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Abstract Confronting theoretical models with observations of therradiation emit-
ted by neutron stars is one of the most important ways to wtaled the properties
of both, superdense matter in the interiors of the neutrans $tind dense magnetized
plasmas in their outer layers. Here we review the theory efrtfal emission from
the surface layers of strongly magnetized neutron stasttaa main properties of
the observational data. In particular, we focus on the nesolrces for which a clear
thermal component has been detected, without being congded by other emission
processes (magnetosphere, accretion, nebulae). We atsgsdithe applications of
the modern theoretical models of the formation of spectratafngly magnetized
neutron stars to the observed thermally emitting objects.

Keywords neutron starsmagnetic fields thermal emission stellar atmospheres

1 Introduction

One of the first expectations of neutron-star (NS) astrojgbyslating back to the
epoch when such sources where theoretically proposede ipdbsibility to detect
thermal radiation from their hot (millions of K) surfacesxicky|1938). Observation
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of the first sources of cosmic X-rays in the Early Sixties ®sgjgd that NSs could
indeed be detected, which added impetus to theoretical a®¥kell as to modeling
of expected NS observational properties. The crucial patitacting a lot of interest
in the astrophysical community, was that the study of NSiogatould constrain the
physical properties of superdense matter in the interititssoN Ss|(Bahcall and Wolf
1965), under conditions that cannot be studied in tereddtitboratories. Discovery
of NSs as radio pulsars (Hewish etlal. 1968) further boost®ddbling studies as
well as observational efforts. However, the first detectibthermal radiation from
the surface of INSs (Cheng and Helfand 1983; Brinkmann@gelman 1987) had
to wait the launch of focusing X-ray telescopes HEABiRAtein(1978—-1981) and
EXOSAT(1983-1986), which allowed for a dramatic leap forward inssvity to
faint point X-ray sources.

Our understanding of the physics of NSs dramatically impdhin the last decades.
Thanks to multiwavelength observations (with an importalg played by X-ray ob-
servations), we have discovered with much surprise thaalhtgolated NSs (INSs)
behave as radio pulsars, but that there exist a rich diyes$itNS classes, includ-
ing Rotation-Powered Pulsars, Rotating Radio Transiémsemalous X-ray Pulsars,
Soft Gamma Repeaters, Central Compact Objects in supereavaants, and the
Magnificent Seven thermally emitting NSs (see the nextgegtit is now commonly
accepted that magnetic fields plays an important role inisape electromagnetic
emission properties of INSs, e.g. mediating the conversfdheir rotational energy
into radiation (as in rotation-powered sources), or diyeatting as the energy reser-
voir for most of the INS luminosity (as in magnetars).

One of the main challenges is to disentangle different éorigomponents, over-
lapping in the X-ray energy range. After discriminatingrtnal emission, a detailed
study of the thermal spectra can yield precious informadioout the NS surface tem-
perature distribution, the properties of dense magnetiasimas in their envelopes
and atmospheres, as well as set constraints on the equéstat®of the ultradense
matter in the NS cores.

Besides INSs, some NSs with observed thermal spectra adsderan binary
systems. In low-mass X-ray binary systems (LMXBs), a NS etes matter from
a less massive star (a Main Sequence star or a white dwag)nating periods of
intense accretion and periods of quiescence. When aacrgttips and the residual
heat diffuses out from the crust, X-ray radiation comes ftbmheated NS surface
(Brown et al! 1998). During the last decade, such quiese@antes (QLMXBs) yield
ever increasing amount of valuable information on the N8giflspectra are success-
fully interpreted with models of NS atmospheres (see Patzk®14, for a discussion
and references). Another class of NSs in binaries with thésgpectra are X-ray
bursters — accreting NSs in close binary systems, whichym®&-ray bursts with
intervals from hours to days (see, e.g. Strohmayer and Bid2005, for a review).
During intervals between the bursts, a burster's atmogptiees not essentially dif-
fer from an atmosphere of a cooling NS. In such periods, thle diuthe observed
X-ray radiation arises from transformation of gravitatbenergy of the accreting
matter into thermal energy. Some of the bursts (so-calleg bursts, which last over
a minute) occur during periods when the accretion rate isdoaugh for the lumi-
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nosity not to exceed a few percent of the Eddington limit.His tases, a thermal
atmospheric spectrum can be observed (e.g., Suleimano\2€x14).

As we will see, the number of known NSs with an unambiguoudéntified
thermal component in the spectrum is not large, but it stpadéreases. Some of
them can be understood with models of nonmagnetic atmosphetereas oth-
ers are believed to be endowed with strong magnetic field&ghuimust be taken
into account. After the seminal work of Romani (1987), themagnetic neutron-
star atmospheres have been studied in many works _(see | 280t for a review).
Databases of neutron-star hydrogen atmosphere modetaecte been published
(zavlin et al. 1996; Gansicke etlal. 2002; Heinke et al. :adib@nd a computer code
for their calculation has been released (Haakonsen et 42)2@ database of car-
bon atmosphere model spectra has been also publishedlye(@ukeimanov et al.
2014)[3 Model spectra were calculated for neutron-star atmosgloemraposed of dif-
ferent chemical elements from H to Fe (e.g., Rajagopal andd®n1995; Pons et al.
2002;/ Heinke et al. 2006; Ho and Heinke 2009) and mixturesiftérént elements
(Gansicke et al. 2002; Pons etlal. 2002). In general, thenthlespectra of NSs in bi-
naries (e.g., bursters and gLMXBs mentioned above) areprated with theoretical
models without magnetic fields. Thermal components of spaxtseveral millisec-
ond pulsars (e.g., PSR J043Z715, Bogdanov 2013 and some thermally emitting
INSs (e.g., the source in Cassiopeia A, Ho and Heinke 12008 Ao been inter-
preted with the nonmagnetic atmosphere models. In thisrpapaever, we will
not consider the nonmagnetic models (see Potzkhin 2014rfaora general review,
which includes a discussion of both the nonmagnetic and stagrases), but instead
we will focus on models of thermal spectra of the INSs thatsagaificantly affected
by strong magnetic fields.

The paper is organized as follows. In Sédt. 2 we give accotitiieodifferent
classes of INSs. In Se¢fl 3 we list INSs with confirmed theremailssion and give a
summary of their main characteristics. In SEtt. 4 we comsitedefinitions and con-
cepts that are important for the theory of formation of tharspectra of NSs with
strong magnetic fields. The latter theory is described in.&Sectioni b is devoted
to the theory of a magnetized condensed surface as an diltertmgaseous NS at-
mospheres. In Se¢ll 7 we describe transformation of thé $pe&tra into the spectra
seen by a distant observer. Examples of interpretation sémied spectra with the
use of theoretical models of partially ionized, stronglygmetized NS atmospheres
are considered in Se€i 8. In sddt. 9, we give brief conchssitn the Appendix we
briefly describe the effects of thermal motion of atoms inrargy magnetic field on
the atomic quantum-mechanical characteristics and orotiiedtion equilibrium of
plasmas, that underlie calculations of the opacities fergtnongly magnetized NS
atmospheres.

1 Models NSA, NSAGRAV, and NSATMOS in the databa¢sPEC(Arnaud 1996).
2 Model CARBATM in the databas¥SPEC(Arnaud 1996).
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Fig. 1 P— P diagram for the~ 2300 currently known neutron stars with measuPRednd P. Different
classes are marked with different symbols. Lines showimg@mtE,o; as well as constant inferred surface
dipolar magnetic field are superimposed.

2 The families of Isolated Neutron Stars

A short account of the main properties of the different @assf INSs, with a focus
on their emission in the X-ray range, is useful to set the@drfor the observational
panorama of thermal emitters.

o Rotation-Powered Pulsars (RPPs)This is the class of INSs with the largest
observational database, more than 2,200 sources beingfnowstly from radio
surveys. A large population of radio-silent RPPs is alsorging, thanks to gamma-
ray observations by the Fermi mission (see Abdo gt al.|20iBreferences therein).

Rotation of a magnetized INS induces electric fields whicbebarate particles
in the magnetosphere surrounding the star, initiatingtedetagnetic cascades. This
mechanism produces synchrotron and curvature radiatagad peculiar beaming
pattern, ultimately related to the magnetic field configoratat the expense of the
dissipation of the NS rotational energy (see Harding anda0fi6, for a review).
Because of such rotation-powered emission (see also Beskin2015, this volume),
RPPs are typically observed as pulsating sources from mdimlengtfﬁ to very

3 See e.g. the ATNF pulsar database at http://www.atnf.eaiftesearch/pulsar/psrdat/
(Manchester et al. 2005)
4 Indeed, their discovery as radio pulsars was the first ohtienal evidence for the existence of NSs
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high energy gamma-rays — the spin-down lumino8ig = 421 PP~3 (wherel ~
10* g cn? is the NS moment of inertia) being indeed much larger tharnrtfegred
electromagnetic luminosities. However, as a matter of, faxcist of the spin-down
luminosity is carried away by a relativistic particle windhioh, interacting with the
surrounding medium, powers bright pulsar wind nebulaen sesediffuse structures
in the radio, X-ray, and gamma-ray energy ranges.

In this picture, assuming the observeg; to be due to magnetic dipole radia-
tion yields an estimate of the surface dipole field at the retigrequator of the star
Beq = 3.2 x 10'%(PP)¥/2 G, as well as an estimate of the NS age- P/(2P), which
is called characteristic age. The first estimate assupfigs/(REsina) = 1, where
l45 = 1/10% g cn?, Rg is the stellar radiu® in units of 1¢ cm, anda is the an-
gle between the magnetic and rotational axes. More reatistculations give similar
relations betweeB and PP (Spitkovsky 2006} Beskin et gl. 2013). The second es-
timate assumes a birth period much shorter than the curegitdP, as well as a
non-variable magnetic field. As can be seen in Figlire 1, thedflRPPs havé® in
the 0.1-1 s range arBeg ~ 102 G. The separate subclass of Millisecond Pulsars
(MSPs), accounting for 10% of the RPP sample, is supposed to include very old
NSs with a different evolutionary history, having expeded accretion in a long-
lived binary system which eventually spun-up the NSB to a few ms and quenched
their magnetic field to 19— 10° G. For this reason MSPs are also called recycled
pulsars|(Bisnovatyi-Kogén 2006, and references therein).

More than 120 RPPs have been detected in the soft X-ray enengg (see, e.g.,
Marelli et al. 2011; Abdo et al. 2013), and several of thenpldig thermal emission
from their hot surfaces in addition to the rotation-powegedssion. While a thermal
component related to the NS cooling is apparent in a few ssyen additional com-
ponent with a higher temperature and a smaller emitting ea@salso be observed
(De Luca et all 2005), probably related to re-heating of tlagmnetic polar caps by
bombardment of magnetospheric particles. We note that RtRAsthe largest in-
ferred magnetic fieldsBgq ~ 10" — 10'* G) are often considered as a separate,
“High-B” class, (HB, see Ng and Kaspi 2011 for a review). HB RPPs showes
evidence for a larger thermal luminosity when compared tB&6f similar ages and
can be the link between magnetars and RPPs, with magnetiaigely playing an
important role for their thermal evolution (Aguilera et2008; Pons et al. 2009). At
least in one case (PSR J184@&258, Gavriil et al. 2008), a peculiar time variability,
reminiscent of the behaviour of the anomalous X-ray puléses below), has been
seenin a HB RPP.

¢ Rotating Radio Transients (RRaTs) Discovered as sources of repeated, bright,
short (~ 1 ms) radio bursts occurring at integral multiples of an ulyileg periodic-

ity, RRaTs were initially considered as a new class of INSsl(dighlin et al. 2006).
High time resolution radio surveys are unveiling new RRad®(t 70 are currently
known — see Burke-Spolaor 2013 for a recent review).

It has been observed that RRaTs, as a class, have a largeetidigid with re-
spect to the bulk of RPPs, which prompted speculations ghmssible relationships
of such sources with magnetars (or with HB RPPs, or with thgmifacent Seven NSs
considered below). Interestingly enough, the most actRa R(PSR J18191458) —
the only source of its class being detected in soft X-rayss-amaX-ray phenomenol-
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ogy (as well as a position in tHe— P plane) fully similar to the one of the Magnificent
Seven, with a pulsed thermal-like emission and a broad sgiedtsorption feature su-
perimposed to the continuum (Miller et/al. 2011). In any ¢étde currently believed
that RRaTs are not substantially physically different frefdPs — which also show
time variability of the radio pulses — RRaTs have just a sohswextreme temporal
behaviour.

e Soft Gamma Repeaters (SGRsAndAnomalous X-ray Pulsars (AXPs) About
two dozen such sources are known (Olausen and Kaspi 201@jin@lly thought
to form two different classes of objects, they were laterwghdo form a single
SGR/AXP class|(Gavriil et al. 2002). Detailed reviews ofithihenomenology and
physics are included in other chapters of this volume; sse|ilereghetti (2008,
2013); Turolla and Esposito (2013).

The period of SGR/AXPs (in the 2—12 s range) is much longar tha one of the
bulk of RPPs; their period derivative (showing peculiardimariability) is also very
large, corresponding to dipole magnetic fields of the ord& & 10** — 10%° G (see
Figure1).

These objects show a very complex high energy phenomenoldgy includes
a persistent, pulsed soft X-ray component (often with asieart behavior), dom-
inated by thermal-like emission, typically with a lumingyslargely exceeding the
spin-down luminosity. Moreover, SGR/AXPs display a speglar flaring emission
component (see Rea and Esposito 2011, for a review), besfraee a few keV to a
few hundreds keV. They are typically radio silent, althowghy bright radio pulses
have been observed from a few sources.

SGR/AXPs are generally believed to be magnetars (see theweby
Olausen and Kaspi 2014), i.e. NSs ultimately powered by goay of their magnetic
field (Duncan and Thompson 19@)’.he magnetic field of magnetars is supposed to
be much more intense than for other classes of INSs and toshjpgeuliar topology.

e Central Compact Objects (CCOs) This class includes a dozen of point sources,
lying close to the center of young (0.3—10 kyr) Supernova Ramts, discovered in
the soft X-ray band and supposed to be young INSs (De Luca; ZB6@helf et al.
2013). They have no counterparts at any other wavelengthasenciated diffuse
nebulae, nor any manifestation of rotation-powered maxgpdteric activity. Such
sources only display steady, thermal-like X-ray emisstgpically with a two-tem-
perature blackbody spectrum and very small emitting akbsorption features su-
perimposed to the continuum have been observed in two saurce

Measurement of a tiny period derivative for the only threésating CCOs point
to very low surface dipole field8¢q ~ 10! G,|Gotthelf et al. 2013). This is consis-
tent with an interpretation of the absorption lines as etectyclotron features. In
this picture, it is not clear what is the origin of the appareelatively large thermal
luminosities and large temperature anisotropies for th&& The spin-down lumi-
nosity is too low to explain the hot spot emission, while X-taning, as well as

5 There are alternative hypotheses about the nature of SGREAXassuming their braking
by an accretion disk (e.gl._Trumperetal. 2013, and referentherein) or a “magnetic slab”
(Bisnovatyi-Kogan and Ikhsanov 2014), as well as the modEbift waves in the magnetosphere of a
neutron star withB ~ 102 G (Malov[201D) or rapidly rotating massivé/(> M) white dwarfs with
B ~ 10% G (Boshkaev et al. 2013).
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deep optical/infrared observations, rule out the exist@fcompanion stars as well
as accretion from debris discs (Halpern and Gotthelf 20%®| Gca et al. 2011). It

has been suggested that a strong crustal toroidal magredticctiuld channel heat
from the star interior, producing hot spots on the surfastdle not influencing the

NS spin-down (see, e.q., Shabaltas and Lai 2012).

As another puzzle, the inferred, relatively high birth rat€COs clashes with the
apparently underpopulated region of fe- P diagram in which they reside (Kaspi
2010; Halpern and Gotthelf 2010 — see Fidure 1). It has begposed that the weak
observed dipole field could result from prompt accretion@f41— 103 My, fallback
material soon after the SN explosion. The buried field woelémerge later, on a
10° — 10° yr time scale (depending on the amount of accreted matetiabing a
CCO into a RPP, or even into a magnetar (Vigano and Pons 2012)

e The Magnificent Seven, or X-ray INSs (XINSs) These seven INSs were discov-
ered in theROSAT All Sky SurveRReviews on their properties are givenlby Haberl
(2007);. Turolla (2009);_Kaplan and van Kerkwijk (2009), tth@m the reader is re-
ferred for more details and references.

The XINSs have spinning periods in the same range as SGR/AXiPthe period
derivative points to a dipole fiele 1 order of magnitude lower for the XINSs (but
still well above the one of the bulk of RPPs — see Fidre 1).

These sources display a thermal-like spectrum, from thieagb the soft X-ray
rangeﬁ Their thermal luminosity is somewhat larger than expeateshfconventional
cooling of NSs at the same characteristic age. Broad (ofteltipte) spectral dis-
tortions compatible with absorption features are seerersmposed on the thermal
continuum. The nature of these features is unclear. Suggesplanations include,
for example, atomic or proton-cyclotron features (e.g.béth200¥), photoioniza-
tion in a relatively dense cloud in the vicinity of the NS _(Hiaanyan et al. 2009), or
a result of a complex strongly inhomogeneous distributibtemperature over the
surfacel(Vigano et al. 2014). In one case, the observedrspebape has been tenta-
tively explained as originated in a thin partially-ionizegdrogen atmosphere above
a condensed iron surface (see Secl. 8.2).

All XINSs have an optical/UV counterpart, with a flux exceaglby a factor 5—
50 (around 5,008 the expected value, based on the extrapolation of thexsodty
spectrum|(Kaplan et al. 2011). Such optical/UV excessew gfowver-law spectra,
but the observed slopes differ from source to source andearerglly not consistent
with the Rayleigh-Jeans tail of a blackbody spectrum. Thgimof the optical/UV
excess is not understood (atmospheric effects? magnetosphtivity? evidence for
an emitting region larger and cooler than the one seen inyX?a

All XINSs are steady emitters, with the exception of RX J0./42(B125, whose
time variability has not yet been understood (see Hohle| 2(dI2, possible explana-
tions range from magnetar-like activity to a peculiar atioreepisode).

The XINSs are rather close (from 120 pc to a few hundred pd)edblar system.
These distance estimates are based on direct annual pareiasurements or on

6 For some of them, pulsed radio emission has been also d&tectery low frequency 111 MHz at
the the Pushchino Radio Astronomy Observatory - see Mal@eel. (2007); Teplykh et al. (2011). Such
detections are very intriguing and await confirmation fratimeo observations at similar frequencies, e.g.,
by the LOFAR telescope.
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comparison of the observed photoelectric absorption toatsddr the 3D distribution
of local interstellar medium, and they are consistent whth large observed proper
motions. Back-projection of the NS space trajectoriesadlbto infer a kinematic age
for a few sources, based on possible association with ciisfemassive stars (see
e.g.[Tezlaff et al. 2011). Interestingly enough, the kingenages are systematically
smaller than characteristic agrsbeing thus more consistent with the relatively high
thermal luminosities.

It has been suggested that the magnetic field of the XINSsidoave decayed
since their birth, affecting their rotational and thermablation (Popov et al. 2010).
The relationship of the XINSs to other classes of INSs is in ease still poorly
understood (aged magnetars? HB RPPs with unfavorable bediming? extreme
RRaTs?).

Unifying the apparent diversity of the classes of INSs in harent physical sce-
nario is a major goal in the astrophysics of INSs. A study is fferspective was per-
formed by Vigano et al! (2013), who modeled the coupled@iah of temperature
and magnetic field (driving the rotational evolution) of I&&nd proved the possibil-
ity to explain the overall properties of the classes of SGR#8, HB RPPs, and of
the XINSs by varying the initial magnetic field, mass and éope composition in a
unigue parent population of INSs.

3 Isolated neutron stars with thermal spectra

Vigano et al. |(2013) gathered and thoroughly re-analyZiethe best available data
on isolated, thermally emitting NSs were in a consistent Weg/ refer the interested
reader to that reference for more details. The data sampd® sburces was com-
pared to theoretical models of the magneto-thermal exaiutf NSs, in an attempt
to explain the phenomenological diversity of SGR/AXPs haRjradio-pulsars, and

isolated nearby NSs by only varying their initial magnetaldi mass and envelope
composition. The cooling theory of NSs and several issuasadheristic of magnetars
are also discussed in other chapters of this volume. In thapter, we focus on the
thermal emission from sources not cataloged as magnetdidzdes (SGR/AXPS).

The sample of selected sources (see Table 1) includes:

e Eight CCOs, including the very young NS in Cassiopeia A, dreddnly three
CCOs with measured valuesBfaindP. We have ignored the other CCOs candidates,
since they have spectral information with poor statisticd/ar a very uncertain age
of the associated SNR.

e 13 rotation powered pulsars, including the Vela pulsar deddp-called Three
Musketeers (PSR B0656, PSR B1055 and yray-loud Geminga; De Luca etlal.
2005). We have excluded most of the young pulsars, many aftwérie associated
with pulsar wind nebulae, since in those cases data are ddnigpaith non-thermal
emission powered by the rotational energy loss, which ierdf magnitude larger
than their X-ray luminosity (i.e. RX J0007.0+7303 in SNR TfACaraveo et al.
2010). We also exclude several old pulsars (Zavlin and Ra20®4) with thermal
emission from a tiny hot spot (a few tens of)nsince the temperature of the small
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Source Tob Rob  Thsgres Rnsa best fit Teool  109(Lcool)
[106 K] [km] [10®K] [km] model [10°K] [ergs™]
CXOU J185238.6+004020 5.1 0.9 3.37 3.0 BB/nsa < 1.1 <331

1E 1207.4-5209** 2.2 9.6 1.7 7.4  BB*nsa* <07 <322
RX J0822-4300 4.6 1.7 237 64 BB/nsa <10 <329
CXO0 J232327.9+584842 52 1.7 334 27 BB/nsa <13 <333
1WGA J1713.4-3949 4.8 0.4 - - BB+PL - -
CXOU J085201.4461753 47 028 31 1.2 BB/nsa - -
XMMU J172054.5-372652 4.9 2.6 - - BB+PL - -
XMMU J173203.3-344518 5.7 - 2% 1T C atm - -
PSR J0538+2817 1.9 2.6 - - BB+PL <06 <319
PSR B1055-52 2.2 0.3 - - 2BB+PL 0.8 -
PSR J0633+1746 1.6 0.1 - - 2BB+PL 0.49 -
PSR B1706-44 1.7 3.3 - - BB+PL <07 <322
PSR B0833-45 1.4 50 093 94 (BB/nsa)+PL <05 <315
PSR B0656+14 1.2 2.4 - - 2BB+PL 0.6 -
PSR B2334+61 1.9 1.1 1.0 7.9 BB/nsa < 0.6 <319
PSR J1740+1000 2.0 0.4 0.6 10.3  2BB/nsa 0.9 -
PSR J17412054 0.7 12 - - BB - -
PSR J13576429 1.6 20 074 10.0 (BB/nsa)+PL - -
PSR J0726 2612 1.0 4.6 - - BB <046 <315
PSR J11196127* 3.1 1.5 - - BB <14 <329
PSR J18191458 15 123 - - BB - -
PSR J17183718 2.2 2.0 - - BB <10 <329
RX J0420.0-5022 0.6 3.4 - - BB - -
RX J1856.5-3754** 073 41 - - BB - -
RX J2143.0+0654 124 23 - - BB - -
RX J0720.4-3125 097 57 - - BB - -
RX J0806.4-4123 117 12 063 82 BB*nsa* - -
RX J1308.6+2127* 1.09 5.0 - - BB* - -
RX J1605.3+3249 115 09 049 7.0 BB*nsa* - -

* Absorption line(s)gabs included in the fit.
** See discussion of a more elaborated analysis in §éct. 8.
C Fits to a carbon atmosphere and assuntirg3.2 kpc.

Table 1 Emission properties of the thermally emitting neutronsstay, andRyp, are the temperature and
radius inferred by thebodyrad model.Tysais the temperature inferred by thea model with acceptable
associated radiuBns, also indicatedT,q is either the lower temperature for models including 2 BB,
compatible with emission from the entire surface, or theanpinit for cases showing emission from a
small spotRy, ~ a few km. In the latter casé,q is the associated upper limit to the “hidden” thermal
luminosity. Data are from_Vigano etlal. (2013) as well asrfraseww.neutronstarcooling.info. All radii,
temperatures and luminosities are the values as measuredistant observer.

hot spots is probably unrelated to the cooling history ofNi$e Our list also includes
four high-B radio-pulsars magnetic fielBsq ~ 10**— 1014 G and good quality spec-
tra. We have excluded the AXP-like pulsar PSR J18@858 since during quiescence
its X-ray emission does not show a significant thermal corepbiiNg et all 2008;
Livingstone et al. 2011), and it is orders of magnitude semdhan its rotational en-
ergy loss.

e We have included the only RRaT detected so far in X-ray (PSR 311458).
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e The Magnificent Seven (XINSs). All of them have good speetna, most of them
have well determined timing properties and good distanterghénations (sometimes
with direct parallax measurements).

We summarize the main properties of thermal emitters in &@b{taken from
Vigano et all 2013 and extended). All the data presenteel With links to abundant
references can also be found in the website http://wwwroaatarcooling.info/.

Although both, luminosities and temperatures can be obthby spectral anal-
ysis, it is usually difficult to determine them accurateljeTluminosity is always
subject to the uncertainty in the distance measuremente e inferred effective
temperature depends on the choice of the emission modekfimidy vs. atmosphere
models, composition, condensed surface, etc.), and iesdarge theoretical uncer-
tainties in the case of strong magnetic fields. We often fiatlitiore than one model
can fit equally well the data, without any clear, physicallgtivated preference for
one of them. Photoelectric absorption from interstelladime further constitutes a
source of error in temperature measurements, since the ehthe hydrogen column
densityNy is correlated to the temperature value obtained in spéfitsaDifferent
choices for the absorption model and the metal abundancealsa yield different
results for the temperature. In addition, in the very commase of the presence of
inhomogeneous surface temperature distributions, onlgmamoximation with two
or three regions at different temperatures is usually epggioMoreover, in the case
of data with few photons and/or strong absorption featuhestemperature is poorly
constrained by the fit, adding a large statistical error éogystematic one.

4 Atoms and matter in strong magnetic fields

A general review of the physics of matter in strong magnegici§i is given by Lai
(2015) in this volume. Here we consider only the conceptt dha crucial for the
theory of formation of thermal spectra of NSs with strong metg fields.

4.1 Landau quantization

It is convenient to express the magnetic field by its streirgdtomic units,y, or in
relativistic unitsb:

y=B/Bo=42544B;;  b=Hhoy/(mec?) = B/Boep = B1o/44.14. (1)

Here,Bo = mgcée®/R® is the atomic unit of magnetic field;,» = B/10% G, w, =
eB/mec is the electron cyclotron frequency, aBgep = mc®/(eh) = By/a? is the
critical (Schwinger) field, above which specific effects ofgtum electrodynamics
(QED) become pronounced. We call a magnetic faldng if y > 1, andsuper-
strong if b > 1.

The motion of charged particles in a magnetic fi@lds quantized in discrete
Landau levels, whereas the longitudinal (paralleBjomomentum of the particle
can change continuously. In the nonrelativistic theorg, tifireshold excitation en-
ergy of theNth Landau level ilNhw. (N =0,1,2,...). In the relativistic theory, it is
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En = mec? (v/1+ 2bN— 1). The wave functions that describe an electron in a mag-
netic field (Sokolov and Ternov 1986) have a characteristindverse scale of the
order of the “magnetic lengthém, = (hc/eB)Y/? = ag/,/y, whereag is the Bohr ra-
dius. The momentum projection on the magnetic field remagwoa quantum num-
ber, therefore these projections have the usual Maxwadliistnibution at thermody-
namic equilibrium. For transverse motion, however, we hhealiscrete Boltzmann
distribution ovem.

In practice, Landau quantization becomes important wherekictron cyclotron
energyhcwy is at least comparable to both the electron Fermi energynd temper-
atureT (in energy units, i.e., 10K = 86.17 eV). If hay, is appreciably larger than
both these energies, then most electrons reside on the djt@ndau level in ther-
modynamic equilibrium, and the field is callsttongly quantizinglt is the case, if
conditionsp < pg and{e > 1 are fulfilled simultaneously, where

B m B A _3/2 3 _ ha, B2

p87n2\/§a%277045281290m , (o= T 7134‘341’67 (2)
m; = Am, is the ion masap, is the unified atomic mass unit, afig is temperature
in units of 1¢ K. In NS atmospheres, these conditions are satisfied, aseaatl
B> 10 G. In the opposite limife < 1, the field can be consideredrasnquantizing
In the magnetospheres, which have lower densities, electran condensate on the
lowest Landau level even Bt~ 10° G because of the violation of the LTE conditions
(e.g.,.Mészaros 19092), but this is not the case in the ipbteres (the atmospheric
layers whose thermal state is determined by the radiativeftd where the observed
spectrum is mainly formed; (see Potekhin 2014)).

For ions, the parametég is replaced by

i =haxi/T = 0.0737(Z/A)B12/Te. 3)

Here,axj = ZeB/(mic) is the ion cyclotron frequenc¥eis the ion charge, anftto,; =
6.35(Z/A)B12 eV is the ion cyclotron energy. In magnetar atmospheresieBye >
100 andTs < 10, the parametef; is not small, therefore the quantization of the ion
motion should be taken into account. A parameter analogooisis unimportant for
ions, because they are nondegenerate in NS envelopes.

4.2 Bound species in strong magnetic fields

As first noticed by Cohen et al. (1970), atoms with bound stsit@uld be much more
abundant ay > 1 than aty < 1 in a NS atmosphere at the same temperature. This
difference is caused by the magnetically-induced incredédending energies (and
decrease of size) of atoms in so-caltaghtly-bound stateswhich are characterized
by electron-charge concentration at short distances tatizéeus. Therefore it is
important to consider the bound states and bound-bound @unddsfree transitions
in a strong magnetic field even for light-element atmosphevlich would be almost
fully ionized atT ~ 10° K in the nonmagnetic case.

Most studies of atoms in strong magnetic fields have consii@n atom with an
infinitely heavy (fixed in space) nucleus (see, e.9., Gagsi®Y7] Ruder et al. 1994,
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for reviews). This model is rather crude, but it is a convehfest approximation.
In this section we review this model. An outline of more aetartreatments, which
take the effects of finite atomic mass into account, is giveppendix{A.

4.2.1 One-electron atoms and ions

The H atom in a magnetic field is well studied. Bt> 10° G, its only electron
resides at the ground Landau lewl= 0. SinceN is fixed, the quantum state is
determined by two other quantum numbess: 0,1,2,..., which corresponds to
the electron angular-momentum projection on the magrtiiefid-direction,—hs and
v=0,1,2,..., which corresponds mainly to the motion aloBgThe tightly-bound
states all have = 0. Their binding energies logarithmically increase witbreasing

y (asymptotically as- In?y Ry, where 1 Ry=13.6057 eV is the Rydberg constant
in energy units). Non-zero values ofcorrespond to loosely-bound states, whose
binding energies are confined within 1 Ry.

Accurate calculations of the properties of the bound states non-moving H
atom in a strong magnetic field have been performed in mangs\see Ruder et al.
1994, for a review). ThB-dependences of binding energies are well approximated by
analytical functions (Potekhin 2014). Continuum wave fiores and photoionization
cross-sections have also been calculated (Potekhin é3%i/) 1

In the approximation of an infinite nuclear mass, the enefg@gnyg one-electron
ion is related to the H-atom energy a€(Z,B) = Z2E(1,B/Z?)
(Surmelian and O’Connel 1974). Analogous similarity rielas exist also for the
cross sections of radiative transitions (Wunner et al. 1 9B®wever, all these re-
lations are violated by motion across the magnetic fieldnHeean atom at rest, the
account of the finite nuclear mass can be importastad (see AppendiX_A).

4.2.2 Many-electron atoms and ions

According to the Thomas-Fermi model, a typical size of ammataith a large nu-

clear chargeZ, is proportional toy~2/5 in the intervalze’® < y < Z3 (Kadomtsev

1970), but this model breaks downyap Z3 (Lieb et al. 1992). In particular, it can-

not describe the difference of the transverse and longialditomic sizes, which

becomes huge in such strong fields. In this case, howevegasiarting approxima-

tion is the so called adiabatic approximation, which préseach electron orbital as

a product of the Landau function that describes free elactrotion transverse to the

field (Sokolov and Ternav 1986) and a function describinge-dimensional motion

alongB in an effective potential, similar to a truncated one-disienal Coulomb

potential (Haines and Roberts 1969). At 2, all electron shells of the atom are

strongly compressed in the directions transverse to the. fial the ground state,

atomic sizes along and transvers8tean be estimated as (Kadomtsev and Kudryavtsev

1971)

- Z, 'ag @
In[\/Y/(Zov/2Z, = 1))’

In this case, the binding energy of the ground state inceaaik increasind® asymp-

totically asE(® ~ —z,h?/(mel?) (Kadomtsev and Kudryavtdev 1971).

Il% ZZn—lam, |Z
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Thomas-Fermi results are useful as an order-of-magnitstiimate. More accu-
rate calculations of binding energies and oscillator gjtles of many-electron atoms
were performed with different methods. For atoms with smattlear charge num-
bersz,, such as helium, a sufficiently accurate and practical nteththe Hartree-
Fock method with trial orbitals in the adiabatic approxioat(Ruder et al. 1994;
Miller and Neuhauser 1991; Medin et al. 2008). But the caadibf applicability of
the adiabatic approximatioy> Z? is too restrictive for largeZ,. It is overcome in
the mesh Hartree-Fock method, where each orbital is nuairidetermined as a
function of the longitudinalZ) and radial coordinates (e.q., lvanov and Schmelcher
2000, and references therein). This method, however, ipatationally expensive.
Mori and Hailey [(2002) proposed a “hybrid” method, wherereotions to the adia-
batic Hartree approximation due to electron exchange ambaulre of higher Lan-
dau levels are treated as perturbations. The latter metroe g to be practical for
modeling NS atmospheres containing atoms and ions of elsméth 2< Z, < 10,
because it can provide an acceptable accuracy at moderafritational expenses.

4.2.3 Molecules and molecular ions

Best studied molecules and molecular ions are diatomiesystespecially the #+

ion (Kappes and Schmelcher 1996, and references thereiththenH, molecule
(Schmelcher et al. 2001, and references thergin).|Lai (206btained approximate
expressions for binding energies of low-lying levels of Hemolecule aty > 10°.
These energies increase approximately at the saméliiey)? as the binding ener-
gies of tightly-bound states of the atom. In such strong $iglde ground state of the
H» molecule is the state where the spins of both electrons ametepaligned td
and the molecular axis is parallel B) unlike the weak fields where the ground state
is 15,

In moderately strong fields (with~ 1— 10), the behavior of the molecular terms
is complicated. If the limolecule is oriented alorB, then its state$sy and®r, are
metastable at.08 < y < 12.3 and decay intd,, which is unbound (Detmer etal.
1998). It turns out, however, that the orientation al@ig not optimal in this case.
For example, the lowest energy is provided by the oriematifcthe molecule in the
triplet state at 90to Baty =1, and 37 aty = 10 (Kuba 2007).

Strong magnetic fields stabilize the Hmolecule and its ions Be, He,?t, and
He,3+, which do not exist in the absence of the field. Mori and Heyla?) have
performed the most complete study of their binding energieNS atmospheres.
The ions HeH*, Hz™", and other exotic molecular ions, which become stable in
strong magnetic fields, were also considered|(see Tunb@®Zurbiner et &l. 2010,
and references therein). An evaluation of the ionizatiouildayium shows that, at
densities, temperatures, and magnetic fields charaatesfaSs, the abundance of
such ions (as well as that of;H ions considered by Khersonskii 1987) is too small
to affect the thermal spectrum.

There are very few results on molecules composed of atonvidnehan He. In
particular, Medin and Lai (2006a) applied the density-tiomal method to calcula-
tions of binding energies of various molecules fromtdl Fg, with n from 1 through



14 A.Y. Potekhin, A. De Luca, J.A. Pons

8 atB from 10'? G to 2x 10'° G. The earlier studies of heavy molecules in strong
magnetic fields are discussed in the review by Lai (2001).

4.3 Atmosphere thermodynamics

According to the Bohr-van Leeuwen theorem, the magnetid fikdes not affect
thermodynamics of classical charged particles. The simaliffers in quantum me-
chanics. The importance of the quantum effects dependseguattameterge and{

[Eas. [2), (3)].
Studies of thermodynamics of magnetic NS atmospheres, s aare based on
the decomposition of the Helmholtz free energy

F= Fiée) + Fig) + l:Iﬂt + I:(:‘Xa (5)

WhereFiée) and Fié') describe the ideal electron and ion gadgg,includes internal
degrees of freedom for bound states, &gds a nonideal component due to interac-
tions between plasma particles. All the necessary thermentyc functions are then
expressed through derivativesfofoverp andT.

4.3.1 Equation of state

The free energy di; nondegenerate nonrelativistic ions is given by

Fi(i) ni/\iarzn L, 14 sinhg; ¢i(2s+ 1) /4]
Ni_dT =In (27TT> +In (179 Zn) 1+ +n ( sintg /) >, (6)

where; = [2r?/(mT)]¥? is the thermal de Broglie wavelength for the ioss,
is the spin number, ang; is the spin-related g-factor (for instancg,= 1/2 and
g = 5.5857 for the proton). All the terms i](6) have clear physitaanings. At
i — 0, the first and second terms give togethéniA?), which corresponds to the
three-dimensional Boltzmann gas. The first term corresptmthe one-dimensional
Boltzmann gas model & >> 1. The second-last term ifl(6) gives the endigy; /2
of zero-point oscillations of every ion transverse to thegnedic field. Finally, the
last term represents the energy of magnetic moments in aetiadield.

The ideal electron-gas part of the free eneFéff) can be expressed through the
Fermi-Dirac integrals (see Potekhin and Chalrier 2013ekplicit expressions). In
a strongly quantizing magnetic field, the electron Fermi rantam equalr =
2maZ hne, wherene = nZ is the electron number density. Therefore, with increasing
ne at a fixedB, the degenerate electrons begin to fill the first Landau levenne
reachesig = (1>/2a3,) 1. This value just corresponds to the dengigyin Eq. (2).
The ratio of the Fermi momentuipe in the strongly quantizing field to its non-
magnetic valudi(3rne)Y/3 equalg4p?/(3p3)]*/2. Therefore, the Fermi energy at a
given densityp < \/3/_4[)3 becomes smaller with increasiBy which means that a
strongly quantizing magnetic field relieves the electras-degeneracy. For this rea-
son, strongly magnetized NS atmospheres remain mostlyayametrate, despite their
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densities are orders of magnitude higher than the nonmiagiietosphere densities.
For the nondegenerate electron ga? takes the form of Eq[{6) (with the obvious
replacements afi, A;, ¢, gi, S, andZ by ng, Ae, e, 2, % and 1, respectively).

The nonideal free-energy pdtx contains the Coulomb and exchange contribu-
tions of the electrons and the ions, and the electron-ioarfzation energy, and also
interactions of ions and electrons with atoms and molecletsirn, the interaction
between the ions is described differently depending on bizes@ state of matter. The
terms that constitut€sx depend on magnetic field only if it quantizes the motion
of these interacting particles. Here we will not discusséhterms but address an
interested reader to Potekhin and Chabrier (2013) andemetes therein. This non-
ideality is usually negligible in the NS atmospheres, buateitermines the formation
of a condensed surface, which will be considered in §kct. 6.

4.4 lonization equilibrium

For atmosphere simulations, it is necessary to determiadréittions of different
bound states, because they affect the spectral featutes ¢haaused by bound-bound
and bound-free transitions. The solution to this probletab®rious and ambiguous.
The principal difficulty in the chemical model of plasmasm&y the necessity to
distinguish the bound and free electrons and “attribute”tibund electrons to cer-
tain nuclei, becomes especially acute at high densitiesreviine atomic sizes cannot
be anymore neglected with respect to their distances. Giapproaches to the solu-
tion of this problem are based, as a rule, on the concept cddkmalled occupation
probabilities of quantum states.

Let us consider a quantum statef an ion lackingj electrons, with binding en-
ergy Ej x and quantum statistical weigh «. An occupation probability; « is an
additional statistical weight of this quantum state, causg interactions with sur-
rounding plasma (in general, this weight is not necesshafly than unity, therefore
it is not quite a probability). As first noted by Ferrmi (192dycupation probabilities
wj x cannot be arbitrary but should be consistent Wigh Minimizing F with account
of the Landau quantization leads to a system of ionizatiuitérium equations for
nj = S« nj« (e.0. Rajagopal et al. 1997)

RUR /\3sinh(Zj/2) (i1 tanh({e/2) Zinj (Ej,ion)
Nj+1 NeAe Zi sinh(¢j41/2) le  Zmier expl —— ) (7

where Zintj = 3 9j.« Wik €Xp[(Ej«x — Ejgrst)/(T)] is internal partition function
for the jth ion type, Ej grst is its ground-state binding energy; jon = Ej grst —
Ej;1grst iS its ionization energy, and; is the magnetic quantization paramefér (3).
Equation[(¥) differs from the usual Saha equation, first,neyterms withle and{j,
representing partition functions for distributions ofdrelectrons and ions over the
Landau levels, and second, by the occupation probabitigsin the expressions for
the partition functions?y; ;. Here wj « are the thermodynamic occupation probabil-
ities, which determine the complete destruction of an atdth increasing pressure.
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They should not be confused with the optical occupation abdhies, which deter-
mine dissolution of spectral lines because of the Starksshifplasma microfields
(see Potekhin 1996 for discussion and references).

Equation Eq.[{7) was applied to modeling partially ionizém@spheres of NSs,
composed of iron, oxygen, and neon (Rajagopal et al.| 1997 &mhal Hailey 2006;
Mori and Ho! 20077). The effects related to the finite nucleassea (AppendikdA)
were either ignored or treated as a small perturbation. Aenagcurate treatment,
which rigorously takes these effects into account, is nadiin AppendiX’AP.

5 Formation of spectra in strongly magnetized atmospheres
5.1 Radiative transfer in normal modes

Propagation of electromagnetic waves in magnetized plasma studied in many
works, the book by Ginzburg (1970) being the most complethe. At radiation

frequencyw much larger than the electron plasma frequemgy= (47Te2ne/me) 1/2

whereng, = mey/ 1+ p2/(mec)?2, the waves propagate in the form of two polarization
modes, extraordinary (hereafter denoted by subsgriptl) and ordinary | = 2).
They have different polarization vectoes and different absorption and scattering
coefficients, which depend on the andkg betweenB and the wave vectdk. The
modes interact with each another through scattering. Greettl Pavlavi (1974) for-
mulated the radiative transfer problem in terms of theseenodhey showed that
in strongly magnetized NS atmospheres a strong Faradayadiadion occurs, ex-
cept for narrow frequency ranges near resonances. Theréfas sufficient to con-
sider specific intensities of the two normal modes insteatheffour components
of the Stokes vector. The radiative transfer equation fes¢hspecific intensities is
(Kaminker et al. 19€2)

dlw,j(R) " " " o/ O ALY
058Gt st (K)o (K)o ®Z Z /4n 3, i (R Rl o (R R,

. 8)
wherek = k/|k| is the unit vector along the wave veckrycoi =~ (1+2zg) p(r)dr
is the column density, and the fact@r+ zg) is the relativistic scale change in the
gravitational field zy being the surface redshift (see Ségt. 7). Hegg,denotes the
specific intensity of the polarization modeper unit circular frequency (if, is the
specific intensity per unit frequency, thég = I,/(2m); seel Zheleznyakov 1996),
Bot = ("wd/4m3c?) (/T — 1)7l is the specific intensity of nonpolarized black-
body radiation, and

i ()= 4, (0 + 5 /(‘m) 25, (R R) o ©)
1

The dependence of the absorption and scattering opaeitieg® on ray directions
(k,k’) is affected byB. Therefore, the emission of a magnetized atmosphere,aunlik
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the nonmagnetic case, depends not only on the afigleetween the ray and the
normal direction to the stellar surfadg, but also on the anglé, betweerB and the
normal, and the angl¢ between the projections & andk onto the surface.

In the plane-parallel limit, and assuming that the magrfegid is constant in the
thin photospheric layer, the equations for hydrostaticemetgy balance are the same
as in the absence of magnetic field (see, e.g., Suleimand\2&121):

dP
00 Gw~ o [ dwso [ costklo)singdB.  (10)
Ycol 0

/ do / k) cosi dk = Fop, (11)

wherely, = zjzzllw’j is the total specific intensity.
The diffusion equation for the normal modes was derived bwmit&er et al.
(1982). For the plane-parallel atmosphere it reads (Z@2000)

d d Bt
—Dq 2 o+ i—Jwaj]. (2
Weor ) tyeq )~ 0. [Jw‘ 2 ]+%“”12 Pooj = doa-i]- - (12)
Here,
;a.:i/ 52 ,dk ;S.:i/ dk' [ dR 5 15(KK), (13)
w, ] AT (4m) w,12 ’ w, ] AT (am) (am) w,12 ’ )
1 A 1 cog6, sit6,
= leo.i (K) dk Dy = 14
w,] 47-[/(47_[) w!]( ) 3 w,] S%gfj ‘(L,J 3 (f)] 3 ( )
%p / {2co§93}sin93d93 (15)
() S0 |~ (66)

The effective opacity for nonpolarized radiationd& = 2/(3Dgw,1+3Dg2). The dif-
fusion approximation [{12) serves as a starting point in amafive method
(Shibanov and Zavlin 1995), which allows one to solve theesys(8) more accu-
rately.

5.2 Plasma polarizability

In Cartesian coordinates with theaxis alongB, the plasma dielectric tensor is

(Ginzburg 1970)
e iy O
e=Il+4nmx=| —ien €. 0 |, (16)

0 0 SH

wherel is the unit tensory = x™ +ix” is the complex polarizability tensor of
plasma,x" and x* are its Hermitian and anti-Hermitian parts, respectivélyis
tensor becomes diagonal in the cyclic (or rotating) coattia with unit vectors
811 =(&=* ié),)/\/i, & = &,. Under the assumption that the electrons and ions lose
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their regular velocity, acquired in an electromagnetic ydw collisions with an ef-
fective frequencwe independent of the velocities, then the cyclic componehts o
the polarizability tensor are (Ginzbirg 1970, Sect. 10)

2

1 e
AT (W+ awk) (W— O ) + i WVes

(a = 0,£1). A more rigorous kinetic theory leads to results which carbre de-
scribed by Eq[(1]7) with the same frequengy for the Hermitian and anti-Hermitian
componentg! andx4 (Ginzburg 1970, Sect. 6).

The anti-Hermitian part of the polarizability tensor detéres the opacities:
sq (W) = 4nwx 4 (w)/(pc). Then the Kramers-Kronig relation gives (Bulik and Paviov
1996 Potekhin et al. 2004)

Xa = (7)

cp @ , ;7 da
X0 = g { [ Tater o) - solw- )] %
© (W) [P Hea(@)
+ wa’—wdw L Wt dw}. (18)

Thus we can calculate the polarizability tengofrom the opacities«, (w).

5.3 Vacuum polarization

In certain ranges of densify and frequencyo, nhormal-mode properties are dramat-
ically affected by a specific QED effect called vacuum paation. The influence of
the vacuum polarization on the NS emission was studied inailddty
Pavlov and Gnedin (1934). If the vacuum polarization is wéladn it can be linearly
added to the plasma polarization. Then the complex diétdemsor can be written as
€ = | + 47y 4 4mx V3 wherex V2 = (4m)~1diag/a a a+ q) is the vacuum polariz-
ability tensor, and diag(. . . ) denotes the diagonal mafiite magnetic susceptibility
of vacuum is determined by expressjpn® = | 4 diaga, a,a-+m). Adler (1971) ob-
tained the vacuum polarizability coefficierstsg, andmthat enter these equations in
an explicit form ab < 1,|Heyl and Hernquist (1997) expressed them in terms of spe-
cial functions in the limits ob <« 1 andb > 1./Kohri and Yamada (2002) presented
their numerical calculations. Finally, Potekhin et al.@Zpdescribed them by simple
analytic expressions.

g 2o, (o b? 14 0.2548%4\  _  7ar , 1+1.2b

~ T on 5 1+075054 )0 97 257° 1711.330+ 05602
— (of; b2

_ o . 19
M 313751 27054+ 12 (19)

The coefficientsa, q, andm are not small aB > 10'® G. In this case, the vacuum
refraction coefficients substantially differ from unitycathe vacuum that surrounds
a NS acts as a birefringent lens, which distorts and addilipmpolarizes thermal
radiation (Heyl and Shaviv 2002; van Adelsberg and Pern&pa weakerB, the
vacuum polarization results in a resonance, which mawiiesh mutual conversion
of normal modes, which will be considered in Séct] 5.6.
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5.4 Polarization vectors of the normal modes

Shafranov((1967) obtained the polarization vecteygfor fully ionized plasmas.
Ho and L&i(2003) presented their convenient expressiotesiins of the coefficients
€1, &, &, & @, andm, including the contributions of electrons, ions, and vaouu
polarization. In the Cartesian coordinate systegp(with the z-axis along the wave
vectork and withB in the planex—z, one has

ej: ej!y = 1 ) (20)
€z 1/1+KJZ+K22J iszj
where
- 1 m sirteg]?
« (g} —g)Kjcosfs+&n 6 -
= sinGg,
= g/ Sir? 6 + £ coF 6 (@2)
g—¢ +€2/¢ +em/(1+a) ¢ g
Pt AE+EM/(1+3) ¢ iy 23)

28&0 sﬁ cosfg ’

g =¢ +a andeﬁ =g +a+q

5.5 Opacities

In the approximation of isotropic scattering, at a givemjfrencyw, the opacities can
be presented in the form (e.g., Kaminker et al. 1982)

a l 20—2 S 3 < 20-3 4 '\2cinA! AQ’
A= 3 @) =3 3 lea(G) H/O|ej,,c,(eB)| sin6L de,,

as1 m .

(24)
wherea§® are the absorption and scattering cross sections for tkee thasic polar-
izations. These include contributions of photon intexactvith free electrons or ions
(free-free transitions) as well as with bound states of atamd ions (bound-bound
and bound-free transitions).

Figure[2 shows basic opacitiegd/m in Eq. (24)) atB=3x 101G, p=1
gcm 2 andT = 3.16 x 10° K (the left panel) and corresponding normal-mode ab-
sorption opacitiesa]?l for Bg = 10°. One can clearly distinguish the features reflecting
the peaks at the ion cyclotron frequency and the resonamiafcequencies, and the
line crossings related to the behavior of the plasma palbility as function of fre-
guency. For comparison, we show also opacities for the falyjzed plasma model
under the same conditions. They miss the features relatixa: tatomic resonances,
and their values is underestimated by orders of magnitudeniide frequency range.
In the remaining of this subsection we extend our discusalwut the form of the
different contributions to the opacity.
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Fig. 2 Logarithm of spectral opacities of a H plasmaat 3x 1013 G, T =3.16x 10°K, p =1 g cnt 3.
Solid curves: partially ionized plasma model; dot-dashades: fully-ionized plasma modédleft panel
basic opacities foor = 0, 1. Right panel opacities for two normal modeg= 1,2 propagating at the
angle s = 10° to the field lines; the lower (upper) curve of each type c@uesls to the extraordinary
(ordinary) wave. The arrows indicate the features at restdin@aquencies: 1- the ion cyclotron resonance

w = wyj; 2 — energy threshold for a transition between the lowestléwels hw = |Eé% — Efg\; 3 —the
ground-state binding enerdyo = \Eé%k 4 (at the right panel) — the vacuum resonance.

5.5.1 Scattering

Scattering cross-sections in NS atmospheres are well kn@Yemtura| 1979;
Kaminker et all 1982; Mészaros 1992). ko= —1, the photon-electron scattering
has a resonance at. Outside a narrow (about the Doppler width) frequency irdgker
aroundawy, the cross sections for the basic polarizatians 0,+1 are

w?
>€ = 25
Oq (w+aa)(:)2+ Véa oT, ( )

whereor = (8711/3)(€?/mec?)? is the nonmagnetic Thomson cross section, agg
are effective damping factors (see below).
The photon-ion scattering cross section looks analogpusly

2 24
- Z
oy = <%> @ oT. 26
a m (m*a%i)2+vi?a T (26)

Unlike the nonmagnetic case, in superstrong fields one ¢amagbect the scattering
on ions, because of the resonancexgt In each case, the damping fact@r, or v ¢

is equal to half of the total rate of spontaneous and coii@idecay of the state with
energyhw (see discussion in_Potekhin andllLai 2007). The spontaneseesydates
are

(Z2e? 5

2vg — w*. (27)
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As shown by Potekhin and Chabrier (2003) for a proton-etecpiasma, the damp-
ing factors including the scattering and free-free proegesan be approximately writ-
ten as

Vea = Va+ VG (@), Vea = Vo+ (Me/m)vg (i), (28)
wherevf (w) is the effective free-free frequency given by Hg.(31) below

5.5.2 Absorption

Without magnetic field, absorption or emission of a photoralfsee electron is im-
possible without involvement of another particle, whichulgbaccept the difference
between the values of the total momentum of the electron hadhoton before
and after the absorption. In a quantizing magnetic field, @qhcan be absorbed or
emitted by a free electron in a transition between Landagiseyn the nonrelativis-
tic or dipole approximation, such transitions occur betw#e neighboring levels
at the frequencyu. In the relativistic theory, the multipole expansion leadsan
appearance of cyclotron harmonics (Zheleznyakov 199630Adtion cross-sections
at these harmonics were derived|by Pavlov et al. (1980) irBtive approximation
without allowance for the magnetic quantization of elestnaotion, and represented
in a compact form by Suleimanov et al. (2012a).

The quantization of electron motion leads to the appearahogclotron har-
monics in the nonrelativistic theory as well. Pavlov and®a1.976) derived photon
absorption cross-sections for an electron which moves iragnetic field and in-
teracts with a nonmoving point charge. This model is applEatw > ;. In the
superstrong field of magnetars, the latter condition is cepimble. A more accurate
treatment of absorption of a photon by the system of a finiéssion and an electron
yields (Potekhin and Chabrier 2003; Potekhin 2010)

47e? W’ Vi (w)

0 (@) = MeC (W+ awe)?(w— awi)? + w?g(w)’

(29)

wherev[T is an effective photoabsorption collision frequency, @gds a damping
factor. In the electron-proton plasma, taking into accdhatscattering and free-free
absorption, we have (Potekhin and Chabrier 2003)

Vg = (14 aw/w) Vi g (@) + (1 — 0w/ W) Vea (@) + v (w). (30)

We see from[{29) thadrfl and GL have a resonance at the frequencigand wy;,
respectively. The effective free-free absorption frequyazan be written as

o4 [ 2 nee® g
V(@) = 5\t Ty M ), (31)

whereAl (w) is a dimensionless Coulomb logarithif{ = (11/v/3)gf, wheregf is

a Gaunt factor). Without the magnetic fieltfi is a smooth function odo. In a quan-
tizing magnetic field, however, it has peaks at the multipledsoth the electron and
ion cyclotron frequencies for all polarizations However, these two types of peaks
are different. Unlike the electron cyclotron harmonic® tbn cyclotron harmonics
are so weak that they can be safely neglected in the NS atreesp(see Potekhin
2010).
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5.5.3 Bound-bound and bound-free transitions.

The calculation of the cross section of photons with bouatestof atoms and ions
is very complex. It implies averaging of the cross sectiohghmton and atom ab-
sorption over all values df, . Since the distribution ovef is continuous for the
atoms and discrete for the ions, such averaging for atomgesdto an integration
overK, , analogous to Eq[(45), whereas for ions it implies summatiih an ap-
propriate statistical weight. To date, such calculatios been realized for atoms of
hydrogen|(Potekhin and Chabrier 2003, 2004) and helium (&t Heyl 2007). In
the Appendix, we briefly discuss different issues relatelgiond states and their in-
teraction with photons with the account of atomic thermatioroin strong magnetic
fields.

5.6 Spectra of magnetic atmospheres

Shibanov et all (1992) calculated spectra from stronglymetiged NS atmospheres,
which was assumed to be fully ionized. Later they createdabdae of model spec-
tra (Pavlov et al. 1995) and included it in tdSPECpackage/(Arnald 1996) under
the name NSA. They have shown that the spectra of magnetioggd and helium
atmospheres are softer than the respective nonmagnetittapeaut harder than the
blackbody spectrum with the same temperature. In additothé spectral energy
distribution, these authors have also studied the polgrdra and polarization of the
outgoing emission, which proved to be quite nontrivial hessaof redistribution of
energy between the normal modes. The thermal radiation efgmetized atmosphere
is strongly polarized, and the polarization sharply charajehe cyclotron resonance
with increasing frequency. At contrast to the isotropicchlaody radiation, radia-
tion of a magnetic atmosphere consists of a narrews{) pencil beam along the
magnetic field and a broad fan beam with typical angle®0®° — 60° (Zavlin et al.
1995; see also van Adelsberg and |Lai 2006). These calcnsatiave thus fully con-
firmed the early analysis hy Gnedin and Sunyaev (1974). | aterlogous calcula-
tions were performed by other research groups (Zane let @il; 2o and Lai 2003;
van Adelsberg and Liai 2006). They paid special attentionanifastations of the ion
cyclotron resonance in observed spectra, which was suegjbgtsome SGR/AXP
data. Lai and Hol (2002) showed that vacuum polarizationddada conversion of
the normal modes: a photon related to one mode transformis ceftain probabil-
ity, into a photon of the other mode while crossing a surfaitd & certain critical
density, depending of the photon energy as

p = 0.00964(A/Z) (hw/keV)? B2,/ f3 g cm 3, (32)

where f3 = asb?/[15m(q+ m)], while g andm are the vacuum-polarization coeffi-
cients (Sec{_5l3)fg ~ 1 atB < 10'* G. The energyw in Eq. (32) corresponds to
the line crossing in Fid.]2, indicated by arrow labelled #follows from Eq. [32)
that for B ~ 10'“ G this energy coincides with the ion cyclotron energy at tee-d
sity where the atmosphere is optically thin for the extrauady mode, but optically
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thick for the ordinary mode. Under such conditions, the moaleversion strongly
suppresses the ion cyclotron feature in the emission spactr

For the first computations of partially ionized atmosphesE®Ss with mag-
netic fieldsB ~ 10'%—10' G (Miller [1992;|Rajagopal et al. 1997), the properties
of atoms in magnetic fields were calculated by the adiabagidrele-Fock method
(Miller and Neuhauser 1991). The atomic motion was eithaoigd (Miller/199P2)
or treated approximately by the perturbation theory (Ratiedet al! 1997). Later,
Potekhin et al. (2004) constructed a strongly magnetizeélddgen atmosphere model
beyond the framework of the adiabatic approximation, idirig partial ionization
and effects of the atomic motion. The calculated spectrealed a narrow absorption
line at the proton cyclotron energy and some features cetatatomic transitions. As
well as in the fully ionized plasma model, the intensity hasaimum at higher en-
ergies relative to the maximum of the Planck function, blbager energies relative
to the nonmagnetic H atmosphere model. Therefore, the nud@elully-ionized at-
mosphere with a strong magnetic field can yield a realistigterature, but does not
reproduce the spectral features caused by atomic tramsitio

6 A condensed surface as an alternative to gaseous atmospégr

Ruderman (1971) suggested that a strong magnetic field @bifiz polymer chains
directed along the field lines, and that the dipole-dipoteaation of these chains
may resultin a condensed phase. Later works confirmed thjectoire, but the bind-
ing and sublimation energies turned out to be smaller thadeRoan assumed (see
Medin and Lai 200€b, and references therein).

From the thermodynamics point of view, the magnetic condims is nothing
but the plasma phase transition caused by the strong edatimattraction between
the ionized plasma patrticles. This attraction gives a megabntribution to pressure
Pex, Which, at low temperatures, is not counterbalanced umtlglectrons become
degenerate with increasing density. In the absence of a etiagield, such phase
transitions were studied theoretically since 1930s|(sesifidpand Norman 2003, for
a review). In this case, the temperature of the outer layleaNS T > (10° — 10°) K
exceeds the critical temperatufg;; for the plasma phase transition. However, we
have seen in Se¢f._4.38.1 that a quantizing magnetic fietodlfictron degeneracy. As
a result Tt increases with increasiri®) which may enable such phase transition.

Lai (2001) estimated the condensed-surface density as

ps~ 5610 AZ3/5B%> g cnm3, (33)

wheren is an unknown factor of the order of unity. In the ion-spheael (Salpeter
1961), the electrons are replaced by a uniform negativegraakd, and the potential
energy per ion is estimated as the electrostatic energyabtiic interaction with the
negative background contained in the sphere of raglias(4rm; /3) /3. By equat-
ing |Pey| to the pressure of degenerate electrons, one obtaing Bqw{B8n = 1.
This estimate disregards the effects of ion correlatioleten-gas polarizability,
and bound state formation. Applying different versionshaf Thomas-Fermi method
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to the treatment of the electron polarization, one getseqiifferent results: for ex-
ample, the zero-temperature Thomas-Fermi results for A®'81G < B < 102 G
(Rognvaldsson et &l. 1993) can be described by[Ed. (33) qvith0.2+ 0.01/B%°,
and in a finite-temperature Thomas-Fermi model (Thoroifsgtal! 1998) there is no
phase transition at all.

Medin and Lai (200€h, 2007) estimated the condensatiorggri®r the density
functional method and calculated the equilibrium density seaturated vapor of the
atoms and polymer chains of helium, carbon, and iron abaveettpective condensed
surfaces at X By, < 108, By equating this density tps, they foundT,;; at several
B values. Unlike previous authors, Medin and L.ai (2006b, 20@Xe considered the
electron band structure in the condensed phase. Theitsdsups can be described

by Eq. [33) withn = 0.517-+ 0.24/BY,° +0.011 for carbon and) = 0.55+0.11

for iron, and the critical temperature can be evaluate@as~ 5 x 10°2/4B2* K
(Potekhin and Chabrier 2013).

When magnetic field increases from'#@G to 10> G, the cohesive energy, calcu-
lated by Medin and Lal (2007) for the condensed surfaceesarionotonically from
0.07 keV to 5 keV for helium, from 0.05 keV to 20 keV for carband from 0.6 keV
to 70 keV for iron. The power-law interpolation between thémits roughly agrees
with numerical results. The electron work function chanigehe sameB range from
100 eV to(600+ 50) eV. With the calculated energy values, Medin and Lai (2007)
determined the conditions of electron and ion emissionéwtcuum gap above the
polar cap of a pulsar and the conditions of gap formation,@aidulated the pulsar
“death lines”.

6.1 Radiation from a naked neutron star

For NSs with a liquid or solid condensed surface, the foromatif thermal spectra
depends on its reflectivity, first calculated lby |toh (1976} d.enzen and Trumper
(1978) under simplifying assumptions. Detailed calcolagiof the reflection proper-
ties of a strongly magnetized metallic surface were presebyl Brinkmann/(1980)

and revisited in several more recent papers (Turollalettdl42van Adelsberg et al.
2005;| Pérez-Azorin et al. 2005; Potekhin et al. 2012). @&hthors determined the
normal-mode polarization vectors in the medium under tihéasa, expressed the
complex refraction coefficients as functions of the an@eand ¢y that determine

the direction of a reflected ray, and expanded the complestreleamplitudes of

the incident, reflected, and transmitted waves over theertisge basic polarization
vectors. The coefficients of these expansions, which anedfom Maxwell bound-

ary conditions, determine the surface reflectivity for eiacident-wave polarization,
l'w,j. Then the total dimensionless emissivity equals%h(rw’l +rw2).

The early works assumed that the ions are firmly fixed in thetatline lattice.
More recent works (van Adelsberg etlal. 2005; Pérez-Avetill 2005; Potekhin etfal.
2012) consider not only this model, but also the opposité lxinfree ions. The real
reflectivity of the surface lies probably between the lingitgen by these two extreme
models, but this problem is not yet definitely solved.
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Fig. 3 Dimensionless emissivity of a condensed iron surfad®-atl0'® G (left pane) and 134 G (right
pane), averaged over polarizations, is shown as a function ofggnef a photon emitted at the angle
6 = 45°, for different magnetic-field inclination anglél and azimuthal anglegy. For each parameter
set, two curves are obtained in the models of free and fixezl Mertical dotted lines mark positions of the
characteristic energies: the ion cyclotron enefgy= hay;, the electron plasma energije = hwpe, and
the hybrid energyEc. The groups of curves marked “free” and “fixed” correspondh models of free
and fixed ions, mentioned in the text.

Figure3 shows examples of the emissivity, normalized tdthekbody intensity,
as a function of the photon enerfy= hw, in both the free- and fixed-ion limits, for
the wave-vector inclination angléx = 45°, B = 10'® G and 18* G, and different
values of the magnetic-field inclinatidly and azimuthal anglef. The characteristic
energiesEg = N, Epe = Ntpe, andEc = Ei + E2./hax. are marked. The spectral
features near these energies are explained in van Adelsbald2005). For instance,
the emissivity suppressionBt; < E < Ec is due to the strong damping of one of the
two normal modes in the plasma in this energy range. Theredsanant absorption,
depending on the directions of the incident wave and the etigfield, nearEpe.
The local flux density of radiation from a condensed surfacequal to the Planck
function %, T multiplied by the normalized emissivity.

In Fig.[3, the emissivity is averaged over polarizationst By # r 2, hence the
thermal emission of a condensed surface is polarized, tagipation depending in a
nontrivial way on the frequenay and angle$,, 6, and¢y. For example, the degree
of linear polarization can reach tens percent near the &ecjesu; and wye, Which
makes promising the polarization diagnostics of NSs withdemsed surfaces. The
intensity and the polarization degree can be evaluatedjwsialytical approxima-
tions for a condensed iron surfaceBat 101°— 1014 G (Potekhin et al, 2012).

6.2 Thin and layered atmospheres
Motch et al. (2003) suggested that some NSs can possess@gbydaitmosphere of

a finite thickness above the solid iron surface. If the optiepth of such atmosphere
is small for some wavelengths and large for other ones, tiosild lead to a pecu-
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liar spectrum, different from the spectra of thick atmospkeHo et al.|(2007) and
Suleimanov et al. (2009, 2010b) calculated such spectraysmplified boundary

conditions for the radiative transfer equation at the iro@mdary of the atmosphere.
More accurate boundary conditions (Potekhin et al. 201 tato account that an

extraordinary or ordinary wave, falling from the atmospghen the surface, gives rise
to reflected waves of both normal polarizations, whose Biti&rs add to the respec-
tive intensities of the waves emitted by the condensed seirfa

In general, local spectra of radiation emitted by thin hyno atmospheres over
a condensed surface reveal a narrow absorption line camegpg to the proton cy-
clotron resonance in the atmosphere, features relatednu@transitions broadened
by motion effects (AppendixJA), and a kink correspondingte ton cyclotron en-
ergy of the substrate ions. Some of these features may batadspending on the
atmosphere thickness and magnetic field strength. At highgées, the spectrum is
determined by the condensed-surface emission, whichtisrdbfin the spectrum of
the thick hydrogen atmosphere.

The origin of the thin H atmospheres remains hazy. Holet #1072 discussed
three possible scenarios. First, it is the accretion froenititerstellar medium. But
its rate should be very low, in order to accumulate the hyenogass ARy ~
10-29M, in ~ 10° years. Another scenario assumes diffusive nuclear burfireg
hydrogen layer accreted soon after the formation of the Nfu/@nd Salpeter 1964;
Chang and Bildsten 2003). But this process is too fast at #nly €ooling epoch,
when the star is relatively hot, and would have rapidly comsd all the hydrogen on
the surface (Chiu and Salpeter 1964; Chang and Bildster) 2004 third possibility
is a self-regulating mechanism, driven by nuclear spaifaith collisions with ultra-
relativistic particles at the regions of open field linesn@s 1978). An estimate of
the penetration depth of the magnetospheric acceleratéidlpa indicates that this
process could create a hydrogen layer of the necessaryn#ssic ~ 1 g cnt?
(Ho et al! 2007).

It is natural to consider also an atmosphere having a helayarlbeneath the
hydrogen layer. Indeed, all three scenarios assume thad@dgn-helium mixture
appears originally at the surface, and the strong gravitgkijuseparates these two
elements. Such “sandwich atmosphere” was considerad lensarov et al. (2009),
where the authors showed that its spectrum can have twoew #iysorption lines in
the rangeE ~ (0.2—1) keV atB ~ 10" G.

7 Modeling observed spectra

In order to apply the local spectra models described in S8&rd 6 to observations,
one has to calculate a synthetic spectrum, which would beraed at a large distance
D from the star. Such calculation should include the effe¢t&eneral Relativity,
which are significant.

The photon frequency, which equalsin the local inertial reference frame, un-
dergoes a redshift to a smaller frequengyin the remote observer's reference frame.
Therefore a thermal spectrum with effective temperafutemeasured by the remote
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observer, corresponds to a lower effective temperature
Ter = Tett/ (1 + 7g), (34)

wherezg = W/, — 1 = (1—xg)~Y/? — 1 is the redshift parameter and the compact-
ness parameteq = 2GM/c?R of a typical NS lies between 1/5 and 1/2. Here and
hereafter the symbed indicates that the quantity is measured at a large distaooe f
the star and can differ from its value near the surface.

Along with the radiusR that is determined by the equatorial lengthiRin the
local reference frame, one often considerspparent radiugor a remote observer,

Rw = R(1+ 7). (35)

With decreasingR, 7, increases so that the apparent radius has a minimuniR#rn
12-14 km|(Haensel etal. 2007, Chapt. 6).

The apparent photon luminosity,, and the luminosity in the stellar reference
framelpn are determined by the Stefan-Boltzmann law

Loh=4m0ssRe (Te)?,  Lph = 4m0sg RP Ty (36)
with osg = 12/ (60R%c?) and TS in energy units. According td(84) E(35),

Loh = (1—Xg) Lph = Lpn/ (14 29)%. (37)

In the absence of spherical symmetry, it is convenient tondedilocal effective sur-
face temperatur®s by the relationFyn(6,¢) = GSBTS"', whereFy is the local radial
flux density at the surface point, determined by the polatea(@ and azimuth ¢)
in the spherical coordinate system. Then

T 2
Lph:/O sinedQ/O A R2Fon(6, ). (38)

The same relation connects the apparent lumindsj{y(37) with the apparent flux
Foh= Oss (T&)% in the remote system, in accord with the relatigh = Ts/(1 + zg)
analogous td(34).

The expression§ (B4), (B5) and{37) agree with the GR coacéfight ray bend-
ing and time dilation near a massive body. If the angle betvibe wave vectok
and the normal to the surfaceat the emission point i, then the observer receives
a photon whose wave vector makes an argjte 6¢ with n. The rigorous theory of
the influence of the light bending near a star on its obsergedtsum has been de-
veloped by Pechenick etlal. (1983) and cast in a conveniemtliy|Page! (1995) and
Pavlov and Zavlin (2000). Beloborodaov (2002) suggesteditmple approximation

costk = xg + (1 —Xxg) cosP, (39)

which is applicable axy < 0.5 with an error within a few percent. At c6g < Xg,

Eq. (39) gived > rr/2, which allows the observer to look behind the NS horizon.
Magnetic fields and temperatures of NSs vary from one sugat# to another.

In order to reproduce the radiation spectrum that comes tbaarver, one can use
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Fig. 4 Integral spectra of a hydrogen atmosphere of a neutron starMv= 1.4M., R= 12 km, and
with different effective temperaturégg (log Tesr (K) from 5.5 to 6.8 with step 0.1). The dashed and solid
lines represent the model with a dipole field of strenggh= 10'3 G at the pole and oriented along and
across the line of sight, respectively. For comparison dibtéed curve shows the model with a constant
field B = 1013 G, normal to the surface.

the equations derived byl Poutanenand Gierlihski__ (2003)ee (s also

Poutanen and Beloborodov 2006). In the particular caselofdysrotating spherical

star they give the following expression for spectral fluxsignrelated to the circular
frequencyw. = w,/1—rg/Rat a large distanch from the star:

Fo, = (1Xg)3/2§/|w(k; 6,¢) cosbsin6dode, (40)

where the integration is performed under the conditionggas 0. The problem is

complicated, because the surface distributions of the etagfield and the tempera-
ture are not known in advance. A conventional fiducial moslgié relativistic dipole

(Ginzburg and Ozernoi 1965), while the temperature distign, consistent with the
magnetic-field distribution, is found from calculations leat transport in NS en-
velopes considered by Potekhin et al. (2015) in this volume.

For the model of partially ionized H atmospheres describe8dct[b, synthetic
spectra were calculated by Ho et al. (2008). Examples anersioFig.[4. We see
that the spectral features are strongly smeared by thegiugraver the surface, and
the spectrum depends on the magnetic axis orient&fohVhen the star rotates, the
latter dependence leads to the phase dependence of theaspect

Such spectra of partially ionized, strongly magnetized M$apheres composed
of hydrogen have been included in the packX@®PEC(Arnaud/ 1996) under the
names NSMAX and NSMAXG (see Ho 2014 and references therein).
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8 Theory versus observations

Theoretical models of nonmagnetic atmospheres are stictigspplied to analyses
of spectra of many NSs with relatively weak magnetic fi@ds 10° G. However, the
nonmagnetic models are inadequate for the strongly mamgmueNSs B > 10° G).
The theoretical framework for modeling the atmospheresiohstars is described
above. As argued in Se€fl 4, models of strongly magnetizedtN®spheres must
take the bound species and their radiative transitionsantmunt. Let us consider a
few examples where models of magnetized, partially ionatetbspheres have been
used to study their thermal radiation.

8.1 RX J1856.5-3754

In the case of RX J1856-53754, it is surprising the absence of absorption features
and it is necessary to consider the spectrum in the X-ray ptidab ranges simulta-
neously. The X-ray and optical spectra correspond to sotially different effective
temperatures if fitted separately with blackbodies. To esdhis problem|_Ho et al.
(2007) involved the model of a thin atmosphere describedeict.8.2. The mea-
sured spectrum of RX J1856-8754 was fitted in the entire range from X-rays to
optical within observational errorbars. The best agredrbetween the theoretical
and observed spectra has been achieved at the atmospheraa@nsityy.o = 1.2
gcm 2, B~ (3-4) x 1012 G, T = (4.3440.03) x 10° K, z5 = 0.25+£0.05, and
R = 17.2f8:§ D140 km. Here, the errors are given at the $ignificance level, and
D140= D/(140 pc). Note that a fit of the observed X-ray spectrum withRienck
function yields a 70% higher temperature and a 3.5 timeslsnraldius of the emit-
ting surface. Such huge difference exposes the importdrecearect physical inter-
pretation of an observed spectrum for evaluation of NS patars.

With the aid of expression§ (B4)={35), we obtain from thestim@atesTes =
(544 1.1) x 10° K, R= 13.8"32D140 km, andM = 1.68'322D4oM.,. Ho et al.
(2007) adopted the valuz= 140 pc from Kaplan et al. (2002). Using a recent update
of the distance estimatB,= 12312 pc (Walter et al. 2010), one obtaiRs=12.1"73

km andM = 1.48"31SM.,. Nevertheless, the given interpretation of the spectrum is
somewhat questionable, since it does not agree with the etiagiield estimatd ~
1.5 x 1013 G, obtained for this star from timing analysis (van Kerkwaikd Kaplan

2008).

Using the same thin-atmosphere model, Ho (2007) analyze=dight curve of
RX J1856.5-3754 and obtained constraints on the geometry of rotatamdimag-
netic axes. It turned out that the light curve can be exptiifie@ne of these an-
gles is small € 6°), while the other angle lies between®2@nd 45. In this case,
the radio emission around the magnetic poles does not dneskne of sight. As
noted by Hb|(2007), this may explain the non-detection «f #tér as a radio pulsar
(Kondratiev et al. 2009).
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8.2 RX J1308.6+2127

Hambaryan et al.[ (2011) analyzed the X-ray spectrum of theyXsource RX
J1308.6+2127 (RBS 1223), which reveals a more complextsteithan RX J1856.5
—3754. It can be described by a wide absorption line centemchdhw = 0.3 keV,
superposed on the Planck spectrum, with the line parameé¢pending on the stel-
lar rotation phase. Using all 2003 — 20BRIM-Newtonobservations of this star, the
authors obtained a set of X-ray spectra for different rotapphases. They tried to
interpret these spectra with different models, assumingnatic fieldsB ~ 1013 —
10 G, different atmosphere compositions, possible preseimeandensed surface
and a finite atmosphere.

As a result, the authors managed to describe the observetfigpeand its ro-
tational phase dependence with the use of the model of arsirdace covered by
a partially ionized hydrogen atmosphere wiila) ~ 1—10 g cn2, with mutually
consistent asymmetric bipolar distributions of the magniétld and the tempera-
ture, with the polar valueBp; = Bpy = (0.86-+0.02) x 10 G, Ty = 1.22 332 MK,
andTpz = 1.15+0.04 MK. The magnetic field and temperature proved to be rather
smoothly distributed over the surface. When compared tdftberetical model of
Pérez-Azorin et al. (2006), such smooth distribution ieplkhat the crust does not
contain a superstrong toroidal magnetic field. The effedimperature i$e ~ 0.7
MK. The gravitational redshift is estimated to he= 0.16'333, which converts into
(M/M)/Re = 0.87; 333 and suggests a stiff EOS of the NS matter.

Note that the paper by Hambaryan et al. (2011) preceded thBbtekhin et al.
(2012), where the treatment of the condensed surface amétimosphere was im-
proved (Sect]6). An analysis of the spectrum of RX J13081@¥2with the use of
the improved results remains to be done in the future.

8.3 1E 1207.4-5209

The discovery of absorption lines in the spectrum of CCO 1&712-5209 at ener-
giesE ~0.7N keV (N =1,2,...) immediately entrained the natural assumption that
they are caused by cyclotron harmonics (Bignami &t al. 2088shown in_Potekhin
(2010), such harmonics can be only electronic, as the iomduaics are unobserv-
able. Therefore, this interpretation impliBs: 7 x 1019 G.Mori et al. (2005) argued
that only the first and second lines in the spectrum of 1E 4205209 are statisti-
cally significant, but some authors take also the third andtfolines into account.
This hypothesis was developed by Suleimanov et al. (201082#), who consid-
ered two types of the electron cyclotron harmonics: the tpraroscillations of the
Coulomb logarithm and the relativistic thermal harmonigse¢t[5.5.P2). An analo-
gous explanation of the shape of the spectrum may possitdypplked also to CCO
PSR J08214300 (Gotthelf et al. 2013).

Mori and Hailey (2006) have critically analyzed the earligpotheses about the
origin of the absorption lines in the spectrum of 1E 12065209 and suggested
their own explanation. They analyzed and rejected suchpratations as the lines
of molecular hydrogen ions, helium ions, and also as theotsarh lines and their
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harmonics. One of the arguments against the latter intextiwa is that the funda-
mental cyclotron line should have much larger depth in ttreoaphere spectrum
than actually observed. Another argument is that the cyaidines and harmonics
have small widths at a fixeld, therefore their observed width in the integral spectrum
is determined by th& distribution. Thus the width of all lines should be the same,
but observations do not confirm it. These arguments of Matitdailey (2005) were
neglected by Suleimanov et al. (2010a, 2012a). Both gro@ipsithors studied the
cyclotron harmonics in spectra of fully ionized plasmasisdpproach is indeed jus-
tified for the CCOs, because the impact of bound states onpibetra is small at

B < 10 G andT > 10° K (Potekhin, Chabrier, and Ho, in preparation).

As an alternativel, Mori and Hailey (2006) and Mori and Ho (ZP8uggested
models of atmospheres composed of ridlements. The authors found that an oxy-
gen atmosphere with magnetic fi@d= 1012 G provides a spectrum similar to the ob-
served one. However, the constrai® < 3.3 x 10'' G obtained by
Halpern and Gotthelf (2010) disagrees with this model, athtar favors the electron-
cyclotron interpretation of the lines.

Unlike the cases of RX J1856-8754 and RX J1308.6+2127 that were consid-
ered above, there is no published results of a detailedfittithe observed spectrum
of 1E 1207.4-5209 with a theoretical model. Thus all suggested explanatf the
spectrum of this object remain hypothetical.

8.4 Rotation Powered Pulsars
8.4.1 PSR J11196127

Ng et al. (2012) applied the partially ionized, strongly matized hydrogen atmo-
sphere model (Ho et al. 2008) to interpretation of obseowatof pulsar J11196127,
for which the estimate based on spindown gives an atypit¢agi field B = 4 x
10'3 G. In the X-ray range, it emits pulsed radiation, which hagaapntly mostly
thermal nature. At fixed = 8.4 kpc andR = 13, the bolometric flux gives an esti-
mate of the mean effective temperatligg~ 1.1 MK. It was difficult to explain, how-
ever, the large pulsed fraction (4812%) by the thermal emission. Ng et al. (2012)
managed to reproduce the X-ray light curve of this pulsanm§sg that one of its
magnetic poles is surrounded by a heated area, which occlifief the surface, is
covered by hydrogen and heated t& MK, while the temperature of the opposite
polar cap is below @ MK.

8.4.2 PSR B0943+10

Storch et al.[(2014) applied a similar analysis to integieh of observations of pul-
sar B0943+10, which shows correlated radio and X-ray modeses. The authors
have takerB = 2 x 10'2 G inferred from the pulsar spindown, assuniéd= 1.2M,
andR= 12 km, and modeled the emitting area as a hot spot coveredényially ion-

ized hydrogen atmosphere. They found that an atmosphér@yyits (1.4— 1.5) MK

and emission radiuRe, =~ 85 m matches the radio-quiet X-ray spectrum, whereas
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previous blackbody fits gavg, = 3 MK andRyp = 20— 30 m. The authors showed
that the large X-ray pulse fraction observed during theaagliiet phase can be ex-
plained by including the beaming effect of a magnetic atrhesp, while remaining
consistent with the dipole field geometry constrained byoratiservations.

8.4.3 PSR J0357+3205

A middle-aged radio-quiet gamma-ray pulsar JO357+3205isa®vered in gamma-
rays with Fermi and later in X-rays with Chandra and XMM-Newbbservatories.
It produces an unusual thermally-emitting pulsar wind nembserved in X-rays.
Kirichenko et al. |(2014) fitted the spectrum of this pulsattwgieveral different mul-
ticomponent models. In the physically realistic case wlieegncomplete ionization
of the atmosphere was taken into account, they used the NSmadel (Ho et al.
2008) for the thermal spectral component and a power-lanetfodthe nonthermal
one and fixeM = 1.4M., andB = 10'?2 G. They obtained an acceptable fit}(=
1.05/244) with a very loose constraint on the radiRg,= SféZ(D/SOO pg km.

9 Conclusions

We have considered the main features of neutron-star atreospand radiating sur-
faces and outlined the current state of the theory of thedtion of their spectra. The
interpretation of observations enters a qualitatively pbase, free from the assump-
tions of a blackbody spectrum or the “canonical model” oftnem stars. Spectral
features, compatible with absorption lines in some casa# been discovered in
thermal spectra of strongly magnetized neutron stars. ®agdlenda is their detailed
theoretical description, which may provide informationtbe surface composition,
temperature and magnetic field distributions. Howeverrdeoto disentangle these
parameters, a number of problems related to the theory ofetegatmospheres and
radiating surfaces still have to be solved.

Acknowledgements The work of A.P. has been partly supported by the RFBR (grar@2:00868) and
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A The effects of finite atomic masses

In this Appendix, we give a brief account of the effects of imobf atomic nuclei in strong magnetic fields
on the guantum-mechanical characteristics of bound specid the ionization equilibrium of partially
ionized plasmas (for a more detailed review, see PotekHid Y0

A.1 The finite-mass effects on properties of atoms

An atomic nucleus of finite mass, as any charged particlegngnés oscillations in the planeyj perpen-
dicular toB, which are quantized in the ion Landau levels. In an atom ookecule, these oscillations are
entangled with the electron motion. Therefore the longitaldprojections of the orbital moments of the
electrons and the nucleus are not conserved separateigreif atomic quantum numbers correspond to
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different oscillation energies of the atomic nucleus, ipldtof its cyclotron energyiay;. As a result, the
energy of every level gets an addition, which is non-neplaif the magnetic parametgris not small
compared to the nucleus-to-electron mass najme.

For the hydrogen atom and hydrogenlike ions, a conservedtityés hs, which corresponds to the
difference of longitudinal projections of orbital momewfsthe atomic nucleus and the electron, and the
sumN + s plays role of a nuclear Landau numbBk,being the electron Landau number. For the bound
states in strong magnetic fields = 0, therefore the nuclear oscillatory addition to the enexgyalsshay;.
Thus the binding energy of a hydrogen atom at rest is

Es = E) — Pas, (42)

WhereEé? is the binding energy in the approximation of non-movinglaus. It follows that the values of
sare limited for the bound states. In particular, all boursdest haves= 0 atB > 6 x 1013 G.

The account of the finite nuclear mass is more complicated rforltielectron atoms.
Al-Hujaj and Schmelcher (2003) have shown that the cortinbuof the nuclear motion to the binding
energy of a non-moving atom equdlaxiS(1+ d(y)), where (-S) is the total magnetic quantum number
of the atom, andd(y)| < 1.

The astrophysical simulations assume finite temperatin@sce thermal motion of particles. The
theory of motion of a system of point charges in a constantmatigfield was reviewed by Johnson et al.
(1983). The canonical momentuis not conserved in a magnetic field. A relevant conservedtifyas
pseudomomentum

1
K:P+%Bquiri4 (42)

If the system is electrically neutral as a whole, then allt€aan components d€ can be determined
simultaneously (i.e., their quantum-mechanical opesatommute with each other). For a charged system
(an ion), one can determin€? simultaneously with eithely or Ky, butKy andKy do not commute. The
specific effects related to collective motion of a systemhafrged particles are especially important in NS
atmospheres at>> 1. In particular, so called decentered states may becoméaieg, where an electron

is localized mostly in a “magnetic well” aside from the Camlo center.

For a hydrogen atomK = P — (e/2c) B x r, wherer connects the proton and the electron. Early
studies of this particular case were done by Gor'kov and &avenskii (1968)| Burkova et all (1976);
Ipatova et al. (1984). Numerical calculations of the eneggctrum of the hydrogen atom with an accurate
treatment of the effects of motion across a strong magnedi¢ Were performed by Vincke etial. (1992)
and Potekhin (1994). Bound-bound radiative transitiona ofoving H atom in a plasma were studied by
Pavlov and Potekhin (1995), and bound-free transitionsdigkhin and Paviov (1997).

Figure[§ shows the energies, oscillator strengths, andojmiozation cross-sections of a hydrogen
atom moving in a magnetic field with = 1000. The reference point is taken to be the sum of the zero-
point oscillation energies of free electron and protdm. + hayi) /2. Therefore the negative energies in
Fig.[H a correspond to bound stat&s,(= —E > 0). At small transverse pseudomomelita, the energies
of low levels in Fig[ba exceed the binding energy of the fiet hydrogen atom (1 Ry) by an order
of magnitude. However, the binding energy decreases witteasingK , and it can become negative
for the states withs # 0 due to the ternfics in Eq. [41). Such states are metastable. In essence, they
are continuum resonances. Note that the transverse atatoicity equalsdE /dK, therefore it attains a
maximum at the inflection point«( = K¢) on the curves in Fid.]5a and decreases with further increase
of K, while the average electron-proton distance continuead®ase. AK, > K. the atom goes into
the decentered state, where the electron and proton aleéstaear their guiding centers, separated by
distancer, = (a3 /MK, /y.

Figure[Bb shows oscillator strengths for the main transitifsom the ground state to excited discrete
levels. Since the atomic wave-functions are symmetric wapect to the-inversion for the states with
evenv, and antisymmetric for odd, only the transitions that change the parityvoére allowed for the
polarization along the fieldo( = 0), and only those preserving the parity for the orthogomédnizations
(a = £1). For the atom at rest, in the dipole approximation, duéhéodonservation of the-projection
of the total angular momentum of the system, absorption dfaiqn with polarizatioror = 0,41 results
in the change o by a. This selection rule for a non-moving atom manifests itgelfanishing oscillator
strengths aK; — 0 for s+ a. In an appropriate coordinate system (Burkova gt al. |19@&Khin 1994),
the symmetry is restored Kt, — o, therefore the transition wite= a is the only one that survives also
in the limit of large pseudomomenta. But in the intermedi&gion of K, where the transverse atomic
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E (Ry)

10 100 1000 10 100 1000 Y R
K, (au) K, (au) 0.01 0.1 1 keV

Fig. 5 (@) energies, (b) oscillator strengths, and (c) phototion cross-sections for a hydrogen atom
moving across magnetic fiell = 2.35x 10'? G. Energies of statels,0) (solid curves) ando,v) (dot-
dashed curves) are shown as functions of the transversdgrasementunk; (in atomic units). The heavy
dots on the solid curves are the inflection pointKat= K.. TheK -dependence of oscillator strengths
(b) is shown for transitions from the ground state to theestgt 0) under influence of radiation with
polarizationa = +1 (solid curves) andr = —1 (dashed curves), and also for transitions into st@tes

for a = 0 (dot-dashed curves). Cross sections of photoionizatipor{der the influence of radiation with
o = +1 (solid curves)a = —1 (dashed curves), arad= 0 (dot-dashed curves) are shown for the ground
state as functions of the photon energy in Ry (the upper le)saad keV (the lower x-scale) Kt, =20 a.u.
(the right curve) K, = 200 a.u. (the middle curve), ad = 1000 a.u. (the left curve of every type).

velocity is not small, the cylindrical symmetry is brokem, that transitions to other levels are allowed.
Thus the corresponding oscillator strengths in[Eig. 5b Inaa®ima ak ;| ~ K¢. Analytical approximations
for these oscillator strengths, as well as for the depereteatthe binding energidss, (K, ), are given in
Potekhih|(1998).

Figure[Bc shows photoionization cross-sections for hyeindg the ground state as functions of pho-
ton energy at three values Hf, . The leftward shift of the ionization threshold with incsgag K, cor-
responds to the decrease of the binding energy that is showigi5a, while the peaks and dips on the
curves are caused by resonances at transitions to meéastabéss, v;K) with positive energies (see
Potekhin and Pavlav 1997, for a detailed discussion).

Quantum-mechanical calculations of the characteristitheoHe" ion that moves in a strong mag-
netic field are performed hy Bezchastnov etlal. (1998); Reatw Bezchastnov (2005). The basic differ-
ence from the case of a neutral atom is that the ion motiorstsicted by the field in the transverse plane,
therefore the values &2 are quantized_(Johnson et[al. 1983). Clearly, the simjlagiations for the ions
with nonmoving nuclei (Sedi.4.2.1) do not hold anymore.

Currently there is no detailed calculation of binding efesgoscillator strengths, and photoionization
cross-sections for atoms and ions other than H and, ldebitrarily moving in a strong magnetic field. For
such species one usually neglects the decentered statesesd perturbation theory with respeckto
(e.g..Mori and Hailey 2002; Medin etlal. 2008). This appnoeation can be sufficient for simulations of
relatively cool atmospheres of moderately magnetized W$endition of applicability of the perturbation
theory for an atom with massy, = Am, requiresT/E(©) <« my/(yme) ~ 4A/By, (Potekhin 2014). If
B < 10" G andT < 10P K, it is satisfied for low-lying levels of carbon and heavi¢omas.

A.2 The finite-mass effects on the ionization equilibriund éimermodynamics

Since quantum-mechanical characteristics of an atom iroaginagnetic field depend on the transverse
pseudomomenturk | , the atomic distribution ovelK; cannot be written in a closed form, and only the
distribution over longitudinal momentg§ remains Maxwellian. The first complete account of thesectsfe
has been taken In Potekhin et al. (1999) for hydrogen atmessphLetps, (K, ) d?K; be the probability
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of finding a hydrogen atom in the stafgv) in the element 8, nearK in the plane of transverse
pseudomomenta. Then the number of atoms in the elenfénofithe pseudomomentum space equals

dN(K) =N, Ja o K (K )oK (43)

=N 5om p 2maT Psv (KL )

wherem, is the mass of the atom, = [2rh? /(maT)]Y/2 is its thermal wavelength, ardy, = [ dNg, (K)
is the total number of atoms with given discrete quantum remnbThe distributiorNs, psy (K ) is not
known in advance, but should be calculated in a self-casrsisvay by minimization of the free energy
including the nonideal terms. It is convenient to define déons from the Maxwell distribution with

the use of generalized occupation probabilities (K, ). Then the atomic contribution to the free energy
equals|(Potekhin et al. 1999)

Wgy (K
R34 Fat :T;Ns\, ./In {nwﬁ%} Pe (K1) K, (44)
where
g A2 /w Ky e (K/TK | dk (45)
= W .
v 2 Jo sv (K1) 10K

The nonideal part of the free energy that describes atom-atal atom-ion interactions and is responsible
for the pressure ionization has been calculated by Potedttah (19909) with the use of the hard-sphere
model. The plasma model included also hydrogen molecujeand chains H, which become stable in
the strong magnetic fields. For this purpose, approximatadtae of Ldi (2001) have been used, which
do not take full account of the motion effects, therefore bgults of Potekhin et al. (1999) are reliable
only when the molecular fraction is small.

This hydrogen-plasma model underlies thermodynamic tlons of hydrogen atmospheres of NSs
with strong and superstrong magnetic fields (Potekhin arabfiér| 2003, 2004). Mori and Heyl (2007)
applied the same approach with slight modifications to gfjomagnetized helium plasmas. One of the
modifications was the use of the plasma microfield distrilsufrom|Potekhin et al. (2002) for calculation
of the K| -dependent occupation probabilities. Mori and Heyl comd atomic and molecular helium
states of different ionization degrees. Their treatmenlushed rotovibrational molecular levels and the
dependence of binding energies on orientation of the mialeexis relative tdB. TheK | -dependence of
the energyE (K ), was described by an analytical fit, based on an extrapolati@diabatic calculations
at smallK; . The effects of motion of atomic and molecular ions were motsidered.
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