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ABSTRACT

One of the methods used to estimate the ages of the asteroid families is based on the interpretation of the distribution
of the sizes versus orbital semimajor axes of their members as the result of their post-formation dynamical evolution.
The fundamental hypothesis is that the present distribution of the semimajor axes is essentially the product of the
Yarkovsky effect. On the other hand, the observable features of the asteroid families can be affected by several physical
and dynamical processes. In this paper we discuss the role of: (1) the initial distribution of the ejection velocities at
the time of the primordial break-up event; (2) the possible correlations between the family members ejection direction
and the orientation of the rotational axis (which the direction of the Yarkovsky semimajor axis drift depends on); (3)
the gravitational reaccumulation of the parent bodies fragments during the ballistic phase of the formation process;
(4) the collisional re-orientation of the spin axes during the post formation evolution phase. We show how each of
these mechanisms affects the determination of the ages of the asteroid families, and what additional information can

be inferred regarding some aspects of the collisional evolution of the rotation axes.
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1 INTRODUCTION

The dynamical effect on the asteroid orbits due to the ab-
sorption of the solar radiation, the body differential heating
and subsequent infrared re-emission, known as Yarkovsky ef-
fect (Bottke et al. 2002), has played a key role in the last
two decades in the study of the evolution of the Main Belt
Asteroids and the origin of the Near Earth Asteroids. In
particular the importance of this mechanism for the inter-
pretation of the structure of the asteroid families has been
recognized two decades ago (Bottke et al. 2001), and it has
been exploited in order to improve the methods of families
identification (Bolin et al. 2017). The Yarkovsky effect also
offers an opportunity to estimate the age of the asteroid fam-
ilies. The perturbations on an asteroid orbit caused by the
Yarkovsky effect, and in particular the secular drift rate of
the semimajor axis, is inversely proportional to the size of
body. Under the assumption that the Yarkovsky effect played
a dominant role in the post-formation orbital evolution of an
asteroid family, plotting the absolute magnitude H of the
family members against their proper semimajor axes a we
should obtain a triangular structure where the dispersion of
the semimajor axes increases with the absolute magnitude.
As the dispersion of the semimajor axes is directly related
to the time elapsed since the primordial break-up producing
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the family, its a-H plot allows us to retrieve indirect infor-
mation about the age of the family (Farinella & Vokrouhlicky
1999; Vokrouhlicky et al. 2006). A slightly different approach
has been proposed by Milani et al. (2014) and Spoto et al.
(2015) consisting in the analysis of the structure of the as-
teroid families in the plane where the diameters 1/D of the
members are plotted against their semimajor axes. The typ-
ical V-shape structure of the asteroid families in the plane
1/D versus a appears as the natural by-product of the de-
pendence of the Yarkovsky drift rate of the semimajor axis
on the inverse of the diameter. A geometrical analysis of the
V-shape structure together with an independent evaluation
of the Yarkovsky drift rate makes possible the estimation of
the asteroid family ages.

Although the basic idea is simple the determination of
the ages of the real asteroid families is not a trivial proce-
dure. In addition to some technical problems in the anal-
ysis of the V-shapes and to the different sources of uncer-
tainty coming from the observational data, the assumption
that the Yarkovsky effect alone dominates the evolution of
the V-shape diagram and its present structure could be sim-
plistic. The authors of the method have already warned that
the initial orbital dispersion of young asteroid families can
introduce a non negligible error in the family age determi-
nation. Indeed young asteroid families can give us the op-
portunity to obtain important information about the poorly
known primordial break-up velocity fields, before their sig-
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natures are confused with the post formation evolution due
to the Yarkovsky effect (Vokrouhlicky et al. 2006; Bolin et al.
2018; Carruba et al. 2018).

In this paper we want to discuss the role of mechanisms
other than the Yarkovsky effect in the evolution of the aster-
oid family V-shapes and their impact on the age determina-
tion. To do this we have developed a synthetic model of the
V-shape of the asteroid families including different features.
The model is described in Section 2. In this model we fol-
lowed a semi-analytic approach based neither on simulations
of break-up process relying on a detailed description of the
fragmentation physics nor on direct numerical orbital inte-
gration. We tried to implement a realistic description of the
relevant physical and dynamical processes, but with a wide
flexibility in order to explore several aspects of the problem.
After a detailed description of the model, a summary of the
procedure used to estimate the age of asteroid families is pre-
sented in Section 3. Moreover, in this section some important
technical details are discussed in order to apply the method
to simulated asteroid families. The results of a series of simu-
lations performed in order to test the effect of each individual
physical mechanism, one at a time, will be discussed in Sec-
tion 4. Finally in Section 5 we give some conclusions of this
work.

2 ASTEROID FAMILY MODEL

In this Section we will describe in detail the numerical
model used to simulate the formation and evolution of a
generic asteroid family. The goal of this model is not to re-
produce all the details of such a complex process, but only
to highlight the relevant features impacting the age determi-
nation. In particular the model does not include a numerical
integration of the members orbits taking into account at the
same time planetary perturbations and the Yarkovsky accel-
eration. Such computation is beyond the scope of this work.

The model is composed of two separate modules: one de-
voted to the computation of the initial values of the orbital
elements of the family members, and the other pertaining
to the evolution of their semimajor axes. In both cases, by
orbital elements we mean synthetic proper orbital elements
(KneZevi¢ & Milani 2000, 2003), assuming that the original
difference among proper elements just after the formation of
the family are related to the final velocities of the fragments
at infinity through Gauss’ equations and the orbital circum-
stances of the impact (Brouwer 1951; Zappala et al. 1996).

2.1 Break-up simulation

Beside asteroid size, the Yarkovsky effect, both in diur-
nal and seasonal versions, depends on the orientation of the
rotational axis, and more precisely is proportional to cos ¢
and sin? @, respectively, where ¢ is the obliquity of the spin
axis, the angle, from 0 to 7, between the asteroid polar axis
and the normal to its orbital plane (Farinella et al. 1998;
Vokrouhlicky 1999). The obliquity basically determines the
direction of the semimajor axis drift. In diurnal effect, pro-
grade rotations (0 < ¢ < 7/2) cause semimajor axis to in-
crease, while retrograde rotations (7/2 < ¢ < m) give rise to
semimajor axis decrease. For this reason, the break-up model
should include a description of the distribution of the initial
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spin axes, and possible correlations between spin axes and
ejection velocities. Avoiding to enter into the complex details
of the break-up physics of asteroid-size bodies, we want to
define our model in a way as simple as possible, but with
the necessary flexibility to describe some peculiarities of the
geometry of the spin-velocity field. For the purpose of this
paper (as it will be clearer later), we neglect the description
of the size distribution of the fragments, focusing on the re-
lationship among size, ejection velocity and spin axis.

The starting point of our model is a symmetry axis of the
spin-velocity field defined by a unit vector k. From the phys-
ical point of view, the vector k is related to the impact di-
rection. Neglecting the initial distribution of the fragments
inside the parent body, we define a simple general rule to
assign an ejection velocity vector ve; = ve;V to a given frag-
ment (supposed spherical) with diameter D, where v is a
radial unit vector. In our model this procedure can be com-
pletely random or not. We denote by xas a random variate
with Maxwellian parent distribution with mean value equal
to 1. The magnitude v.; of the vector is given by:

[Vesl = vm(D)[1 + mo(zar —1)] (1)

where m, is an integer number the value of which can be 0
or 1 only. If m, = 0, all fragments with diameter D have the
same velocity v, (D), while if m, = 1 the ejection velocity of
a fragment with diameter D is a Maxwellian random variable
with mean value equal to v,, (D). The parameter v,,(D) is
related to the diameter through a simple power-law function:

Om (D) = vo (50)6 (2)

where vg is the mean ejection velocity of the fragments with
diameter Do. We implemented the expression (1) in order
to ensure maximum flexibility to the model, choosing from
one run to another whether to adopt a Maxwellian distri-
bution or a deterministic approach. For reasons that will be
discussed later, in this work we limit ourselves to the deter-
ministic case m,, = 0. The unit vector v, which describes the
ejection direction of the fragment, is randomly chosen with
isotropic distribution. In order to describe the case of crater-
ing ejections, a limit value 7, for the angle between v and
the symmetry axis k can be introduced, assuming that only
fragments v - k > cos 1y exist. The case 1, = 7 corresponds
to a completely spherical and isotropic fragmentation.

While Dy is only a reference value of the fragment sizes,
vo and (B are physical parameters of the model. We will ex-
plore the impact of different values of vg on the family age
determination. For what concerns the exponent, some evi-
dences suggest that the value of 8 should be of the order
of 1 (Cellino et al. 1999; Broz & Morbidelli 2013), as im-
plied also by the analysis of very young asteroid families
(Nesvorny et al. 2002; Bolin et al. 2018), or suggested by the
distribution of the proper inclinations of the more evolved Ko-
ronis family (Carruba et al. 2016). On the other hand, precise
and conclusive evaluations do not exist. In this work we limit
ourselves to the case 5 = 1.

In order to include in a simple way the effect of the grav-
itational reaccumulation, we assume that, at the end of the
ballistic phase of the family formation, the final fragment ve-
locity, that for clarity we will call ezit velocity to distinguish
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it from the ejection velocity, is reduced by an amount depend-
ing on the effective escape velocity ves.. More precisely, the
exit velocity of the fragment is:

v = v2 — w2,

ej (Uej > UCSC) (3)
v= 0

(vej < Uesc)

while the direction v remains the same for both the ejec-
tion and exit velocity. We simply assume that all fragments
with ejection velocity below the ves. value fall back on the
largest remnant. A similar approach has been already ex-
ploited in the context of the simulation of the collisional
evolution of the asteroids size distribution (Petit & Farinella
1993; O’Brien & Greenberg 2005). The value of the effective
escape velocity vese is a free parameter of the model. Dif-
ferent methods have been developed and tested in order to
define precisely the concept of mean or effective escape ve-
locity (Farinella et al. 1988; D’Abramo et al. 1999). In our
model we prefer, for reasons that will be clear soon, not to
refer directly to the value of vese, but rather to follow an-
other approach. The condition ve; > vese entails that only
fragments with D < Dy;,, do not reaccumulate on the largest
remnant, thus contributing to the membership of the asteroid
family, where Dy, is:

v \ 18
Dlim - DO ( ) (4)

Vesc

Because of the stochastic nature of the ejection velocity gen-
eration, the value Dy;,, is not a sharp limit, and fragments
slightly larger than Dy, can escape on independent orbits,
while fragments slightly smaller than D;;,, can fall back con-
tributing to the formation of the largest remnant.

In our model we use Dy;n as the parameter controlling the
reaccumulation process instead of ves., because the former is
directly related to the geometrical properties of the V-shape
of the asteroid family, as shown in Section 4.3, and analyt-
ically discussed in Appendix B. The two model parameters
vo and Dy, together control the initial extension of the V-
shape.

For what concerns the rotational properties of the frag-
ment, the spin axis is defined with reference to the ejection
velocity vector and the symmetry axis. For the particular
fragment a set of three orthonormal axes is defined (Fig. 1).
This set is composed by v, the unit vector p normal to the
plane containing v and k:

=

<>

X

()

p=

=

X

3

and the unit vector q:

q=pxV (6)

It is worthwhile to note that, since we have assumed that the
ejection and the exit velocity of a fragment have the same
direction, in the definition of the unit vectors p and q it is
irrelevant whether we use the ejection or the exit velocity.
This is important because any correlation between the com-
ponents of the spin vector and those of the ejection velocity

Figure 1. Auxiliary unit vectors used to describe the direction of
the spin. At the top the orthonormal axes, defined for a particular
fragment, with respect to the direction h of the mean spin axis
is defined: the unit vector v along the ejection velocity, the unit
vector p normal to the plane containing ¥ and the global symmetry
axis of the spin-velocity field R, and q = p X V. The spin direction
for a particular fragment is randomly generated inside a cone of
semi-aperture 7s around h (bottom).

holds for the exit velocity too. At this point a unit vector h
is defined with respect to the set (v, q, p):

h = (sin 0y, cos A )V + (sin 0, sin A\,)q + (cos 65, )p (7)

The unit vector § describing the spin axis orientation is
isotropically generated with the constraint that the angle be-
tween 8§ and h is smaller than a limit value ns between 0 and
7. In other words the unit vector h is the mean direction,
and the axis of symmetry, of the probability distribution of
the spin axis direction of the particular fragment.

The two angles 0, and A, are free parameters not depend-
ing on the ejection velocity of the fragment. In this way the
orientation of the unit vector h is cylindrically symmetric
with respect to the fundamental symmetry axis k (Fig. 1). In
the case ns = 7 the spin axis is completely randomized with
no correlation with the velocity vector. On the contrary, if
1ns = 0 the spin axis is rigidly “polarized” along h. In this
case, according to the values of the angles 0;, and A, dif-
ferent kinds of correlation arise between the components of
§ and the components of v, as discussed in Section 4.2 and
Appendix A.

The magnitude s of the spin vector s = s§ is computed in a
similar way to what was done for the velocity. More precisely
s = 27 /P where P is the rotational period. The value of s
is a random variate with Maxwellian parent distribution the
mean value of which is:

-
sm(D) = 5o <D£0) (8)
where sp, the mean rotation angular frequency of the mem-
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Figure 2. Orientation of the spin-velocity field symmetry axis lA<,
with respect to the Gauss orthonormal basis.

bers with size Do, and the exponent v are free parameters.
In this work we adopt a simplified model for the evolution of
the proper semimajor axis due to the Yarkovsky effect (see
Section 2.3), where the rate of variation of the semimajor axis
does not depend explicitly on the rotation period of the as-
teroid. This means that the simulated evolution of the family
is not affected by the choice of the values of v and so, but it
depends on the spin axes orientation distribution only, or in
other words it depends on 65, A\, and ns. We keep the general
approach of Equation (8) for further investigations.

2.2 Initial dynamical family

Once we generated the list the random triples (Dg, Vi, Sk),
where Dy, is the diameter, v, the exit velocity (the velocity at
infinity after the reaccumulation phase) and s, is the spin vec-
tor of the k-th member, the corresponding orbital elements of
the initial dynamical family are computed from the vectors
vi. The initial proper orbital elements of the parent body
are supposed known as free parameters: the semimajor axis
apb, the eccentricity ey, the inclination I, the longitude of
the ascending node 2,5, the argument of the pericentre wpp
and the true anomaly fps, the three latter at the epoch of
the break-up. The list of the initial orbital elements ag, ek
and [ of the k-th fragment can be computed by means of
the Gauss’ equations, if the size of the exit velocities vy are
small compared to the orbital velocity of the parent body
(Zappala et al. 1996), or using the exact formulas of the two
body problem. The position vector r,, and the orbital ve-
locity v, of the parent body at the moment of the break-up
are computed from its orbital elements. Then, the initial po-
sition and orbital velocity of the k-th fragment are r,;, and
vpb + Vi respectively, from which the corresponding orbital
elements are computed. In any case the assumption is that
the exit velocities v are defined in the reference system of
the parent body, physically defined as the barycentre of the
system target-projectile in the collision event.

Before performing the transformation from exit velocities
to orbital elements, a rotation of the spin-velocity field is
performed in order to take into account the geometry of the
impact. Because of the previously defined field is symmet-
ric with respect to rotations about the symmetry axis k,
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the orientation of the field in space is completely defined by
the orientation of the unit vector R, that in turn can be ex-
pressed by two angles. With respect to the co-moving Gauss
orthonormal axes (Murray & Dermott 1999) R (radial unit
vector from the Sun), N (unit vector along the orbital angu-
lar momentum, normal to the orbit plane) and T=NxR
(transverse unit vector), the unit vector k is defined by the

two angles 0, and Ax such that:

k = (sin 0 cos A\ )R + (sin 0 sin A\ )T + (cos 6)N 9)

as shown in Fig. 2.

The final output of this stage is the list of the sets of diam-
eter, orbital elements and spin vector (Dy,ak, ek, Ik, Qk, Sk)
for each body, even if we are interested only in the structure
and evolution of the a-1/D diagram. The initial obliquity
¢r is computed from the spin axis sg, the orbital inclination
I, and the longitude of ascending node 2. The final set of
parameters used for the simulation of the evolution of the
V-shape, as described in Section 2.3, is composed by the val-
ues of diameter, semimajor axis, eccentricity and obliquity
(D, ak, ek, ¢r) for each member of the family.

2.3 Post-formation evolution

Following the approach of Milani et al. (2014), we assume
that the evolution of the semimajor axis due to the Yarkovsky
effect is described by the following expression:

da a —1/2 2\ —1 D -t
i (a—o) (1—¢7) (D—O) cos ¢ (10)

where the constant p is:

(i) (3) (55) @

and ao is the rate of variation of the semimajor axis for an
object with semimajor axis ag, eccentricity eg, diameter Dy,
density po, obliquity ¢o and albedo Ag. We separate in Equa-
tion (10) the contribution of the density and albedo because
we suppose in our simulations that such quantities are the
same for all members.

An estimation of the typical value for ap could be deduced
from the data in literature (Milani et al. (2014), Table 10).
In this work we put ao ~ 3.3 x 107'% AU /yr, for ap = 1 AU,
eo =0, Do =1km, py = 2.4 gr/cmi”7 ¢o =0 and Ao = 0.

We assume that the value of the eccentricity of a single
member does not change with time. We believe that this is
a reasonable hypothesis from a statistical point of view. As-
suming that no other parameter changes with time except
the semimajor axis, if its value at the epoch t; is a1, then the
value at to >ty is:

3
0y = 0} + JE(t2 — 1) (12)
where:
DL
&= paé/Q(l —eh! (—) cos ¢ (13)
Do

The Formula (12) is used to compute the variation of the
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Figure 3. Characteristic time of rotational axis collisional re-
orientation versus diameter for Main Belt Asteroids, according to
the model by Farinella et al. (1998).

semimajor axis during an interval of time [t1,¢2], during
which the obliquity ¢ of the spin axis does not change.

The spin axes of asteroids in the Main Belt can change
as a consequence of YORP effect and the non destruc-
tive collisions with other projectile-asteroids, the impact en-
ergy of which is not enough to fragment and disperse the
target-asteroid. YORP torque produces a modification of
both spin direction and rotation period (Rubincam 2000;
Capek & Vokrouhlicky 2004; Vokrouhlicky et al. 2007). The
most relevant feature of the YORP effect is the fast evolu-
tion of the obliquity angle towards the two equilibrium values:
¢ = 0 for initial cos¢ > 0 and ¢ = = if the initial cos¢ < 0,
hence without changing the direction of the semimajor axis
drift (that is the sign of ¢ in Equation (12)). The typical
time scale of this evolution is proportional to D?, produc-
ing in principle differential effects among small bodies with
respect to larger ones (Paolicchi & KneZzevié 2016). On the
other hand, the real evolution of the rotational state of an
asteroid due to the YORP effect depends dramatically on
the details of the object’s shape and surface (Statler 2009;
Golubov & Krugly 2012; Sevedek et al. 2015; Marzari ot al.
2020), and it would be more appropriate to talk about
“stochastic YORP” (Bottke et al. 2015; Cotto-Figueroa et al.
2015). We will devote a future paper to the investigation of
the role of YORP effect on the determination of the age of
the asteroid families.

For what regards the non destructive collisions, their fi-
nal effect, apart from the formation of craters and asteroid
erosion, consists of a transfer of linear (Dell’Oro & Cellino
2007) and angular momentum (Harris 1979). The efficiency of
the linear momentum transfer depends mainly on the poorly
constrained sub-kilometre size distribution of the Main Belt
asteroids. In order to avoid to introduce too many free param-
eters in our evolution model we neglect this mechanism for
the moment. Focusing on the collisional modification of the
spins, their evolution is intrinsically stochastic. In our model
we assume that the characteristic time scale 7,,: of the “spin
reset” due to collisions, consisting in a random modification

of the rotational axis losing any memory of the previous state,
can be expressed in general as:

Trot = Trot,0 (DBO) (14)

where T,0¢,0 and € are free parameters. In this paper we adopt
the parameter values proposed by Farinella et al. (1998), that
is, if Do = 1 km, Tyrot,0 = 7.5 X 107 yr. For what concerns the
exponent, € = 4/3 assuming a rotational period of 5 h for all
objects, or ¢ = 1/2 if the rotational period is proportional
to D and P = 5 h for D = 1 km (Farinella et al. 1998,
Broz & Morbidelli 2013). The two cases are plotted in Fig. 3.

On the basis of Equations (12) and (14), in our model the
post formation evolution of the semimajor axis is numeri-
cally simulated by means of a Monte Carlo approach in the
following way. Let us suppose that we want to simulate the
evolution of the semimajor axis a of an asteroid with diame-
ter D during the interval of time from t = 0 to ¢ = T". During
this interval of time, a number of collisional events produc-
ing a spin reset can occur at epochs ti, t2, t3, ..., t,, where
ti < tiv1, and t1 > 0, t, < T. The number n of events is a
random variate with a Poisson parent distribution with mean
value T'/Trot. In turn, the durations At; = t;41 — t; of each
sub-interval [ti, ti+1] are random variates, all with the same
probability distribution:

q(AL) = Ne (15)

that is the well know waiting time distribution in a Poisson
process, where A = 1/7,0¢ is the mean number of events per
unit of time.

Once the series of sub-intervals [t;, t;1+1] is generated, it is
possible to compute the corresponding variations of the semi-
major axis by means of Equation (12), re-generating each
time the spin vector s. From one sub-interval to the next
one, the new spin direction is randomly chosen, changing the
obliquity value ¢, and in turn the value of £ in Equation (12).
It is worthwhile to note that in different sub-intervals the di-
rection of the semimajor axis drift can be different, sometimes
increasing (£ > 0) and sometimes decreasing (§ < 0). In con-
clusion, introducing the spin re-orientation, the evolution of
the semimajor axis is no longer continuous and it becomes a
random walk, where the final value is a stochastic quantity.

In our model, the evolution of the semimajor axis due to the
Yarkovsky effect does not depend on the rotational period,
or in other words on the magnitude s of the vector s. This
is not completely correct but it is a simplification stemming
from the use of the expression (10) for the mean typical rate
of semimajor axis variation in the Main Belt.

3 ANALYSIS OF THE «-1/D DIAGRAM

The aim of this work is to investigate how some physi-
cal and dynamical mechanisms affect the determination of
the age of an asteroid family. The observables of the aster-
oid family are simulated using the semi-analytic model dis-
cussed in the previous Section. The determination of the age
is based on the method proposed by Milani et al. (2014) and
Spoto et al. (2015). The method details are widely described
in the two quoted papers. Here we shall summarize only the
basic principles of the approach.

MNRAS 000, 1-20 (2021)
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The input data necessary to estimate the age of an as-
teroid family is the list of the values of diameter and semi-
major axis (Dy,ar) for each member. The observational ev-
idence that the large majority of the observed asteroid fam-
ilies show a negative correlation between the value of the
diameter and the dispersion of the semimajor axes is in-
terpreted as the result of the post formation evolution due
to the Yarkovsky effect. More in particular, the fact that in
the diagram 1/D versus a the points representing the family
members are constrained in a triangular or “V-shaped” re-
gion, where the smaller members are more dispersed in semi-
major axis than larger members, is considered to be a clear
product of a semimajor axis drift proportional to 1/D, typi-
cal of the Yarkovsky effect (Cellino et al. 2004). The objects
close to the inner and outer border of the V-shape would be
the fastest members of the family, those for which the ab-
solute value of the rate of variation da/dt is maximum. In
other words the family borders are drawn by the members
the obliquity of which is ¢ = 0 (outer border) or ¢ = 7 (in-
ner border). In conclusion we expect that the borders of the
V-shape are more or less linear, apart from deviations due
to random fluctuations or the presence of family interlopers,
and they can be determined by means of a linear fit of the
points for which Aa, that is the difference between the semi-
major axis of a member and of the parent body, is maximum
or minimum (see Spoto et al. (2015) for details).

The result of this exercise is two lines in the diagram 1/D
versus a, one for the inner border:

1 1
D= la—a) (16)

and one for the outer border:

1 1
D= a(a —ay) (17)

where u_ and w4 are the inverse slopes of lines fitting the
inner and outer border respectively, while a— and a4 are the
positions where the two lines cross the horizontal axis (where
1/D = 0). Hereinafter, the sign + refers to a quantity related
to the outer border of the V-shape, while — refers to the inner
border.

Following Milani et al. (2014), we call V-base the segment
on the horizontal axis between the abscissas a— and a4 of
the two fitting lines. The size of the V-base is the difference:

b=ay —a— (18)

As we will see b is an interesting parameter. Here we limit
ourselves to say that if the two fitting lines cross above the
horizontal axis the V-base size is negative, on the contrary if
they cross under the horizontal axis the V-base size is pos-
itive. Finally, the middle point (a4 + a—)/2 is the centre of
the V-base, and we will call relative centre of the V-base the
quantity:

ay +a—
2
that is the difference between the V-base centre and the semi-
major axis of the parent body.
The nature of the method requires that those family mem-
bers with extreme values of the semimajor axis, inside interval

6= — QApb (19)
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bins of 1/D, are identified. From this point of view, the use of
a Maxwell distribution for the generation of the ejection ve-
locities, and therefore the initial semimajor axes, can produce
some problems. The Maxwell one is not a domain-limited dis-
tribution, so that the above defined value of xas has no up-
per limit. This means that, in a sequence of simulations with
increasing number of family members, without changing all
other model parameters, the probability of obtaining larger
and larger values of Aa increases. Consequently, the values
of the inverse slopes and the corresponding estimated ages
tend to increase with the number of family members only. A
way to make more realistic our model for what regards the
generation of the ejection velocity can be that suggested by
Petit & Farinella (1993), consisting in putting as upper limit
of the ejection velocities a value of the order of the sound
speed in rock, that is about 3,000 m/s. On the other hand,
this approach does not solve the problem in our case because
the analysis of real V-shape is limited to members not smaller
than 1 km. Generating an ejection velocity of the order of the
sound speed for D = 1 km requires very large and unrealistic
values of vg and/or very large number of members (trials).
For example, assuming v, = 1 km/s at D = 1 km, at least
20,000 members of that size have to be generated to have
the chance of obtaining at least one body with ve; ~ 3 km/s.
Taking into account that only the transverse component of
the ejection velocity is relevant, the probability is even much
smaller. For this reason we avoided to use Maxwellian ejec-
tion velocities in the numerical experiments discussed in this
work, putting m, = 0 in all cases.

At this point two fundamental assumptions are introduced
in the method of determination of the age of the family pro-
posed by Milani et al. (2014). First, the V-shape is the result
of the Yarkovsky effect alone, in the sense that the contri-
bution of the initial ejection velocity field is negligible. In
other words the initial dispersion of the differences Aa for all
the members of the family was much smaller than the present
dispersion, that is in the diagram 1/D versus a the initial po-
sitions of the dots representing the family members coincide
with the position of the parent body. Second, the semimajor
axis drift rates due to the Yarkovsky effect are constant in
value and direction, that is the difference Aa for each member
is proportional to time. If those two assumptions are true, the
inverse slopes of the border contain direct information about
the age of the family, and more precisely, the inverse slopes
are proportional to the family age. Therefore the estimated
age of the family would be:

[u]
C
where C' is a “calibration” constant obtained from indepen-
dent evaluation of the Yarkovsky effect. For this purpose,
Milani et al. (2014) and Spoto et al. (2015) used a value of
the calibration constant derived by the analysis of the orbital

perturbations of the asteroid (101955) Bennu.

The scheme described above is obviously idealized. In the
following Sections we will discuss some of the hypotheses this
method of age estimation relies on. However, even from the
observational point of view, the situation looks more complex.
Apart from the problem that in some cases the V-shape bor-
ders are more or less polluted by interlopers that deteriorate
the quality of the fit, among real families is not uncommon to
come across case for which |u_| # uy, with the consequence

Test+ = (20)
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simulation. Bottom right: V-base size b and relative centre of the V-base § versus real age T).cq;, for the reference simulation.

that two solutions for the estimated age exist for a single
family, and/or b # 0. This can be due to different causes, as
discussed in Spoto et al. (2015); Milani et al. (2019). In any
case, in all our simulations the estimated age is always for-
mally defined by Equation (20), as opposed to the real age
Trear the simulation is made for. From a different point of
view, Treqr is a physical parameter while T.s:+ is a geomet-
rical property of the V-shape (as us are) that can be inter-
preted as an estimator of T)..q; if some hypotheses are met.
In our simulations the calibration constant C' depends on the
value of the parameter o in Equation (11), along with the
eccentricities, albedos and densities of the members. We de-
termine the value of C' on the basis of a simulation that meets
entirely the above mentioned hypotheses of the age estima-
tion method. The parameters of such reference simulation
are: fully isotropic spin-velocity field (1, = ns = 7); ejection
velocities negligible (vo = 0); collisional spin reset disabled
(Tmt,o = oo), entailing constant semimajor axes drift rates.
The value of C' is the constant ratio between the inverse slope
u (in this case the isotropy of the ejection velocities entails

that |u—| = uy) and the real age Treq: the simulation refers
to.

Although in our reference simulation the spin-velocity field
is perfectly symmetric, |u—| does not turn out to be exactly
equal to u4, and moreover the ratios u+ /Trea: are not strictly
constant. Apart from random fluctuations due to the process
of generation of the velocity field, |u—| tends to be systemat-
ically larger than u,, and the difference increases with time.
This is simply due to the semimajor axis evolution predicted
by Equation (12), since the semimajor axis drift rate (accord-
ing to Equation (10)) depends on the semimajor axis itself as
a~ /2, This means that the Yarkovsky drift rate tends to in-
crease for an object the semimajor axis of which is decreasing,
while it tends to decrease for an object the semimajor axis of
which is increasing. This Yarkovsky acceleration/deceleration
produces an accelerated expansion of the inner part of the V-
shape and a decelerated expansion of the outer part, as shown
in Fig. 4, top right. The result, even in the reference simula-
tion, is that for larger and larger values of T)..q; absolute value
of the inner inverse slope |u_| tends to increase faster than
the outer inverse slope u4 and, in turn, the ratio |u—|/Trea

MNRAS 000, 1-20 (2021)
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tends to increase with Treqr, while Uy /Treqr tends to decrease
with Treqr. In order to make the definition of T.s: formally
consistent we define C' as the ratio u+ /Trear for Trear — 0,
where u+ are the inverse slopes of the reference simulation.
This affects the values T+ of this simulation, with Tes;— in-
creasing more than 7. and Tes+ increasing less than Theqr
(Fig. 4, bottom left).

Even if this acceleration/deceleration physical process is re-
alistic, the distortion of the V-shape produced by this mecha-
nism requires large values of T}.q1, and we do not expect that
it can produce relevant observational effects for the majority
of the real asteroid families, probably negligible with respect
to the other effects that we will discuss later. Attempts to
detect a systematic difference between |u—_| and u4 among
real asteroid families have not been successful until now.

The Yarkovsky acceleration/deceleration produces effects
also on the V-base, both for what concerns its size and the
centre. At the beginning of the asteroid family evolution, for
Trear = 0, the initial values of b and § are null. At a time
Trear > 0, the geometrical distortion of the V-shape makes b
negative (the fitting lines cross above the horizontal axis) and
0 positive (Fig. 4, bottom right). As time passes b becomes
more and more negative, while § becomes more and more
positive.

MNRAS 000, 1-20 (2021)

The plots in Fig. 4 describe the results of a particular refer-
ence simulation. An important feature of all the parameters of
the border fit (and their related quantities like the estimated
age Tesr+ ) is that they are not deterministic values but rather
random variables. Both in our simulation, and in real aster-
oid families, the disposition of the members on the V-shape
borders is, with some limits, a random process, because of
the family formation mechanism and the subsequent evolu-
tion. For the real asteroid families we do not know the details
of the primordial break-up, both for our approximate knowl-
edge of the fragmentation and dispersion mechanism and for
the intrinsic stochastic nature of the collision event producing
the break-up. In our model this is due to the random nature
of the generation of the list of members diameters, their ve-
locities and spins. Moreover, if spin-reset mechanisms are at
work during the evolution of the family, other fluctuations are
introduced. All other parameters of the model fixed, the ex-
tent of fluctuations and in some cases the shapes of their sta-
tistical distributions depend on the number of members the
asteroid family consists of. For these reasons, it is important
to check the resulting distribution of the fitting parameters as
the result of an adequate number of repeated simulations, not
relying on the result of a single simulation only. Fig. 5 shows
the statistical distributions of the estimation age biases and
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Figure 6. Estimated ages (solid line: Test—; dashed line: Test+)
versus vg, for a not yet evolved asteroid family (T}.¢q; = 0), char-
acterized by a non null velocity field.

the geometrical parameters b and 6, and their evolution at
different time steps. In particular the distributions of b and
6 tend to be particularly wide. This is a point that will be
discussed later in the context of the role of the gravitational
reaccumulation.

4 INFLUENCE OF PHYSICAL EFFECTS

In the following Sections we will show and discuss the re-
sults of some numerical simulations. In all simulations the
orbital elements of the parent body are ap, = 2.55 AU,
epy = 0.1 and I, = 10 deg, while its true anomaly at the
epoch of the break-up is fp, = 90 deg. In all cases the veloc-
ity part of the spin-velocity field is isotropic, that is 7, = 7.

The choice of aps, epp and I, corresponds to a typical loca-
tion in the Main Belt Asteroids. Different values of those or-
bital elements modify the details of the simulation outcomes
leaving the main conclusions unchanged. For what regards
the choice of fpp, in addition to the fact that f,, = 90 deg
and 270 deg are more or less the most probable values at
the moment of the impact (Dell’Oro & Paolicchi 1998), the
value of fp, affects only marginally the distribution of the
semimajor axes of the asteroid family (Zappala et al. 1996).

By choosing the parameters above, the value of the calibra-
tion constant C, determined as described in Section 3, turns
out to be equal to 2.1 x 107'% AU km/yr.

The aim of the numerical simulations is to enlighten the
impact of different physical mechanisms that can modify the
structure of the V-shapes introducing a bias in the determi-
nation of the asteroid family ages. Such bias can be expressed
in terms of the difference between the estimated age and the
real age:

A,T:I: - Test:t — Treal (21)

Besides studying how the bias AT+ depends on the physical
parameters of the model, it is interesting to investigate how
it varies with Tyeqr. Indeed Tesi+ is a complex function of
Treal, the trend of which depends on the assumptions about
the formation and evolution of the asteroid family. In the
following, we will examine the effect of each single assumption
separately.

o b b b Ny
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Figure 7. Evolution of an isotropic family with vg = 100 m/s.

Top: Test— versus Ty.qq;. Bottom: Tesiq versus T..q;. The dashed
line represents function Test+ = Treai-

4.1 The initial velocity field

In general, for real asteroid families, we cannot expect that
ATy = 0if Trear = 0. The reason is that the break-up veloc-
ity field introduces an initial non null spreading of the orbital
elements, depending directly on the value of the exit veloci-
ties. Any fit of the V-shape borders of a family at Trea: = 0
will produce necessarily a value of T.s:+ > 0, and so a positive
bias AT4. The magnitude of this initial bias can be quanti-
fied simulating asteroid families with different values of wvg.
Since the initial orbital spreading depends on the distribution
of the exit velocities we put here the parameter Dy, = 00 in
order to exclude the effect of the gravitational reaccumula-
tion. In this way ejection and exit velocities coincide and vg
is the maximum value of the exit velocity for fragments one
kilometre in size.

Fitting the borders of the V-shape of a series of asteroid
families, all at Tyeqi = 0 but characterized by different values
of vg, we obtain values of T.s¢+ more or less proportional to vg
as shown in Fig. 6. This is obviously not an unexpected result,
which can be easily derived from the Gauss’ formulas in the
assumption that S = 1. Indeed the inverse slope results to be
|u+| = (2/n)Dovo (see Appendix B for details), which implies
an initial estimated age (and bias) AT (0) = Test+(0) ~ 1.3
Myr if vo = 1 m/s (recalling that by definition Do = 1 km).

But, once again in the numerical simulations, a small dif-
ference between T,st— and Tesit arises. The difference comes

MNRAS 000, 1-20 (2021)
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from the fact that the transformation from the exit velocities
to the initial orbital elements is not linear. Gauss’ equations
are correct only at the first order with respect to the ve-
locities. An isotropic ejection velocities distribution does not
correspond to a distribution of the semimajor axes exactly
symmetric with respect to the value of the semimajor axis
of the parent body. In particular the extension in terms of
a of the family for a > app is larger than for a < apy. This
explains way the initial V-shape outer border appears more
“evolved” with respect to the inner border. In any case the
effect is small, amounting to a difference of about 10 Myr
between Testy and Tese— for vo = 100 m/s.

Let us move on to discuss what happens during the evolu-
tion of an asteroid family with non null initial velocity field.
Fig. 7 shows the case of an asteroid family with vo = 100
m/s, the evolution of which is followed up to 4 Gyr. Apart
from the initial small difference between Tes; and Tesi— due
to the above mentioned asymmetry of the initial orbital dis-
tribution, it is noticeable again the effect of the Yarkovsky
acceleration on Tesi— (left) and of the Yarkovsky decelera-
tion on Test+ (right). While the initial bias on Tese— will
never be overridden, but rather it is amplified, the initial
bias on Tesi+ is cancelled out after about 2 Gyr and sub-
sequently over-corrected. Those trends are clearly shown in
Fig. 8 where the biases ATy are plot versus Treq between
Treat = 0 Gyr and Tyeqr = 1 Gyr, for different values of vg.

MNRAS 000, 1-20 (2021)

The bias AT_ tends to decrease slightly to a minimum value
(that in the case of vo = 100 m/sec is at about 500 Myr),
and then to rise steadily. The bias ATy, initially positive,
steadily decreases first becoming null and then negative. The
epoch Tyeqi when ATy = 0 increases with vg.

The jumps in the curve plotted in Fig. 8 are due to the
random statistical fluctuations in the generation the ejection
velocities. It can happen that, during the V-shape expansion,
some fast members initially placed in the core of the family
overtake the members on the border, affecting the determi-
nation of the inverse slope.

4.2 Velocity-spin correlation

As discussed in Section 2.1, our model allows different de-
grees of correlation between the ejection velocity and the ro-
tational spin of a fragment. The existence, in a catastrophic
disruption, of a relationship between the rotational proper-
ties of a fragment and the place in the parent body where
it was ejected from has been discussed in several works in
literature (Fujiwara & Tsukamoto 1981; Fujiwara et al. 1989;
Giblin et al. 1994; Holsapple et al. 2002; Kadono et al. 2009).
From a theoretical point of view, the experimental evidence
concerning the distribution of the ejection velocities has been
analytically implemented in the semi-empirical model by
Paolicchi et al. (1989, 1996). In this model a collision event
involving a parent body is described in terms of the velocity
field v(P), assigning an initial velocity v to any point P inside
the body. The analytic properties of the velocity field, along
with some plausible physical assumptions about the mate-
rial reaction to impact stress, determine shapes, dimensions,
ejection velocities and rotational properties of the fragments.
In particular the spin axis is parallel to the curl V x v of the
velocity field. For a non rotating target, the velocity field is
radial with respect to an irradiation point inside the body
and cylindrically symmetric around an axis parallel to the
impact direction and containing the irradiation point. In this
hypothesis the curl of the velocity field is normal to both the
velocity and the symmetry axis k. In terms of the parameters
of our model, this situation corresponds to h = p (6n = 0)
and ns = 0 (or simply s is parallel to p, see Fig. 1).

This configuration can give rise to more or less strong cor-
relations between the components of the ejection velocity and
the components of the spin axis, and in particular with the
transverse component vr of the ejection velocity (see Ap-
pendix A for details). At the zero order of the Gauss’ equa-
tions, the initial difference between the semimajor axis of
the fragment and the semimajor axis of the parent body is
Aa = (2/n)vr, with n the parent body’s mean orbital mo-
tion. So, any correlation between vy and sy (the component
of the spin axis along the normal to the orbit), produces a
correlation between the initial position of the fragment in the
V-shape diagram and the direction of the Yarkovsky drift, de-
pending on the cosine of the obliquity cos¢ = sn/s.

Once 0, = 0 and ns = 0, the correlation between cos ¢
and Aa depends on the orientation of the symmetry axis k.
Three extreme configurations are possible. If k= :t’i‘, that is
0r = /2 and A\, = 7/2,37/2, no correlation cos ¢-Aa exists,
as shown in Fig. 9 at top left. This situation is similar to
what happens when a complete randomization of the spin-
velocity field is set (s = 7). If k = =N (65 = 0), the normal
component of the spin axis is trivially null (Fig. 9, top right).
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In this case, not only cos ¢ is not correlated with Aa, but also
there is no Yarkovsky drift, if no other external perturbation
is present.

The most interesting situation occurs when the symmetry
axis is parallel to the radial direction. If k = +R7 that is
0, = m/2 and A\, = 0, a positive correlation exists between
cos ¢ and Aa (Fig. 9, bottom right). This means that all the

family members initially placed at the right of the parent
body in the 1/D versus a diagram increase with time their
semimajor axis, and opposite for the members initially placed
at the left of the parent body, producing an overall regular
expansion of the V-shape. Instead if k = —R (6 = 7/2
and Ay = ), cos ¢ and Aa are negatively correlated. In this
case all the family members initially placed at the right of

MNRAS 000, 1-20 (2021)
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ear fit of the borders. The parameters of this case are: vg = 100
m/s, Dy =5 km, and T.eq; = 0.

the parent body in the 1/D versus a diagram decrease their
semimajor axes, while all members initially placed at the left
increase their semimajor axis. The consequence is an overall
initial collapse of the V-shape, followed by an expansion after
the semimajor axes of the members with initial negative Aa
become larger than the parent body semimajor axis, and vice
versa.

The correlations between cos ¢ and Aa shown above have
effects on the value of the estimated age of the family. While
for k = =N the evolution of the V-shape is prevented, or
strongly restrained, until an external perturbation intervenes,
for k = +R the bias due to the initial dispersion of the
semimajor axes is reinforced or removed. The Fig. 10 shows
the case of a family with vo = 100 m/s, but the qualita-
tive behaviour is the same for all values of vg. The value of
the bias ATy versus Treq for a fully isotropic spin-velocity
field is plotted as a grey line (ns = 7). In case of a positive
correlation due to the condition k = +R, the bias ATy is
systematically larger than the bias introduced by the fully
isotropic case. In other words, the distribution of the oblig-
uities in the V-shape gives a faster V-shape _expansion with
respect to a random disposition. In the case k = —R the ini-
tial collapse of the V-shape cancels out the bias introduced
by the velocity field, resetting the evolution of the V-shape.
The time required to “absorb” the initial bias due to the ve-
locity field depends on vy and is more or less equal to the
initial bias itself (see Fig. 6). In other words in case k=-R
the situation is very close to what happens for an asteroid
family with a negligible velocity field. Again the effect of the
Yarkovsky acceleration/deceleration is evident. Apart from
the usual jumps due to the random noise at the borders dur-
ing the post-formation evolution of the family, the relative
disposition of the three curves is systematic.

The initial velocity field could, for very young families, be
responsible for the discrepancy between the age obtained by
means of backward integration method and the one based on
the analysis of the V-shape. In particular, a velocity-spin cor-
relation can increase or reduce such discrepancy depending
on the impact direction. A typical example is the family of
(1547) Nele for which backward integration suggests that the
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family is younger than 7 Myr (Carruba et al. 2018), while
V-shape fitting provides an age about 15 Myr (Spoto et al.
2015). In this respect, a larger V-shape-derived age should be
compatible with a k=+R -type collision. Such hypothesis
deserves further investigation in future works.
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Figure 14. Evolution with time of the statistical distribution of the size of the V-base. Two different sizes of the ejection velocity field are
taken into account (vo = 1 m/s at the top, and vg = 100 m/s at the bottom). Left: evolution without initial gravitational reaccumulation.
Right: case with reacumulation with limit diameter Dy;,, = 5 km. The number of family members is 10, 000.

4.3 Gravitational reaccumulation

Another physical mechanism influencing the structure of
the V-shape is the gravitational reaccumulation during the
primordial break-up process. As analytically discussed in Ap-
pendix B, values of the effective escape velocity vese # 0 in
Equation (3) entail a modification of the borders of the V-
shape in the part of small values of 1/D. More exactly, in the
cases taken into account in this work with 8 =1 (see Equa-
tion (2)), the border of the V-shape becomes a hyperbola
with asymptotes which correspond to the expected borders if
no reaccumulation occurred (vese = 0), as shown in Fig. 11.
The ordinate of the vertex corresponds to the limiting value
of the diameter Dy;,,, given by Equation (4). As a consequence
the two fitting lines do not coincide with the asymptotes but
on one hand, their inverse slopes increase, increasing the esti-
mated ages, and on the other, they cross above the horizontal
axis 1/D = 0 making the V-base negative.

The impact on the estimated ages is limited as shown in
Fig. 12. For comparison, on the left a case of an asteroid
family with vg = 100 m/s where no reaccumulation occurred
(Diim = o0) is shown. Looking at the averages of the statis-
tical distributions we find again the same behaviour shown
previously in Fig. 7. On the right the same case is repre-

sented but with a reaccumulation producing a limiting diam-
eter Dyim = 5 km. A very moderate increase (absolute value)
of the age estimation biases occurs.

For what concerns the V-base size, its value b is directly
affected by the degree of reaccumulation. Fig. 13 shows the
initial statistical distributions of b at the epoch Tycq; = 0
for the same family with vo = 100 m/s for different values
of Diim. The smaller the limit diameter Dy;,,, the more neg-
ative the mean value of b is, while the variance decreases
with increasing number of family members. During the sub-
sequent evolution, the V-base and its dispersion increase as
time passes. Fig. 14 shows how the statistical distribution
of b evolves for the case of two families with vg = 1 m/s
and vo = 100 m/s, with and without gravitational reaccu-
mulation. Even if the temporal evolution is responsible for
much of the final values of b, the reaccumulation reinforce
this trend, especially by increasing the range of the possible
(negative) values of b.

4.4 Collisional spin reset

The last physical mechanism capable of altering the V-
shape structure of an asteroid family investigated in this work
is the re-orientation of the rotation axes of the members due

MNRAS 000, 1-20 (2021)



Monthly Notices of the Royal Astronomical Society Page 14 of 20
14 A. Dell’Oro et al.

v0:0m/s =12 VOZOII]/S €=4/3
4000 T T — 4000 : T —
3000 - /,// ] 3000 0 ///' B
= [ / i = [ / i
€ 2000 . £ 2000} .
Hﬁ i //// / — 7 Hg i //// / ]
r e siaid ] r et
1000? e ’_//_',»’\ N 1000? //' A~ N
[ + i [ LZ AN i
L - i L + i
0k Ll L R B ] 0k Ll Cl L ]
0 1000 2000 3000 4000 0 1000 2000 3000 4000
T . Myn) T, Myr)
real real

Figure 15. Estimated age versus real age of an asteroid family with vg = 0, when the collisional spin reset is active (left for e = 1/2,
right for e = 4/3).
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Figure 16. Final diagram (a,1/D) for a family after an evolution of 4 Gyr affected by the spin reset (e = 1/2 at left, e = 4/3 at right).
Dashed lines represent the ideal positions of the V-shape borders if spin reset had been inactive, while solid lines represents the linear fit
of the real borders.

Vo =0m/s acts during the post-formation evolution of the family. The

fundamental hypothesis underlying the method of determi-
nation of the asteroid families age based on the measure of
the inverse slope of the V-shape border is that the direction
and drift rate of the semimajor axis evolution are constant.
We have seen in Section 3 that a non negligible, violation
of the assumption of drift rate constancy is introduced by
the intrinsic acceleration/deceleration of the Yarkovsky ef-
fect, as expected by Equation 10. A much larger effect is due
to the random re-orientation of the spin axis described in
Section 2.3. Frequent inversions of the obliquity sign cause
] repeated inversions of the direction of variation of the semi-
major axis. If the characteristic time of the spin reset is much
‘20‘00‘ ‘30‘00‘ 2000 smaller than the evolution interval of time, the motion of a
T, Myr) point in the (a,1/D) diagram is like a random walk parallel
to the horizontal axis, consisting in a series of increases and

Figure 17. Value of the V-base versus Tycq; for an asteroid family decreases of the semimajor axis. In these conditions the in-
a.ffeCted b}’ spin reset (solid line € = 1/2, dashed ¢ = 4/3, dotted verse slopes of the V-shape borders are no longer proportional
line no spin reset). to the family age but, more or less, to the root square of the
family age. In fact, this is what results from the numerical
simulation shown in Fig. 15 suggest. The growth of the in-
verse slope slows down steadily so that the gap between the
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to non destructive collisions with other asteroids. Unlike the
processes discussed in the previous sections, the spin reset
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Figure 18. Evolution with time of the distribution of the V-base size b for a set a 1,000 asteroid families affected by an initial reaccu-
mulation and spin reset in the post-formation phase. The break-up parameters are vg = 100 m/s and Dj;,,, = 5 km. The exponent of the
spin reset is € = 1/2 at left and 4/3 at right. Top: evolution during the first 800 Myr. Bottom: evolution up to 4 Gyr.

real age and the estimated ages increases accordingly. The
perturbed trends of the curves are due to the random fluc-
tuations of the positions of the family members determining
the V-shape borders.

The small difference between the case € = 1/2 and € = 4/3
is due to the fact that the two models of spin reset affect
in different way the lower and upper regions of the V-shape.
The case € = 1/2 is more homogeneous with respect to € =
4/3 in the sense that the difference in spin reset frequency
between smaller and larger members is more restrained. The
characteristic time 7,,; is about 80 Myr at D = 1 km in both
cases, while at D = 100 km 70 ~ 800 Myr for ¢ = 1/2
and Trot ~ 40 Gyr for ¢ = 4/3 (Fig. 3). The gradient of
Trot from small to large diameter produces a bending of the
V-shape borders which is more pronounced for ¢ = 4/3. In
other terms, the diagram (a,1/D) of the family is no longer
a V-shape but rather a U-shape (Fig. 16). For ¢ = 4/3, the
evolution of the members with D > 10 km is practically
unaffected by the spin reset. The curvature of the U-shape
borders is more pronounced for € = 4/3 with the consequence
that the inverse slope of the linear fit becomes smaller (and
consequently the estimated age is smaller with respect to the
case € = 1/2).

The bending of the V-shape borders has an even more no-
ticeable effect on the value of the V-base b. If no spin reset

existed, the evolution of the border points with a rate pro-
portional to 1/D should not imply an intersection of the two
fitting lines far away from the horizontal axis. But if the spin
reset is at work, the bending of the V-shape border produces
an intersection well below the horizontal axis 1/D = 0 (Fig.
16), or in other words a positive V-base. And the more time
passes, the more the value of b increases, as shown in Fig.
17. The value of b is strongly affected by random fluctua-
tions, but the systematic trend is clear. The same figure at
right shows the distribution of b for an ensemble of 1,000
simulated asteroid families with 10,000 members each. The
statistical fluctuations increase when the number of family
members decreases, but the evolution trend is the same.

Compared to the decrease of V-base size due to the gravi-
tational reaccumulation, the increase of b caused by the spin
reset dominates. Gravitational reaccumulation is responsible
for values of b that cannot be less than —0.05 AU, for veloc-
ity fields with vg of the order of 100 m/s at most, and taking
into account evolution times up to 4 Gyr. After only 1 Gyr
spin reset increases the V-base size by 0.05 AU if e = 4/3,
and about 0.025 AU if ¢ = 1/2, as it can be seen in Fig. 18
where the combined effect of reaccumulation and spin reset
is shown.
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5 CONCLUSIONS

In this paper we have shown the results of a preliminary
investigation of some physical processes affecting the analysis
of the asteroid family V-shapes, mainly in order to estimate
the time elapsed since their formation. We have discussed
how each single process affects the geometrical properties of
the V-shape and how much it impacts the determination of
an asteroid family age. In order to carry out this investigation
we developed a numerical model of the family formation and
evolution as flexible as possible in order to highlight the role
of the different mechanisms.

The determination of the asteroid family ages by measuring
the inverse slopes of their V-shape borders relies on the as-
sumption that contribution of the initial ejection velocities of
the family members is negligible. As expected, such assump-
tion is particularly critical for very young families. We found
that the initial off-set in millions of years in the age determi-
nation introduced by the break-up velocity field is of the order
of typical exit velocities of the km-size fragments expressed
in meters per second. As explained in Section 3, for techni-
cal reasons we avoided to use Maxwellian distribution of the
ejection velocities, a choice that would have been more real-
istic but that would have introduced artificial effects into the
results. As a consequence, the above estimation of the initial
age bias should be considered as a lower limit. On the other
hand, under the assumption that the post-formation evolu-
tion of the V-shape borders is determined by the Yarkovsky
drift rate only, such initial bias is not compensated over time.
This counter-intuitive conclusion is justified by the fact that
the intensity of the semimajor axis drift rate is inversely pro-
portional to the square root of the semimajor axis itself. So, if
the physical properties of the family members do not change
with time, and in particular their rotation axis obliquities,
the decrease of the semimajor axis is accelerated while the
increase is decelerated. The resulting estimated ages diverge:
the “external” age Tesi+ tends to be underestimated while
the “internal” age Tes:— is overestimated. However it is very
unlikely that this bias manifests itself as a systematic asym-
metry of the ratio of the inverse slopes |u_|/us > 1, because
the acceleration/deceleration mechanism affects the inverse
slopes by ten percent at most.

An interesting feature of the V-shapes of the real asteroid
families is that the V-bases tend to be systematically nega-
tive. Milani et al. (2014) and Milani et al. (2019) suggested
that this trend could be due to some correlations between the
spin axis orientation and the ejection velocities of the fam-
ily members. This explanation seems not to be supported by
the results of our numerical experiments. Velocity-spin axis
correlation produces positive or negative off-set in age deter-
mination as discussed in Section 4.2. In particular, in the case
of a negative correlation, the initial “collapse” of the V-shape
removes quickly the possible initial age bias introduced by
the break-up velocity field, in other words resetting the age
“clock” of the asteroid family. Nevertheless, a velocity-spin
axis correlation does not introduce an important systematic
variation of the V-base. This is basically due to the fact that,
assuming an exponent 3 ~ 1 in Equation (2) linking size and
ejection velocity, the expected borders of the V-shape in the
plane 1/D versus a are more or less straight lines, and the
Yarkovsky effect can only modify their inverse slopes but not
their intersections with the horizontal axis.

MNRAS 000, 1-20 (2021)

Without abandoning the hypothesis 8 ~ 1, only two phys-
ical effects are able to change the curvature of the V-shape
borders, and produce systematically non-zero V-base val-
ues: the gravitational reaccumulation during the primordial
break-up process and the collisional spin axes re-orientation.
As shown by the numerical simulations, the two mechanisms
are competing. The gravitational reaccumulation produces an
initially negative value of the V-base that is more and more
amplified during the subsequent dynamical evolution. The
spin reset tends to systematically increases the V-base to-
wards positive values. The different impact of the two mech-
anisms derives from the different way they modify the ge-
ometry of the V-shape borders. The net result depends on
the degree of reaccumulation and the age of the family. The
spin reset is able to cancel out the effect of even the most
severe reaccumulation in few hundred million years, produc-
ing distributions of the V-base with mean null or positive, not
compatible with the observational evidence. A possible expla-
nation is that the spin reset is not as efficient as it is thought.
If the characteristic reorientation time 7,0¢,0 for Dy = 1 km
in Equation (14) was much much longer, the spin reset would
have effects on the V-base over much longer time scales. On
the other hand, if the exponent e was smaller than 1/2 the
differential effect of the spin reset on members of different
sizes would be more limited. This would reduce the curva-
ture of the V-shape border due to the spin reset and the
V-base value as well. However, it is important to note that
in the latter case the spin reset would still have important
effects on the age determination for families older than 1 Gyr
(Fig. 15).

We can argue that the YORP effect (Vokrouhlicky et al.
2007) should not introduce substantial changes to the just
described scenario. YORP torque changes very quickly the
axis obliquity to the extreme values 0 or 7, maximizing the
Yarkovsky semimajor axis drift rate, with a characteristic
time Tyorp proportional to the square of the asteroid size.
This does not change the random walk nature of the mobil-
ity of the semimajor axes, that reset their direction with a
characteristic time 7,.¢. In any case the diffusion of the semi-
major axes is proportional to the square root of the time.
The difference between the two regimes 7ror < Tyorp and
Trot > Tyorp introduces a factor ~ 2 in the diffusion speed.
The case Trot > Tyorp is treated in our model not assuming
a completely random direction of the spin axis after a colli-
sion reset, but allowing only two possible values 0 and 7 for
the obliquity (with equal probability). As expected, numeri-
cal tests confirmed that in this regime the diffusion is about
twice faster than in the “normal” one 7ot < Tyorp. The value
of Tyorp is expected to be of the order of few millions of years
for one kilometre sized objects. According to Fig. 3 it results
that 7rot > Tyorp practically throughout the size range if
e = 4/3. Instead, if e = 1/2, the regime Tyot > Tyorp would
be typical of smaller objects (more or less below ten kilome-
tres). This could entail a faster diffusion of the upper part
of the V-shape (corresponding to the range of smaller ob-
jects), reducing the curvature of the borders and limiting in
some way the increase of the V-base due to the spin reset.
On the other hand, the high uncertainty on the value of 7,0,p
can easily modify such conclusions. Moreover, YORP torque
does not only affect asteroids obliquities but also their rota-
tion periods, pushing them towards the extreme conditions
of very fast (potentially causing a mechanical disintegration
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of the body) or very slow rotation, until a tumbling rota-
tional state. In both cases the efficiency of the Yarkovsky
semimajor axis mobility is reduced, increasing the bias in the
determination of the age. This specific point deserves further
investigation in future work.
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APPENDIX A: POLARIZED SPIN-VELOCITY
GEOMETRY

The case of correlation between initial position in V-shape
diagram and Yarkovsky drift direction discussed in Section
4.2 arises from the geometric condition s « (k X v) charac-
terizing the spin-velocity field in this particular case, where k
is the cylindrical symmetry axis of the field, v is the ejection
velocity and s the spin of the fragment. In other words, the
spin is bound to be orthogonal to the plane containing k and
v. In terms of the parameters of the model described in Sec-
tion 2.1, the condition s o (k X v) corresponds to the values
0r = 0 and s = 0 (Fig. 1). The direction of the velocity v is
assumed to be totally free and isotropic (1, = ).

According to the orientation of the vector k with re-
spect to the Gauss co-moving orthonormal basis R (ra-
dial), T (transverse) and N (normal to the orbit plane, see
Murray & Dermott (1999)), different kind of correlations be-
tween the component of s along N (determining the mag-
nitude and direction of the Yarkovsky drift rate) and the
component of v along T (on which the difference between
the fragment’s and parent body’s semimajor axis depends)
appear.

Neglecting their magnitude and focusing on the relative ori-
entations of the involved vectors only, hereinafter any vector
in this Appendix is assumed to be a unit vector.

By definition, the three versors of the Gauss basis fulfill
the following conditions:
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RxT=N
TxN=R
NxR=T

Let 'V be the velocity unit vector:

V=VgR+VyT+ VyN
with:

VE+VE+ VR =1

Following the hypothesis of isotropy of V, we have:

(Vi) = (Vr) = (Vn) =0

VA = (VB = (Vi) = 3

(VRVr) = (VRVN) = (VrVN) =0

where () represents the average operation over all randomly
generated fragments.
By construction, the spin unit vector S is:

KxV

S:\wa

where K is the cylindrical symmetry axis of the field, and in
terms of Gauss components:

S =SrRR+ ST+ SyN

We are interested in the relationship between Sy = S - N
(normal spin component) and Vp = V- T (transverse ejection
velocity component). In particular we want to evaluate the
correlation:

ont = (SnVr) — (Sn){Vr)

It is important to note that, like V, also for the spin (S) = 0,
because for a fragment with velocity V another one with
velocity —V can exist with the same probability, and the
corresponding spin is —S. In particular (Sy) = 0. So:

ont = (SnVrT)

Regarding the orientation of the symmetry axis K, three
important extreme cases exist.

If K = N (impact direction parallel to the normal axis of
the parent body orbit):

g, N-(NxV)

NN X V]

that is:

Sy=0 (K=N) (A1)

MNRAS 000, 1-20 (2021)

In this case the spin vector has no normal component, what-
ever the value of Vp is (Fig. Al, top left). It is evident that
ONT = 0.

If K =T (impact along the orbital motion):

G _N(TxV) _
YT T x vy

but N x T = —R, and:

V. (N xT)
IT x V|

TxV=-VgN+ VyR
so that:

Sy=——— VB __ (K- (A2)

In this case:

onr = —( VrVr
AN

For a fragment with components (Vg,Vr), we can find
with equal chance three other fragments with components
(Vr,=Vr), (=Vgr, Vr) and (—=Vg, —Vr). In any case the sum
of the corresponding four terms in the average is zero. Also
in this case no correlation between Sy and Vr exists (Fig.
A1, top right). The same conclusion holds also if K = —T.

The last case regards an impact along the radial direction.
It consists of two sub-cases, according to the direction of the
impact. If K = R:

)

S N (RxV) V.(NxR)
YT TURxV] T RxV|
and taking into account that:

RxV=VN-VNT

we have:

SN = B C— (K

Nz

In this case the correlation is:

~R) (A3)

V2
ONT = (—F——
JI_V2

In this case simply on7 is the sum of positive terms alone
entailing on7 > 0. A positive correlation between Sy and
Vr exists: fragments ejected with Vz > 0 (entailing an initial
orbital semimajor axis larger than the parent body’s one) are
characterized by a Yarkovsky drift producing a semimajor
axis increasing (Sy > 0) and vice versa (Fig. A1l bottom
left).
On the contrary, if K = —R:

)

Sy=-——"r __  (K=-R) (Ad)

VVE+VE
a negative correlation between Sy and Vr exists: fragments
ejected with Vr > 0 are characterized by a Yarkovsky drift
producing a semimajor axis decreasing (Sy < 0) and wvice
versa (Fig. Al bottom right).
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Figure A1l. Component of the spin axis unit vector normal to orbit plane (cosine of the spin axis obliquity) versus transverse component
of the ejection velocity unit vector for a simulated break-up according to the model described in Section 2.1 with parameters 6, = 0 and
ns = 0. Each point represents a single fragment. K is the symmetry axis of the spin-velocity field.

Finally, again for K = +R,, because V7 + V2 < 1, it follows
that |Sy/Vr| > 1, as shown in Fig. Al at the bottom.

The different types of correlation between the normal com-
ponent Sy of the spin axis unit vector and the transverse
component Vp of the ejection velocity unit vector shown in
Fig. Al can be easily translated in terms of correlation be-
tween the cosine of the obliquity ¢ and the difference Aa
between the semimajor axis of the fragment and the parent
body shown in Fig. 9. The different distribution of the points
for the case k = T, uniform in Fig. A1 but not in Fig. 9, is
simply due to the fact that in the former case |V| = 1 for
all fragments, while in the second case the magnitude of the
velocity depends on the diameter of the fragment through
Equations (1) and (2). Moreover in the case k = R, we
have seen that if Vo = 0 it follows that Sy = 0 too. On the

other hand, Vi = 0 entails Aa = 0 but, depending on the
values of the component Vi, the final orbit has values of in-
clination and longitude of the node different from these orbit
does not coincide with N, that is the axis of the parent body
orbit. This is the reason for the slight dispersion of the points
around Aa = 0 in Fig. 9 at the bottom.

APPENDIX B: INITIAL V-SHAPE BOUNDARY
FOR ISOTROPIC EJECTION FIELDS

At the beginning, just after the complete dispersion of the
parent body fragments, the difference Aa between the semi-
major axis of the orbit of an ejected fragment and the semi-
major axis of the parent body’s orbit can be evaluated with
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good approximation according to the zero-order Gauss’ for-
mula:

Aa = gAT
n

where n is the parent body orbital mean motion and AT is
the transverse component of the fragment ejection velocity
at infinity, that is after the ballistic phase during which the
motion of the fragments is mainly affected by their mutual
gravity.

We assume that the fragments are ejected isotropically
with velocity Ve; strictly dependent on their diameter as:

Vej=kD™ "

Moreover, we assume that, statistically, the effect of the mu-
tual gravitational attraction of the fragments is to reduce the
magnitude of the velocity, so that their velocity at infinity is:

Vie = /V2 - V2.

where V.. is the effective escape velocity. It is not impor-
tant here what is the exact meaning and value of Vig.. In
this simplified picture we assume only that such a single pa-
rameter exists describing the mutual gravitational field and
reaccumulation according to Equation (3).

Hence, for a given value D of the fragment diameter, the
maximum value of the transverse component of the velocity
field at infinity is:

AT pae = Voo = VE?D=28 = V2,

and, accordingly, for a given D the maximum Aa in the family
is:

Aamaz — 2 ATmaz
n

from which:

1

1/(28)
z |

b [ A+ V2

Thus, in this simplified model, the curve (Aamaz,1/D)
cannot reach the abscissa axis Aamaqs if Vese # 0. The mini-
mum possible value of (1/D) is:

1 Vese \ V/?
(5),.= (%)

excluding the reaccumulated largest remnant with a final or-
bit close to the parent body’s one.

Following the formulas of our model described in Section
2.1:

k=uvoDf

and recalling that:

n’a® = GM,

where G is the universal gravitational constant, M, is the
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Figure B1l. Examples of V-shape ideal borders for isotropic as-
teroid families with 8 = 1, represented in the plane Dg/D versus
Aamax / a.

mass of the Sun and a the semimajor axis of the orbit of the
parent body, it follows that:

DO _ (‘/esc ) 1/8
Diim Vo

Do 1 (Vo Aa 2 Do 2]
=0 - or max B]_
o) (%) < () ®)
where:
‘/:)27"17:(;M)k

a

is the mean orbital velocity of the parent body.

In conclusion, in the case of an isotropic ejection veloc-
ity field and a gravitational reaccumulation according to the
assumptions discussed in Section 2.1, the initial V-shape bor-
der, in the plane Do/D versus Aamaz/a, is a curve described
by Equation (B1). In the case 8 = 1 the V-shape is a hyper-
bole, as in the examples shown in Fig. B1.

This paper has been typeset from a TEX/IATEX file prepared by
the author.
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