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Abstract: A new satellite-based experiment in the field of gravitation, SaToR-G, is presented. It
aims to compare the predictions of different theories of gravitation in the limit of weak-field and
slow-motion. The ultimate goal of SaToR-G is searching for possible “new physics” beyond General
Relativity, which represent the state-of-the-art of our current knowledge of gravitational physics. A
key role in the above perspective is the theoretical and experimental framework that confines our
work. To this end, we will exploit as much as possible the classical framework suggested by R.H.
Dicke over fifty years ago.

Keywords: general relativity; Dicke’s framework; alternative theories of gravitation; weak gravita-
tional fields; PPN formalism; LAGEOS and LARES satellites; orbital residuals

1. Introduction

Albert Einstein’s theory of General Relativity (GR) [1] is currently the best theory
available for interpreting gravitational interaction. The successes of GR are now numerous
from the experimental point of view and they confirm this theory as the standard model
for gravitation. In addition to today’s numerous verifications in the weak field, recent
significant results have also been added in other regimes, such as in the case of the detec-
tion of gravitational waves and other events that occur in the strong field regime [2–7].
However, the accuracy of the observations is not yet such as to exclude other formulations
of gravitation, especially metric theories, as viable alternatives to GR: for example, some
observations of gravitational waves concern the constraints on the possible mass of the
graviton and the possible polarization of the gravitational waves themselves (two states
in GR, up to six states according to other metric theories) [8]. Cosmology is also a field in
which many open issues make GR not fully satisfactory in explaining observations, such as
the problems related to the horizon, the flatness and the magnetic monopoles in the early
and very hot universe, and then inflation, dark matter and dark energy, just to follow a
temporal development from the 1960s to the present day [9].

Therefore, alongside the observational/experimental aspects, there are also sufferings
linked to the context of the theoretical framework of Einstein’s theory that suggest fallacies
in the theory, both on large and small scales. This field is indeed not only highly complex
but also somewhat thorny, since some of the apparent shortcomings of the theory probably
arise just from our limited ability in solving Einstein’s field equations. An example is
constituted by the rotation curve of the stars at the periphery of a galaxy. Crosta et al. [10]
obtained a confirmation of the flatness of the rotation curves of our galaxy without resorting
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to the contribution of the possible presence of dark matter, but including the contribution
of gravitomagnetic components (non-diagonal terms of the metric) in a stationary axisym-
metric galaxy-scale metric. However, the fact remains that GR, unlike all the other field
theories of the Standard Model, does not appear to be quantizable to date, as no one has
been able to solve some fundamental problems, such as that of renormalizability [11–13].

The present work is focused on a strategy to compare the predictions of GR with
those of other theories of gravitation, both metric and non-metric, in their weak-field and
slow-motion limit. While the Parameterized Post-Newtonian (PPN) formalism [14–16] is a
standard, very useful tool for such comparisons, we will also try to resume, at least in part,
the approach suggested by Dicke more than 50 years ago [17], usually referred to as the
Dicke framework. This framework is quite general, it allows to conceive experiments not
connected, a priori, with a given physical theory, and it also provides a way to analyze the
results of an experiment under primary hypotheses. This activity will be carried out within
a new project, SaToR-G, which we present in this paper.

The paper is organized as follows: in Section 2, the main scientific objectives of SaToR-
G are briefly summarized. In Section 3, the theoretical and experimental limits within
which the studies and measurements of SaToR-G will be confined are fixed. Section 4 is
dedicated to recalling the main features of the framework developed by Dicke in 1963. In
Section 5, the main results of the previous experiment LARASE are reported. In Section 6,
the perspective of SaToR-G are analyzed and deepened on the basis of the results achieved
by LARASE. Finally, in Section 7, we outline conclusions and future work.

2. The Goals of SaToR-G

SaToR-G (Satellite Tests of Relativistic Gravity) is a new fundamental physics project
that aims to test gravitation beyond the predictions of Einstein’s GR [1], in search for effects
foreseen by alternative theories of gravitation (ATG) [18] and possibly connected with
“new physics”. SaToR-G is dedicated to measurements of the gravitational interaction in
the weak-field and slow-motion (WFSM) limit of GR by means of laser tracking to geodetic
passive satellites orbiting the Earth. Indeed, this new program exploits—as quasi-ideal
proof masses—the geodynamic laser-ranged satellites LAGEOS [19,20], LAGEOS II [21]
and LARES [22] tracked by the powerful Satellite Laser Ranging (SLR) technique [23,24].

The activities of SaToR-G mainly, but not exclusively, focus on metric theories of
gravitation, defined in Section 3: GR is obviously the first in this category. In this context,
scalar-tensor and vector-tensor theories are of considerable importance. In particular, f (R)
theories1 are quite interesting to further investigate, such as ATG [25–27]. The main focus
of SaToR-G will be twofold: (i) measurement of possible deviations of gravity from the
inverse-square law (ISL) for the distance between the Earth and the satellites considered,
with possible constraints on a Yukawa-like long-range interaction [28–30] with a typical
range λ correlated to the semi-major axis of satellites [31–33]; (ii) precise and accurate
measurements of some post-Newtonian parameters according to the PPN formalism. These
are, in this context, still the most powerful tools for testing the predictions of different
theories beyond GR.

The activities of SaToR-G will therefore develop according to two main guidelines:
(i) first of all in verifying the predictions of GR in the WFSM limit, and in particular in
those areas not yet fully taken into consideration from the experimental point of view, as
in the aspects related to the non-linearity of the gravitational interaction; (ii) secondly, in
going beyond the predictions of GR in search of possible effects linked to other ATG and,
consequently, towards a “new physics”.

3. The Theoretical and Experimental Framework of SaToR-G

Precisely measuring the orbits of artificial satellites allows to test different metric
theories in their most profound aspects related to the curvature of spacetime, to geodesic
motion and to the field equations. Metric theories of gravitation share Einstein’s Equiv-
alence Principle (EEP) [34], the Lorentzian structure of spacetime and the equations of
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motion. In other words, in all metric theories of gravitation the structure of spacetime is the
same, as is the way in which the geometry of spacetime determines the way mass-energy
moves in it. What instead profoundly distinguishes GR from the other metric theories of
gravitation are the equations of the gravitational field, that is, how the mass-energy of the
field orders the geometry of spacetime to curve [18].

As mentioned above, measuring the values of the PPN parameters represents a power-
ful tool to discriminate among different theories of gravitation. Within the SaToR-G strategy
to test theories of gravity, we are also interested in recovering the more general approach
from which the PPN formalism itself, in its current version, was basically derived2. We will
try, as extensively as possible, to test the different theories in the theoretical/experimental
framework conceived by Robert Dicke around the mid-1960s [17]. The main idea as the
basis of this framework is to generate a set of experiments that is as unbiased as possible
considering both classical Newtonian physics and Einstein’s GR.

The continuing experimental successes of GR in recent decades made this quest less
pressing. On the other hand, during the 1960s and 1970s (and also in the early 1980s), when
experimental evidence for the validity of GR was still weak [35,36], several alternative
theories were proposed with a certain degree of continuity [37]. In the early 1970s, Kip
Thorne and Clifford Will proposed [38]—as a strategy for testing GR—a scheme based on
both a Dicke-like approach, as well as an approach based on the nascent, at that time, PPN
formalism [39].

However, from a practical point of view, it appears that Dicke’s framework was not
fully exploited in the past, and the main tests and measurements of GR have actually been
based on measurements of the PPN parameters. This aspect is not only largely true in the
case of gravitational measurements within the solar system, that is, in the case of weak
fields (that Thorne and Will were primarily concerned with, in 1971), but also in the context
of almost strong fields such as those tested more recently in relativistic astrophysics [3,6].
It must be said that even in the cases of non-weak fields, the post-Newtonian formalism
provides an excellent description of gravitational measurements [40].

For the above reasons, we believe that an effort to reconsider the Dicke framework
is appropriate and of interest even in these days, to test the foundation of gravitation,
especially in those aspects that are not fully covered by the PPN framework. Below, we
briefly outline the basics of Dicke’s framework.

4. The Dicke Framework

Dicke introduced this conceptual framework in July 1963, within his famous lectures
at the Les Houches summer school [17]. Dicke’s framework suggests a working hypothesis
for analyzing experiments in gravitation, establishing a number of basical mathematical
and physical assumptions. This working hypothesis is described in Appendix 4 of Dicke’s
notes through the articulation of 6 statements that define the limits within which one should
move to identify the fundamental characteristics of a relativistic theory of gravitation. The
first three points introduced by Dicke focus on the basic mathematical formalism to employ
when discussing experiments in gravitation and can be summarized with the following
two statements [18,38]3:

1. Spacetime is a 4-dimensional differentiable manifold, with each point in the manifold cor-
responding to a physical event. The manifold need not a priori have either a metric or an
affine connection;

2. The theory of gravity will be expressed in a form that is independent of the particular coordi-
nates used; that is, the equations of gravity and the mathematical entities in them will be put
into covariant form.

With two further statements, Dicke introduces two important constraints that an
acceptable theory of gravitation should satisfy [18,38]:

1. Gravity must be associated with one or more fields of tensorial character, that is, scalars,
vectors, and tensors of various ranks;
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2. The dynamical equations which govern gravity must be derivable from an invariant action
principle.

Finally, the last point discussed by Dicke is based on Ockham’s razor approach and
can be considered a practical guiding principle for choosing the theories of gravitation that
are most likely to be correct: Nature likes things as simple as possible [38].

Discussion

The six pillars highlight the practical/operational aspect that arises from the deep
thought of an excellent physicist, a talented experimentalist who was not shy of venturing
into theory. In fact, with the above statements and constraints, it seems that Dicke is putting
his finger in the sore, or perhaps in the various sores, of Einstein’s General Relativity.

The first statement of Dicke’s framework is particularly important because it imme-
diately defines the role of a gravitational experiment: it is expected to naturally lead to
the existence of a metric and of an affine connection for the differential manifold. The
second statement relates to what Einstein’s Principle of General Covariance actually is and,
therefore, what its validity actually is. So this point goes to the foundations of GR and to
those of the ATG. For example, the mentioned covariance is obtained in some cases (as
highlighted in [18]), only after the introduction of “absolute” elements or “prior geometric”
elements in the theory [41,42]. This means that these elements are not determined by
the dynamical equations of the theory and this can be interpreted as a failure of general
covariance. This rigidity can be overcome by assuming the invariance of the coordinates
instead of their covariance, that is, by a weaker hypothesis.

The two constraints of Dicke’s framework seem to strongly confine what an acceptable
theory of gravitation is. Indeed, Thorne and Will wrote in this regard [38]: “ . . . These
constraints have deep significance; they strongly confine the theory. For this reason, we
should be willing to accept them only if they are fundamental to our subsequent arguments.
For most applications of the Dicke framework, they are not needed at all. Therefore, we
shall usually not assume them. If we ever need and use them, we shall state so explicitly . . . ”.

It is true that, for most applications, these two constraints are not necessary. However,
we note that the theories that are still of interest today (see e.g., the state of the art of current
ATG discussed in [18]) are those satisfying the two “strong” constraints suggested by Dicke.
This was not the case in previous reviews, such as the first edition (1981) of the same book.

As highlighted in Section 3 above, there is a close link between the framework pro-
posed by Dicke and the PPN formalism. In fact, as correctly underlined in [38], two
conclusions reached by Dicke within his framework became postulates at the basis of the
current PPN formalism: (i) the existence of at least one second rank tensor, the metric
gµν, to be associated with gravity; (ii) the way to describe the response of matter and
fields to gravity: Tµν

;ν = 0, where Tµν represents the stress-energy tensor for all matter
and non-gravitational fields. In their paper, Thorne and Will also remarked that: “ . . . It is
important for the future that experimenters concentrate not only on measuring the PPN
parameters. They should also perform new experiments within the Dicke framework to
strengthen—or destroy—the foundation it lays for the PPN framework . . . ”.

This is in fact one of the challenges that SaToR-G is called to provide, possibly, an original
contribution in the current panorama of experimental physics on the gravitational interaction.

5. The Legacy from LARASE

SaToR-G builds on the improved dynamical model of the two LAGEOS and LARES
satellites achieved within the previous project LARASE (LAser RAnged Satellites Exper-
iment) [43]. The improvements mainly concern the modeling of the non-conservative
forces (NCF) acting on the surface of the three satellites [44–47] and that of the Earth’s
gravitational field and tides in their precise orbit determination (POD) [47–49]. Regarding
the NCF, the main improvements were the development of a model for the spin of the
satellites (LASSOS: LArase Satellites Spin mOdel Solutions) and a model for thermal thrust
forces (LATOS: LArase Thermal mOdel Solutions). For the gravitational field, the monthly



Universe 2021, 7, 192 5 of 12

solutions of the GRACE mission [50–52] have been implemented in the code used for
the POD.

The main results of LARASE in the field of gravitational effects measurements were
a precise and accurate measurement of the precession of the argument of pericenter of
LAGEOS II [33] and of the Lense-Thirring precession from the analysis of the orbits of the
two LAGEOS and LARES satellites [47,53,54]. Tables 1 and 2 list the mean orbital elements
of the LAGEOS satellites and of LARES, and their main relativistic precessions as predicted
by GR respectively.

Table 1. Mean orbital elements of the satellites.

Element Unit Symbol LAGEOS LAGEOS II LARES

semi-major axis [km] a 12,270.00 12,162.07 7820.31
eccentricity e 0.0044 0.0138 0.0012
inclination [deg] i 109.84 52.66 69.49

Table 2. GR precessions, in millisecond of arc per year (mas/yr), on the right ascension of the
ascending node and on the argument of pericenter of LAGEOS, LAGEOS II, and LARES satellites.
The LT, dS and Sch labels represent, respectively, the precessions due to the Lense-Thirring, the de
Sitter and Schwarzschild effects.

Rate in the Element LAGEOS LAGEOS II LARES

Ω̇LT +30.67 +31.50 +118.48
Ω̇dS +17.64 +17.64 +17.64
ω̇LT +31.23 −57.31 −334.68
ω̇Sch +3278.77 +3352.58 +10,110.12

In the first measurement, we have constrained the parameter ε, which measures the
overall GR precession of the satellite’s argument of pericenter (with ε = 1 in GR and ε = 0
in Newtonian physics)4. We obtained εmeas − 1 = (−0.12± 2.10± 25.4)× 10−3, where the
first uncertainty represents the error of a non-linear fit to the data—which was estimated
from a dedicated sensitivity analysis—while the second uncertainty represents the estimate
of the systematic sources of error, mainly dominated by the uncertainty of the Earth’s
quadrupole coefficient C̄2,0 (we refer to [33] for further details).

In the case of the Lense-Thirring precession, the parameter µ, which is used to
parameterize the relativistic precession (with µ = 1 in GR and µ = 0 in Newtonian
physics), was measured very accurately with an error budget of about 1.6%: µmeas − 1 =
(1.5± 7.4± 16)× 10−3, where the first uncertainty represents the statistical formal error,
at a 95% confidence level, obtained from a simple linear fit, while the second uncertainty
represents the estimate of the systematic sources of error (see [54] for details).

In the case of the first measurement, constraints on non-symmetric and torsional
theories of gravitation were set [55–58], leading to an improvement compared to previ-
ous results in the literature. Furthermore, a significant result was the constraint on a
Yukawa-like interaction with a characteristic range λ close to the radius of the Earth and
a strength |α| = |0.5± 8± 101| × 10−12 (for the errors, the meaning is the same as in the
ε measurement).

6. Perspectives for SaToR-G

The two main results of LARASE mentioned in the previous Section 5 can be used to
outline a possible route to be followed for future investigations of SaToR-G, in particular in
the case of non-metric theories of gravitation. Therefore, we shall consider, in what follows,
the two measurements previously introduced, highlighting some of the constraints that can
be derived from them, their physical content, and finally the effort needed to go beyond
the results achieved by the previous project LARASE.
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6.1. The Precession of the Orbit Argument of Pericenter

An example in this direction can be provided by Moffat’s non-symmetric theory of
gravitation [55,56]. In this case the PPN formalism does not apply, since the metric is not
symmetric, gµν 6= gνµ and, consequently, also the affine connections Γλ

µν are not symmet-
ric. From a theoretical point of view, non-symmetric connections imply the existence of
other tensor fields, in addition to the metric, which mediate the gravitational interaction.
Consequently, we fall within Dicke’s framework as a possible natural way to approach
the problem of verifying the validity of the proposed theory, that is, whether or not the
theory can be considered viable. Furthermore, Moffat’s theory provides another useful
example, namely a possible link between gravity in the weak-field regime and gravity in
strong field, in relation to spacetime singularities5. Actually, Ref. [55] highlights how the
predictions of this new theory differ significantly from those of GR for compact sources or
supermassive stars.

This is indeed a very important aspect from the general point of view of verifying the
characteristics of the gravitational interaction. In fact, some ATG predict very slight effects
in the limit of weak fields which therefore differ very little from the predictions of GR.
Conversely, in the strong field regime, the predictions of these theories may be different
from those of GR.

The main characteristic of this non-symmetric theory for gravitation is to associate to
a given body B a charge `2

B which arises from the coupling of the non-metric with a vector
current Sµ. In a previous study we addressed a parameter CB1B2 , related to the product
of the new charges predicted by the theory and associated with the two gravitationally
interacting bodies (in our analysis, the Earth and LAGEOS II): CB1B2 is responsible for
an additional precession of the argument of pericenter of a satellite. We were able to
strictly constrain this parameter: CB1B2 = (0.003 km)4 ± (0.036 km)4 ± (0.092 km)4 from
the constraint in the pericenter of LAGEOS II, see [33] for further details6.

One more effect in gravitation, which cannot be interpreted within the PPN formalism,
is represented by the possible existence of a new long-range interaction (NLRI). Deviations
of the gravitational potential from the Newtonian 1/r law would lead to new weak interac-
tions between macroscopic objects that are predicted by several theories [28–30,60,61]. For
these theories, a Yukawa-like parameterization seems general at the lowest order of the
interaction and in the non-relativistic limit, independently of the nature of the new field
that contributes to mediate the gravitational interaction, that is, of a possible scalar, vector
or tensor field (with the exchange of a spin-0, spin-1 or spin-2 light boson, respectively).

Most significantly, these NLRIs may or may not be consistent with EEP. In the second
case, non-metric phenomena with tiny, but significant, consequences will be produced
in gravitational experiments and also, in particular for our objectives, on the orbits of
artificial satellites. The characteristic of these very feeble interactions is the production
of deviations for mass separations spanning different orders of magnitude, starting from
the sub-millimeter level up to the astronomical scale. The constrain we obtained in [33]
for the strength α, see previous Section 5, is very stringent and competitive with those
obtained—at other distance scales and with other techniques7—for the Moon and for the
planets [63–65].

6.2. The Precession of the Orbit Ascending Node

The measurement of the Lense-Thirring effect was obtained from the analysis of the
precession of the right ascension of the ascending node of the two LAGEOS satellites and of
that of LARES [54]. This precession is a consequence of the gravitomagnetic field produced
by the rotation of the Earth (i.e., by its angular momentum), which has no analogue in
Newton’s gravitational theory [66,67]. Hereinafter, we first analyze the meaning of the
parameter µ, that parameterizes the Lense-Thirring gravitomagnetic precession, and then
we analyze some constraints that can be obtained from its measurement.

This parameter, that we have repeatedly measured and constrained with ever increas-
ing precision and accuracy, is not one of the canonical PPN parameters. In fact, it should
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be borne in mind that the PPN formalism does not describe the post-Newtonian limit of
any metric theory of gravitation. This aspect, in relation to the Lense-Thirring parameter
µ, is clearly explained and proved in [68] (see Chapter 3), where it is explicitly stated:
‘‘ . . . the standard ten parameter PPN formalism . . . though a very powerful and useful
tool to test metric theories, is not sufficient to describe every conceivable metric theory of
gravity at the post-Newtonian order . . . ”. Consequently, the ten Newtonian-like potentials
underlying the PPN formalism, and therefore also the corresponding ten PPN parameters,
are not enough to describe the post-Newtonian approximation of any new and conceivable
metric theory of gravitation. In these cases, the more general approach based on Dicke’s
framework could be a useful tool to integrate the now classic and traditional approach
based on the PPN formalism.

The Lense-Thirring precession (or dragging of inertial frames) is often ascribed in
the literature to a consequence of the de Sitter effect and consequently described—at
the post-Newtonian order—by the PPN parameter γ [69–71]. In this case, following the
standard PPN gauge, µ = (1 + γ)/2 (where γ = 1 in GR)8. However, in this case, the
gravitomagnetic field associated with the de Sitter effect has nothing to do with the field
generated by the motion of mass currents or mass-energy currents relative to other masses,
i.e., with the so-called intrinsic gravitomagnetism, as that generated by the intrinsic spin
(angular momentum) of a body.

In this case, the gravitomagnetic field holds the exact analogy with a magnetic field
B “seen” in a reference frame moving with a speed v with respect to an electric charge
at rest: B = −(v/c2) × E, while in the reference frame at rest with the charge there is
only an electric field E9. Therefore, this is a gravitomagnetic-like effect that arises by the
presence of the gravitoelectric field and the validity of Local Lorentz Invariance (LLI).
This gravitomagnetic-like effect can be removed by a Lorentz transformation, and thus it
cannot be associated with intrinsic gravitomagnetism, which on the contrary cannot be
removed by a Lorentz transformation or a change of coordinates. Therefore, the parameter
µ should be related to intrinsic gravitomagnetism, that is, with the motion of mass currents
or mass-energy currents relative to other matter. We refer to [68] for further details.

The right ascension of the ascending node of a satellite is also a key orbital element
to constrain the viability of proposed ATG. Among these, torsional10 theories [72,73],
f (R) theories and in general extended gravity theories [74] can be constrained, even
more effectively than with the argument of pericenter, since the expected (and measured)
relativistic effects are much smaller in this case, see Table 2. In [73], the authors were able
to constrain a linear combination of the two torsion parameters w2 and w4 in the range
−0.36 < w2 − w4 < +0.4411. Our recent measurement of the Lense-Thirring effect allows
us to further constrain this combination of torsion parameters. Considering our error
budget of about 1.6%, we obtain: w2 − w4 = −0.006± 0.064. In the case of an extended
gravity theory with f = f (R, RαβRαβ), the authors of [74] have estimated that with a
measurement of 1% of the Lense-Thirring effect it might be possible to constrain the mY
parameter (one of the effective masses of the theory) to the value mY > 1.2× 10−6 m−1.
Therefore, with our measurement we can currently set this limit to mY > 1.9× 10−6 m−1.

These are just two examples, among many, of how ATG can be constrained by the
measurement of the precession of the right ascension of the ascending node of a satellite,
regardless of whether these theories are, by their nature, metric.

6.3. The Role of the Orbit Residuals

The investigation on a single orbital element when looking for possible effects of a
given theory, or of a set of theories, is not entirely satisfactory, since it does not allow us
to give a definitive answer on the admissibility of a possible ATG: on the contrary, the
possible perturbative effects due to these theories on the entire orbit of the satellites under
consideration should be taken into account, in order to highlight their respective signatures.
This is the case of the long-term and secular effects, usually those of ”easier” interpretation,
versus the case of short-term effects, which are more difficult to identify and constrain.
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Prior to these analyses, we will have to establish the goodness of the dynamic model,
which is a priori used to model the orbits of the satellites in the data reduction process.
This model mainly concerns the reference frames used, the quality of the tracking stations
and of the tracking data, and the gravitational and non-gravitational perturbations on
the orbit. Once an a priori model has been established, in such a way to be considered
sufficiently robust and accurate, a POD of the orbits of the satellites will be performed
over an appropriate time interval, in order to obtain the residuals in the different orbital
elements of the satellites.

Having decided the arc length of the POD, the state-vector of the satellite at the
beginning of each arc is determined and adjusted to best fit the tracking observations.
The residuals are obtained by comparing the state-vector of the nth arc with the adjusted
state-vector of the previous, (n− 1)th arc, propagated (with the available models) to the
same starting epoch of arc n [76]. The residuals thus computed contain a considerable
amount of information. They naturally, and primarily, contain the unmodeled effects that
fall within the precision of the POD, but they also contain the unavoidable errors of the
models and of the observations. It is important to underline that the residuals thus obtained
provide the variation of the orbital elements over the time length of the arc used. Therefore,
when divided by the arc length, they directly provide the residuals in the rate of the orbital
elements. This is the consequence of the ‘‘difference method” described in [76], and has the
advantage of relating the temporal variation of the orbital elements with the variation of
the perturbative potential with respect to the orbital elements, or with the components of
the perturbative acceleration12.

In analyzing the residuals obtained from the POD, however, we must ask ourselves
whether these can still be corrected for some perturbative effect not yet included in the
dynamic model used in the POD. This can occur especially in the case of perturbative
effects of non-gravitational origin, that is, in the case of the NCF mentioned in Section 5.
The goodness of a new model is therefore based, at this point, on the concordance of its
predictions with the signature (or part of it) that characterizes the residuals obtained after
the POD. Removing the model predictions, expressed for example through the Gauss
equations, from the initial residuals, will provide final residuals suitable to be analyzed to
constrain ATG.

7. Conclusions and Future Works

We presented the new project—called Satellite Tests of Relativistic Gravity (SaToR-G)—
which has the final goal of extending the activities of the previous experiment, LARASE,
beyond the predictions of Einsten’s theory of gravitation. In this regard, a number of
activities have been initiated with the aim of performing new kinds of measurements
in the field of gravitation with Earth-orbiting laser-ranged satellites. This activity will
be based on a theoretical/experimental framework not “simply” described by PPN pa-
rameters, but also as adherent as possible to the original framework proposed by R.H.
Dicke. After recalling the characteristics of the Dicke framework, we have highlighted a
first working strategy that contemplates—as far as possible—these ideas, analyzing the
main measurements achieved in LARASE with the constraints already obtained for some
alternative theories of gravitation, and also possible constraints obtainable in the future
from these (and other) measurements. About this, we have given two new limits. The
first concerns possible constraints to a torsional, that is, non-metric, theory of gravitation:
w2 − w4 = −0.006± 0.064. The second concerns a metric theory based on the so-called
extended gravity: mY > 1.9× 10−6 m−1. We believe that these results need to be further
analyzed in Dicke’s context, beginning with a more in-depth examination of the predicted
effects of these theories on the entire orbit of satellites, before an assessment can be given
on their reliability.

From a general point of view, we want to stress the importance that the experiments
that test the WFSM limit of GR continue to play today, both in the laboratory and in
space. Among other things, these experiments guarantee a controlled environment and a
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significant degree of complementarity when experiencing different manifestations of GR.
Finally, when discussing Moffat’s theory, the difficulty of linking the tests of the various
theories of gravitation, starting with GR, made in weak fields with those obtained in
strong fields, was very mildly mentioned. These two approaches are so far independent,
although complementary: in the first, the static predictions of a theory are verified, while
the dynamic ones characterize strong fields. Unfortunately, there is no common framework,
to our knowledge, for performing a comparison between the two different regimes. There
is evidence that a possible bridge between these regimes can be constituted, under certain
conditions, by modern scalar-tensor theories of which Brans-Dicke’s is the forerunner. It is
indeed a very exciting challenge that should see theoretical physicists as prime movers. In
this regard, the Strong Equivalence Principle represents an interesting issue with which to
start the study of this very hard problem: indeed, it apparently holds for just one metric
theory of gravity, that is, Einstein’s geometrodynamics.
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Notes
1 A class of theories where the the Ricci scalar R = gµνRµν is replaced, in the action I, by a function f (R).
2 The current PPN formalism is based on the works of K. Nordtvedt and C.M. Will previously cited, see Refs. [14–16].
3 Hereinafter we are following Dicke’s framework formulation in the words of Thorne and Will [38].
4 Since the bulk of the overall GR precession is the one due to Schwarzschild precession, in the frame of the PPN

formalism the parameter ε can be approximated by a combination of the PPN parameter β (which describes the
nonlinearity of the mass contribution to the metric) and γ (which describes space curvature per unit of mass):
ε ' (2 + 2γ− β)/3.

5 This non-metric theory provides a spherically symmetric static solution that excludes the occurrence of spacetime
singularities at r = 0 in the metric.

6 As highlighted by [56] (see also [59]) if the charge `2
B is simply proportional to the mass, we always obtain CB1B2 = 0.

Conversely, if the charge scales with the baryon number, we obtain CB1B2 ' `4
B ξ, with ξ ≈ 10−3 − 10−2.

7 The Lunar Laser Ranging (LLR) and Radar Ranging techniques. In the case of LLR, though the technology of laser
tracking is similar to SLR, the orbit and physical model are very different. See for instance [62] for a brief discussion.

8 The complete expression of µ in this approximation includes an additional contribution equal to α1/8, where α1 is a
PPN parameter that describes preferred-frame effects and α1 = 0 in GR.

9 We have assumed v� c.
10 The torsional theories are characterized, like Moffat’s theory, by non-symmetric affine connections.
11 This result was based on a previous measurement of the Lense-Thirring effect, see [75], where the error budget of the

measurement was estimated to be about 10% of the relativistic precession.
12 The first case occurs when it is possible to apply the Lagrange equations at the perturbative level, that is when the

perturbation corresponds, in the Newtonian sense, to a conservative force. The second case is more general and
contemplates the use of Gauss’ perturbative equations.
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