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Abstract

We ported on the GPU with CUDA the Gaia Astrometric Verification Unit-Global Sphere
Reconstruction (AVU-GSR) Parallel Solver. The code aims to find the astrometric parameters of
~108 stars in the Milky Way, the attitude and the instrumental settings of the Gaia satellite, and the
global parameter y of the PPN formalism, by solving a system of linear equations, A X x = b, with
the LSQR iterative algorithm. The coefficient matrix A is large, having ~101! x 108 elements, and
sparse. The CUDA code accelerates = 14 times compared to the current version of the AVU-GSR
code, parallelized on the CPU with MPI+OpenMP and in production since 2014. This acceleration
factor is ~9.2 times larger than the one obtained with a preliminary GPU porting with OpenACC,
equal to ~1.5. We obtained this result by running the codes on the CINECA SuperComputer
Marconil00, that has 4 NVIDIA Volta V100 GPUs per node, where the MPI+CUDA application has
been recently put in production. This analysis represents a first step to understand the exascale
behaviour of a class of applications that follow the same structure of this code, employed in several
contexts. In the next months, we plan to run this code on the pre-exascale platform Leonardo of
CINECA, with 4 next-generation A100 GPUs per node, to better investigate this behaviour.
Computing on highly parallel devices, such as GPUs, might imply a consistent power saving, which
might go towards the achievement of a Green Computing milestone.
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1. Introduction

In this era of technological development, the size of the data concerning several contexts, from
astrophysics to medicine, from economics to industry, is rapidly growing up. Consequently, these
data need increasingly efficient parallelization techniques and High Performance Computing (HPC)
infrastructures to be processed in reasonable timescales. As a test case of application involving Big
Data, in perspective of (pre-)exascale systems, we consider the Gaia Astrometric Verification Unit-
Global Sphere Reconstruction (AVU-GSR) parallel solver. This code is developed for the European
Space Agency (ESA) Gaia mission [1], under an agreement between Istituto Nazionale di Astrofisica
(INAF) and CINECA and with the support of Agenzia Spaziale Italiana (ASI). The application is
currently employed by the Coordination Unit 3 (CU3) of the Data Processing and Analysis
Consortium (DPAC) for the AVU-GSR tasks. The complete AVU-GSR process is managed by the
Data Processing Center of Turin (DPCT), which is in turn supervised by the Aerospace Logistics
Technology Engineering Company (ALTEC) and by the Astrophysics Observatory of Turin of INAF
(INAF-OATO).

The main purpose of this code is to find the positions and the proper motions of ~10® stars in our
galaxy, with a micro-arcsecond precision, along with the attitude and instrumental specifications of
the Gaia spacecraft and the global parameter y of the Parametrized Post Newtonian (PPN) formalism.
To accomplish this target, the code solves a system of linear equations:

A X x=Db, (1)

where (I) the coefficient matrix, A, is large, containing ~10''x10® elements, and sparse, following a
peculiar sparsity scheme; (II) the solution array, x, contains ~108 x10! elements; (III) the known terms
array, b, contains ~10'!'x10! elements. The rows of the coefficient matrix contain the observations of
the stellar parameters, where we have ~108 stars observed on average ~10° times each. To decrease
the computation time, only the non-zero elements of A are considered for the calculations, reducing
its number of elements from ~10!'x108 to ~10!'x10". In this way, we obtain a dense coefficient matrix
Ag. The system is iteratively solved with a customized implementation of the LSQR algorithm [2,3].

The AVU-GSR code is written in C and C++ and a version of this application parallelized on the
CPU, with a hybrid MPI+OpenMP paradigm, has been in production on the CINECA SuperComputer
Marconil00 and on all the other Tier0 platforms of CINECA since 2014 [4]. A typical execution of
this code, with ~1.8x10° observations and ~8.4x10° stars, lasts ~166 hours and this elapsed time is
going to increase for larger datasets, like the one expected at the end of the Gaia mission (~10"!
observations and ~108 stars). To accelerate this code, we performed a preliminary porting of it on a
GPU environment, when the OpenMP language was replaced by OpenACC [5,6,7]: with this porting
we achieved a speedup of ~1.5 (the execution taken as example passes in this way from ~166 hours
to ~111 hours).

To further improve the performances of this application, we optimized this code and we replaced the
OpenACC language with CUDA [8]. This resulted in a speedup =14 compared to the CPU code,
which implies that the typical execution passes from ~166 hours to ~12 hours. These results are not
only important for the ESA Gaia mission but also to investigate the (pre-)exascale behaviour of a
class of codes following a structure similar to the one of the AVU-GSR application and based on the
LSQR algorithm, currently employed in several contexts (e.g. geophysics [9,10], medicine [11],
tomography [12], industry [13], and astronomy [14,15]). Moreover, this substantial reduction of the
computation time might result in a decrease of the power consumption due to the application, going
towards a Green Computing policy.



The CUDA code has been recently put in production on the Marconil00 platform. This implied a
strong increase of the ability of the AVU-GSR pipeline to produce solutions and tests in timescales
never seen before, being the acceleration factor of the CUDA code compared to the MPI+OpenMP
code equal to ~14. The CUDA code has to be put in a GitLab repository, under a license held by
INAF, that explicitly states that the re-use and the copy of the code is strictly prohibited by third
parties unless expressly authorized by the authors of the code. The code is proprietary and confidential
and it is reserved for the Gaia International Collaboration.

2. General structure of the application

As already specified in Section 1, the system of equations is solved in an iterative way with the LSQR
algorithm, which represents the bulk of the AVU-GSR code. Figure 1 represents the general structure

of the AVU-GSR application:
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Figure 1: General structure of the Gaia AVU-GSR application.
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The LSQR algorithm consists in a while loop, where the iterations stop when either a convergence
condition or a maximum number of iterations set at runtime are reached. The convergence is
considered achieved in the least-square sense, when the vector of the residuals y'* = b* — A X x*,
given by the difference between the iterative estimate of the known terms array, b*, and the product
between the coefficient matrix A and the iterative estimate of the solution, x‘, goes below a pre-
defined tolerance, tol, set to the machine precision. The solving of the system in the least-square
sense is necessary for an overdetermined system like this, where the number of equations (i.e., the
number of stellar observations) is much larger than the number of unknowns to solve.

At each step of the LSQR algorithm the iterative estimates of the known terms, b‘, and of the solution,
xt, are determined by the call of the aprod 1 and 2 functions, which perform the operations indicated
in Figure 1. The aprod 2 function is also called before the starting of the LSQR iterations, to set the
initial solution of the system. At the bottom of the coefficient matrix, an additional number of
constraints equations are necessarily present to solve of this kind of overdetermined system. For
further details about the general structure of the AVU-GSR code consult [4,6,7].



3. Previous parallelizations: MPI+OpenMP and MPI+OpenACC

The AVU-GSR code is parallelized with MPI. Specifically, each MPI process deals with a subset of
the total number of observations. The numbers of observations assigned to each MPI process are
stored in a 1D single precision array, N, whose index goes from 0 to the number of MPI processes
set at runtime minus 1. Figure 2 illustrates the system of equations parallelized on 4 MPI processes
in a single node of a computer cluster.
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Figure 2: System of equations (Eq. (1)) parallelized on 4 MPI processes in one node of a computer cluster. Each coloured portion
represents one MPI process.

Each coloured portion in Figure 2 represents one MPI process. The astrometric parameters in the
coefficient matrix are organized in a block-diagonal structure. Given this regular pattern, the
astrometric part of the solution array is distributed among the MPI processes. Instead, the other three
parts, attitude, instrumental, and global, are replicated on the MPI processes. However, this does not
imply a substantial slowdown of the code since these three sections only represent the ~10% of the
total. At the end of each iteration, the solution computed in the different MPI processes is reduced in
a unique value (see Figures 1 and 2). In the CPU code, the observations in each MPI process are
further parallelized on the OpenMP threads.

In our first preliminary porting of the AVU-GSR code on a GPU environment, we substantially
replaced the OpenMP directives with their OpenACC counterparts. This consisted in a simple
exercise, to explore the feasibility of the porting of the AVU-GSR code on a GPU environment. In
the MPI+OpenACC code, the MPI processes allocated on each node of a computer cluster are
assigned to the GPUs of the node in a round-robin fashion, as illustrated in Figure 3.
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Figure 3: Parallelization scheme of the coefficient matrix on 4 nodes of a computer cluster with 4 MPI processes assigned per node
and 4 GPUs per node.

In GPU programming, part of the execution time of the code is due to the data transfers between the
host (CPU) and the device (GPU). Data transfers has to be managed with care because if they
dominate over GPU kernels computation, the performance of the code might even worsen compared
to the CPU version.

We tested the MPI+OpenACC code on the CINECA SuperComputer Marconil00 [16], that has 4
NVIDIA Volta V100 GPUs per node with 16 GB of memory each. The V100 GPUs on Marconil00
have 80 streaming multiprocessors (SMs) with a maximum number of threads allocable per SM equal
to 2048. This means that a maximum number of threads equal to 80 x 2048 = 163840 can concurrently
run on each GPU.

The top panel of Figure 4 shows the output of the NVIDIA Nsight Systems Profiler [17] for one
iteration of a run of the MPI+OpenACC code parallelized on four MPI processes on one node of the
Marconil00. The solved system occupies a memory of 50 GB.
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Figure 4: Output of the NVIDIA Nsight Systems Profile for one iteration of a run of the MPI+OpenACC (top panel) and MPI+CUDA
(bottom panel) codes, parallelized on four MPI processes on one node of Marconi 100. The two runs occupy 50 GB of memory each.

The profiler illustrates the time dedicated to GPU kernels computation (blue), to host to device (H2D)
and device to host (D2H) data copies (green and purple, respectively), and to CPU calculation (white).
The time of one iteration (1.347 s) is superimposed to the figure. The kernels computation represents
the 68.5% of the iteration time, whereas the data copies and the CPU computation only represents the
31.5%. This means that the code is compute-bound, even if further optimization is certainly possible.
With this parallelization, the MPI+OpenACC code gains a factor of ~1.5 in performance compared
to the MPI+OpenMP code. Going more in detail, the aprod 2 region accelerates of ~3.6 times,
whereas the aprod 1 region looses in performance, of a factor of ~0.8 [6,7].

4. The CUDA porting of the Gaia AVU-GSR parallel solver

Our main purpose was to optimize the parallelization of the AVU-GSR solver starting from our
preliminary porting to obtain a higher gain in performance. To accomplish this task we decided to
pass from a high-level parallelization model (with OpenACC directives) to a low-level parallelization
model (with CUDA) [8]. This implied a re-engineering of the great part of the code but in this way it
was possible to manually define the GPU threads hierarchy to match the GPU hardware and the
topology of the problem to solve, which entailed a performance boost.

Figures 5 and 6 represent the astrometric section of the aprod 1 and 2 functions parallelized on the
GPU with OpenACC (left panel) and with CUDA (right panel). The OpenACC code is substantially
identical to the original OpenMP code, with the only difference that the parallelization directives refer
to the OpenACC paradigm rather than to the OpenMP paradigm. This is what is intended for “high-
level” parallelization language. Instead, the structure of the CUDA code completely change. The
CUDA kernel is defined outside the main scope. The GPU threads topology is defined through the
system variables “blockIdx.x” (index of the block in the grid of blocks of threads), “blockDim.x”
(number of blocks of the grid), and “threadIdx.x” (local index of the thread inside each block). The
global index of the thread inside the grid of blocks is given by the combination “ix = blockIdx.x



* blockDim.x + threadIdx.x”. The “.x” specification indicates that the grid is 1D-dimensional
and defined along the “x” direction. With these specifications, we can manually define the hierarchy
of the grid of threads to directly match the topology of the problem to obtain better performances.
This is what is intended for “low-level” parallelization language. It is important that the global index
ix does not exceed the dimension of the array that has to be computed by the kernel, which is
controlled by the “if” instruction.

The GPU kernel is called in the main scope of the program with the “<<<>>>" instruction. The first
argument inside the “<<<>>>" instruction indicates the number of blocks in the grid of threads,
whereas the second argument indicates the number of threads in each block, where 1024 blocks is an
optimal solution for a V100 GPU, present on Marconil00. In the call of the aprod 2 astrometric
kernel, two additional arguments are present within the “<<<>>>" instruction: the third one indicates
the amount of shared memory allocated on the GPU (0 bytes in this case) and the fourth one indicates
the number of the “stream” for asynchronous computation among different GPU kernels. Indeed, as
we can also see from the bottom panel of Figure 4, the GPU kernels of the aprod 2 function run
asynchronously with one another. For reasons of dependencies, this is not possible for the aprod 1
function.

In the different GPU kernels the quantities “systemMatrix”, “vVect”, “knownTerms”, and
“mapNoss” refer to “Ay4”, “x”, “b”, and “N”.

We note that, in the aprod 2 kernel, the #pragma acc atomic directive in the OpenACC code and
the atomicAdd() instruction in the CUDA code are necessary to prevent different GPU threads to
concurrently write the same elements of the unknowns array x.

int main(int argc, char x*argv) // Mode 1 Astrometric Sect
{ (doublex systemMatrix_dev,
soo doublex vVect_dev, doublex knownTerms_dev, longx
#pragma acc parallel private(sum) present(vVect, knownTerms, matrixIndex_dev, long nobs, short nAstroPSolved, long nparam,
systemMatrix, matrixIndex, mapNoss) long mapStarScalar, int multMI)
// Mode 1 Astrometric Sect double sum = 0.0;
long jstartAstro = 0; long jstartAstro = 0;
#pragma acc loop long offLocalAstro = mapStarScalar * nAstroPSolved;
for (long ix = @; ix < mapNoss [params.myid]; ix++) long ix = blockIdx.x * blockDim.x + threadIdx.x;
{ if (ix < nobs) {
sum = 0.; sum = 0.0;
jstartAstro = matrixIndex[params.multMI * ix] - jstartAstro = matrixIndex_dev [multMIxix] -
params.offLocalAstro; offLocalAstro;
for (long jx = jstartAstro; jx < jstartAstro + for(long jx = @; jx < nAstroPSolved; jx++) {
params.nAstroPSolved; jx++) sum = sum + systemMatrix_dev[ixknparam + jx] *
vWect_dev[jstartAstro+jx];
sum = sum + systemMatrix[ix x params.nparam +
jx — jstartAstrol x vVect[jx]; knownTerms_dev[ix] = knownTerms_dev[ix] + sum;
knownTerms [ix] = knownTerms[ix] + sum; }
¥ int main(int argc, char sxargv)
¥

dim3 gridDim_aprod1((mapNoss[myid] - 1)/1024 + 1,1,1);

dim3 blockDim(1024,1,1)
<<<gridDim_aprodl,blockDim>>>(systemMatrix_dev,

vVect_dev, knownTerms_dev, matrixIndex_dev, mapNoss[myid],

nAstroPSolved, nparam, comlsqr.mapStar[myid] [@],multMI);

i
Figure 5: Astrometric part of the aprod 1 function parallelized with OpenACC (left panel) and CUDA (right panel).




int main(int argc, char skargv) // Mode 2 Astrometric Sect
(double
000 *xsystemMatrix_dev,double *xvVect_dev,double xknownTerms_dev,
#pragma acc parallel present(vVect, knownTerms, systemMatrix, long* matrixIndex_dev, long mapStarScalar, short nAstroPSolved,
matrixIndex, mapNoss, instrCol) long nparam, long nobs, int multMI)
#pragma acc loop long offLocalAstro = mapStarScalar * nAstroPSolved;
for (long ix = @; ix < mapNoss[params.myid]; ix++) long ix = blockIdx.x * blockDim.x + threadIdx.x;
if (ix < nobs)
// Mode 2 Astrometric Sect {
for (long jx = @; jx < params.nAstroPSolved; jx++) for (int jx = 0; jx < nAstroPSolved; jx++)
#pragma acc atomic atomicAdd(&vVect_dev[matrixIndex_dev [multMI * ix] -
vVect [matrixIndex [params.multMI * ix] - offLocalAstro + jx], systemMatrix_dev[ixxnparam + jx] *
params.offLocalAstro + jx] += systemMatrix[ix * | knownTerms_dev[ix]);
params.nparam + jx] * knownTerms[ix];
H
} }
) b int main(int argc, char **argv)
+ dim3 gridDim_aprod2((mapNoss[myid] - 1)/1024 + 1,1,1);
dim3 blockDim(1024,1,1);
<<<gridDim_aprod2,blockDim, @, streaml>>>(systemM
atrix_dev, vVect_dev, knownTerms_dev, matrixIndex_dev,
comlsqr.mapStar[myid] [@], nAstroPSolved, nparam, mapNoss[myid],
multMI);
}

Figure 6: Astrometric part of the aprod 2 function parallelized with OpenACC (left panel) and CUDA (right panel).

We also tested the MPI+CUDA code on Marconil00, to compare the behaviour of the
MPI+OpenACC and of the MPI+CUDA codes on the same platform. The bottom panel of Figure 4
shows the output of the profiler for the MPI+CUDA code, correspondent to the one for the
MPI+OpenACC code, illustrated in the top panel of the same figure. With the CUDA approach, we
obtained a gain factor of ~6.4, for the aprod 1 kernels region, and of ~1.6, for the aprod 2 kernels
region, with respect to the OpenACC code. We can see that the majority of the gain was due to the
aprod 1 part that in the OpenACC code was slower than in the OpenMP code.

To continue the optimization, we analyzed the output of the profiler for the MPI+OpenACC code, to
locate the data-transfers and the CPU regions, which we aimed to reduce as much as possible. From
the bottom panel of Figure 4, we can see that these regions almost disappeared. Indeed, we took care
to transfer only the array portions that needed to be moved and we ported on the GPU more functions
that in the MPI+OpenMP code were not ported. With this optimization, the fraction of the average
time of one LSQR iteration due to kernels computation increases from 68.5% to 93.5% and the
fraction of the average time of one LSQR iteration due to data copies and CPU calculation reduces
from 31.5% to 6.46%, indicating that the GPU hardware is better exploited than in the
MPI+OpenACC code.

4.1 Performance comparison with the MPI+OpenMP code

To compare the performances of the MPI+CUDA and of the MPI+OpenMP codes, we ran the two
applications on the Marconil00 platform, for different input datasets having different sizes. These
inputs were provided by ALTEC and consisted in real datasets, employed for the in-production CPU
version of the AVU-GSR code. Specifically, we ran systems occupying 29 GB, 97 GB, 229 GB, and
303 GB of memory. Figure 7 illustrates the ratio between the average times of one iteration of the
CUDA and the OpenMP codes, as a function of the system size.
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We can see from Figure 7 that the speedup increases with the system size and that for a system that
occupies 303 GB of memory the speedup is ~14. This trend indicates that the speedup might further
increase for larger systems.

For every point in Figure 7, the number of GPUs employed by the CUDA code and the number of
physical cores employed by the OpenMP code is indicated. For reasons of optimization, we always
run the CPU code with 16 MPI processes per node and 2 OpenMP threads per MPI process, and the
CUDA code with 4 MPI processes per node [5,6,7,8]. Running on 4 MPI processes per node on a
platform with 4 GPUs per node is optimal for this kind of CUDA code since all the GPUs of the node
are employed, only allocating one MPI process per GPU [6,7,8]. Since the RAM memory of each
node is of 256 GB whereas the total memory of the GPUs in each node is of 64 GB (4 x 16 GB),
more resources are required by the CUDA code compared to the OpenMP code to compute a system
of equal size. Each node of Marconil00 has 32 physical cores per node. Below the second point,
correspondent to a system that occupies 97 GB of memory, we can see that the CPU code ran on 32
cores, namely on one node, whereas the GPU code ran on 8 GPUs, namely on 2 nodes. This is because
a system of 97 GB that runs on the GPUs cannot be allocated on a single node, where the GPU total
available memory is of 64 GB, whereas the same system running on the CPU can be allocated on a
single node, that has a RAM of 256 GB.

Looking at the first and at the second point of Figure 7, correspondent to a system of 29 GB and 97
GB, respectively, we can see that the CPU code runs on the same number of resources, whereas the
CUDA code doubles the number of resources. Consequently, the speedup of the CUDA code over
the OpenMP code increases of a factor of ~2, passing from ~5 to ~10.

Instead, looking at the third and the fourth point of Figure 7, correspondent to a system of 229 GB
and 303 GB, the speedup slightly increases, passing from ~12.21 to ~13.81. The two codes are ran
on the same amount of resources but the GPU occupancy is better exploited for the 303 GB system
with respect to the 229 GB system (78.9% vs 59.6%), which might justify this slight performance
improvement of the 303 GB system over the 229 GB system.

4.2 Numerical stability of the AVU-GSR code

We also tested the numerical stability of the AVU-GSR code, by comparing the solutions, along with
their uncertainties, of a set of systems solved with the OpenMP and the CUDA codes. Specifically,
we considered the same systems described in Section 4.1. The left panel of Figure 8 compares the
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solutions found with the CUDA and the OpenMP codes for the astrometric part of a system that
occupies 303 GB of memory. The right panel of Figure 8 illustrates the correspondent comparison
for the uncertainties on the solutions.
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Figure 8: Comparison between the astrometric solutions (left panel) and their uncertainties (right panel) found with the CUDA and
the OpenMP codes for a system of 303 GB of memory.

The CUDA and the OpenMP solutions are consistent with each other within 1o, for each value of the
unknowns. The mean and the standard deviation of the differences of each couple of OpenMP- CUDA
unknowns and uncertainties on the unknowns are of d, = Xcpy — Xcypa = 3.9 X 10722 +
2.2x 107 and d; = ocpy — ocupa = 4.0 X 10713 + 8.1 x 10719, fully consistent with zero.

We obtain statistically similar results for the other systems of equations, which indicates a robust
numerical stability of the code.

5. Conclusions and future perspectives

In this work, we ported the Gaia AVU-GSR solver on a GPU environment, with the CUDA
parallelization language. The MPI+CUDA code has just been put in production on Marconil00 (see
Section 1). The MPI+CUDA code presents an acceleration factor of ~14 over the same code fully
parallelized on the CPU, with a MPI+OpenMP paradigm, which might increase for systems
occupying a larger amount of memory. To obtain this result, we ran both the CUDA and the OpenMP
applications on the CINECA SuperComputer Marconil00, with 256 GB of RAM, 32 physical cores,
and 4 V100 GPUs of 16 GB of memory each per node. We also compared the solutions and their
standard errors obtained with the CUDA and the OpenMP codes for several systems of equations
occupying different amounts of memory, verifying the numerical stability of the AVU-GSR code.

The largest system we solved occupies a memory of 303 GB, containing ~1.6x10° observations of
the stellar parameters and ~7.6x10° stars, about two orders of magnitude less than the values expected
for the final dataset of Gaia, that might contain ~10'! observations and ~108 stars. In the next months
we aim to perform performance, scalability, and numerical stability tests increasing the size of the
system to solve, up to sizes of the expected final dataset produced by the measurements performed
with the Gaia satellite, to explore the behaviour of this application in perspective of (pre-)Exascale
systems.

In the next months, we plan to repeat these tests on the pre-exascale platform Leonardo of CINECA
that will be operative by the end of this year, rearranging the CUDA kernels to match the architecture
of the GPUs of Leonardo. Leonardo will have 4 next-generation A100 GPUs per node, with a larger
memory (64-80 GB) and a larger number of SMs, that allows a larger number of concurrent threads
per GPU, compared to the V100 GPUs present on Marconil00, and less performant CPUs than on
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Marconil00. We thus expect an additional boost of the performances of the CUDA code when it will
be run on this platform.

Besides these tests, we also aim to investigate how much power we can save with the CUDA code
compared to the CPU code, increasing the system size. Evaluating this power gain might not be
trivial: the data transfers between the host and the device might be quite power-consuming but this
might be compensated by a 2 14 acceleration factor. We aim to measure the power consumption by
the node and by the GPUs for the OpenMP and the CUDA codes with the countdown library
developed by the University of Bologna in collaboration with CINECA [18,19]. We plan to perform
these measurements both on Marconil00 and on Leonardo. We expect to obtain a higher power
saving of the CUDA code on Leonardo than on Marconil00, since, having larger GPUs, less nodes
would be required to solve the same system compared to Marconil00. This trend might be inverted
for the OpenMP code, since the CPU on Leonardo will be less performant than on Marconil00. For
this reason we also expect the OpenMP code performance to worsen when run on Leonardo compared
to Marconil00. Indeed, next-generation (pre-)Exascale platforms will be increasingly oriented
towards calculation on GPU devices, at the expense of CPU computing. This study would be
important in terms of Green Computing, since increasingly efficient parallelization methods on next-
generation infrastructures while maintaining a low environmental impact is of growing interest for
the national and international community.

This analysis is not only finalized to study the properties of the Gaia AVU-GSR code but to
investigate the behaviour towards (pre-)Exascale systems of a class of applications following a
structure similar to the one of the Gaia AVU-GSR code, based on the LSQR algorithm, currently
employed in several contexts (e.g. geophysics, medicine, tomography, industry, and astronomy).
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