are of any importance in
determining the minimum of the � 2 function. Unfortunately, there is no clear objective
way to decide the value of� that one should choose to obtain a �t that is adequately
weighting the results of a simulation over the broad range ofk that is being probed,
and the results of the �ts depend on � . In our work we have chosen a constant value
of � = 0 :05 for all the simulations and analyses. The optimal value of� is discussed in
Appendix A.

It is worth going through some examples of the number of independent modes available
for the power spectrum estimate for the smallest wavenumbers, starting at k1 = (2 � )=L. For
the direction parallel to the LOS (with kx = ky = 0 and kz = k1, choosing the z-axis as the
LOS), with � = 1, only one independent Fourier mode is obtained (the mode with kz = � k1

is not independent because of the condition that the Ly� transmission �eld is a real function).
Two independent modes perpendicular to the LOS, with� = 0, are available, for kx = k1,
ky = 0, and kx = 0, ky = k1. The next smallest modes havek =

p
2k1, with two independent

modes for � = 0 ( kx = k1, ky = k1, and kx = k1, ky = � k1), and four independent modes
for � = 1=

p
2 (with either kx or ky being equal to +/- kz). In general, eight independent

modes are available for any values ofkx , ky and kz when they are all di�erent from zero and
kx 6= ky (owing to the symmetry under two independent sign changes and under the exchange
of kx for ky), which are used to estimate the Ly� power for the valuesk = ( k2

x + k2
y + k2

z)1=2,
� = kz=k. In this case, the estimate of the power at this (k; � ) will come from nF = 24
values, because eight independent modes are obtained for each of the three axes chosen as
the LOS. For some modes, this number is further increased whenever several combinations
of (kx ; ky ; kz) yield the same values of (k; � ) (e.g., for kx = 3, ky = 4 and kx = 5, ky = 0).
There are 296 di�erent values of (k; � ) that are obtained from a cubic box with kL < 60.

{ 13 {



For the bins at k > k t , the average values of (k; � ) of the contributing Fourier modes in
each bin are stored, in addition to the mean power spectrum value. These average values are
usually very close to the central values of the bin (because the number of modes included in
each bin is large), but they are not exactly equal. The model of the power spectrum to be
�tted is then evaluated at these average values instead of the bin center.

3.4 Parameterized �tting function for the Ly � power spectrum

The Ly� transmission power spectrum obtained from the simulationswill be �tted to the
following analytic model:

PF (k; � ) = b2
F � (1 + �� 2)2 PL (k) D (k; � ) : (3.3)

The �rst terms on the right hand side are derived from the linear perturbation theory of [ 29],
as explained inx2, where PL (k) is the mass density uctuation linear power spectrum, bF �

is the density bias factor of the Ly� transmission, and � the redshift distortion parameter.
The function D(k; � ) is the deviation from linear theory due to non-linear evolution, so we
expect D to approach unity in the limit of small k.

We shall use two di�erent �tting models for D (k; � ) in this paper, although we have
tested many others before deciding on a formula that provides good �ts. First, the expression
used by M03, which we designateD0, with a total of 8 free parameters,

D0(k; � ) = exp
��

k
knl

� anl

�
�

k
kp

� ap

�
�

k � �
kv0(1 + k=kv1)av 1

� av 0
�

: (3.4)

Second, the expression we shall use in most of our �ts,D1, is a new one that has only 6
free parameters, and actually only 5 are used in most of our �ts. We make the ansatz that
the non-linear correction should behave asD � 1 / k3PL (k) in the limit of small k, because
perturbation theory predicts that the second order terms ofPF should depend on integrals of
products of four linear perturbations. First, we de�ne the Fourier amplitude of linear density
uctuations as

� 2(k) =
1

2� 2 k3PL (k) : (3.5)

The �tting formula D1 that we use is

D1(k; � ) = exp

(
�
q1� 2(k) + q2� 4(k)

�
�
1 �

�
k
kv

� av

� bv

�
�

�
k
kp

� 2
)

: (3.6)

These equations are to be understood as simple �tting formulae that have been found to pro-
vide useful �ts to the numerically obtained power spectra from the simulations by experience.
However, some physical motivation for the various terms canbe provided as follows:

� Non-linear enhancement: The power spectrum is increased onscales near the onset
of non-linearity, because non-linear collapse of structure tends to enhance the power
relative to the linear prediction. For the D1 formula, and ignoring for now the � de-
pendence, this term isq1� 2(k), with the optional addition of the higher order term
q2� 4(k) that may be included to improve the �t. The constants q1 and q2 are dimen-
sionless and control the importance of this non-linear enhancement. In the D0 formula
this term is (k=knl )anl . The scaleknl at which non-linear e�ects start being important
should roughly obey � 2(knl ) � 1, so the dimensionless constantsq1 and q2 in the D1
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formula are expected to be of order unity. The local slope of the power spectrum near
this non-linear scale atz ' 2:5 is nef f ' � 2:3, implying that � 2 � k0:7 near this scale,
which agrees with the typical value found for anl in M03. In the limit of small k, the
di�erence D � 1 is proportional to � 2(k) in our new formula, so an extrapolation to k
values smaller than those probed by our simulations can givea reasonable prediction,
while the formula D0 of M03 is expected to overpredictD � 1 for small k.

� Jeans smoothing: The gas pressure suppresses the power below the Jeans scale. Small-
scale power is present in regions of high density, where the Jeans scale is reduced in
the highly non-linear regime, but this should not greatly a�e ct the Ly � forest which is
mostly sensitive to moderately overdense structures. Thispower reduction is modelled
by the isotropic term with the scale kp playing a role that is reminiscent of a Jeans
scale, although this cannot be taken literally because our formulae are simply a �t to
a highly non-linear numerical result. The D0 formula has a free power-lawap for this
term, but we have found that good �ts are obtained by �xing ap = 2, and therefore we
�x this in the D1 formula.

� Line-of-sight broadening: Finally, non-linear peculiar velocities and thermal broadening
cause a smoothing of the correlation along the LOS, and therefore a suppression of
power that increases with� . This suppression was found in M03 to be well matched by
a power-law dependence on� inside the exponential, but several parameters had to be
added to �t the k-dependence of this non-linear anisotropic term, the thirdone in the
D0 formula. We �nd that by multiplying this term by the same non- linear enhancement
depending on � 2(k), a simple power-law dependence onk also provides a good �t.

Therefore, our new formulaD1 has two advantages overD0: it has the correct behavior
for D1 � 1 in the limit of small k, and it reduces the number of non-linear parameters from
eight to six, and in fact to �ve in most of the simulations anal yzed in this paper where we
will set q2 = 0, still providing su�ciently good �ts.

To calculate the �t of the values of PF (k; � ) extracted from the simulations to equation
(3.3), we use the Montecarlo Markov Chain method [hereafter, MCMC; see, e.g.,2, for a
review on the Metropolis algorithm that we use] to minimize the � 2 function, which we
compute as

� 2 =
X (Ps � Pm )2

(� P Pm =Ps)2 =
X (P2

s =Pm � Ps)2

� 2
P

; (3.7)

where Ps is the power spectrum measured from the simulation,Pm is the power spectrum
of the model being �tted, and the sums are over all the bins in (k; � ). The errors � P are
computed using equation (3.2) with PF = Ps, so that they do not depend on the model,
and are the ones shown in our �gures. However, the� 2 function is obtained with the errors
computed from the �tted model, which are � P Pm =Ps.

4 Results: the L120 Simulation

This section presents the results of the non-linear Ly� transmission power spectrum for the
L120 simulation, the largest SPH simulation we have analyzed, with 7683 particles (see Table
3.1). We start using the �tting formula D1 in equation (3.6), which will be used in all our
results for other simulations. Figure 2 shows the estimated ratioPF (k; � )=PL (k) at z = 2 :2
as colored points with error bars, and the resulting �ts as curves, in the left panel. The
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non-linear term D(k; � ) is shown in the right panel. The colored curves are the �t to the 6
free parameters inD1(k; � ) plus the two linear bias parameters, and the black curves show
the �t that is obtained when the q2 parameter, multiplying the second-order term in � 2(k),
is set to zero.

The structure of these two panels will be the same for the various models analyzed in
the rest of this paper. A set of four curves and points are shown for each �t, corresponding
to the four intervals of � indicated in the �gure. An additional two curves show in this case
the �t model at � = 0 and � = 1. The points are obtained by averaging the modes within
the bins in k that are plotted and these four bins in � . Even though the �t is performed
with 16 bins in � at k > k t , as described inx3.3, the results are then further averaged into
4 bins for the purpose of display only. The �t also uses, as described above, 16 bins in logk
within kt < k < k c, which are directly plotted, and individual mode values for k < k t . These
individual mode values are also averaged, for display purposes, into 16 bins in logk between
k1 = 2 �=L and kt , allowing for easy visualization of the results in plots that are similar to
those in M03. Note that, for small k, some of the bins in logk and � do not include any of
the actual values of (k; � ) from the simulation modes, and in this case they are absent from
the plot.

The way in which the values and errors of the power spectrum estimates in the original
bins used for the �t are averaged into the bins used to make the�gures is as follows: each
original bin is assigned a weightw(k; � ) = 1 =� 2

P (k; � ), using the errors in equation (3.2). The
values of the power spectrum and the mean coordinates of the coarse bins for the plot are
obtained by averagingPF =PL , logk and � with these weights, and the new error in the coarse
bin is set to the inverse square root of the sum of the weightsw(k; � ), assuming Gaussian
independent errors. The error bars therefore indicate the e�ective weight that each plotted
point, as the average of several points used in the actual �t,is given to obtain this �t.

The curves are the result of the model �t, when the model is computed on the same
values of (k; � ) of all the bins used for the �t, and then averaged in the same way as the
simulation points for display purposes. This averaging is the reason for the discontinuities in
these curves in the left panel, which are particularly apparent at low k. The four curves for
the four values of� start from the left side at di�erent values of k, depending on the smallest
k value for which there exists a mode having� within each bin. The smallest wavenumber,
with k = k1, exists only for � = 0 and � = 1. The model predictions are shown for the
same values of (k; � ) as the points, and are plotted as a continuous line only to guide the
eye. Finally, the cyan and brown dash-dot lines (black for the q2 = 0 case) are the model
predictions for � = 0 and � = 1 as a function of k (this time, not averaging over any bins),
shown to indicate the di�erence with the results in the averaged bins of smallest and largest
� .

When the points indicating simulation results and the curves showing the model in the
left panel are divided by the expression [bF � (1 + �� 2)]2 in each of the computational bins,
using the bias factors obtained in each �t, the non-linear term D(k; � ) is obtained, plotted in
the right panel. The colored points are now valid only for the free q2 �t; points for the q2 = 0
�t are omitted to avoid excessive cluttering. As before, the points and model predictions are
averages of the bins used for computing the �t over the coarser bins used to make the plot.
The averaging of the values and errors is done using the same weights as for the ratio PF =PL .

Figure 2 shows that a very good �t is obtained by varying only the 6 parameters in
equation (3.6), plus the two linear bias factors (colored curves). A valueof � 2 = 296:7 is
obtained, for 552� 8 = 544 degrees of freedom at redshift 2.2. When �xingq2 = 0 at z = 2 :2,
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Figure 2 . Power spectrum for the 120 Mpc=h box at z = 2 :2, averaged over the indicated 4 bins
in � , and with bins in log k as described in the text. Points with error bars in the left panel are
the results from the simulation, and colored lines are the �t to equation (3.6) with 6 free parameters
(in addition to the two bias factors). Black curves are the �t to 5 fr ee non-linear parameters, when
setting q2 = 0 in D1. The left panel shows the ratio of the transmission power spectrum to the linear
one, and the right panel shows the non-linear termD(k; � ). Points in the right panel are shown only
for the �t with q2 as free parameter, to avoid cluttering. Brown dashed curves arethe �tted model
computed at � = 0 and � = 1, shown to indicate the di�erence with the averaged bins 0< � < 0:25
and 0:75 < � < 1; black dashed curves (shown only in the left panel) are the same for the �t with
q2 = 0.
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Figure 3 . Same as �gure2, but comparing the �t using the D0 formula (colored curves and points)
with the one using D1 with free q2 (black curves; black points omitted in right panel), and at z = 3.

the value of � 2 increases to 349:8. This value of � 2 does not reect a real \goodness of �t"
because we have added the parameter� in equation (3.2) to reduce the weight of the modes
at high k, and because the initial conditions were generated withoutincluding the Rayleigh
distribution in the amplitude of each Fourier mode, so the scatter of the values of PF =PL
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arises only from non-linear coupling. The value of� 2 is therefore substantially less than the
number of degrees of freedom. Nevertheless, its variation with the model �t can still indicate
if the improvement of a �t is signi�cant. The �t with q2 = 0 is already quite good, but it
improves substantially by including q2 as free parameter. In particular, the low-k points are
better matched for free q2, increasing the model power at smallk by � 15%, implying an
increase of� 7% in the density bias factor. The di�erence between the two �ts for D (k; � )
in the right panel goes up to nearly 20% and extends to higherk, because of degeneracy of
the non-linear parameters with the linear bias factors.

Results at the higher redshift z = 3 are shown in Figure 3, this time comparing the
�tting formula D1 with all 6 free parameters (black curves), with the result for D0 with
8 non-linear parameters (colored curves). As before, blackpoints are omitted in the right
panel. The �ts are fairly close to each other forPF =PL , with values of � 2 = 252:0 for D1, and
� 2 = 262:3 for D0, again with a di�erence at low k where D1 better matches the simulation
points. In this case, the �t with D1 �xing q2 = 0 is much closer to being optimal than at
z = 2 :2, with � 2 = 254:6. The �t with the D1 formula is clearly better than with D0, with
two fewer parameters; we have found this to be true also atz = 2 :2. Moreover, we see in the
right panel that the formula D0 converges very slowly toward unity at small k. The reason
is that the value of the anl parameter in equation (3.4) obtained for this �t at z = 3 is small,
anl ' 0:2, and there is a strong degeneracy with the value of the linear bias factors. This
formula therefore easily leads to unphysical parameter values when the linear bias factors are
not determined independently from the �t to the power spectrum of a simulation of limited
box size. The values of the parameters are listed in the tables in Appendix B.

4.1 Results for the linear bias factors

In the limit of small k, the ratio PF =PL approachesb2
F � (1+ �� 2)2. This is indeed the behavior

shown by our results in the left panel of Figures2 and 3. The size of the box limits the number
of Fourier modes available in the simulation at low k and hence the accuracy to which the
linear bias factors can be measured from our �t. In addition, degeneracies between these
bias factors and the non-linear parameters are present when�tting the simulation results for
PF =PL .

The values of the bias factors and the redshift distortion parameter are shown in Figure
4 at the 5 redshift outputs that we will use in most of our models, and for the three cases
we have considered: theD1 formula with free q2, �xing q2 = 0 in D1, and the D0 formula.
The two physical bias factors, b� � and b� � , are obtained from the transmission bias factors
bF � and bF � derived from our �ts of PF (k; � )=PL (k) through equation (2.4), and are shown
in the center and right panels. Errorbars are derived from the Monte Carlo Markov Chain
computed for the �ts, and they generally overestimate the purely statistical errors for a �xed
�tting function because our � 2 function is too low due to the � parameter and the absence
of Rayleigh-distributed amplitudes in the simulation. However, they are dependent on the
�t model and they do not include the systematic errors that are investigated in x5.

The results of the bias factors forD0 di�er substantially from the ones derived with
D1, and they are less reliable because the functionD(k; � ) converges too slowly towards
unity at small k, as seen in Figure3. This slow convergence is unphysical because non-linear
e�ects are actually very small on the largest modes of the L120simulation box. This problem
for D0 is worse at high redshift and, together with strong degeneracies with the non-linear
parameters, is the cause of the strange redshift dependenceof the bias factors. For this
reason, we focus in the rest of this paper on results obtainedwith D1.
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Figure 4 . Results of the �tted values for the two bias factors b� � and b� � , and the redshift distortion
parameter � as a function of redshift, for the 5 redshifts outputs of the L120simulation. The error
bars are 1� , as returned from the MCMC �tting. To avoid superposition of erro rbars, green points are
shifted slightly left and blue points slightly right, but they are all at ou r 5 standard redshift outputs.
Results are shown for the �tting formula D1 with all 6 free non-linear parameters (red squares), for
D1 setting q2 = 0 (blue circles), and for the formula D0 with 8 free parameters (green triangles).
The di�erences among the �tting models are caused by degeneracies with the non-linear parameters,
which are more severe forD0. In the right panel, the absolute value of the radiation bias parameter
b� � is also shown as crosses.

The redshift distortion parameter � , shown in the left panel, is predicted to have a
value near 1:4 at the most commonly observed redshift in BOSS,z ' 2:3, and to decline
with redshift. There is little variation of the value of � when �xing q2 to zero. The value we
predict is slightly smaller than that of M03, who found � = 1 :58 at z = 2 :25. Our result for
� for the D0 formula is closer to that of M03, but this is not for the same reason since an
independent method was used by M03 to determine the bias factors. The dependence of�
on the �tting method and physical parameters will be further discussed inx6.

The physical bias parameters have a relatively weak dependence on redshift. Previous
results reported in terms of the transmission bias factors indicated a very rapid evolution
with redshift, due mostly to the change in the mean transmission �F . The predicted value
of b� � ' 0:6, nearly constant with redshift, has the physical meaning that the Ly � e�ective
optical depth uctuates on large scales by� 60% of � , the uctuation in the mass density
�eld. As mentioned above, the density bias factor drops by � 8% at z = 2 :2 when �xing
q2 = 0, corresponding to the � 15% variation of power at low k seen in Figure2. This is an
indication of the uncertainty due to the degeneracy with non-linear parameters and the use
of di�erent �tting formulae.

The bias factor of the peculiar velocity gradient is computed from equation (2.6). For
the logarithmic derivative of the growth factor, we use the values for the cosmological model
of our �ducial simulation: f (
) = (0 :9875, 0:9895, 0:9911, 0:9924, 0:9935) at z = (2 :2, 2:4,
2:6, 2:8, 3). The value ofb� � is below unity and decreases with redshift. This means that the
Ly� forest behaves di�erently from a large-scale structure survey of objects with a selection
function that is independent of the peculiar velocity gradient along the LOS, � : the e�ective
optical depth uctuates only by � 70% of the uctuation in � at z = 3. We shall return in
x7 to the physical reason whyb� � is less than unity and decreases with redshift, which is a
general characteristic in the results of all our simulations.
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Finally, we compute also the radiation bias factorb� � , de�ned at the end of x2, using the
probability distribution of F in the simulation L120 at each redshift output, and equation
(2.8). The results are shown as crosses in the right panel of �gure4. The values are a
factor of � 2 smaller than b� � . This shows that the approximation proposed by [51], in
which b� � = b� � , fails in an important way. Following on our discussion at the end of x2,
we believe the reason is that non-linear evolution of the small scale uctuations in the Ly �
forest substantially modi�es the value of b� � .

As far as the linear power spectrum is concerned, the main goal of numerical simulations
of the Ly� forest should be to accurately predict the value of� (z) and b� � (z), and to examine
the model dependence of these functions, to compare to observational determinations. Our
results in this section already show the main di�culty invol ved in this goal: the numerical �ts
we obtain depend on the �tting formula that is used, and on the value of the � parameter we
have chosen in equation (3.2) to increase the importance of the low-k modes. When setting
q2 = 0, the �t to the low- k points is worse and bothb� � and b� � go down. However, if q2

is set free then theq1 parameter determining the limit of the non-linear correction at low
k becomes highly degenerate. Determining accurate values ofthe bias parameters with a
reliable non-linear correction can only be done with large numbers of simulations on large
boxes, to have better statistics for the power at low-k. Since we have only one simulation
with L = 120 h� 1 Mpc and a few on smaller boxes, the results in this paper on linear bias
factors are of limited accuracy, as exempli�ed by the di�erence in our two di�erent �ts with
D1.
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4.2 The non-linear part of the power spectrum

The values of the non-linear parameters are shown for the �tting model D1 in Figure 5, for
all 6 parameters being free (red solid line), and forq2 = 0 (blue dashed line). We plot kav

v
instead of kv to reduce the amount of degeneracy among parameters. We comment here on
the principal features of the results on these parameters and what this reects on the shape
of the non-linear function D(k; � ).

The scalekp is generally near 10h=Mpc, or kp=H � 0:1 s=km. This is a characteristic
value for the Jeans scale of the photoionized gas in the IGM, as discussed inx3.4. This
parameter is used to �t the declining power with k that occurs above this scale even for
� = 0, clearly seen in Figures2 and 3. The value of q1, controlling the amplitude of the
non-linear power enhancement, isq1 ' 0:6 when no second-order term is included, but a
substantial degeneracy occurs with the parametersq2, kv , kp and av when q2 is included in
the �t, causing large changes ofq1 that vary with redshift.

Non-linear e�ects imply a change of the sign of the quadrupoleof PF (k; � ) ask increases.
At small k, the power is largest at � = 1 due to the Kaiser e�ect, and at large k the e�ect of
velocity dispersion takes over and the power is largest at� = 0. The quadrupole is zero at a
point where curves of di�erent � cross each other. This point reects a characteristic scaleat
which non-linearity changes the sign of the power spectrum anisotropy, and shifts to the left
(larger scales) as the amplitude of the mass power spectrum increases fromz = 3 to z = 2 :2.
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Figure 6 . Left panel: PF (k; � )=PL (k) as a function of � 2, for the bins centered at k =
(0:56; 1:44; 3:08; 6:58)h=Mpc (or bins number 1, 6, 10 and 14 abovekt ). Right panel: same points for
D(k; � ) as a function of � 1:5.

The dependence of the non-linear correction on� is very well represented by the power-
law � bv inside the exponential in equations (3.4) and (3.6), where bv is close to 1:5 at all
redshifts and is subject to little degeneracy with other parameters. To see in greater detail
the dependence of the power on� , Figure 6 showsPF =PL as a function of � 2 in the left panel,
and D(k; � ) as a function of � 1:5 in the right panel, for a set of four selected bins in logk,
corresponding to bins number 3, 7, 11 and 16 in Figure2 starting from the right edge. The
four values ofk of these bins are indicated in the �gure, in units of h=Mpc. This �gure shows
the actual value of PF that we use in our �ts for the 16 bins in � in our analysis, instead of
the averages over coarse bins as in previous �gures. The results are shown at z = 2 :2 and for
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the D1 �t including q2 as free parameter. We see in the left panel that at the scale where
the quadrupole changes sign (k = 3 :04h=Mpc), the power is indeed almost independent of
� . The right panel shows that the � -dependence of the non-linear correction to the power is
surprisingly well �t by a simple power-law at all values of k.

It will be interesting to express our non-linear parametersin terms of the characteristic
scale where the anisotropy changes sign. We de�ne the wavenumber kna (the subindex is for
the scale ofnon-linear anisotropy) as the one that obeys

PF (kna ; � = 0) = PF (kna ; � = 1) : (4.1)

The � dependence of the transmission power spectrum for our �tting formula D1 is

PF (k; � ) / (1 + �� 2)2 exp
h
� � a(k)� bv

i
; (4.2)

where, if we use for simplicity the formula D1 with q2 = 0, we have

� a(k) = q1� 2(k)
�

k
kv

� av

: (4.3)

The value of kna can be computed from our non-linear parameters from equation

� a(kna ) = 2 log(1 + � ) : (4.4)

As it turns out, the function of � in equation (4.2) happens to be nearly constant in the range
0 < � < 1 when bv ' 1:55 and � ' 1:4, if � a obeys equation (4.4). As we shall see, these
values of bv and � do not change much for all the other models we examine in this paper.
This is the reason that all the curves for PF =PL with di�erent � cross each other nearly at
the same wavenumberkna for all our models.

We compute the value ofkna for all our models with q2 = 0, by iteratively solving the
equation

kna =
�

(2� )2 kav
v log(1 + � )

q1 PL (kna )

� 1=(3+ av )

: (4.5)

The parameter values of our �ts are given in the tables of Appendix B. The parameter kna

is particularly useful because its correspondence with thecrossing point of the curves means
that it has very little degeneracy with all other parameters, and therefore its error is small.

We have not been able to think of an analytical explanation for the surprisingly well
matched � -dependence of logD(k; � ) to the power-law � bv , with bv ' 1:55. We note that
bv < 2 implies a singular second derivative ofPF (k; � ) at � = 0.

Finally, we also note that onceq2 is introduced as a free parameter, the power-law index
av becomes very small, particularly at low redshift, and a large degeneracy is introduced
among the parameterskv , av , q1 and q2. The improvement in the �t obtained by including q2

is modest, and this improvement is further reduced for simulations in smaller boxes, where
less information is available on thek-dependence (and the parameter degeneracy increases).
We therefore will �x q2 = 0 for our �ts to the results of most of our simulations.

5 Convergence Tests: Resolution, Box Size and Numerical Met hod

This section addresses the degree to which our �t results from the various simulations we
analyze have converged when box size, resolution, grid sizeand numerical method are varied.
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Variations of the power spectrum with physical parameters of the Ly � forest will be discussed
in x6.

We remark here one important di�erence between our work and that of M03. We do
not use any splicing technique (see also [7]) to combine results from simulations of di�erent
resolution or box size, a method introduced by M03 to attempt to better reach a convergent
solution. In this work we simply �t both the linear bias facto rs and the non-linear parameters
of the analytic formulae of equations (3.4) and (3.6) to the power spectrum of each simulation.
Our results can probably be improved by using this splicing technique, in particular for the
linear bias factors, but we did not have enough simulations in this work to do this for all the
models we analyze, and we left this for future studies. The emphasis of our analysis is more
focused on the variations of the bias parameters and the non-linear form of the Ly� power
spectrum with respect to a reference model (our �ducial simulation), rather than aiming for
a highly accurate convergence of the results, for which a larger number of simulations on
large boxes are required.

Before we start, we also note that all our SPH simulations generally use the same
random initial conditions for the phases of Fourier modes of�xed kL . Moreover, as described
in x3.1.1, the amplitudes of the modes are always equal to the variancepredicted by the
power spectrum, instead of being generated randomly with the Rayleigh distribution. This
minimizes the random sampling variance due to the �nite box size and allows for a more
direct comparison of di�erent models. In general, however, there is no guarantee that the
average PF obtained by suppressing the Rayleigh distribution of amplitudes in the initial
conditions is the same as the correctPF that can be derived only by including the Rayleigh
distribution, and this will need to be tested in future studi es. As we shall see in this section,
the variations of the low-k power spectrum from simulations of the same model but di�erent
random initial conditions are similar to the di�erences intr oduced by resolution and box size,
and the overall accuracy to which we can measure the bias factors from our simulations is
not better than � 10%.

5.1 Resolution

We start by checking the dependence of our results on the resolution. There are three di�erent
quantities in relation to the resolution of the simulation and the analysis that is done for
computing the power spectrum that must be tested for convergence: the number of particles
in the simulation, the number of cells in the grid to compute the hydrodynamic variables,
and the number of pixels in the simulated Ly� spectra.

We compare �rst results for the power spectrum from the same simulation and spatial
grid, but varying the pixel resolution of the computed Ly � spectra. Results forPF =PL are
shown in �gure 7, where black curves are for our �ducial model and colored curves and points
are for the P1024 model. The �ducial model is the same as the one used inx4, but with the
box sizeL = 60 h� 1 Mpc, and the P1024 model is exactly the same but with the number of
pixels in the Ly� spectra doubled to 1024 (Table3.1). Black points are omitted to avoid
cluttering, but they follow the black curves similarly to th e colored ones. The P1024 model is
computed by calculating the optical depth in 1024 pixels along the LOS, and then averaging
exp(� � ) for every two pixels to obtain a cubic grid of 5123 values of the transmission fraction,
on which a Fast Fourier Transform is done in the same way as forall our other models. Both
models are �tted with our D1 formula with q2 = 0.

The results are shown atz = 2 :6, and are very similar at other redshifts. The increase in
the pixel resolution practically does not a�ect the transmission at the level that is discerned
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