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ABSTRACT
So far large and different data sets revealed the accelerated expansion rate of the Universe, which is usually explained in terms
of dark energy. The nature of dark energy is not yet known, and several models have been introduced: a non-zero cosmological
constant, a potential energy of some scalar field, effects related to the non-homogeneous distribution of matter, or effects due
to alternative theories of gravity. Recently, a tension with the flat �CDM model has been discovered using a high-redshift
Hubble diagram of supernovae, quasars, and gamma-ray bursts (GRB). Here we use the Union2 type Ia supernovae and GRB
Hubble diagram, and a set of direct measurements of the Hubble parameter to explore different dark energy models. We use
the Chevallier–Polarski–Linder parametrization of the dark energy equation of state, a minimally coupled quintessence scalar
field, and, finally, we consider models with dark energy at early times. We perform a statistical analysis based on the Markov
chain Monte Carlo method, and explore the probability distributions of the cosmological parameters for each of the competing
models. We apply the Akaike Information Criterion to compare these models: our analysis indicates that an evolving dark energy,
described by a scalar field with exponential potential seems to be favoured by observational data.
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1 IN T RO D U C T I O N

Starting at the end of the 1990s, observations of high-redshift
supernovae of type Ia (SNIa) revealed the accelerated expansion of
the Universe (Perlmutter et al. 1998, 1999; Riess et al. 1998, 2007;
Astier et al. 2006; Amanullah et al. 2010). This unexpected result has
been confirmed by statistical analysis of observations of small-scale
temperature anisotropies of the Cosmic Microwave Background
Radiation (CMBR) (WMAP 2013; Planck Collaboration XIII 2016).
The observed accelerated expansion is usually related to a non-zero
cosmological constant or to existence of the so-called dark energy,
a cosmic medium with positive energy density but sufficiently large
negative pressure, which now provides about 70 per cent of the matter
energy in the Universe. The nature of dark energy is, however, not
known. The models of dark energy proposed so far range from a
non-zero cosmological constant (Peebles 1984; Carroll 2001), to
a potential energy of some not yet discovered scalar field (Alam
et al. 2003; Sahni et al. 2003), to effects connected with inhomoge-
neous distribution of matter and averaging procedures (Clarckson &
Maartens 2010), or modifications of the Einstein General Theory
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of Relativity (De Felice & Tsujikawa 2010; Capozzilello & De
Laurentis 2011; Clifton et al. 2012; Capozzilello, D’Agostino &
Luongo 2019). In the last cases, in general, the effective equation
of state (EOS) of dark energy is not constant, but depends on
redshift z. Therefore populating the Hubble diagram up to high
redshifts remains a primary task to test the consistency of the
�CDM model (see for instance Lusso et al. 2019; Risaliti & Lusso
2019; Lusso 2020; Lusso et al. 2020, for discussions about the
�CDM tension) and, therefore, to shine new light on the nature
of dark energy. So far dark energy models are poorly tested in the
redshift interval between the farthest observed SNIa and that of the
Cosmic Microwave Background. In our high redshift investigation
we consider the Union2 SNIa data set, and the long gamma-ray burst
(GRB) Hubble diagram, constructed by calibrating the correlation
between the peak photon energy, Ep, i, and the isotropic equivalent
radiated energy, Eiso (Demianski et al. 2017a, b). Here we consider an
extended Ep, i − Eiso correlation, to take into account possible redshift
evolution effects, modelled through power-law terms. It turns out that
at least a part of this evolution can be caused by gravitational lensing
effects (see for instance, Shirokov et al. 2020). We consider also a
sample of 28 direct measurements of the Hubble parameter, compiled
by Farooq & Ratra (2013). These measurements are performed
through the differential age technique, first suggested by Jimenez &
Loeb (2002), which uses red passively evolving galaxies as cosmic
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chronometers. Here we probe the dynamical evolution of dark energy,
by considering some proposed so far competing models of dark
energy:

(i) an empirically parametrized EOS of dark energy, usually using
two or more free parameters. Among all the proposed parametrization
forms of the dark energy EOS, we consider the Chevallier–Polarski–
Linder (CPL; Chevallier & Polarski 2001; Linder 2003), which is
now widely used,

(ii) a quintessence dark energy: a model where a self-interacting
scalar field plays the role of dark energy and drives the acceleration
(Peebles & Ratra 1988a; Ratra & Peebles 1988b; Tsujikawa 2013),

(iii) early dark energy: models where a non-negligible fraction of
dark energy exists already at early stages of evolution of the Universe
(Khoraminazad et al. 2020) .

Our statistical analysis is based on the Monte Carlo Markov
Chain (MCMC) simulations to simultaneously compute the full
probability density functions (PDFs) of all the parameters of interest.
The structure of the paper is as follows. In Section 2, we describe
the different models of dark energy considered in our analysis. In
Section 3, we describe the observational data sets that are used in
our analysis. In Section 4, we describe some details of our statistical
analysis and present results. In Section 5, we present constrains on
dark energy models that could be derived from future GRB Hubble
diagram samples. General discussion of our results and conclusions
are presented in Section 6.

2 D I F F E R E N T M O D E L S O F DA R K E N E R G Y

Although seemingly consistent with the current standard model
where the cosmic acceleration is due to the Einstein’s cosmological
constant, �, the precision of current data is not sufficient to rule out
an evolving dark energy term. If then the cosmological constant is not
responsible for the observed accelerated expansion of the Universe,
we are considering some of the proposed models of a dynamical
field that is generating an effective negative pressure. Moreover this
could also indicate that the cosmological Copernican principle cannot
be applied at certain scales, and that radial inhomogeneities could
mimic the accelerated expansion. Within the Friedman–Lemaitre–
Robertson–Walker (FLRW) paradigm, all possibilities can be char-
acterized, as far as the background dynamics is concerned, by the
dark energy EOS, w(z). The main task of observational cosmology
is to search for evidence for w(z) �= −1. This is usually done in terms
of an appropriate parametrization of the EOS.

2.1 Parametrization of the dark energy EOS

Within the Friedman equations dark energy appears through its
effective energy density, ρ de , and pressure, p de :

H 2 = 8πG

3
(ρm + ρde), (1)

ä

a
= −4πG

3
(ρm + ρde + 3pde) , (2)

where a is the scale factor, H = ȧ/a the Hubble parameter, and ρm

is the dark matter energy density. Here and throughout this paper
the dot denotes the derivative with respect to the cosmic time, and
we have assumed a spatially flat Universe in agreement with what is
inferred from the CMBR anisotropy spectrum (Planck Collaboration
XIII 2016). The continuity equation for any cosmological fluid is:

ρ̇i

ρi

= −3H

(
1 + pi

ρi

)
= −3H [1 + wi(t)] , (3)

where the energy density ρ i , the pressure p i , and the EOS of

each component is defined by wi = pi

ρi

. For ordinary non-relativistic

matter w = 0, and the cosmological constant can be treated as a
medium with w = −1. Let us recall that ρ m = Da −3 , where the
parameter D ≡ ρ m0 a 0

3 is determined by the current values of ρ

m and a . If we explicitly allow the possibility that the dark energy
evolves, the importance of its equation of state is significant and it
determines the Hubble function H ( z), and any derivation of it as
needed to obtain the observable quantities. Actually it turns out that:

H (z, θ ) = H0

√
(1 − �m)g(z, θ ) + �m(z + 1)3, (4)

where

g(z, θ ) = ρde(z, θ )

ρde(0)
= e3

∫ z
0

w(x,θ )+1
x+1 dx,

w(z, θ ) is any dynamical form of the dark energy EOS, and θ = (θ1,
θ1.., θn) are the EOS parameters.

It is worth noting that in equation (4) we are neglecting the
radiation term �r(1 + z)4, but in this way we introduce errors
much smaller than the observational uncertainties of all our data
sets. Of course in the case of the early dark energy, when we have
to investigate a dark energy component just in early times, we must
include the radiation term.

Using the Hubble function we define the luminosity distance dL as

dL(z, θ ) = c

H0
(1 + z)

∫ z

0

dy

H (y, θ)
(5)

= c

H0
(1 + z)

∫ z

0

dy√
(1 − �m)g(y, θ) + �m(y + 1)3

. (6)

Using the luminosity distance, we can evaluate the distance modulus,
from its standard definition (in Mpc):

μ(z) = 25 + 5 log dL(z, θ ). (7)

In this work, we consider the so-called CPL parametrization of the
dark energy EOS (Chevallier & Polarski 2001; Linder 2003) given
by

w(z) = w0 + w1z(1 + z)−1, (8)

where w0 and w1 are real numbers that represent the EOS present
value and its overall time evolution, respectively.

2.2 A scalar field quintessence model

One of the more interesting physical realizations of the dark energy
is the so-called quintessence, i.e. a self-interacting scalar field
minimally coupled with gravity (Peebles & Ratra 1988a; Ratra &
Peebles 1988b; Tsujikawa 2013). Such field induces the repulsive
gravitational force dynamically, driving the accelerated expansion of
the Universe. Moreover, it also influences the growth of structures,
arisen from gravitational instability. Quintessence could cluster grav-
itationally on very large scales (�100 Mpc), and leaves an imprint
on anisotropy of the microwave background radiation (Caldwell &
Steinhardt 1998), and, at smaller scales, its fluctuations are damped
and do not modify the evolution equation for the perturbations in
the dark matter (Ma et al. 1999). Since redshift space distortions in
the clustering of galaxies provide constrains on the growth rate of
matter perturbations, δm, which depend on the scalar field dynamics,
and on the scalar field equation of state, it is possible to test
quintessence models from this kind of data (see for instance Alcaniz
& Lima 2001; Copeland, Sami & Tsujikawa 2006; Bueno Sanchez &
Perivolaropoulos 2010, and references therein). Indeed in Demianski
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et al. (2005), we showed that some scalar models with exponential
potential, including the one used in the present analysis, are fully
compatible with the power spectrum of the CMBR anisotropy, and the
parameters of large-scale structure determined by the 2-degree Field
Galaxy Redshift Survey (2dFGRS). It is worth noting that, in absence
of the matter term, it is possible to deeply connect extended theories
of gravity, as f(R) theories and scalar tensor theories in the so-called
Jordan frame, to minimally coupled scalar field with appropriate
self interaction potential. Actually, to any f(R) theory in the so-called
Jordan frame, in the Einstein frame corresponds a minimally coupled
scalar field, throughout the conformal transformation

gμν → g̃μν = �2gμν,

where � ≡ exp (ϕ) = √
f ′(R), with a potential given by (Maeda

1989):

V (ϕ̃) = f (R) − Rf ′(R)

2 [f ′(R)]2 . (9)

Here tilted quantities refer to the Einstein frame and ′ denotes partial
derivative with respect to R. It is worth highlighting, however, that this
connection only holds in the absence of a matter term. Indeed, even
if it is possible to derive a conformal transformation in presence of a
matter term, the self-interaction potential is not expressed as in equa-
tion (9), and matter becomes coupled to the scalar field. Therefore
the physical equivalence of these two conformally equivalent theories
remains an open question in theoretical cosmology (see for instance
Ma et al. 1999; Capozziello et al. 2006; Demianski et al. 2008).
Many quintessence models have been proposed, considering different
kinds of potentials driving the dynamics of the scalar field. Here we
take into account the specific class of exponential–type potential; in
particular we consider an exponential potential for which general
exact solutions of the Friedman equations are known (Rubano &
Scudellaro 2002; Demianski et al. 2005; Demianski, Piedipalumbo
& Rubano 2011; Piedipalumbo et al. 2012). Assuming that ϕ is
minimally coupled to gravity, the cosmological equations are written
as(

ȧ

a

)2

= 8πG

3

(
Da−3 + 1

2
ϕ̇2 + V (ϕ)

)
, (10)

2
ä

a
+

(
ȧ

a

)2

= −8πG

3

(
1

2
ϕ̇2 − V (ϕ)

)
, (11)

ϕ̈ + 3

(
ȧ

a

)
ϕ̇ + V ′(ϕ) = 0, (12)

and ′ denotes partial derivative with respect to ϕ. Here we consider
the potential analysed in Demianski et al. (2011) and Piedipalumbo
et al. (2012),

V (ϕ) ∝ exp

{
−
√

3

2
ϕ

}
, (13)

for which the general exact solution exists: actually it turns out that

a3(t) = t2

2
[(3H0 − 2)t2 + 4 − 3H0], (14)

H (t) = 2
(
2(3H0 − 2)t2 + 4 − 3H0

)
3t

(
(3H0 − 2)t2 + 4 − 3H0

) , (15)

�M = (4 − 3H0)
(
(3H0 − 2)t2 + 4 − 3H0

)
[2(3H0 − 2)t2 + 4 − 3H0]2

, (16)

�ϕ = (3H0 − 2)t2
(
4(3H0 − 2)t2 + 3(4 − 3H0)

)
[2(3H0 − 2)t2 + 4 − 3H0]2

(17)

Figure 1. Redshift dependence of the equation of state parameter wϕ

corresponding to the best-fitting value of H0, as illustrated in the statistical
analysis section: we see that wϕ smoothly transits between two asymptotic
constant values. The vertical lines indicate respectively the SNIa (blue line)
and the GRB range of redshift (green line).

ϕ(t) = −
√

2

3
log

(
6.48

(3H0 − 2) t2 − 3H0 + 4

)
, (18)

whereH0 is a constant. In order to determine the integration constants
we set the present time t0 = 1, so we are using the age of the universe
as a unit of time, so a0 = a(1) = 1, which is a standard choice,
and finally H0 = H (1). Because of our choice of time unit H0 does
not have the same value as the standard Hubble constant H0. In this
model, all the basic cosmological parameters can be written in terms
of H0 only, so we find that:

�M0 ≡ �M (t = 1) = 2(4 − 3H0)

9H2
0

, (19)

�ϕ0 ≡ �ϕ(t = 1) = (3H0 − 2) (3H0 + 4)

9H2
0

. (20)

The scalar field EOS evolves with time and the parameter w is
given by

wϕ = −1

2
+ 3(3H0 − 4)

6(4 − 3H0) + 8 (3H0 − 2) t2
, (21)

so that today we have

wϕ0 = −8 − 3H0

4 + 3H0
. (22)

As we see in Fig. 1, the scalar field EOS in the past is equal
to wϕ = −1 so that the dark energy behaves as a subdominant
cosmological constant, but only recently has started dominating
the expansion of the universe, as illustrated in Fig. 2. It turns out
that it undergoes a transition from a subdominant phase, during the
matter-dominated era, to a dominant phase, associated to the present
accelerated expansion. It is clear that extending the Hubble diagram
beyond the SNIa range of redshift allows us to fully investigate the
transition of the EOS from wφ = −1 to its present value.

2.3 Early dark energy

In this section, we consider some proposed cosmological models that
allow a non-negligible amount of dark energy at early times (Doran
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Figure 2. The scalar field density energy ρϕ (red line) is compared with
the matter density (blue line): we see the transition from a subdominant
phase, during the matter-dominated era, to a dominant phase, at the present
accelerated expansion. It turns out that the range of redshifts of this transition
corresponds to the passage of the equation of state from wϕ = −1 to its
present value.

& Robbers 2006): they are often connected with the existence of
scaling or attractor-like solutions, in which the dark energy density
follows the density of the dominant component of matter-energy in
the Universe. These models naturally predict a non-vanishing dark
energy fraction of the total energy at early times, �e, which should be
substantially smaller than its present value. Therefore these models
need an exit mechanism, allowing the scaling solutions to end in the
recent cosmological past, in order to trigger a dark energy dominant
era. A large class of models of this type has been proposed (Karwal
& Kamionkowski 2016; Niedermann & Sloth 2020). Since the main
parameter of an early dark energy model is �e, it parametrizes the
evolution of dark energy. In different parametrizations �e have been
estimated from several observations, as nucleosynthesis, structure
formation, or the peak separation in the power spectrum of the
cosmic microwave radiation anisotropy (Doran, Lilley & Wetterich
2002; Doran & Robbers 2006; Das et al. 2011; Di Valentino 2021).
Following Doran & Robbers (2006) and Pettorino, Amendola &
Wetterich (2013) we use parametrized representation of the dark
energy density fraction, �de, which depends on the present matter
fraction, �m, the early dark energy density fraction, �e, and the
present dark energy equation of state w0:

�de(z, �m, �e, w0) = �e

(
(z + 1)3w0 − 1

) − �m + 1

�m(z + 1)−3w0 − �m + 1

+�e

(
1 − (z + 1)3w0

)
. (23)

It turns out that in these models the Hubble function takes the form:

H 2(z, �m, �e, w0,�γ , Neff ) = �de(z,�m,�e, w0)

+�m(z + 1)3 + �γ (z + 1)4

×
(

7

8

(
4

11

) 4
3

Neff + 1

)
. (24)

Here Neff is defined so that the total relativistic energy density
(including neutrinos and any other dark radiation) is given in terms

Figure 3. We show relative residual curves of
H (z, �) − H (z, θ )

H (z,�)
for all

considered competing models described above. For the flat �CDM model we
take �m = 0.3, and H0 = 70. For other models the values of the parameters
have been chosen in order to highlight the differences between models. In
particular, for the CPL model �m = 0.3, h = 0.7, w0 = −1.2, w1 = 0.2 (red
line), and �m = 0.3 , h = 0.7, w0 = −1.2, w1 = −0.2 (blue line); for the
EDE model �m = 0.3, h = 0.7, w0 = −1, �e = 0.08, ωγ = 2.47 10−5 (red
line), �m = 0.27, h = 0.7, w0 = −1, �e = 0.03, ωγ = 2.47 10−5(blue line).
For the scalar field model H0 = 0.94 (red line) and H0 = 0.98.

of the photon density ργ at T 
 1 MeV by the relation:

ρ = Neff
7

8

(
4

11

) 4
3

ργ . (25)

In this equation Neff = 3 for three standard neutrinos that were
thermalized in the early Universe and decoupled well before
electron–positron annihilation. Moreover �γ = ωγ h−2, and we set
ωγ = 2.47 10−5. In Figs 3 and 4, we plot relative residual curves of
H (z,�) − H (z, θ )

H (z,�)
, and

μ(z, �) − μ(z, θ )

μ(z, �)
, for all the competing

models described above, where H(z, �) is the Hubble function in
the standard flat �CDM model, and H (z, θ ) is the Hubble function
in each of the other models parametrized by θ . We plot also curves
of μ(z,�)−μ(z,θ )

μ(z,�) for the CPL model and scalar field models: it turns
out that the range of redshifts larger than z = 1 is very important
to break degeneracies among the flat standard �CDM and other
models considered in this paper. The values of the parameters have
been chosen in order to highlight the differences among models.

3 O BSERVATIONA L DATA

In our analysis, we use the SNIa and GRB Hubble diagrams, and a
list of 28 direct H(z) measurements, compiled by Farooq & Ratra
(2013).
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Figure 4. We show relative residual curves of
μ(z, �) − μ(z, θ )

μ(z, �)
for all our

considered models described above. For the flat �CDM model we take �m

= 0.3, and H0 = 70. For other models the values of parameters have been
chosen as in Fig. 3. For the EDE model we take �m = 0.3, h = 0.7, w0 =
−1, �e = 0.08, ωγ = 2.47 10−5 (red line), and �m = 0.27, h = 0.7, w0 =
−1, �e = 0.03, ωγ = 2.47 10−5(blue line).

3.1 Supernovae

SNIa observations gave the first strong indication that now the
expansion rate of the Universe is accelerating. First results of the
SNIa teams were published in Riess et al. (1998) and Perlmutter
et al. (1999). Here we consider the recently updated Supernovae
Cosmology Project Union 2.1 compilation (Suzuki et al. (The
Supernova Cosmology Project) 2012), which is an update of the
original Union compilation. The Union2.1 data set is one of the
largest compilations of supernovae of type Ia, originally consisting
of 833 SNIe drawn from different samples, and reduced to 580 after

several selection criteria. It spans the redshift range 0.015 ≤ z ≤ 1.4.
To compute the χ2 function related to the distance modulus, we can
easily relate the apparent magnitude m(z) to the so-called Hubble
free luminosity distance DL(z) = H0dL(z) through the relation:

mth(z) = M̄ + 5 log10 DL(z). (26)

Here M̄ is the zero-point offset, it depends on the absolute magnitude
M and on the present value of the Hubble parameter H 0 :

M̄ = M − 5 log10 h + 42.38, (27)

where M is the absolute magnitude. The cosmological model param-
eters can be determined by minimizing the quantity

χ2
SNIa({θp}) =

N∑
i=1

(μobs(zi) − μth(zi, {θp}))2

σ 2
μ i

. (28)

Here σ 2
μ i = σ̄ 2

μ i + σ 2
int, where σ int is a fit parameter; in our statistical

analysis we will marginalize over σ int. The theoretical distance
modulus is defined as

μth(zi, {θp}) = 5 log10 DL(zi, {θp}) + ν0, (29)

where ν 0 = 42.38 − 5log10h, and {θp} denotes the set of
parameters that appear in different dark energy models (Nesseris
& Perivolaropoulos 2005). For example, in the case of a flat CPL
model {θp} = {�m, w0, w1}.

3.2 Gamma-ray bursts

GRBs are visible up to high redshifts thanks to the enormous energy
that they release, and thus may be good candidates for our high-
redshift cosmological investigation (see for instance, Lin et al. 2015;
Izzo et al. 2015; Dainotti et al. 2016; Amati, Sawant & Della Valle
2016a; Lin, Li & Chang 2016a, b; Si et al. 2018; Wei & Wu 2018;
Fana Dirirsa et al. 2019; Khadka & Ratra 2020; Zhao et al. 2020), or
(Khadka & Ratra 2020; Zhao et al. 2020; Cao et al. 2021; Muccino
et al. 2021b). However, GRBs may be everything but standard candles
since their peak luminosity spans a wide range, even if there have
been many efforts to make them distance indicators using some
empirical correlations of distance-dependent quantities and rest-
frame observables (Amati et al. 2008).

Actually GRBs show non-thermal spectra which can be empir-
ically modelled with the Band function (Band 1993), which is a
smoothly broken power law with parameters α, the low-energy
spectral index, γ , the high energy spectral index, and the roll-over
energy E0. Their spectra show a peak corresponding to a value of the
photon energy Ep = E0(2 + α); indeed it turns out that for GRBs
with measured spectrum and redshift it is possible to evaluate the
intrinsic peak energy, Ep, i = Ep(1 + z) and the isotropic equivalent
radiated energy, defined as:

Eiso = 4πd2
L(z, θ ) (1 + z)−1

∫ 104/(1+z)

1/(1+z)
EN (E)dE. (30)

Here N(E) is the Band function:

N (E) =

⎧⎪⎪⎨
⎪⎪⎩

A
(

E
100keV

)αB exp
(
− E

E0

)
, (αB ) E0 ≥ E,

A
( (αB−βB )E

100keV

)αB−βB exp (αB − βB )
(

E
100keV

)βB
,

(αB − βB ) E0 ≤ E.

Even if Ep, i and Eiso span several orders of magnitude, it turned
out that they are strongly correlated, according to the relation (Amati
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Figure 5. Dependence of time integrated bolometric Ep, i–Eiso correlation on
different redshift ranges within the region explored by SNIa Hubble diagram.

et al. 2002).

log

(
Eiso

1 erg

)
= b + a log

[
Ep,i(1 + z)

300 keV

]
, (31)

where a and b are constants. This correlation, as other correlations, is
characterized by an extra-Poissonian scatter, σ int, distributed around
the best-fitting law. It is clear from equations (30) and (31) that
it is possible to use GRBs to investigate cosmological models, if
we can calibrate the Ep, i − Eiso correlation in a model-independent
way, overcoming the so-called circularity problem, which affects the
estimation of the luminosity distance from all the GBR correlations.
Actually it turns out that GRBs can be used as cosmological tools
through the Ep, i − Eiso correlation; however the computation of Eiso

is based on a fiducial cosmological model. Different and alternative
techniques have been recently developed in literature (see for instance
Kodama et al. 2008; Liang et al. 2008; Wei 2010; Izzo et al. 2015;
Lin et al. 2015; Wang, Dai & Liang 2015; Amati et al. 2019; ;
Luongo & Muccino 2021; Montiel, Cabrera & Hidalgo 2021): here

we standardize our GRB data set updating a method previously
adopted, as discussed in a later section. The Ep, i − Eiso data sample
used in this analysis was build up by Amati and Sawant, they collected
the spectral information of GRBs with measured redshift from 1997
February to 2015 October (Amati et al. 2016a). This data base
includes redshift z, both energy indices α and γ , the peak energy
Ep, i computed from the break energy E0, t90, exposure time, the
fluence and the value of peak flux. The redshift distribution covers a
broad range 0.033 ≤ z < 9.0, thus extending far beyond that of type
Ia SN z ≤ 1.7. For the oldest GRBs (BeppoSAX, BATSE, HETE-2)
and other GRBs up to mid-2008, the data were adapted from Amati
et al. (2008). As already discussed in (Demianski et al. 2017a), the
criteria behind selecting the measurements from a particular mission
are based on the following conditions:

(1) We concentrated on observations for which the exposure time
was at least 2/3rd of the whole event duration.

(2) Given the broad energy band and good calibration, Konus-
WIND and Fermi/GBM were chosen whenever available. For
Konus-WIND, the measurements were taken from the offi-
cial catalogue (Ulanov et al. 2005) and from GCN archives
(<urlhref = "http: //gcn.gsfc.nasa.gov/gcn3 − circulars.html" >

http: //gcn.gsfc.nasa.gov/gcn3 − circulars.html < /url >). In the
case of Fermi/GBM, the observations were derived from Gruber
(2012) and from several other papers, as, for instance, Ghirlanda
et al. (2004). The observations from SUZAKU were not considered
as the uncertainties in the calibration are higher and also because it
works in a narrow energy band.

(3) The SWIFT BAT observations were chosen when no other
preferred missions (Konus-WIND, Fermi/GBM) were able to pro-
vide information. They were considered only for GRBs with the
value of Ep, obs that was within the energy band of the instrument. For
Swift GRBs, the Ep, i value derived from BAT spectral analysis alone
were conservatively taken from the results reported by the BAT team
(Sakamoto et al. 2008). The GCN circulars were also used when
needed.

When more than one mission provides good observations based on
these criteria, the values and uncertainties of all those observations
(hence more than one set for some finely observed GRBs) are taken
into account. When the observations were to be included in the
data sample, it has been checked that the uncertainty on any value
is not below 10 per cent in order to account for the instrumental
capabilities, etc. So, when the error was lower, it has been assumed
to be 10 per cent. When available, the Band model (Band 1993)
was considered since the cut-off power-law tends to overestimate the
value of Ep, i. GRBs have been observed by different detectors that are
characterized by different thresholds and spectroscopic sensitivity,
therefore they can spread relevant selection biases in the observed
correlation. This is ongoing debated topic: in the past, there were
claims that a large fraction (70 − 90 per cent) of BATSE GRBs
without redshift is inconsistent with the correlation for any redshift
(Band & Preece 2005; Nakar & Piran 2005). However other authors
(Ghirlanda et al. 2008; Nava et al. 2011) showed that, in fact, most
BATSE GRBs with unknown redshift were consistent with the Ep, i −
Eiso correlation. We also note that inconsistency of a high percentage
of GRBs of unknown redshift would imply that most GRBs with
known redshift should also be inconsistent with the Ep, i − Eiso

relation, and this fact was never observed. Moreover, Amati, Frontera
& Guidorzi (2009) showed that the normalization of the correlation
varies only marginally for GRBs observed by different instruments
with different sensitivities and energy bands, while in other papers
as, for instance, Ghirlanda, Nava & Ghisellini (2010) and Amati
et al. (2016a) it is shown that the parameters of the correlations are
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Table 1. Dependence of the Ep, i − Eiso correlation on different redshift bins.

Dependence on redshift bins
Ep, i − Eiso correlation Total GRBs Normalization Slope Scatter

z < 0.5 13 1.97 ± 0.07 0.60 ± 0.06 0.201 ± 0.052
0.5 < z < 1 38 2.05 ± 0.05 0.51 ± 0.07 0.238 ± 0.032
1 < z < 1.5 38 2.02 ± 0.06 0.50 ± 0.05 0.172 ± 0.025
1.5 < z < 2 28 1.95 ± 0.16 0.56 ± 0.11 0.230 ± 0.041
2 < z < 2.5 28 2.13 ± 0.11 0.44 ± 0.07 0.174 ± 0.031
2.5 < z < 3 16 1.78 ± 0.11 0.68 ± 0.08 0.101 ± 0.031
3 < z < 3.5 13 1.99 ± 0.13 0.55 ± 0.10 0.135 ± 0.048
3.5 < z < 4 7 2.16 ± 0.15 0.44 ± 0.10 0.069 ± 0.008
4 < z 12 2.06 ± 0.13 0.51 ± 0.11 0.116 ± 0.058

Table 2. Dependence of the Ep, i − Eiso correlation on different energy bins
(based on various satellite missions).

Dependence on energy bins
Ep, i − Eiso correlation Total GRBs Normalization Slope Scatter

BeppoSAX (2–700 keV) 11 2.11 ± 0.08 0.48 ± 0.08 0.138 ± 0.057
HETE–2 (2–500 keV) 18 1.88 ± 0.06 0.51 ± 0.06 0.133 ± 0.041
Konus–WIND
(20 keV–10 MeV)

72 2.03 ± 0.06 0.54 ± 0.04 0.168 ± 0.019

SWIFT (15–150 keV) 32 1.96 ± 0.03 0.55 ± 0.04 0.113 ± 0.031
FERMI (10–30 MeV) 51 2.11 ± 0.06 0.45 ± 0.05 0.236 ± 0.026

independent of redshift. If the whole GRB sample is divided into
redshift bins, as shown in Table 1, Figs 5and 6; it turned out that
the possible evolutionary effects are within the intrinsic scatter and,
therefore, do not affect the correlation. Similar results were obtained
in Dainotti & Amati ( 2018); Demianski et al. (2017a), and Amati &
Della Valle (2013); Demianski & Piedipalumbo (2011).

Furthermore, the Swift satellite, thanks to its capability of pro-
viding quick and accurate localization of GRBs, thus reducing the
selection effects in the observational chain leading to the estimate
of GRB redshift, has further confirmed the reliability of the Ep, i −
Eiso correlation (Amati et al. 2009; Ghirlanda et al. 2010; Amati
& Dichiara 2013; Martone et al. 2017; Amati et al. 2019). If one
dividethe GRB sample on the basis of different high energy satellite
missions, it turns out that the correlation always remains within the
same Ep, i − Eiso fit parameters range (slope ∼ 0.5), as it can be seen
from Table 2, and Figs 7−9.

Moreover, based on time-resolved analysis of BATSE, Bep-
poSAX, and Fermi GRBs, it was found that the Ep, i − Eiso

correlation also holds within each single GRB with normalization and
slope consistent with those obtained with time-averaged spectra and
energetics/luminosity (Lu et al. 2012; Basak & Rao 2013; Frontera
et al. 2013), confirming the physical origin of the correlation, and
providing clues to its explanation. Therefore, it turns out that, at the
present stage, the fit values of the Ep, i − Eiso correlation parameters
are marginally affected by selection and/or evolutionary effects,
which are less than the intrinsic dispersion (Amati & Della Valle
2013; Amati et al. 2016a; Demianski et al. 2017a; Dainotti & Amati
2018; Sawant & Amati 2018).

3.2.1 Calibrating the Ep, i − Eiso correlation and fitting its
parameters

Here we update a local regression technique, inspired by the stan-
dardization of the SNIa with Cepheid variables, and based on Union
2.1 SNIa sample, which we adopted in previous works (Demianski
et al. 2017a, b; Demianski & Piedipalumbo 2011). We actually
consider a sort of extended Ep, i − Eiso correlation, introducing in the
calibration terms representing the z-evolution, which are assumed to

be power-law functions: giso(z) = (1 + z)kiso and gp(z) = (1 + z)kp ,

so that E
′
iso = Eiso

giso(z)
and E

′
p,i = Ep,i

gp(z)
are the de-evolved quantities

(see also Shirokov et al. 2020). Therefore we consider a correlation
with three parameters a, b, and kiso − akp:

log

[
Eiso

1 erg

]
= b + a log

[
Ep,i

300 keV

]

+ (
kiso − akp

)
log (1 + z) . (32)

We can simplify the redshift dependence term in equation (32),
introducing a single average coefficient γ :

log

[
Eiso

1 erg

]
= b + a log

[
Ep,i

300 keV

]

+γ log (1 + z) . (33)

Calibrating this 3D relation means determining the coefficients a, b,
and γ and the intrinsic scatter σ int. It is worth noting that low values of
γ would indicate negligible evolutionary effects. In order to calibrate
our de-evolved relation, we consider a 3D Reichart likelihood:

L3D
Reichart(a, γ, b, σint) = 1

2

∑
log

(
σ 2

int + σ 2
yi

+ a2σ 2
xi

)
log (1 + a2)

+ 1

2

∑ (yi − axi − γ zi − b)2

σ 2
int + σ 2

xi
+ a2σ 2

xi

. (34)

We maximized our likelihood with respect to a and γ since b can be
evaluated analytically by solving the equation

∂

∂b
L3D

Reichart(a, kiso, α, b, σint) = 0, (35)

we obtain

b =
[∑ yi − axi − γ zi

σ 2
int + σ 2

yi
+ a2σ 2

xi

][∑ 1

σ 2
int + σ 2

yi
+ a2σ 2

xi

]−1

. (36)

We also used the MCMC method to maximize the likelihood and
ran five parallel chains and the Gelman–Rubin convergence test.
We obtain a = 1.92 ± 0.09 , b = 52.7+0.04

−0.03 , σint = 0.35+0.04
−0.05 , γ =

−0.07 ± 0.14, thus confirming that the evolutionary effects, not
included in the intrinsic dispersion, can be, at this stage, neglected,
as shown in Fig. 10.

3.2.2 Further investigations on the calibration of the Ep, i − Eiso

correlation

In this section, we discuss some aspects related to the calibration of
the Ep, i − Eiso relation, and its impact on reliability of the GRBs as
distance indicators. Actually, we apply some filters on Ep, i and Eiso,
reducing the sample to 60 objects, as shown in Figs 11 and 12, where
the Ep, i and Eiso are homogeneously distributed in the sample. Note
that the measured values of Ep, i and Eiso are not systematically larger
at lower redshift than at higher redshifts.

From the Reichart likelihood analysis we find that a = 2.0+0.14
−0.13,

b = 52.5+0.04
−0.03 ,σ int = 0.38 ± 0.06 , γ = 0.02 ± 0.09. The fit values

of the correlation parameters are fully compatible (at 3σ ) with the
results obtained from the full data set. Moreover it is worthwhile to
note that we have been forced to limit our analysis to the redshfit range
0.015 ≤ z≤ 1.414, where we apply our calibration technique. In order
to extend our analysis to a wide range of redshifts we build up a
further calibration procedure which updates the procedure described
in Demianski & Piedipalumbo (2011) and Demianski et al. (2017b),
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910 M. Demianski et al.

Figure 6. Dependence of time integrated bolometric Ep, i−Eiso correlation
on different redshift ranges beyond the SNIa Hubble diagram.

Figure 7. Dependence of the Ep, i − Eiso correlation on different energy
ranges (based on various satellite missions).
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Dark energy models from Ep− Eiso correlation 911

Figure 8. Ep, i − Eiso correlation from Fermi mission.

Figure 9. Ep, i − Eiso correlation from Swift.

Figure 10. De-evolved (red points) and evolved/original Ep, i − Eiso corre-
lation (blue points); there is no noticeable evolution.

Figure 11. Redshift distribution of log Ep, i/(300 keV) for the subsample
used for our calibration.

Figure 12. Redshift distribution of log Eiso/(erg) for the subsample used for
our calibration.

based on an approximate function for the luminosity distance. This
function d

app
L (z) has the form

d
app
L (z) = c

H0

z(z + 1)2√
d3z3 + (

d2z2 + d1z + 1
)

2
, (37)

where d1, d2, and d3 are constants. To estimate these parameters,
we have simultaneously fitted the SNIa samples and the H(z)
measurements. Actually it turns out that we can determine an
approximate function for the H(z), from d

app
L (z), according to the

relation:

1

H app(z)
= d

dz

(
d

app
L (z)

1 + z

)
. (38)

We find that d1 = 1.18 ± 0.03, d2 = 0.30 ± 0.04, d3 = 0.49 ± 0.1.
In Fig. 13, we plot the data with the best-fitting d

app
L and Happ(z),

respectively.
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Figure 13. Comparison between the observational data and theoretical
predictions for the distance modulus (left-hand panel), and the Hubble
function, H(z), (right-hand panel).

Therefore we can use the approximate function d
app
L (z) to calibrate

the Ep, i − Eiso correlation, following the procedure described above.
Using all the data, we find that a = 1.84 ± 0.08, b = 52.7 ± 0.05 ,
σ int = 0.37 ± 0.04 , γ = 0.03 ± 0.1. As the last check we applied the
same filters on Ep, i and Eiso as before, selecting a subsample of 128
GRBs, and calibrated the Ep, i − Eiso correlation. We find that a =
1.94 ± 0.09, b = 52.4 ± 0.04 , σ int = 0.38 ± 0.05 , γ = 0.02 ± 0.15.
Also in this case it turns out that the calibration parameters a, γ and
σ int are fully consistent with our SNIa-calibration technique, and that
all the possible systematics and evolutionary effects are within the
intrinsic dispersion σ int, as already discussed in literature (see for
instance, Amati et al. 2008; Amati & Della Valle 2013; Amati &
Dichiara 2013). However it is worth noting that when future GRB
missions will substantially increase the number of GRBs usable to
construct the Ep, i − Eiso correlation up to redshift z � 10, they may
shed new light on the properties of this important correlation.

3.2.3 Building up the Hubble diagram

After fitting the correlation and estimating its parameters, we used
them to construct the GRB Hubble diagram. We recall that the
luminosity distance of a GRB with redshift z is

dL(z) =
(

Eiso(1 + z)

4πSbolo

)1/2

. (39)

The uncertainty of dL(z) was estimated through the propagation of the
measurement errors of the pertinent quantities. In particular, recalling
that our correlation relation can be written as a linear relation, as in
equations (32) and (33), the error on the distance dependent quantity

y = log
[

Eiso
1 erg

]
was estimated as

σ (y) =
√

a2σ 2
x + σ 2

a x2 + σ 2
b + σ 2

int, (40)

where x = log
[

Ep,i

300 keV

]
, σ b is properly evaluated through the

equation (36), which implicitly defines b as a function of a and
σ int, and is then added in quadrature to the uncertainties of the other
terms entering equation (39) to obtain the total uncertainty. It turns
out that

5 log dL(z) =
(

5

2

){
b + a log

[
Ep,i

300 keV

]

+ (γ + 1) log (1 + z) − log (4πSbolo) + μ0} , (41)

where μ0 is a normalization parameter. Actually the distance modu-
lus of GRBs are not absolute, thus this cross-calibration parameter is
needed to match the GRB Hubble diagram and the one of supernovae.
If μ0 cannot be determined, we can only use the shape of the Hubble
Diagram to constrain the cosmological parameters such as �m and

Figure 14. Distance modulus μ(z) for the calibrated GRB Hubble diagram
obtained by fitting the Ep, i − Eiso relation.

Figure 15. GRB (blue points) and SNIa (red points) superposed Hubble
diagrams after μ0 has been evaluated for the best fit CPL model (see the

section below). Here y = z

1 + z
.

��, with no information on H0, which is degenerate with the μ0

parameter. It turns out that μ0 depends on the fiducial cosmological
model and its parameters; however in all models considered in our
analysis μ0 � 0.4. In Fig. 14 we plot the GRB Hubble diagram,
and in Fig. 15 we show that this diagram matches the Union 2.1
Hubble diagram, then μ0 has been evaluated for the CPL best-fitting
model, discussed above. In order to make this comparison clearer,

we use the auxiliary variable y = z

1 + z
, which map the z-range

[0, ∞) into the y-interval [0, 1]. It turns out that the GRBs are the
natural continuation of SNIa in the Hubble diagram. The listed data
are available on request to the authors.

3.3 Direct H(z) measurements

The direct measurements of Hubble parameters are complementary
probes to constrain the cosmological parameters and investigate the
dark energy (Jimenez & Loeb 2002). The Hubble parameter, defined
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Table 3. Priors for parameters estimate in the MCMC
numerical analysis.

Parameters Priors

�m (0, 1)
w0 (−3, 3)
w1 (−3, 3)
�e (0, 0.1)
H0 (0.5, 1.5)

as H (z) = ȧ

a
, where a is the scale factor, depends on the differential

variation of the cosmic time with redshift as

H (z) = − 1

1 + z

(
dt

dz

)−1

. (42)

The

(
dt

dz

)
can be measured using the so-called cosmic chronome-

ters. dz is obtained from spectroscopic surveys with high resolution,
and the differential evolution of the age of the Universe dt in the
redshift interval dz can be measured provided that optimal probes
of the aging of the Universe, that is, the cosmic chronometers,
are identified. The most reliable cosmic chronometers observable
at high redshift are old early-type galaxies that evolve passively on
a time-scale much longer than their age difference, which formed
the vast majority of their stars rapidly and early and have not
experienced subsequent major episodes of star formation or merging.
Moreover, the Hubble parameter can also be obtained from the BAO
measurements: by observing the typical acoustic scale in the line-of-
sight direction, it is possible to extract the expansion rate of the
Universe at a certain redshift. We used a list of 28 direct H(z)
measurements in the redshift range z ∼ 0.07 − 2.3 compiled by
Farooq & Ratra (2013).

4 STATISTICAL ANALYSIS

To test the dark energy models described above, we use a Bayesian
approach based on the MCMC method. In order to set the starting
points for our chains, we first performed a preliminary and standard
fitting procedure to maximize the likelihood function L(p):

L(p) ∝ exp (−χ2
SNIa/GRB/2)

(2π )
NSNIa/GRB

2 |CSNIa/GRB|1/2

× exp (−χ2
H /2)

(2π )NH /2| CH |1/2
. (43)

Here

χ2(p) =
N∑

i,j=1

(
xi − x th

i (p)
)

C−1
ij

(
xj − x th

j (p)
)
, (44)

p is the set of parameters, N is the number of data points, xi is the
i-th measurement; x th

i (p) indicate the theoretical predictions for these
measurements that depend on the parameters p. Cij is the covariance
matrix (specifically, CSNIa/GRB/H indicates the SNIa/GRBs/H covari-
ance matrix). equation (43) includes σ int term to allow for intrinsic
scatter in the data sets.

In our analysis, we include only flat priors on the typical pa-
rameters of the considered cosmological models (see Table 3, with
the exception of the Hubble constant, h, for which we consider a
Gaussian prior accounting for the local determination of the Hubble
constant by the SHOES collaboration (hS, σ S) = (0.742, 0.036) Riess

et al. (2009). We actually consider the term :

L(h) = exp
[−(hS − h)2/4σ 2

S

]
√

4πσ 2
S

. (45)

We sample the space of parameters by running five parallel
chains and use the Gelman–Rubin diagnostic approach to test the
convergence. As a test probe, it uses the reduction factor R, which is
the square root of the ratio of the variance between-chains and the
variance within-chain. A large R indicates that the between-chains
variance is substantially greater than the within-chain variance, so
that a longer simulation is needed. We require that R converges to
1 for each parameter. We set R − 1 of the order of 0.05, which is
more restrictive than the often used and recommended value R −
1 < 0.1 for standard cosmological investigations. We discarded the
first 30 per cent of the point iterations at the beginning of any MCMC
run, and thinned the chains that were run many times. We finally
extracted the constrains on cosmographic parameters by coadding the
thinned chains. The histograms of the parameters from the merged
chains were then used to infer median values and confidence ranges.
In Tables 4, 5, and 6 we present the results of our analysis. In Fig. 16
we plot a 2D confidence region for the CPL model: it is worth noting
that, using only the GRB Hubble diagram and the H(z) sample, the
�CDM model of dark energy is disfavoured at more than 3σ , as
indicated also by the Hubble diagram of quasars at high redshifts
(Lusso & Risaliti 2017; Risaliti & Lusso 2019). In Figs. 17 and
18 we plot the redshift behaviour of the effective early dark energy
(EDE) EOS, and the � parameter, corresponding to the best-fitting
values obtained in our statistical analysis.

It is well known that the likelihood-statistics alone does not provide
an effective way to compare different cosmological models. In this
section, we compare the different models presented in the previous
sections and check if we can discriminate between them. We use the
Akaike Information Criterion (AIC) (Akaike 1974), (Liddle 2007),
and its indicator

AIC = −2 lnLmax + 2np + 2np(np + 1)

Ntot − np − 1
, (46)

where Ntot is the total number of data and np the number of free
parameters (of the cosmological model). It turns out that the lower is
the value of AIC the better is the fit to the data. To compare different
cosmological models we introduce the difference �AIC = AICmodel

− AICmin. This difference corresponds to different cases: 4 < �AIC

< 7 indicates a positive evidence against the model with higher value
of AICmodel, while �AIC ≥ 10 indicates a strong evidence. �AIC ≤
2 is an indication that the two models are consistent. In our case
we have found that the model with the lower AIC is the exponential
scalar field: it turns out that �AIC � 5 if we consider the CPL model
and �AIC = 9 for the early dark energy. Moreover, it turns out that
also without the SNIa data, combining the GRB Hubble diagram
with the H(z) compilation, it is possible to set the transition region
from the decelerated to the accelerated expansion in all the tested
cosmological models, as indicated in Figs 19–21.

5 PRO SPECTS WITH THESEUS

So far we have shown that the Ep, i − Eiso correlation has significant
implications for the use of GRBs in cosmology and therefore GRBs
are powerful cosmological probe, complementary to other probes.
GRB missions, like, the proposed THESEUS observatory (Amati
et al. 2018; Cordier et al. 2018), will substantially increase the
number of GRBs that could be used to construct the Ep, i − Eiso

correlation up to redshift z � 10 and will allow a better calibration of
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Table 4. Constrains on the CPL parameters from different data: combined SNIa and GRB Hubble diagrams, and H(z) data sets (left-hand
panel); and GRB Hubble diagram and H(z) data sets (right-hand panel). Columns show the mean 〈x〉 and median x̃ values and the 68 per cent
and 95 per cent confidence limits.

CPL dark energy

Id 〈x〉 x̃ 68 per cent CL
95 per

cent CL 〈x〉 x̃ 68 per cent CL 95 per cent CL

SNIa /GRBs/H(z) GRBs/H(z)
�m 0.29 0.29 (0.28, 0.30) (0.27, 0.31)0. 17 0.18 (0.16, 0.195) (0.15, 0.26)
w0 − 1.03 − 1.02 ( − 1.1, −0.96) ( − 1.14, −0.88)− 0.84 − 0.858 ( − 0.94, −0.74) (−1.07, −0.68)
w1 0.03 0.03 ( − 0.15, 0.24) ( − 0.32, 0.38)0.8 0.86 (0.63, 0.95) (0.39, 0.99)

h 0.69 0.69 (0.68, 0.70) (0.67, 0.71)0.67 0.67 (0.65, 0.7) (0.62, 0.74)

Table 5. Constrains on the scalar field parameters from different data: combined SNIa and GRB Hubble diagrams, and
H(z) data sets (left-hand panel); and GRB Hubble diagram and H(z) data sets (right-hand panel). Columns show the mean
〈x〉 and median x̃ values and the 68 per cent CL and 95 per cent CL confidence limits. It is worth noting that �m =
0.24 ± 0.02 in the case of the SNIa /GRBs/H(z) samples, and �m = 0.25 ± 0.03 for the GRBs/H(z) samples.

Scalar field quintessence

Id 〈x〉 x̃ 68 per cent CL 95 per cent CL 〈x〉 x̃ 68 per cent CL
95 per cent

CL

SNIa /GRBs/H(z) GRBs/H(z)
H0 0.98 0.98 (0.97, 1.0) (0.95, 1.03) 0. 97 0.98 (0.96, 1.05) (0.95, 1.1)
h 0.69 0.69 (0.68, 0.70) (0.67, 0.71) 0.67 0.67 (0.65, 0.7) (0.62, 0.74)

Table 6. Constrains on the Early Dark Energy parameters from different data: combined SNIa and GRB Hubble diagrams, and H(z) data sets
(left-hand panel); and GRB Hubble diagram and H(z) data sets (right-hand panel). Columns show the mean 〈x〉 and median x̃ values and the
68 per cent CL and 95 per cent CL confidence limits.

Early dark energy
Id 〈x〉 x̃ 68 per cent CL 95 per cent CL 〈x〉 x̃ 68 per cent CL 95 per cent CL

SNIa /GRBs/H(z) GRBs/H(z)
�m 0.28 0.28 (0.26, 0.30) (0.25, 0.32) 0. 17 0.18 (0.16, 0.195) (0.15, 0.26)
w0 − 0.62 − 0.6 ( − 0.7, −0.53) ( − 0.95, −0.5) − 0.84 − 0.858 ( − 0.94, −0.74) ( − 1.07, −0.68)
�e 0.003 0.003 (0.001, 0.07) (0.005, 0.09) 0.008 0.009 (0.0006, 0.0095) (0.0004, 0.0015)
h 0.71 0.71 (0.7, 0.72) (0.69, 0.73) 0.67 0.67 (0.65, 0.7) (0.62, 0.74)

Figure 16 2D confidence regions in the w0-w1 plane for the CPL model,
obtained from the GRB Hubble diagram and the H(z) sample. It is worth
noting that the �CDM model of dark energy is disfavoured at more than 3 σ .

Figure 17. Redshift dependence of the EDE EOS corresponding to the best-
fitting values of the parameters.

MNRAS 506, 903–918 (2021)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/506/1/903/6296650 by guest on 28 February 2025



Dark energy models from Ep− Eiso correlation 915

Figure 18. Redshift dependence of the � parameters for the EDE model
corresponding to the best-fitting values of the parameters: �m(z) is shown in
blue, and �DE(z) in red.

Figure 19. Redshift dependence of the deceleration parameter q(z) for the
CPL model, corresponding to the best values of the relative parameters
obtained combining the GRB Hubble diagram and the H(z) measurements.

this correlation. Here we consider a simulated sample of 772 objects
to constrain our models, their redshift distribution is shown in Fig. 22.

These simulated data sets have been obtained by implementing
the Monte Carlo approach and taking into account the slope,
normalization, dispersion of the observed Ep, i and Eiso correlation,
the distribution of the uncertainties in the measured values of Ep, i

and Eiso, and finally the observed redshift distribution of GRBs.
In this simulations, we took into account the sensitivity limits and
spectroscopy thresholds and sensitivity of the THESEUS monitors
(SXI and XGIS). This mock sample is based on parameters of the
observed sample and corresponds to the actual data sets and to the
data sets expected to be available within 3–4 yr from THESEUS. The
cosmological parameters assumed for the simulations are the median,
or average, values found in the reported analysis on real data and,
indeed, Tables (7) and (8) show that the analysis on the simulated data
recover very well these assumed cosmological parameters. It turns

Figure 20. Redshift dependence of the deceleration parameter q(z) for the
scalar field model, corresponding to the best values of the relative parameters
obtained combining the GRB Hubble diagram and the H(z) measurements.

Figure 21. Redshift dependence of the deceleration parameter q(z) for the
EDE model, corresponding to the best values of the relative parameters
obtained combining the GRB Hubble diagram and the H(z) measurements.

Table 7. Constrains on the CPL parameters from our simulated GRB
Hubble diagram and H(z) data.

CPL dark energy
Id 〈x〉 x̃ 68 per cent CL 95 per cent CL

Simulated GRBs/H(z)
�m 0.18 0.19 (0.16, 0.21) (0.15, 0.27)
w0 − 0.86 − 0.86 ( − 0.94, −0.79) ( − 1.07, −0.72)
w1 0.82 0.82 (0.71, 0.93) (0.62, 0.98)
h 0.67 0.67 (0.65, 0.69) (0.61, 0.74)

out that with our mock sample of GRBs we are able to constrain much
better the cosmological parameters. Actually, in Figs 23–25, we show
the 2D confidence regions in the w0–w1 plane for the CPL model,
obtained from the simulated GRB Hubble diagram and the H(z)
sample, compared with the same confidence region obtained from the
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Figure 22. Simulated data for a THESEUS 24like like mission: we plot the
GRB redshift distribution of the sample of 772 GRBs used in our analysis.

Table 8. Constrains on the scalar field parameters from our
simulated GRB Hubble diagram and H(z) data. It turns out
that �m = 0.26 ± 0.02.

Scalar field quintessence

Id 〈x〉 x̃ 68 per cent CL
95 per cent

CL

Simulated GRBs/H(z)
H0 0.98 0.981 (0.96, 1.00) (0.94, 1.02)
h 0.68 0.68 (0.68, 0.69) (0.65, 0.70)

Figure 23. 2D confidence regions in the w0–w1 plane for the CPL model,
obtained from the full real data sets.

real data sets, it turns out that the evolving dark energy, described by
the exponential scalar field potential is the favoured model. Moreover,
in the case of the CPL model, we tested the efficiency of our probes
looking at the Figure of Merit (FoM), that is the inverse of area of the
w0 − w1 contour: for this purpose we simulate new mock samples of
the CPL cosmological model corresponding to the best-fitting values
in Table 7, with the probability density function for the distribution
in redshift corresponding to the histograms in Figs 22 and 26, and

Figure 24. 2D confidence regions in the w0–w1 plane for the CPL model,
obtained from the simulated GRBs HD and the H(z) measurements (bottom
panel) and the full real data sets (upper panel).

containing respectively 772 and 1500 objects. To each simulated
GRB we estimate the error on the distance modulus as:

σμ(z) =
√

σ 2
sys +

(
z

zmax

)2

σ 2
m. (47)

Here zmax is the maximum redshift of the sample, and σ sys the intrinsic
scatter. In our case (zmax, σ sys, σ m) = (8.5, 0.3, 0.05). We get FoM
= 1.9 when using 772 GRBs, and it increases up to FoM = 4.8 if
1500 GRBs are used, thus confirming that with future data we will
able to better constrain the dark energy EOS as described by the CPL
parametrization.

6 D I SCUSSI ON AND C ONCLUSI ONS

The Ep, i − Eiso correlation has significant implications for the use of
GRBs in cosmology to test different models of dark energy beyond
the standard �CDM. Here we considered an extended Ep, i − Eiso

correlation, which takes into account possible redshift evolution
effects (related, for instance to the gravitational lensing along the
GRB line of sight), parametrized as power-law terms. Using recently
updated data set of 193 high-redshift GRBs, we applied a local
regression technique to calibrate the Ep, i − Eiso relation. The values
of the calibration parameters are statistically fully consistent with
the results of our previous work (Demianski et al. 2011, 2017a), and
confirm that for this correlation the evolution effects remain within
the intrinsic scatter of the correlation around the best-fitting values,
σ int. This result has been confirmed also with different calibration
techniques, based on an approximation function able to reproduce
the luminosity distance in different cosmological models. Moreover
in order to further investigate this question here we follow a different
approach: in order to remove possible systematics, we apply some
filters on the Ep, i − Eiso correlation, selecting a subsample where they
are homogeneously distributed in the redshift space and we showed
that none of the measured values of Ep, i − Eiso are systematically
larger at lower redshifts than at higher redshifts. Again we fit the
calibration within this smaller sample, and the results are fully
consistent with the results obtained on the whole data set. Therefore
these results justify extension of this calibration to the whole sample,
at least on the basis of the current stage of knowledge. The fitted
calibration parameters have been used to construct a high redshift
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Figure 25. 2D confidence regions in the w0–w1 plane for the CPL model,
obtained from the GRBs HD and the H(z) measurements.

Figure 26. Simulated data for a THESEUS-like mission: we plot the GRB
redshift distribution of the sample of 1500 GRBs used in our analysis.

GRB Hubble diagram, which we adopted as a tool to constrain
different cosmological models: to investigate the prospective for
high redshift constrains on dark energy models with the Ep, i − Eiso

correlation is the prime objective of our analysis. We considered
the CPL parametrization of the EOS, an exponential potential of a
self-interacting scalar field, and, finally a model with dark energy at
early times. We compare these different models, by using the AIC
and its indicator. In our case we have found that the model with the
lower AIC is the exponential scalar field: �AIC � 5 if we consider
the CPL model and �AIC = 9 for the early dark energy. Therefore
this model is slightly preferred by the present data. Moreover, even
if the cosmological constrains from the currently available GRB
Hubble diagram are not so restrictive, future GRB missions, like the
proposed THESEUS observatory will increase the number of GRB
usable to construct the Ep, i − Eiso correlation up to redshift z � 10.
We actually considered a mock sample, consisting of 772 objects,
obtained taking into account the slope, normalization, dispersion of
the observed correlation, the distribution of the uncertainties in the

measured values of Ep, i and Eiso, and finally the observed redshift
distribution of GRBs. In these simulations, we took into account
the sensitivity limits and spectroscopy thresholds and sensitivity of
the THESEUS monitors. The mock sample corresponds to the data
sets expected to be available within few years from THESEUS. It
turns out that in this case we are able to constrain much better the
cosmological parameters, and the exponential scalar field potential
is confirmed as the favourite model. We finally tested the efficiency
of our probes looking at the Figure of Merit (FoM). In the case of
the CPL model: we simulated new mock samples consisting of 772
and 1500 objects respectively, and we get FoM = 1.9 when using
772 GRBs, while it increases by a factor 2.5 if 1500 GRBs are used.
This confirms, indeed, that with future data we will be able to better
constrain the evolution of the dark energy EOS, in a complementary
way to type Ia SN, and in synergy with other independent high
redshift cosmological probes, as, for instance quasars (Lusso 2020;
Lusso et al. 2020).
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