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A B S T R A C T 

The 21 cm transition from neutral hydrogen promises to be the best observational probe of the epoch of reionization (EoR). The 
main difficulty in measuring the 21 cm signal is the presence of bright foregrounds that require very accurate interferometric 
calibration. Closure quantities may circumvent the calibration requirements but may be, ho we ver, af fected by direction-dependent 
effects, particularly antenna primary beam responses. This work investigates the impact of antenna primary beams affected by 

mutual coupling on the closure phase and its power spectrum. Our simulations show that primary beams affected by mutual 
coupling lead to a leakage of foreground power into the EoR window, which can be up to ∼10 

4 times higher than the case where 
no mutual coupling is considered. This leakage is, ho we ver, essentially confined at k < 0.3 h Mpc −1 for triads that include 29 m 

baselines. The leakage magnitude is more pronounced when bright foregrounds appear in the antenna sidelobes, as expected. 
Finally, we find that triads that include mutual coupling beams different from each other have power spectra similar to triads that 
include the same type of mutual coupling beam, indicating that beam-to-beam variation within triads (or visibility pairs) is not 
the major source of foreground leakage in the EoR window. 

Key words: instrumentation: interferometers – dark ages, reionization, first stars – cosmology: observations. 
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 I N T RO D U C T I O N  

he detection of the redshifted 21 cm emission line from neutral
ydrogen during the epoch of reionization (EoR) is one of the main
oals of (current and upcoming) low-frequency radio telescopes like
he Low-Frequency Array (LOFAR; van Haarlem et al. 2013 ), the

urchison Widefield Array (MWA; Tingay et al. 2013 ), the Giant
etrewave Radio Telescope (GMRT) EoR experiment (Paciga et al.

013 ), the Hydrogen Epoch of Reionization Array (HERA; DeBoer
t al. 2017 ), and the Square Kilometre Array (SKA; Koopmans et al.
015 ). The EoR is one of the least known areas of cosmology, from an
bservational point of view. Advancing our understanding of reion-
zation will enable us to understand how the first galaxies formed
nd, ultimately, impro v e constraints on cosmological parameters
e.g. Furlanetto, Oh & Pierpaoli 2006 ; Mesinger, Greig & Sobacchi
016 ; Park et al. 2019 ; Abdurashidova et al. 2022 ). 
The hyperfine transition from neutral hydrogen (21 cm emission)

s one of the most promising probes of structure formation, imprinted
 E-mail: ntsikelelo.charles@gmail.com (NC); 
iannibernardi75@gmail.com (GB) 
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n the intergalactic medium. Measurements of the 21 cm signal
re challenged by the presence of foreground emission from the
alaxy and extragalactic sources, which are orders of magnitude
righter (e.g. Santos, Cooray & Knox 2005 ; Bernardi et al. 2009 ;
li et al. 2015 ). F ore grounds are spectrally smooth, unlike the 21 cm

mission line that fluctuates rapidly (e.g. Santos et al. 2005 ). If
oreground spectral and spatial characteristics are known, they can
e subtracted to isolate the 21 cm emission. The process generally
egins with the subtraction of bright, compact sources, After bright
ource subtraction, the sky brightness is dominated by the diffuse
oreground emission (i.e. Bernardi et al. 2010 ; Pober et al. 2013 ;
illon 2014 ), which can be subtracted leveraging, again, on the

oreground spectral smoothness (e.g. Mertens, Ghosh & Koopmans
018 ; Ghosh et al. 2020 ; Kern & Liu 2021 ). In practice, though,
mooth spectrum foregrounds are corrupted by instrumental effects.
he calibration process attempts to correct for these corruptions.
igh accuracy in calibration is therefore required in order not to

ompromise the foreground spectral smoothness (e.g. Wang et al.
013 ; Chapman et al. 2015 ; Sims et al. 2016 ; Datta, Choudhury &
hakraborty 2017 ; Kern & Liu 2021 ). Additionally, some of the
rightest sources can have complicated, extended morphologies:
ailing to model and subtract them accurately can leave residual
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lished by Oxford University Press on behalf of Royal Astronomical Society 

http://orcid.org/0000-0001-9478-5918
http://orcid.org/0000-0002-7681-8437
http://orcid.org/0000-0001-8530-6989
http://orcid.org/0000-0001-5300-3166
mailto:ntsikelelo.charles@gmail.com
mailto:giannibernardi75@gmail.com


The impact of beams on the bispectrum phase 2717 

Figure 1. Simulated HERA 19-array layout. In this work, we used the 
simulated primary beam pattern corresponding to label 22, for a central 
dish and beam patterns corresponding to two edge antennas, i.e. label 26 
and label 6. We only make use of Y polarization (north–south) primary beam 

patterns. 
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oreground contamination that may prevent the 21 cm detection. 
verfitting diffuse emission may equally lead to 21 cm signal loss

e.g. Wang et al. 2013 ; Cheng et al. 2018 ). 
The calibration process makes use of a sky model to correct for

nstrumental effects (Smirnov 2011 ). Sky models are built from 

atalogues of compact sources with known properties, and often 
o v er an area larger than the field of view of the observation
Yatawatta et al. 2013 ; Pober et al. 2016 ). The sky model ideally
hould contain the entire sky emission but, inevitably, remains 
ncomplete due to the limited angular resolution and depth of existing 
atalogues (Grobler et al. 2014 ; Trott & Wayth 2016 ; Wijnholds,
robler & Smirnov 2016 ; Procopio et al. 2017 ; Barry et al. 2021 ).
alibration errors due to incomplete sky models lead to leakage of

oreground power into the EoR window (Barry et al. 2016 ; Ewall-
ice et al. 2017 ). 
The need for highly accurate calibration required for foreground 

ubtraction has led to alternate methods, known as foreground 
voidance methods . As the name suggests, the idea is to a v oid the
oreground emission rather than subtracting it (e.g. Parsons et al. 
012 ; Th yag arajan et al. 2013 ). The delay spectrum is one such
ethod; it makes use of interferometric delays to isolate the power 

pectrum of the 21 cm emission (Parsons et al. 2012 ). Because
f the spectral nature of the 21 cm signal, its power spectrum
ppears at all k modes, whereas the foreground emission is limited 
o a wedge-like region in k space (Datta, Bowman & Carilli 2010 ;
arsons et al. 2012 ; Trott, Wayth & Tingay 2012 ; Vedantham, Udaya
hankar & Subrahmanyan 2012 ; Hazelton, Morales & Sulli v an 2013 ;
ober et al. 2013 ; Th yag arajan et al. 2013 ; Liu, Zhang & Parsons
016 ; Morales et al. 2019 ). F ore ground a v oidance methods remain,
o we ver, prone to calibration errors. 
Yet another alternative method to detect the 21 cm signal was pro-

osed by Th yag arajan, Carilli & Nikolic ( 2018 ) and takes advantage
f closure quantities. The use of closure phases mitigates calibration 
equirements as closure quantities are independent (to first order) 
f antenna-based corruptions. In terms of foreground separation, 
h yag arajan et al. ( 2020 ) showed that the dynamic range required

o detect the 21 cm signal is similar to the standard power spectrum
pproach (e.g. Parsons et al. 2012 ; Abdurashidova et al. 2022 ). For
 massively redundant array like HERA (Dillon et al. 2015 ; DeBoer
t al. 2017 ) closure quantities may, therefore, represent an appealing 
lternative to the mainstream power spectrum analysis. 
V
Closure phase quantities, ho we ver, are af fected by direction-
ependent effects such as varying antenna primary beams due to 
utual coupling induced by a very compact configuration (e.g. 
agnoni et al. 2021 ; Josaitis et al. 2021 ). Variations of primary
eams across the array invalidate the assumption of redundancy 
i.e. that baselines with the same length and orientation measure 
xactly the same signal from the sky), which is the core of the
ERA calibration strategy (Dillon et al. 2020 ). Several authors have

mpirically simulated the impact that deviations from redundancy 
ave on the calibration and proposed possible mitigation schemes 
Ewall-Wice et al. 2017 ; Joseph, Trott & Wayth 2018 ; Orosz et al.
019 ; Choudhuri, Bull & Garsden 2021 ). It has been established that
ariations from redundancy due to enhanced structure in primary 
eams couple foreground structure observed through sidelobes into 
pectral structure in calibration solutions (Orosz et al. 2019 ; Kern
t al. 2020 ; Choudhuri et al. 2021 ). 

The analysis of HERA data using closure phase also showed 
ome evidence of deviation from redundancy (Carilli et al. 2018 ),
n particular the presence of a baseline-dependent systematic effect 
ppearing at k � ∼ 0.5 h Mpc −1 (Th yag arajan et al. 2020 ). At higher
 modes, ho we ver, the closure phase analysis of ∼2 h of HERA
bserv ations sho ws no e vidence of systematic ef fects, suggesting
hat longer integrations may reduce the thermal noise (Th yag arajan
t al. 2020 ). 

In this paper, we simulate the impact that different primary beams
ave on closure phase in the case of HERA observations, specifically
nvestigating the case when two beams are different within a baseline
air. We quantify the effect that such deviations from redundancies 
ave on the power spectrum of the bispectrum phase of foreground
mission and the impact on the EoR window. 

This paper is organized as follows. Section 2 summarizes the clo-
ure phase formalism. Section 3 describes our simulations. Section 4 
resents the simulated closure spectra and power spectra, and we 
onclude in Section 5 . 

 C L O S U R E  PHASE  FORMALI SM  

he simplest radio interferometer is the two-element interferometer, 
here signals measured from a pair of antennas ( p , q ) are cross-
ultiplied and averaged in time. This operation is known as correla-

ion and leads to the fundamental quantity measured in radio interfer-
metry, the visibility function V pq . The van Cittert–Zernike theorem 

tates that the correlation of signals from the ( p , q ) pair is related to
he sky brightness I ( s , ν)by a Fourier-transform-like relation: 

 pq ( ν) = 

“
I ( s , ν) exp 

(
−2 πı 

ν

c 
b pq · s 

) d l d m 

n ( s ) 
, (1) 

here b pq is the baseline vector connecting antenna p and q ,
 = [ l, m, n ] T is a unit vector (so that n = 

√ 

1 − l 2 − m 

2 with ( l , m ,
 ) the direction cosines of s ) representing a direction on the celestial
phere, ν is the observing frequency, and c the speed of light. 

In real observations, signals are corrupted by the antenna response. 
orruptions are modelled using antenna-based gain terms (the so- 
alled measurement equation; Smirnov 2011 ) that can include the 
ntenna primary beam pattern E . The antenna primary beam depends
pon the observing direction, frequency, and time – the latter 
ormally due to the rotation of the sky with respect to the feed
rientation. In this paper, we investigate the response of a single
olarization feed, for which the measurement equation takes the 
ollowing form: 

 pq ( ν) = 

“
J p ( s , ν) I ( s , ν) J ∗q ( s , ν) K pq ( s , ν) 

d l d m 

n ( s ) 
, (2) 
MNRAS 512, 2716–2727 (2022) 
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Figure 2. Cut through the HERA primary beam models at ν = 175 MHz 
for the Y polarization. Although the main lobe structure remains essentially 
the same for all beams, sidelobes have a more prominent structure for beams 
with mutual coupling and appear asymmetric in the case of antenna 26. 

Figure 3. Position of sources in simulated sky models: the blue dots mark 
point source positions within the beam main lobe and the red dots mark point 
source positions in the sidelobe region. Black lines mark nulls of the HERA 

ideal beam model at ν = 175 MHz. 

Table 1. Characteristics of the simple sky models used in simulations (Fig. 3 ). 

Sky model ID Flux density of sources in Flux density of sources in 
main lobe the sidelobe region 

(Jy) (Jy) 

A0 1 0 
A1 1 0.01 
A2 1 1 
A3 0.01 1 
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here J p = G p E p is a general antenna gain that can include a
irection-independent contribution G p and the direction-dependent
ntenna primary beam pattern E p and we have introduced the
bbreviated notation K pq ( s , ν) representing the exponential term
ntroduced in equation ( 1 ). It is normally assumed that the primary
eam is the same for the two receiving elements, i.e. E p = E q , but
ere we explicitly explore beams that are different from each other,
.e. E p �= E q . 

In this work, we assume that the sky can al w ays be modelled as a
ollection of point sources so that equation ( 2 ) can be discretized as 

 pqν = 

∑ 

s 

J psν I sν J ∗qsν K pqsν = 

∑ 

s 

J psν X pqsν J ∗qsν, (3) 

here s labels sources so that I s ν is the point source flux density
 ( s , ν) in the direction of source s at frequency ν, for example. Here
e have also introduced the source coherency X pqs ν corresponding to
NRAS 512, 2716–2727 (2022) 
he visibilities of a specific source. As shown below, closure phases
re independent of direction-independent antenna-based gains. Thus
e use equation ( 3 ) with J p = E p to apply differing primary beams

o simulated sky models. Equation ( 3 ) is implemented efficiently
sing the CODEX-AFRICANUS package (Perkins et al. 2021 ) and
ritten to a measurement set format using DASK-MS (see Perkins
021 ). 
At this point we introduce the visibility bispectrum C pqr , defined

s the triple product of three visibilities from baselines ( pq , qr , rp ): 

 pqr = V pq V qr V rp , (4) 

here indices p , q , and r are antenna labels. Assuming that antenna
ains consist of purely direction-independent gains, we can rewrite
quation ( 3 ) as 

 pqν = G pνX pqνG 

∗
qν, (5) 

here the individual source coherencies have been combined into a
ingle model coherency term, i.e. X pq ν = 

∑ 

s X pqs ν . The bispectrum
hen becomes 

 pqr = | G p | 2 | G q | 2 | G r | 2 X pq X qr X rp , (6) 

s the antenna-gain phases cancel out. Splitting the model coheren-
ies into amplitudes and phases, 

 p q = | X pq | exp ( ıφpq ) , (7) 

e see that the phase of the bispectrum (also known as the closure
hase), 

� 

= φpq + φqr + φrp , (8) 

s independent of antenna-based direction-independent gains. Here
e use φ� 

to denote the bispectrum phase of a closed triad. It is
orth noticing that closure quantities are not immune from spectral

tructure imparted on the sky signal by the instrument – as it will
ppear from simulations carried out in this work. 

Closure phases will contain contributions from both foregrounds
nd the cosmological signal of interest. Th yag arajan et al. ( 2018 )
howed that it is possible to separate the two contributions by
everaging the different frequency behaviour of the foreground and
1 cm signal closure spectra. In analogy with the delay spectrum
pproach (Parsons et al. 2012 ; Pober et al. 2013 ), they suggested to
orm a power spectrum P � 

by taking the Fourier transform along the
requency axis of the complex bispectrum phase (Th yag arajan et al.
020 ): 

 � 

( k || ) = | ̃  � � 

| 2 
(

λ2 

2 k B 

)2 (
D 

2 
c �D c 

B eff 

) (
1 

� B eff 

)
, (9) 

here � D = � D ( z) is the comoving depth along the line of sight
orresponding to an ef fecti ve bandwidth B eff , � = A e / λ2 , where A e 

s the ef fecti ve aperture area and 

˜ 
 � 

= 

˜ W ( τ ) ∗ ˜ 
 � 

( τ ) ∗ V eff ∗ δ( τ ) , (10) 

here ∗ denotes convolution, ˜ W and ˜ 
 � 

are the delay transforms
f the window function W and the complex closure phase 
 � 

,
espectively: 

 � 

( ν) = e ı φ� ( ν) . (11) 

n this paper, we used a Blackman–Harris window function (e.g.
arsons et al. 2012 ; Th yag arajan et al. 2013 ), an ef fecti ve bandwidth
 eff = 9.77 MHz, centred at 175 MHz ( z = 7.1) with a 97.66 kHz
hannel width, i.e. the same observing set-up as HERA. We also
imulate a single snapshot observation. The normalization factor V eff 

art/stac709_f2.eps
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Figure 4. Simulated closure spectra (left-hand column) and power spectra of the bispectrum phase (right-hand column) corresponding to sky models A0 (top 
ro w), A1 (second ro w), A2 (third ro w), and A3 (fourth row) – see text for details. The following triads are sho wn: � HHH (red), � CCC (blue), � CCE (yello w), 
and � CEE (green). Bottom panels on the right-hand column are zoom into the corresponding upper panels. 
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s defined as (Th yag arajan & Carilli 2020 ) 

( V eff ) 
−2 = 

3 ∑ 

b= 1 

∣∣V 

′ 
b 

∣∣−2 
, (12) 
here 

 

′ 
b = 

∫ 
W ( ν) V b ( ν) d ν∫ 

W ( ν) d ν
, (13) 
MNRAS 512, 2716–2727 (2022) 
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Figure 5. Top row: the left-hand panel shows beam response (dB) averaged across all source locations for the sky model with sources only in the main lobe 
(blue dots in Fig. 3 ) as a function of frequency for E 06 (green), E 22 (blue), E 26 (black), and E H (red). The right-hand panel corresponding beam phase as a 
function of frequency. Bottom row: same as top row, but for sources in the sidelobe region (red dots in Fig. 3 ). 
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nd b denotes baselines in a triad. The closure spectrum is a
imensionless quantity and the normalization factor calibrates the
ower spectra of fields with different brightness distribution on the
ame scale. We note that the power spectrum of the bispectrum phase
s not directly comparable with the standard power spectrum (e.g.
bdurashidova et al. 2022 ), even if they share the same units. 
In this paper, we construct different power spectra of the bispec-

rum phase by simulating visibilities with beams that are different
or each receptor using equation ( 3 ). 

 BISPECTRU M  PHASE  SIMULATIONS  

.1 Beam models 

ERA antennas consist of a dipole feed suspended abo v e a parabolic
ish with a diameter of 14 m. The dish structure was initially designed
y paying specific attention to its spectral response, i.e. keeping the
ish reflections and passband sufficiently smooth so that the EoR
indow would be preserved at k � > 0.2 h Mpc −1 modes (Ewall-
ice et al. 2016 ; Th yag arajan et al. 2016 ). Further electromagnetic

imulations (Fagnoni et al. 2021 ) generated a primary beam model
hat is routinely used in the analysis and simulations of HERA
bservations (e.g. Martinot et al. 2018 ; Kern et al. 2020 ). Because
f compactness of the array, ho we ver, ef fects such as cross-coupling
mongst antennas, i.e. mutual coupling, cause deviations to the ideal
ntenna model. 

Fagnoni et al. ( 2021 ) also carried out simulations of HERA dishes
hat included the receiving system and the effects of mutual coupling
or the two polarizations, i.e. X and Y , for a redundant, compact array
NRAS 512, 2716–2727 (2022) 
ayout that included 19 hexagonally packed HERA dishes that were
he first HERA instalment (Fig. 1 ; Kohn et al. 2019 ). Because of the
nteraction with many more dishes, mutual coupling may be subtly
ifferent for the full HERA array compared to the models employed
n this work (Dillon et al. 2015 ). Ho we ver, it would be surprising if
ubtle differences in the beam patterns significantly alter the derived
ower spectra. Thus we believe that our results should be qualitatively
orrect and should also hold for the full HERA array. 

Fagnoni et al. ( 2021 ) showed that mutual coupling introduces
xtra sidelobe ripples (Fig. 2 ) and increases the sidelobe level by
–4 dB. Fig. 23 in Fagnoni et al. ( 2021 ) shows that the gain at
enith also varies as a function of frequency, up to ∼0.3 dB with
espect to the ideal beam and for different antenna positions within
he array. The beam value at zenith oscillates with a periodicity of
bout 20 MHz, which corresponds to reflections occurring at 15 m
ath-length, approximately the distance between the centre of two
ishes. These effects lead to further deviations from the smooth ideal
eam response. 

Lastly, antennas experience a varying degree of mutual coupling
nd, as a consequence, an antenna at the edge array has an asymmetric
rimary beam pattern since one side of antenna experiences more
utual coupling, i.e. side facing other dishes, than the other side
here there are no dishes (Fig. 2 , antenna 26). 

.2 Simple sky models 

e begin with simulating simplified sky models in order to demon-
trate some basic properties of closure spectra and mutual coupling
eams. We generate sky models where we randomly place 100 point

art/stac709_f5.eps
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Figure 6. Fornax A model image at ν = 100 MHz (from McKinley et al. 
2015 ). Units are Jy pixel −1 with a pixel size = 0.75 arcmin. 
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ources in the main lobe and another 100 across the beam sidelobes
Fig. 3 ). All sources on the main lobe of the primary beam have a
 Jy flux density at 150 MHz. We vary the flux density of the sources
n sidelobes to create four different sky models, which we name 
0, A1, A2, and A3, respectiv ely. These sk y models are meant to

llustrate fields with faint and bright emission in the sidelobe area. 
lux densities of sources corresponding to the different models are 
hown in Table 1 . All sources have a spectral index α = 0.7, where α
s defined such that flux density S of a source at frequency ν is given
y 

 ( ν) = S 0 

(
ν

ν0 

)−α

, (14) 

nd S 0 is the flux density at some reference frequency ν0 . 
We use beams from dishes 22, 26, and 6 (Fig. 1 ) and simulate the

ffect of mutual coupling of an antenna placed at the centre of the
rray and two at the edge, respectively. Hereon, we denote primary 
eams from dish 22, 26, 6, and the HERA ideal beam, i.e. beam
ith no mutual coupling, as E 22 , E 26 , E 06 , and E H , respectively. We

ombine different primary beams to simulate four types of 29 m 

quilateral triads: (1) a triad at the centre of the array, with only E 22 

eams ( � CCC ); (2) one at the edge of the array with one centre beam
 22 and two different edge beams E 26 and E 06 ( � CEE ); (3) a second

riad at the edge of the array with two E 22 beams and one E 26 beam
 � ECC ), and (4) a triad unaffected by mutual coupling with just E H 

eams ( � HHH ). 
We simulate noiseless visibilities. We acknowledge that, in prac- 

ice, each dish has a unique beam as the mutual coupling varies across
he array and the primary beam corresponding to dish 8 would be
ifferent than the primary beam for dish 6, for e xample. Howev er,
his approximation is acceptable for the scope of our investigation. 

Fig. 4 shows the corresponding closure spectra and power spectra 
f the bispectrum phase. We first consider sky models with faint or
o sources in the sidelobe region, i.e. A0 and A1. Closure spectra
f both models are essentially identical, as they are dominated by 
ources within the primary beam main lobe. Main lobes have a very
imilar spectral structure for all the beams (see Fig. 5 ) , yielding very
imilar closure and power spectra. Among the triads, the one that 
ncludes only the ideal beam has the smoothest frequency behaviour 
as expected. Similarly, the power spectrum of the � HHH triad has a
ery distinct behaviour: the power is concentrated at small k � modes 
s it is expected for smooth spectrum foregrounds (Th yag arajan et al.
018 ) and falls already by ∼10 8 times at k � ∼ 0.1 h Mpc −1 . Power
pectra of triads with mutual coupling beams, conversely, show up 
o ∼10 4 mK 

2 ( h −1 Mpc) 3 higher power starting already at k � ∼
.1 h Mpc −1 . This is indeed indicative of excess spectral structure
n the closure spectra of triads with mutual coupling, likely arising
rom the gain variation at zenith and the different phases for different
eams. 
As we increase the brightness of the sources in the sidelobe region,

.e. model A2, closure spectra from all triads show extra frequency
tructure compared to model A0 and A1, due to sidelobe ripples. This
esults in an excess power up ∼10 4 mK 

2 ( h −1 Mpc) 3 for triads with
utual coupling, notably at large k � values, 0.5 < | k � | < 2 h Mpc −1 .

t is worth noting that the leakage is more pronounced for triads with
ifferent primary beam patterns, i.e. the edge triads. 
When we decrease the brightness of the sources in the main lobe,

.e. sky model A3, the leakage is much worse, with an excess power
etween 10 4 and 10 8 mK 

2 ( h −1 Mpc) 3 at | k � | > 0.1 h Mpc −1 . We
lso note that in sky model A3, the centre triad, where we have no
eam v ariation, sho ws an excess po wer leakage comparable to edge
riads. This shows that a large portion power leakage in A3 is actually
aused by ripples on the sidelobes of mutual coupling beams (see
ig. 2 ). 
In summary, our simulations show that, in the presence of bright

missions on the sidelobes, we may expect the power to leak at high
 � v alues, and the po wer leakage increases with brightness of sources
n the sidelobes. Indeed, previous work by Choudhuri et al. ( 2021 )
hows similar results, as well as analysis of HERA data (e.g. Dillon
t al. 2020 ; Kern et al. 2020 ). In addition, our simulations also show
hat the presence of bright sources on the main lobe mitigates the
ower leakage by dominating the o v erall closure spectra. In the case
f extremely bright sources on sidelobes, we may expect the sidelobe
ipples from mutual coupling beams to contribute a large fraction of
he power leakage observed. 

.3 Simulations with realistic sky models 

fter we have treated simplified sky models, we simulate three 
ealistic zenith-pointed observations centred at right ascension α = 

3 h 20 m 6 . s 7), (5 h 20 m 6 . s 7), and (10 h 20 m 6 . s 7) that we label field 1,
eld 2, and field 3, respectiv ely. The y are located within the stripe
bserv ed by HERA (Abdurashido va et al. 2022 ). As mentioned in
ection 2 , we only simulate single-snapshot observations. We include 

hree sky model components for each pointing. 

(i) All point sources brighter than 200 mJy at 151 MHz and within
 100 ◦ × 70 ◦ region around the centre of each pointing, taken from
he GaLactic and Extragalactic All-sky MWA (GLEAM) catalogue 
Hurley-Walker et al. 2017 ). 

(ii) Fornax A – which is not included in the GLEAM catalogue. 
he source is modelled as a core and two lobes, based on observations 
t 174 MHz (Fig. 6 ; McKinley et al. 2015 ). The core is modelled
ith a circular Gaussian with a 5 arcmin axis, an α = 1 spectral index

nd a 12 Jy flux density at 154 MHz. The west lobe is modelled with
 circular Gaussian with a 20 arcmin axis, an α = 0.77 spectral index
nd a 260 Jy flux density at 154 MHz. The east lobe is modelled with
 circular Gaussian with a 15 arcmin, an α = 0.77 spectral index and
 480 Jy flux density at 154 MHz. Visibilities are generated using
quation ( 3 ), treating each image pixel as a point source. 

(iii) An all-sky map of Galactic diffuse emission at 408 MHz 
Remazeilles et al. 2015 ) with a 56 arcmin resolution. The map (in
he HEALPIX format) was extrapolated to 150 MHz using a spatially
MNRAS 512, 2716–2727 (2022) 
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Figure 7. Left-hand column shows sky model images of simulated fields, field 1 (first row), field 2 (second row), and field 3 (third row). Right-hand column 
shows the corresponding apparent sky model, i.e. after the primary beam, E H is applied. Units are log 10 | I (Jy pixel −1 ) | . 
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onstant spectral index α = 0.7. Like the Fornax A case, each
EALPIX pixel is treated as a point source in equation ( 3 ). 

 RESU LTS  

ig. 7 shows the model images of field 1, field 2, and field 3, together
ith apparent sky model obtained by applying the beam without
utual coupling E H . Fig. 8 shows visibility spectra corresponding to

ur sky models for the 29 m triad � HHH . 
Fornax A is the dominant source in field 1, and its visibility spectra

re essentially the same as the case when the sky model includes
oth GLEAM sources and the diffuse emission (‘full foreground
odel’). Fornax A is, ho we ver, in the primary beam sidelobe region

n field 2 and, therefore, largely attenuated, with an apparent flux
ensity up to ∼8 Jy. Field 2 is a relatively cold patch of the sky,
ith the Galactic plane on the far sidelobes of the primary beam.
s a result, GLEAM sources in the main lobe are the dominant

omponent, largely determining the visibility spectra of the full
NRAS 512, 2716–2727 (2022) 
ore ground model. Conv ersely, field 3 corresponds to an area of
elatively bright diffuse emission, particularly at low frequencies ( ν
 120 MHz), with the Galactic plane appearing across the second

idelobe of the beam. Beyond this range, GLEAM sources dominate,
ncluding the frequency range used for power spectra in this work,
.e. 160–190 MHz. 

It is worth noting the striking difference between visibility spectra
or field 3 in the case of the HERA ideal beam and the mutual
oupling beam: although point source visibility spectra are not
remendously different, visibility spectra of the diffuse emission
omponent oscillates significantly across the 100–200 MHz range,
ith peak-to-peak variations occurring with a ∼5 MHz period. The

ull foreground model spectrum, after attenuation by the mutual
oupling beams, is far from being spectrally smooth. 

Fig. 9 shows the closure spectra and the corresponding power
pectra of each sky model component for triad � CCC . In field 1
ornax A is the dominant source and appears point-like for the 29 m

riad, with an approximately zero closure spectrum. Diffuse emission,

art/stac709_f7.eps
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Figure 8. Simulated visibility spectra corresponding to sky models for field 1 (top left-hand panel), field 2 (top right-hand panel), and field 3 (bottom left-hand 
panel) for triad � HHH . Colours indicate sky model components: Fornax A (red), GLEAM sources (blue), diffuse emission (green), and full sky model (Fornax A 

+ GLEAM sources + diffuse emission; yellow). Note that Fornax A is not included in field 3. The bottom right-hand panel shows simulated visibility spectra 
for triad � CCC corresponding to the sky model for field 3. 
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o we ver, sho ws closure spectra with pronounced frequency structure, 
ikely due to emission from the Galactic plane in the beam sidelobes
t α = 6–7 (see top left- and right-hand panel of Fig. 7 ). 

This results in a 10 4 –10 8 mK 

2 ( h −1 Mpc) 3 excess power at k � 
 0.5 h Mpc −1 abo v e the Fornax A model. As Fornax A is the

rightest source, the power spectrum of the full foreground model 
losely resembles the F ornax A one: the fore ground power is largely
onfined at small k � values, i.e. | k � | < 0.5 h Mpc −1 , and remains flat
t larger k modes. 

Closure spectra and power spectra for the field 2 case are similar
o field 1. GLEAM sources are the dominant foreground component 
t all frequencies and their closure spectra are fairly smooth in 
requency. This results in a power spectrum of the full foreground 
odel similar to field 1, with power contained at | k � | < 0.5 h Mpc −1 .
ecause of the Galactic plane in the sidelobe region, the closure 

pectrum of diffuse emission shows pronounced frequency structure, 
ompared to the closure spectrum of GLEAM sources, resulting 
n a ∼10 8 times higher power than GLEAM sources at | k � | >
.5 h Mpc −1 . 
Field 3 is a different case, where contributions from diffuse 

mission and GLEAM sources are at a comparable level. The closure 
pectrum of the full foreground model has frequency structure due 
o the coupling of diffuse emission and beam sidelobes. The power 
pectrum is different compared to the two other fields as there is
oreground power up to k � ∼ 0.5 h Mpc −1 and even beyond in the
ase of ne gativ e k modes, with the asymmetry due to the asymmetric
rightness distribution of the Galactic plane. This inevitably results 
n power that is between 10 2 and 10 7 times higher than power from
LEAM sources at | k � | > 0.5 h Mpc −1 . With no bright source
n the main lobe to ‘mitigate’ the leakage from diffuse emission,
he composite sky model shows an excess power that can be 10 4 –
0 6 mK 

2 ( h −1 Mpc) 3 at | k � | ∼ 0.5 h Mpc −1 compared to the other
wo fields. 

Fig. 10 displays closure spectra and power spectra P � 

for the three
imulated pointings for all triads. In the case of field 1, closure spectra
hat include mutual coupling beams, i.e. � CCC , � ECC , and � CEE , have
 more pronounced frequency structure compared to the � HHH triad. 
ower spectra of triads with mutual coupling beams show a slight
roadening in the 0.1 < k � < 0.2 h Mpc −1 compared to the triad
ith ideal beams, whereas all the triads have similar power spectra
eyond k � ∼ 0.2 h Mpc −1 . Power spectra that include triads with
utual coupling beams have fairly similar power spectra across the 
hole k � range, independent of the beam type. 
In the case of field 2, closure spectra from triads � CEE , � ECC ,

nd � CCC show a more pronounced frequency structure compared 
o field 1, due to the presence of the Galactic plane in the sidelobe
e gion, together with F ornax A. Their power spectra show excess
ower up to 10 4 mK 

2 ( h −1 Mpc) 3 at 0.1 < | k � | < 0.2 h Mpc −1 

ompared to the triad with ideal primary beams. Like field 1, power
pectra that include triads with mutual coupling beams have fairly 
imilar power spectra across the whole k � range, independent of the
eam type. 
MNRAS 512, 2716–2727 (2022) 
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Figure 9. Simulated closure spectra (left-hand column) and power spectra (right-hand column) corresponding to sky models field 1 (first row), field 2 (second 
row), and field 3 (third row) from triad � CCC . Colours indicate sky model components: Fornax A (red), GLEAM sources (blue), diffuse emission (green), and 
full sky model (Fornax A + GLEAM sources + diffuse emission; yellow). Note that Fornax A is not included in field 3. 
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Field 3 has bright emission in the sidelobe region and, therefore,
losure spectra from triads with mutual coupling beams show even
ore frequency structure compared with the other fields. Power

pectra are brighter compared to the previous two fields for | k � |
 0.1 h Mpc −1 , with an excess power up to 10 6 mK 

2 ( h −1 Mpc) 3 

ompared to the ideal beam triad. They also tend to show some level
f asymmetry between positive and negative k � modes. 
We also present visibility spectra of simulated triads for complete-

ess (Fig. 11 ) and use them to provide an estimate of the deviation
rom redundancy, which may have an impact on calibration. We use
he absolute difference between visibility spectra of antennas affected
y mutual coupling and the average visibility spectra as a metric
o quantify deviations from redundanc y, av eraged o v er the 160–
NRAS 512, 2716–2727 (2022) 
90 MHz range. In the case of field 1, where most of the foreground
mission is within the main beam, visibility spectra are fairly similar
o each other and their deviation from redundancy is ∼2 per cent . In
eld 2 and field 3 where there are bright emissions on the sidelobe,

he non-redundancy proves to be higher, with a non-redundancy
alue of ∼6 per cent and ∼7 per cent , respectiv ely, qualitativ ely
revious works (e.g. Choudhuri et al. 2021 ) have also shown
imilar results. These values are also well within the 10 per cent
on-redundancy estimated by previous studies (e.g. Dillon
t al. 2020 ). 

The impact that systematic effects induced by beam-to-beam
ariations may have on the detection of the 21 cm need a further
nvestigation that we leave for the future. Ho we ver, we looked at

art/stac709_f9.eps
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Figure 10. Left-hand column: closure spectra corresponding to sky models field 1 (first row), field 2 (second row), and field 3 (third row). The colours indicate 
here the closure spectrum from different simulated triads: � HHH (red), � CCC (blue), � CEE (green), and � ECC (yellow). Right-hand column: corresponding 
power spectra. 
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heir effect when different triads are averaged together, like it is in
ctual observations (Th yag arajan et al. 2020 ). Rather than the power
pectrum, we computed the cross-spectra P 

c 
� 

between two 29 m 

riads with different primary beams � and � 

′ 
: 

 

c 
� 

( k || ) = 

˜ � � ̃

 � 

∗
� 

′ 

(
λ2 

2 k B 

)2 (
D 

2 
c �D c 

B eff 

) (
1 

�B eff 

)
. (15) 

e compute cross-power spectra between triads affected by mutual 
oupling, namely � ECC , � EEC , and the ideal triad � CCC , and show
heir phase in Fig. 12 . The cross-spectrum phase shows a certain
e gree of incoherenc y across triad pairs, with variations as large as π
t the same k modes. This suggests that averaging cross-power spectra 
ogether may lead a suppression of systematic effects induced by 
utual coupling beams – in particular considering the large number 
f different beams in the final HERA configuration. 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

n this work, we investigate the impact that primary beams affected
y mutual coupling have on closure phase, used to detect the EoR
ignal. We use electromagnetic simulations of HERA dishes and 
oth a simplified and a realistic foreground model in order to
erform simulations of closure spectra and its power spectra. In 
he simulations we specifically include antenna pairs where primary 
eams are different from each other. We focus only on triad separated
y 29 m baselines, already used in the early analysis of HERA
MNRAS 512, 2716–2727 (2022) 
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Figure 11. Simulated visibility spectra corresponding to field 1 (top panel), 
field 2 (middle panel), and field 3 (bottom panel). Colours indicate baselines 
with different primary beams: EE beams (blue), EC beams (green), and CC 

beams (yellow). Black shows the average visibility spectra. 
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Figure 12. Cross-power spectra phases (see equation 15 ) of simulated triads 
with mutual coupling for field 2 for triad ( � ECC , � EEC ) (blue), ( � EEC , � CCC ) 
(green), and ( � ECC , � CCC ) (yellow), respectively. 
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losure spectra (Carilli et al. 2020 ; Th yag arajan et al. 2020 ). As
ealistic foreground models, we include both point sources and
iffuse emission. We simulated three different fields that range from
 high to a low ratio between the foreground emission in the main
eam lobe and in the sidelobe region. Our main conclusions may be
ummarized as following. 

(i) In the presence of beams distorted by mutual coupling ef-
ects, closure spectra exhibit more pronounced frequency structure
ith respect to ideal beams, i.e. not affected by mutual coupling.
he effect on the power spectrum of the bispectrum phase is

hat foreground power bleeds from small k modes to intermediate
NRAS 512, 2716–2727 (2022) 
odes, e.g. 0.1 < | k � | < 0.2 h Mpc −1 . Such excess power is
10 3 mK 

2 ( h −1 Mpc) 3 and does not vary significantly with different
utual coupling beam model or foreground model. Power spectra

re not significantly different between models with or without
utual coupling at | k � | > 0.2 h Mpc −1 . The presence of diffuse

oreground emission that is brighter in the sidelobe region than in
he main lobe exacerbates the leakage at all k modes, representing
 worst-case scenario amongst the foreground cases simulated in
his work. This result is in agreement (at least at a qualitative
evel) with observed ripples in closure spectra that are present
hen the Galactic plane appears at low elevation (Carilli et al.
020 ). Wide-field, diffuse foreground emission is known to be a
ele v ant source of power leakage outside the wedge in standard power
pectrum measurements too (e.g. Th yag arajan et al. 2015 , 2016 ; Kern
t al. 2020 ). 

(ii) Power spectra from triads that include mutual coupling beams
o not significantly vary at any k � mode whether they include beams
hat are different for different baselines or not. In other words, the

ain source of foreground leakage at high k � modes – compared to
he unperturbed beam case – is not the beam-to-beam variation for
ach baseline: power spectra that have essentially any combination
f mutual coupling beams (including the same type for the triad)
ield power spectra that are similar to each other, with a maximum
ifference of ∼10 2 mK 

2 ( h −1 Mpc) 3 . 
(iii) The presence of strong foreground emission in the main lobe

f the primary beam helps reducing the foreground leakage at | k � |
 0.2 h Mpc −1 in case of mutual coupling beams, although more

omplete simulations that include the 21 cm signal are needed to
ro v e that this could be an ef fecti ve observing strategy. 
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