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ABSTRACT

We derive, adopting a direct method, the luminosity funtémd the formation rate of long Gamma Ray Bursts through gpteim
flux—limited, sample o8wift bursts which has a high level of completeness in redzfift82%). We parametrise the redshift evolution
of the GRB luminosity a = Lo(1+2)* and we derivék = 2.5, consistently with recent estimates. The de-evolvedriosity function
#(Lo) of GRBs can be represented by a broken power law with slapes-1.32 + 0.21 andb = —-1.84 + 0.24 below and above,
respectively, a characteristic break luminodity, = 10°%4%:015 erg/s. Under the hypothesis of luminosity evolution we finalttthe
GRB formation rate increases with redshift upzte 2, where it peaks, and then decreases in agreement withape siithe cosmic
star formation rate. We test the direct method through nigalesimulations and we show that if it is applied to inconteléoth in
redshift and/or flux) GRB samples it can misleadingly resuéin excess of the GRB formation rate at low redshifts.

Key words. Gamma-ray: bursts

1. Introduction cosmic star formation rate) and to study the possible preseh
S . ub—classes of GRBs at the low end of the luminosity function
Since the discovery of Gamma Ray Bursts (GRBs), one of feq | jang et al. 2007, see also Pescalli et al. 2015). Thvese
most important questions was related to their distancestel fnctions have been derived for the population of long GRBs
whether galactic or cosmological) which had immediate |mpl(e_g_ Daigne et al. 2006; Guetta & Della Valle 2007; Firmani e
cations on their associated luminosities and energetloaugh 5| 2004: Salvaterra & Chincarini 2007: Salvaterra et a03t)
the afterglow detection (Costa et al. 1997; Van Paradijs/19%01 - \wanderman & Piran 2010; Yu et al. 2015; Petrosian et al.
, and first redshift measurements, GRBs were proven t0 be cg§1 5) through different methods and samples of bursts E&2).
mologlqal sources with large |sotr?p|c eqqlvale_nt_ lumities  he population of short GRBs(z) and#(L) have been less se-
exceeding, in few cases, ¥0erg s*. The pinpointing of the ¢ rely constrained (e.g. Guetta & Piran 2005, 2006; Naks20
GRB afterglow, made available by the fast slewing of 8aft  gerger et al. 2014; D'Avanzo et al. 2015) due to the limitechau
satellite (Gehrels et al. 2004), coupled with intense &ftw ac- per of bursts with measured redshifts.
- = 'quire early time optical spectra from ground, allowed us &am
= 'sure the redshifts of GRBs with an average efficiency of 30%.
Among these, GRB 090423 (with a spectroscapic8.2 - Sal- Howevery(2) and¢(L) cannot be derived straightforwardly
. ‘vaterra et al. 2009a; Tanvir et al. 2009) and GRB 090429B(wigising all GRBs with known redshift since these samples are af
(O photometric redshifz = 9.4 - Cucchiara et al. 2011) represenfected by observational biases. Specific methods thatatdme
the farthest objects of stellar origin known so far. such biases should be adopted. The main approaches that have
Two of the key properties characterising the populatidseen used so far (82) agree on the shape of the luminosity func
of GRBs are (a) their cosmic raig(z) (GRB formation rate, tion (typically represented by a broken power law) but leaikt
GRBFR hereafter), representing the number of bursts pér umiarkably different results on the cosmic GRB rate (par&idyl
comoving volume and time as a function of redshift, and (la) low redshifts). Independently from the method used tovec
their luminosity functiong(L) (LF hereafter), representing thethese two functions, most of the previous studies (see hewev
relative fraction of bursts with a certain luminosity. Hevéth ~ Salvaterra et al. 2012) adopted either heterogeneoussaiipl
¢(L) we refer to the differential luminosity function defined aincluding GRBs detected by different satellites/GRB dttex
dN(L)/dL. which have different sensitivities) and/or incomplete p&s.
Recoveringy(z) andg¢(L) of GRBs allows us to test the na-In particular, incompleteness is induced by several effeath
ture of their progenitor (e.g. through the comparison with t as the variation of the trigger efficiency and the redshifame
surement. Accounting for such instrumental effects iseaxrtly

* E—mail:alessio.pescalli@brera.inaf.it difficult in practice.
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An alternative is to work with complete samples, at the exvith a similar analytical dependeng€z) « v, (2)(1 + 2)¢ (den-
pense of the number of GRBs in the sample. Salvaterra etsly evolution scenario). This means that the progenitarat-
(2012) (S12) defined a complete flux—limited sample of GRBeristics evolve witte and that the ratio of the GRB formation
(called BAT6) detected b®wift which, despite containing a rel-rate to the cosmic star formation rate is not constant. Among
atively small number of GRBs, has a high redshift completenehe drawbacks of this method is that it relies on the assumnpti
and has been extensively used to test various prompt amd afté a specific functional form op(L) (and simple functions, e.g.
glow properties of GRBs in an unbiased way (Campana et pbwer law, broken power law or power law with a cutoff at low
2012, D'Avanzo et al. 2012, Ghirlanda et al. 2012, Melandri &uminosities, have been adopted) and it allows to test ony f
al. 2012, Nava et al. 2012, Covino et al. 2013, Melandri et a@volution of the luminosity or of the rate independently.

2014, Vergani et al. 2014). Salvaterra et al. (2012) applied the indirect method to a-com

The aim of this work is to derive(L) andy(2) through this plete sample of GRBs detected Byift (§3). They find that
complete sample of GRBs detected®wift. We summarise the either a luminosity evolution wittk = 2.1 + 0.6 or a density
main different approaches that have been used in the lit@rtd evolution withd = 1.7 + 0.5 can reproduce the flux distribu-
derive the luminosity function and the formation rate of GRBtion of BATSE bursts and the redshift distribution of tBeift
(82) and present the updated sample used in this work in 3. ¥énplete sample. However, they can not discriminate betwee
adopt theC™ direct method (Lynden-Bell et al. 1971) to derivehese two scenarios. They derive the luminosity functi)
the ¢(L) andy(2) and compare it with previous results in 84testing two analytical models: a power-law with an exponen-
Throughout the paper we assume a standafM cosmolog- tial cut-off at low luminosities and a broken power-law (BPL
ical model withQn, = 0.3 andQ, = 0.7 with Ho = 70 km s ¢(L) o (L/Lp)?P, wherea andb are the slopes of the power
Mpct. We use the symbal to indicate the isotropic equivalentlaw below and above the break) adopting a minimum GRB

luminosityLis, omitting for simplicity the subscript “iso". luminosity Lyin = 10% erg/s. For the BPL model they found
a=-07413% b = -1.9201 L, = 55 x 10°° erg/s and

a=-1503%2 p=232:077 |, = 3.8*53 x 10°? erg/s in the case
2. ¢(L) and y(2) of long GRBs of Iumino%iltti/ and dens?tsyzevolution é’éenario, respecivel
The number of GRBs detectable by a given instrument above its The alternative method is based on the direct derivation of
sensitivity flux limitS can be expressed as: the ¢(L) andy(2) from observed samples of GRBs with mea-
suredz andL. This method has been inherited from the studies
OT (oS (Lo av of the luminosity function of quasars anql blazars (e.g. Qdia
NG S) = — f f #(L,2) W2 dv dLdz (1) etal 1998, Maloney & Petrosian 1999, Singal et al. 20123201
4r Jo Lin(S.2) (1+2dz and it has been applied to GRBs (Lloyd et al. 1999, Kocevski &
_ i ) . liang 2006). Wanderman & Piran (2010) adopt a maximum like-
whereQ andT are the instrument field of view and timejihooq estimator to derive the discrete luminosity funatand
pf operation, respectively, .artﬂ//dz |s_the dlfferen_tlal COMOV- cosmic formation rate. They use the sample-@00 GRBs de-
ing volume. Herez(Lmay, S) is the maximum redshift at which atected bySaift with measured redshift (through optical afterglow
burst with Lihax would still be above the instrumental flux “m'tabsorption lines and photometry). Despite this sample tsigh
S; L"m(S, 2) is the minimum observable luminosity as a functiogsy from incompleteness, they derigéL) (extending from 18
of z (i.e. that corresponds to a flux abdve , erg/s up to 18" erg/s) which can be represented by a broken
If ¢(L)_ an_d¢(_z) are known, itis possmle to derive from Edj. lpower law witha = —1.2,b = —2.4 andLy = 10°25 erg/s. Sim-
the flux distribution o_f th(_e pppulanon of GRBs observabled)y”a”y, they also derived the discrete GRB formation retg)
given detector, knowing its instrumental parameters. B2I® yhich can be represented by a broken power-law as a function
ing this argument, one can assume the functional formglof (1 + 2) with indicesn; = 2.1*95 andn, = —1.4*24 peaking at
andy(Z) (e.g. specified through a set of free parameters) and cor: 3.1708 Thisrate is consis{eO'rG;t with the SFR%? Bouwenset al.

strain them by fitting the the model flux distribution (iN(> S)) : N
to the observed flux distribution of a given instrument. The- grzoonggré?srﬁift 3. They assume that the luminosity is independent

rect method has been used to infer the luminosity function (e.qg-

Firmani et al. 2004; Salvaterra & Chincarini 2007; Salviatet _More relcently, Yu et ?l' (2?15 ) Y1|5 gereaftt_ar)_ ar;]((jmbPet-
al. 2009, 2012) by fitting e.g. the flux distribution of thegar 'oSian et al. (2015 - P15 hereatfter) applied a statisticd

population of GRBs detected by BATSE. to reconstruct the discretsL) _and¢(z) from a sample oBwift _
The number of free parameters, if battL) andy(2) are to bursts with measured redshifts. They both find a strong lumi-

be constrained, can be large. One possibility is to assuate tfosity evqlut|0n V.V'thk. ~ 2.3..The|r res_,ults converge towards
based on the massive star progenitor origin of long buries, fcum_ulatlve luminosity function described by a broken p?we
GRB cosmic rate traces the cosmic star formation ratey(#. '@ Witha = -0.14+0.02,5 = -0.7 + 0.03, L, = 1.43x 10
o 4 (2). In this way, the method allows to derive the free para rg/s (Y15) andr = —05, 8 = -22, Ly, = 10 erg/s (P15).
eters ofg(L) by fitting the result of EqCI1 to large, statistically' N€S€ indicesq andp) are the slopes of the cumulative lumi-
significant, samples of observed GRBs. The assugr{@dcan nosity function which is linked tLo the differential one tlugh
be tested by fitting the observed redshift distribution odmple the integral®(L) = N(> L) = [ "™ ¢(L)dL. Therefore, for a
of bursts with measured BPL luminosity function, the slopes of the differential fioare

In the simplest scenario, the two functiop@.) andy(2) are (&,b) = (@ - 1,5-1).
independent. However, more realistic analyses also ceresid Intriguingly, they find, at odd with respect to previous werk
the possible evolution of either the luminosity functiontbe that the GRB rate is flat or decreases from the local Univepse u
GRB formation rate with redshift. For example, in the case & z = 1. If compared to the SFR, this behaviour would imply a
luminosity evolution, the burst luminosity dependsathrough relative excess of the GRB formation rate with respe¢ti@) at
the relationL(2) = Lo(1 + 2)¥ (luminosity evolution scenario). z <1 (if both are normalised to their respective peaks). Thdy du
Alternatively, the GRB formation ratg(z) varies with redshift this behaviouthe excess of GRBs at low redshifts. This result
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is puzzling also because it is completely at odds with the-findaveE!®s'= ESY1 + 2) consistent with the upper/lower limit re-
ings of the works based on the properties of GRB host galaxipsrted in Nava et al. (2012). Therefore, we firstly extendes t
In fact, Vergani et al. (2014), Perley et al. (2015a, 201845¢) BAT6 sample of Nava et al. (2012) with measurzdndL to
and Kruhler et al. (2015), performed multi-wavelength apelcs  50/58 bursts.
troscopic studies on the properties (stellar masses, hsitias, Since the construction of the BAT6, other bursts satisfjting
SFR and metallicity) of GRB host galaxies of different coetpl selection criteria were detected Bwift. Moreover, some burst
GRB samples and compared them to those of the star-formiigeady present in the original BAT6 sample were re—andlyse
galaxies selected by galaxy surveys. All their resultsryéa- and either their redshifts and/or their spectral propsniere
dicate that az < 1 only a small fraction of the star-formationrevised. So our first aim was to revise the BAT6 sample. In par-
produces GRBs. ticular, the revision of 8 redshifts is here included (mairke
Both P15 and Y15 apply a statistical method (Efron & Pettalics in the table - their luminosity has been updatedke Tér
rosian 1992) to remove the redshift dependence of the lusningised BAT6 sample then contains 56/58 GRBs with measared
ity induced by the flux-cut in the selected GRB sample. Thend 54/58 with also a bolometric isotropic luminosity Con-
use GRBs detected 8wift with measured redshifts. Howeversidering only the redshift, the sample~s97% complete, while
while Yu et al. (2015) work with the bolometric luminosityif we also require the knowledge &f the completeness level is
of GRBs, Petrosian et al. (2015) adopt the luminosity in thanly slightly smaller ¢ 93%).
Swift/BAT (15-150 keV) energy band. Y15 use all GRBs de- Then, we extended the BAT6 revised sample with the new
tected bySwift with a measured redshift and well constrainedvents detected since 2012 which satisfy the observabiiiig-
spectral parameters: despite their relatively large nurabeb- ria of Jackobsson et al. (2006). The extended sample cerifin
jects ¢~ 130), this is an incomplete sample. P15 account for iGRBs. We collected the spectral parameters of the new GRBs in
completeness by cutting their sample to a relatively large flthe existing literature. For those events (6/41 burstsh witly
level, at the expense of the total number of bursts, i.e wgrkia Swift single power law spectrum, we estimatggithrough the
with ~ 200/250 events with measured Sakamoto et al. (2009) relation. The BAT6 extended (BAT6Gext
Independently from the method adopted to rece\(e) and hereafter) counts 82/99 GRBs with( and 81/99 withz andL.
¥(2), one key point is the definition of the sample. S12 showdis completeness in redshiftis82%.
the importance of working with complete samples of GRBs (see The BAT6ext is presented in Tal. 1. The first 58 bursts are
also Hjorth et al. 2012). Here we start with the so called BATie original BAT6, while the others constitute the extensieor
Swift sample (S12) and extend it with additional bursts that satach GRB, Tal 11 shows the redshiftthe spectral parame-
isfy its selection criteria (83). We will then use it to dexithe ters (high and low photon indices andg and the rest frame
luminosity function and the cosmic GRB formation rate (84). peak energy;®), the peak flux with the relative energy band,
the isotropic equivalent luminosity. The spectrum is a cut-off
power-law (CPL) if only the low energy photon indexis re-
3. BAT6 extended version ported and a Band function if also the high energy photonxnde
. ) is given. Whereis not measured, we report the observed peak
The BAT6 complete sample as defined in S12 was composeddpérgy. The luminosities reported in the table are caledlat
58 Swift GRBs with (i) favourable observing conditions for theifhe [1- 10 keV rest frame energy range only for those GRBs
redshift measurement as proposed in Jackobsson et al.)(20(/ing bothz andE,,.
and (ii) a peak photon fluR > 2.6 ph cnt2 s (integrated over
the 15-150 ke\Bwift/BAT energy band). This sample, which is
complete in flux by definition, turned out, after selectialsp to i i i i
be highly complete<90%) in redshift (i.e. 52/58 bursts haze 4. Luminosity function and GRB formation rate
The study of the isotropic equivalent luminosityof the In this section we will apply th€~ method as originally pro-
bursts of the BAT6 sample requires the knowledge of theiabroposed by Lynden-Bell et al. (1971) and applied to GRBs by e.g.
band prompt emission spectrum. Nava et al. (2012) collebied Yonetoku et al. (2004,2014), Kocevski & Liang (2006), Wu et
46/52 GRBs, within the BAT6, with measurdg), and z. Six al. (2014). This method is based on the assumption that the lu
bursts with measurerldid not haveE, measurements. One ofminosity is independentfrom the redshift. However, asulised
the main drawbacks of the narrow/soft energy range of the BAT Petrosian et al. (2015) a strong luminosity evolutionldde
instrument is the difficulty to measure the pekof the vF, present in the GRB population. Efron & Petrosian (1992) pro-
spectrum for several bursts it detects. Other instruments ( posed a non—parametric test to estimate the degree ofatorel
KonusWind - Aptekar et al. 1995Fermi/GBM - Meegan et al. of the luminosity with redshift induced by the flux in a flux—
2009 orSuzaku/WAM - Yamaoka et al. 2009) compensate foiimited sample. This is also the case of the BAT6ext sampte an
this lack, thanks to their wide energy range, measuring a-spthe first step will be to quantify the degree of correlation.et
trum extending from few keV to several MeV. al. (2015) and Petrosian et al. (2015) indeed found thattmé-|
Sakamoto et al. (2009) showed that 8wift bursts with mea- nosity evolves with redshift within their samples as 24305
suredE, there is a correlation between the slope of the spectrdil5) or (1+2)*3+98 (P15). We applied the same method of Y15
apL (When fitted with a single powerlaw model) and the peak eand P15 (also used in Yonetoku et al. 2004,2014) to the BAT6ex
ergy E, (measured by fitting a curved model). With the aim ofample: we define the luminosity evolutian= Lo(1 + 2¥ (asin
enlarging the sample of Nava et al. (2012), we estim&igdf Y15), wherel, is the de-evolved luminosity, and compute the
six bursts of the BAT6, whose BAT spectrum is fitted by a sinmodified Kendall correlation coefficient (as defined in Eféon
gle power law, through this relation (Sakamoto et al. 200@) aPetrosian 1992). We find, consistently with the results 06Y1
verified that the values obtained are consistent with thoseeo and P15k = 2.5. Similar results were obtained through the in-
other bursts (we performed the-§ test finding a probability direct method (see §2) by S12 using the BAT6 sample.
of ~ 70% that the two sets of peak energies originate from the We can now define the de-evolved luminositigs= L/(1 +
same distribution). We find that all but one GRB (i.e. 070308)* for every GRBs and apply the Lynden-B&t method to
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Table 1. BAT6ext (BAT6 extended) GRB complete sample. Columns regpororder, the redshift, the spectral photon indices andg, the
peak flux in units of 167 erg cnt? st (except for those with thé which are in units of photons cths™), the respective energy band, the
rest-frame peak enerdy, and the bolometric equivalent isotropic luminositycalculated in the [+ 10%] rest-frame energy range). Fhrwe
also give the & error.? Bursts with missingz are reported with their observer frarﬁgbs for completeness, they are not used in the present
work. ¢ The peak energy has been estimated with the relation of Sztkash al. (2009). The eight GRBs (already present in the datign of
Nava et al. 2012) with an updated redshift estimate are rdarkéalics. In the last column we report the references,rifeq for the spectral
parameters and for the redshift: 1) Nava et al. (2012), 2)r@@ost al. (2013), 3) Kruhler et al. (2015), 4) GCN# 12133, §N&# 12135-12137, 6)
GCN#12190, 7) GCN#12352, 8) GCN# 12424, 9) GCN#12431, 1) &C2749, 11) GCN#12761, 12) GCN#12801, 13) GCN # 12839, 14)
GCN#12874, 15) GCN#12865, 16) GCN#13120, 17) GCN# 13118GTN # 13412, 19) GCN # 13536, 20) GCN # 13532, 21) GCN# 13559,
22) GCN#13562, 23) GCN#13634, 24) GCN#13628, 25) GCN#1328) GCN# 13723, 27) GCN#13990, 28) GCN#13992, 29)
GCN#13997, 30) GCN#14052, 31) GCN #14419, 32) GCN# 14437G&3N # 14487, 34) GCN# 14491, 35) GCN# 14469, 36) GCN # 14493,
37) GCN#14545, 38) GCN# 14575, 39) GCN#14567, 40) GCN#14720) GCN# 14808, 42) GCN#14796, 43) GCN#14869, 44)
GCN# 14959, 45) GCN# 14956, 46) GCN # 15064, 47) GCN # 15145G4N # 15144, 49) GCN # 15203, 50) GCN # 15187, 51) GCN # 15413,
52) GCN#15407, 53) GCN#15452, 54) GCN#15450, 55) GCN# 1568) GCN# 15805, 57) GCN# 15800, 58) GCN# 15853, 59)
GCN#16134, 60) GCN#16125, 61) GCN# 16220, 62) GCN # 16217/GEN # 16262, 64) GCN # 16310, 65) GCN # 16423, 66) GCN# 16473,
67) GCN# 16495, 68) GCN# 16489, 69) GCN# 16512, 70) GCN # 16505

GRB z a[f] Peak flux Range Ep L Ref
107 ergcn? st (keV) (keV) (x10P* ergls)
* photcnr2 571
050318 144 -1.34+0.32 220+ 0.17 [15-150] 115+ 27 476+ 0.86 1,1
050401 2.9 —1.0[-2.45] 245+ 12 [20-2000] 499+ 117 201+ 11 1,1
050416A 0.653 -1.0[-3.4] 5.0+ 0.5* [15 - 150] 26+ 4 097+0.12 1,1
050525A 0.606 -0.99+0.11 477+ 1.2* [15 - 350] 127+ 6 7.24+0.28 1,1
050802 1.71 -16+0.1 221+0.35 [15-150] 301 951+1.71 1,1
050922C 2.198 -0.83+0.24 45+ 7 [20- 2000] 416+ 118 187+ 30 1,1
060206 4.048 -1.12+0.30 202+ 0.13 [15-150] 409+ 116 496+ 7.1 1,1
060210 3.91 -1.12+0.26 28+ 0.3* [15-150] 574+ 187 528+ 111 1,1
060306 1.55 -12+05 471+0.28 [15-150] 1785+ 765 1149+ 2.26 1,2
060614 0.125 -15 116+ 0.7 [15-150] 55+ 45 005+ 0.01 1,1
060814 1.92 -1.43+0.16 213+35 [20- 1000] 750+ 245 717+ 131 1,1
060904A - -1.22+0.05 13+ 3 [20-10000] 235+ 25° - 1,1
060908 1.88 -0.93+0.25 281+0.23 [15-150] 426+ 207 127+ 31 1,1
0609124 0.94 —-1.85+0.08 25+ 9 [20-10000] 127 26+74 1,1
060927 5.47 -0.81+0.36 247+ 0.17 [15-150] 459+ 90 1087 + 131 1,1
061007 1.261 -0.75+0.02[-2.79+ 0.09] 120+ 10 [20- 10000] 965+ 27 1092 + 8.9 1,1
061021 0.346 -1.22+0.13 372+93 [20- 2000] 1046+ 485 177+ 0.46 1,1
061121 1.314 -1.32+0.05 128+ 17 [20- 5000] 1402+ 185 142+ 19 1,1
061222A 2.09 -1.00+0.05[-2.32+0.38] 48+ 13 [20- 10000] 1091+ 167 140+ 38 1,1
070306 1.50 -1.67+0.1 304+0.16 [15-150] > 263 > 999 1,1
070328 2.063 -1.11+0.04[-2.33+0.24] 59+ 12 [20-10000] 2349 1558 + 37.6 1,3
070521 2.087 -0.93+0.12 412+91 [20- 1000] 6856 + 73.6 1441 + 326 1,3
071020 2.145 -0.65+0.29 604 + 20.8 [20- 2000] 1013+ 204 213+ 73 1,1
071112C 0.82 -1.09+0.07 80+ 1.0* [15 - 150] 596 657+ 0.86 1,1
071117 1.331 -1.53+0.15 666 + 183 [20- 1000] 648+ 317 954 + 284 1,1
080319B 0.937 -0.86+0.01[-3.59+ 0.45] 226+ 21 [20- 7000] 1307+ 43 1016+ 9.4 1,1
080319C 1.95 -1.20+0.10 335+74 [20- 4000] 1752+ 504 961+ 217 1,1
080413B 1.10 -1.23+0.25 140+ 0.6 [15-150] 163+ 34 149+ 18 1,1
080430 0.77 -1.73+0.08 182+ 0.13 [15-150] 149 116+ 0.13 1,1
080602° 1.820 -0.96+ 0.63 192+ 5.8 [20- 1000] 1216 5k 17 1,3
080603B 2.69 -1.23+0.64 151+ 39 [20- 1000] 376+ 214 1166 + 389 1,1
080605 1.64 -1.03+0.07 160+ 33 [20- 2000] 665+ 48 3087 + 628 1,1
080607 3.036 —-1.08+ 0.06 269+ 54 [20- 4000] 1691+ 169 2260+ 446 1,1
080613B - -1.05+0.18 476+ 131 [20- 3000] 33+ 239 - 1,1
080721 2.591 -0.96+0.07[-2.42+0.29] 211+ 35 [20- 7000] 1785+ 223 1039+ 173 1,1
080804 2.20 -0.72+0.04 730+ 0.88 [8—35000] 810+ 45 270+ 3.2 1,1
080916A 0.689 —-0.99+ 0.05 487+ 0.27 [8—35000] 208+ 11 108+ 0.06 1,1
081007 0.53 -14+04 22+0.2* [25 - 900] 61+ 15 043+ 0.09 1,1
081121 2,512 -0.46+0.08[-2.19+ 0.07] 517+83 [8—35000] 608+ 42 1954 + 337 1,1
081203A 2.10 -1.29+0.14 29+ 0.2* [15 - 150] 1541+ 756 283+ 89 1,1
081221 2.26 -0.83+0.01 242+ 05 [8-35000] 284+ 2 101+ 2 1,3
081222 2.77 -0.90+0.03[-2.33+0.10] 176+ 0.58 [8—35000] 630+ 31 95+ 6 1,1
090102 1.547 -0.97+0.01 293+ 091 [8—35000] 1174 38 457+ 14 1,1
090201 2.1 —0.97+ 0.09[-2.80+ 0.52] 730+ 126 [20- 2000] 489.8 26% + 47.6 1,2
090424 0.544 -1.02+0.01[-3.26+ 0.18] 912+ 14 [8-35000] 2500+ 34 1116+ 0.18 1,1
090709A 1.8 —0.85+0.08[-2.7 + 0.24] 39+ 6 [20- 3000] 834.4 910+ 139 1,2
090715B 3.00 -1.1+0.37 90+ 25 [20-2000] 536+ 164 826 + 252 1,1
090812 2.452 -1.03+0.07 277+ 0.28* [100 - 1000] 2023+ 663 963 + 16.0 11
090926B 1.24 -0.19+ 0.06 473+0.28 [8—35000] 2120+ 43 428+ 0.25 1,1
091018 0.971 -1.53+0.48 432+ 0.95 [20- 1000] 55+ 26 475+ 1.33 1,1
091020 1.71 -1.20+0.06[-2.29+ 0.18] 188+ 26 [8-35000] 507+ 68 327+52 1,1
091127 0.49 -1.25+0.05[-2.22+0.01] 938+ 23 [8-35000] 510+ 1.5 909+ 0.24 1,1
091208B 1.063 -1.29+0.04 256 £ 0.97 [8—35000] 246+ 15 175+ 0.7 1,1
100615A 1.4 -1.24+0.07[-2.27+ 0.11] 83+0.2* [8 — 1000] 2064 + 204 1015+ 0.87 1,2
100621A 0.542 -1.70+0.13[-2.45+ 0.15] 170+ 13 [20-2000] 146+ 23 317+ 0.34 1,1
100728B 2.106 -0.90+ 0.07 543+ 0.35 [8—35000] 404+ 29 187+ 13 1,1
110205A 2.22 -152+0.14 51+0.7 [20- 1200] 715+ 238 251+43 1,1
110503A 1.613 -0.98+0.08[-2.7+0.3] 100+ 10 [20- 5000] 572+ 50 1807 + 197 1,1
110709A - -1.16+0.02 154 +1.7* [10 - 1000] 533+ 37° - 4,
1107098 <4 -107014 1141 [20- 5000] 278430 - 5,6
110915A - -0.94+0.23 33+0.2* [15-150] 1248 + 41.4° - 7,
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GRB z a[p] Peak flux Range Ep L Ref
107 ergem? st (keV) (keV) (x10P* ergls)
* phot cnt? st
1110084 4.989 -1.86+0.09 64+ 0.7* [15 - 150] 384 3033+ 488 8,9
111228% 0.715 —1[-2.27+ 0.06] 124+ 0.5* [15 - 150] 46 364+ 0.27 10,11
120102A - -1.19+0.03 228+ 1.6* [10 - 1000] 380+ 32 - 12~
120116A - -1.31+041 41+0.3* [15 - 150] - - 13-
120119A 1.728 —0.98+ 0.03[-2.36 + 0.09] 169+ 0.4* [10 - 1000] 1892+ 8.3 569+ 27 14,15
120326A 1.798 -141+0.34 46+ 0.2* [15-150] 115+ 19 108+ 1.8 16,17
120703A - -0.8103, 54+13 [20— 10000] 295880 - 18-
1207294 0.8 -1.62+0.08 29+ 02" [15 - 150] 192 127+ 0.11 19,20
120802A 3.796 -1.21+ 047 30+ 02 [15 - 150] 2743+ 930 407 +5.7 21,22
120811C 2.671 -14+03 41+0.2* [15-150] 1575+ 209 254+ 45 23,24
120907A 0.97 -0.75+0.25 43+ 0.4* [10 - 1000] 3044 + 64.8 245+ 0.27 25,26
121123A 2.7 -0.96+0.2 26+0.2 [15-150] 2405+ 189 149+ 14 27,28
121125A - -1.38+0.06 42+ 0.3 [10-1000] 196+ 26° - 29~
1212094 2.1 -1.43+0.08 34+03" [15-150] 494 174+ 1.6 30,3
130420A 1.297 -152+0.25 34+ 02" [15 - 150] 763+ 156 377+ 0.65 31,32
130427A 0.339 —-0.958+ 0.006 [-4.17+ 0.16] 6900+ 100 [20- 1200] 13713+ 10.7 3841+57 33,34
1304278 2.78 -1.64+0.15 30+04 [15-150] 386 29+ 5 35,36
130502A - -1.0+£0.3 7+1 [8—1000] 83+ 17° - 37~
130505A 2.27 —0.69+ 0.04[-2.03+ 0.03] 690+ 30 [20- 1200] 20634 + 1014 3959+ 172 38,39
130527A - 1.04+0.04 500+ 30 [20— 10000] 1380+ 120° - 40~
1306064 5.913 -1.14+0.15 26+ 0.2* [15 - 150] 2032 22% +24.3 41,42
130609B - -0.66+0.22[-2.6 +0.2] 136+ 0.4* [10 - 1000] 491+ 20P - 43~
130701A 1.555 -09+0.21 171+0.7 [15-150] 2279+ 316 289+ 15 44,45
130803A - 0.85+ 0.09 71+03* [10 - 1000] 1416 + 1220 - 46,
130831A 0.479 -1.61+0.06[-3.3+0.3] 25+3 [20- 10000] 813+59 368+ 045 47,48
130907A 1.238 —0.91+0.02[-2.34+0.07] 220+ 10 [20—- 10000] 8818+ 246 1856 + 8.8 49,50
131030A 1.293 -0.71+0.12[-2.95+ 0.28] 100+ 10 [20-10000] 4059 + 229 103+ 11 51,52
131105A 1.686 —0.88+0.38[-2.33+ 0.33] 20+ 2 [20-10000] 419+ 102 374+ 49 53,54
140102A - ~0.71+0.02 [-2.49+ 0.07] 497 + 0.5* [10 — 1000] 186+ 5 - 55~
140206A 2.73 -1.04+0.15 194 + 0.5* [15-150] 3764+ 541 1415+ 4.8 56,57
140215A - —0.66+ 0.11[-2.94+ 0.35] 357+35 [20- 10000] 214+ 14° - 58~
140419A  3.956 -0.63038[-2.3:04] 47+18 [20-10000] 14521 +4163 5726252 59,60
140506A 0.889 -0.9+0.2[-2.0+0.1] 142+ 0.7* [10 - 1000] 266+ 68 115+ 13 61,62
140512A 0.72 -1.33+0.03 110+ 0.3* [10 - 1000] 1011+ 145 528+ 0.47 63,64
140619A - -145+0.14 46+ 0.2* [15-150] 1178 + 46.2° - 65~
140628A - -156+0.09 28+ 0.2* [15-150] - - 66,—
140629A 2.275 -1.42+0.54 47+ 0.7 [20- 10000] 2817+ 574 271+55 67,68
140703A 3.14 -1.10+0.06 41+0.2* [10 - 1000] 7328+ 580 416+ 22 69,70
10“ ﬁ |
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Fig. 1. Left panel: GRB formation rates(z) obtained with theC~ method using the BAT6ext sample (black solid line). The ddsted line and
the dot-dashed cyan line are the SFR models of Hopkins & Baeg2006) and Cole et al. (2001) shown here for reference.h&lldurves are
normalised to their maximaight panel: luminosity functiong(Lo) obtained with theC~ method using the BAT6ext sample (black solid line).
The best fit model describing this function is a broken polaar{dashed green line) witta(= -1.32+ 0.21,b = —1.84 + 0.24, L, = 10P45+015
erg/s). The orange dot-dashed line is the luminosity famatibtained by S12 in the case of pure luminosity evolution.

derive the cumulative luminosity functiob(Lo) and the GRB GRBs it containsLm ; is the minimum luminosity correspond-
formation ratey(2). ing to the flux limitS of the sample at the redshift Z,; is the
maximum redshift at which thieth GRBs with luminosityL;
For the ith GRB in the BAT6ext sample, de<an be observed (i.e. with flux above the lifBit Ljy andzmax
scribed by its Koj,z), we consider the subsampleare computed applying the K-correction because the ligitin
3 = {illoj > Loi AZ < Zma} and call Ni the number flux is computed in the observer fran@aift/BAT [15 — 150]
of GRBs it contains. Similarly, we define the subsampkeV energy band.

3 = {ilLoj > Limi A3 < z} and we callM; the number of
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ThroughM; andN; we can compute the cumulative luminos6. Monte Carlo test of the C~ method

ity function ®(Lo) and the cumulative GRB redshift distributio _ .
el r\Ne now test theC~ method used to derive(2) and ¢(Lo).

Through a Monte Carlo simulation (similar to e.g. Ghirlareda
al. 2015) we explore how well the method adopted[ih 84 can
1 recover the input assumptions, iygz) and LF#(L). In partic-
d(Lo,) = H(1+ —) (2) ular, we will show that if the sample used is highly incomeplet
Nj the resulting GRBFR and LF can differ significantly from the i
put ones. In particular, incomplete samples (either in fluk/ar
and redshift) may produce a misleading excess of low redshifB&ER
with respect to the assumedz).
We simulate GRBs distributed in redshift according to the
GRB formation ratey(2) of Li 2008 (see also Hopkins & Bea-

j<i

1
1) = 1+— 3) com 2008):
(@) U( ) (3) )
0.0157+0.118
- : V@ = 1 77323y (5)
From the latter we can derive the GRB formation rate as: +(2/3.23)

wherey(2), in units of My, yr- Mpc™3, represents the formation
1 rate of GRBs and we assume it can extend £ 10. We stress
_ dz@ av(@ that for the scope of the present test any other functiomed ff
(@ =~ (1+2)| (4)
¥(2) could be assumed.
We adopt a luminosity functiog(L) as obtained by Sal-
wheredV(z)/dz is the differential comoving volume. Thevaterra et al. 2012 from a complete sample of Swift GRBs:
differential luminosity functiong(Lo) is obtained deriving the a
cumulative oneb(Lo). (L—Lb) g
The functionsp(Lo) andy(2) are shown in Fig.1. Errors 0n¢(|‘) OC (L)b L>Ly ©6)
¢(Lo) are computed propagating the errors on the cumulative one Lo '
assuming Poisson statistics. The errors onifzpare computed ¢omposed by two power-laws with a break gt We adopted ar-
from the numben of GRBs within the redshift bin. We assumejtrary parameter valuea:= —1.2,b = —1.92 andLy = 5x 105°
that the relative error = 1/ ynis the same affecting(2). erg s*. We further assume an evolution of the luminosity propor-
tional to (1+ 2)X with k = 2.2. We assume this is the bolometric
luminosity of the simulated bursts and compute the cornedpo
5. Results ing bolometric flux. Also forg(L) we use this functional form
. . ) ) but any other function could be assumed for the scope of the
The luminosity functionp(Lo) obtained with the BAT6ext sam-  asent test.

ple is shown in Figlll (right panel) by the black symbols. \yth these two assumptions we simulate a sample of GRBs

Data are normalised to the maximum. The best fit model (gregfin a flux limit Fim = 5x 108 erg cn? 51 and we analyse it

dashed line in Fid.]1 - right panel) is represented by a brok@fy, the - method. Accounting for the truncation of the sample

power la"h{.}‘f?g'on witha = ~1.32+ 0.21,b = ~1.84+ 0.24, e recover through the statistical method of Efron & Petmsi

Ly = 10°M4:01 erg/s (wherea andb represent the slopes of(1992) the luminosity evolution in the form )%, with k ~ 2.2,

the power law below and aboug - y*/d.0f. = 0.47). In Fig. *  Then we work with the de-evolved GRB luminositieg =

[_ZI]we also show, for comparison, the luminosity function vteati L/(1 + 2?2 and derive the GRB formation raig(z) and the

in S12 through the indirect meihod deffefébed_'n 82 In the Cagfninosity functiong(Lo) through theC~ method proposed by

of pure luminosity evolut|0n§( = —~0.74%5, b = _1-920.14' Lynden-Bell et al. (1971). The left panel of FIg. 2 shows @ila

Lo = 55753 x 10°° erg/s). This model is consistent with the resymbols) that we recover the GRB formation rate of Ef. 5

sult obtained in our analysis. (dashed green line) that we adopted in the simulation. Sityil
The GRB formation rate/(z) obtained with the BAT6ext is the right panel of Figld2 shows that we also recover the lumi-

shown by the black symbols in Fi@il 1 (left panel). The greeatsity function that we adopted in the simulated sample[6=q.

dashed and the cyan dot-dashed lines are, respectivel$RARe shown by the dashed green line in Kijy. 2).

of Hopkins & Beacom (2006) and Cole (2001). Data and models We then tested what happens if we apply the same method

are normalised to their peak. Contrary to the results repdrt to an incomplete sample. Firstly we applied tBe method to

P15 and Y15, they(2) that we derive increases up o~ 2. the same simulated sample (which is built to be complete to

This trend is consistent with the independent estimatesimdd  Fj,, = 5 x 108 erg cnt? s1) from which we removed ran-

through host galaxy studies. domly a fraction of the bursts close K. This new sample is
The BAT6ext sample has a smaller completeness in redslaiftarly incomplete téi,. The results are shown in F[g. 2 by the

(~ 82%) with respect to the revised BAT6 97%). We checked blue symbols. We find that the GRB formation rait€) is flat

if this could in some way modify the shape ¢{z). For this at low redshifts (i.e. below = 2) showing a clear excess with

reason we also computed th€z) using only the 56 objects of respect to the assumed function (cf blue symbols with thergre

the revised BAT6 sample which turns out to be slightly steepaashed line in the left panel of Figl 2). The luminosity fuoot

both at low and high redshifts than the one obtained with tieflatter than the assumed one (cf blue symbols with the green

BAT6ext but totally consistent within the errors. We cort#u dashed line in Fid.]2 right panel).

that the lower completeness in redshift of the BAT6ext dag#s n  Similar results are obtained by assuming for the derivation

introduce any strong bias in tlggz) and¢(Lo) obtained. of ¥(2) and¢(Lo) a flux limit which is a factor of 5 smaller than
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Fig. 2. Left: GRB formation rate (normalised to its peak) for the simudgpepulation of GRBs with flux limit 5< 108 erg cnt? st (black

symbols). The GRB formation rate assumed in the simulatic@hown by the dashed green line. The red symbols show thigsrebtained from
the same sample using, for the analysis, a flux limit a fact& smaller than the real one. Blue symbols are obtained byicking the sample
incompleteness by removing randomly some GRBs near thelfhestiold adopted for the sample selection. Right panelutative luminosity
function, normalised to the first bin. The black, red and tgy@bols are the same as for the left panel. The assumed Isityifienction is shown
by the dashed green line.

that used to construct the simulated sample. This is anotagr al. 2004, Wu et al. 2012, P15, Y15). With the BAT6ext sample

to make the sample artificially incomplete. The results hosw  after de-evolving the luminosities for their redshift degence

by the red symbols in the panels of Hig. 2. Note that in this seee find that:

ond test the sample used is the same but it is analysed through o . . ) .

the C~ method assuming it is complete with respect to a flux- the luminosity functiong(Lo) is a monotonic decreasing

limit which is smaller (a factor of 5) than the one correspagd ~ function well described by a broken powerlaw with slopes

to its real completeness (i.e>510°8 erg cnt? s72). a = -1.32+0.21 andb = ~1.84 0.24 below and above, re-
These simulations show that if the samples adopted are SPectively, a characteristic break luminodify= 10°45+01°

highly incomplete in flux, one obtains an excess at the low red €'9/s (green dashed line in the right panel of Eig. 1). This re

shift end of the GRB formation rate and a flatter luminositydu sult (shape, slopes and characteristic break) is consistén
tion. the luminosity function found by S12 (orange dot-dashed

line in Fig.[ - right panel).
— The cosmological GRB formation raggz) (black solid line

7. Summary and discussion in the left panel of Fig[dl) increases from low redshifts to
. . . . . ) higher values peaking at~ 2 and decreases at higher red-
The aim of this work is to derive the luminosity function ohlp shifts. This trend is consistent with the shape of the SFR
GRBs and their formation rate. To this aim we apply a direct ¢ Hopkins & Beacom (2006) and Cole et al. (2001) (color
method (Lynden—Bell etal. 1971) and its specific versioeady lines in Fig.[1). Our results on(2) is in contrast with the

applied to GRBs, e.g. Yonetoku et al. (2004, 2014), Koceliski  GRBFR recently found by P15 and Y15, who, applying the

Liang (2006), Wu et al. (2014), P15, Y15. This is the firsttime  sagme method to differently selected GRB samples, report the

is complete in flux and 82% complete in redshift.

We build our sample of long GRBs starting from the BAT6  However, the result that GRBs evolve in luminosity is not the
complete sample (Salvaterra et al. 2012): this was compmgedprobe that GRBs had experienced a pure luminosity evoldition
58 GRBs detected by th®wift satellite satisfying the multiple fact theC~ method assumes the independence betviegmd z
observational selection criteria of Jackobsson (2006 )avihg and the non parametric method of Efron & Petrosian used to get
a peak photon flu > 2.6 ph cnt? s™1. Here, we update the the de-evolved luminosities assigns all the evolution i i
redshift measurement of 8 GRBs of the BAT6 (marked in itatninosity. For this reason we are not able to distinguish betw
ics in Tab[1) and accordingly revise their luminositiesefth an evolution in luminosity or in density (see also Salvatest
we update this sample to GRB 140703A ending with 99 objectd. 2012). The possible density evolution case requiresrthe
We collect their redshift measurements and spectral paemevestigation of the applicability of similar methods to th&®B
from the literature (see Tabl 1). The BAT6ext sample has a redimples and will be the subject of a forthcoming work (Pdiscal
shift completeness of 82% (82/99 burst witlz measured) and et al. , in preparation).
counts 81/99 bursts with well determinkd Finally, intrigued by the different results with respectvb5

We analyzed the BAT6ext sample searching for a possitdad P15, we performed Monte Carlo simulations in order tb tes
luminosity evolution induced by the flux threshold througle t the robustness of the~ method. We showed that this method
method proposed by Efron & Petrosian (1992). We find that tikan correctly recover the L¢{Lo) and the GRBFR/(2) assumed
L — z correlation introduced by the truncation due to the flux the simulation only if the sample of GRBs it is applied to is
limit can be described ds= Lo(1+ 2 with k = 2.5. This result complete in flux and has a high level of completeness in red-
is in agreement with what found by other authors (Yonetoku ghift. Using incomplete samples or a sample incompletedn re
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shift, the resulting GRBFR and LF can be different from thejasrimm, H. A., Barlow, B. N., Barthelmy, S. D. et al. 2012, G 13634
sumed ones. Indeed, this could account for the excess odtdE Kruhler, T., Malesani, D., Fynbo, J. P. U. et al. 2015. arXb05.06743

of GRBs at low redshift as recently reported. H

Li, L.-X., 2008, MNRAS, 388, 1487-1500
Liang, E., Zhang, B., Virgili, F., Dai, Z. G., 2007, ApJ, 861111-1118
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A. Pescalli et al.: The rate and luminosity function of longr@ma Ray Bursts

whereN(E) is the observed photon spectrum of each GRB and
FS ' ' ' ' ' ™) d.(2) is the luminosity distance at redshit The extremes of
S0 the integral in the denominator correspond to the same salue
adopted to computke. The maximum redshift,,«x corresponds
to the redshift satisfyin@®(Zmax) = Plim-

Considering the typicaBwift/BAT field of view Q = 1.33
sterad and the time of activity @ift T ~ 9 yr that covers the
BAT6ext sample, we can compute the rate= 47/QT Vmaxi for
each GRB. We divided the observed range of luminositiesia bi
of equal logarithmic width\ and estimat&;(L;) for each bin as

S2F

sS4

Log(z (L))

=56

L 1
S8 (L) = AL Zpi (A.3)
19 50 51 52 53 ” 55 where the sum is made over the bursts with luminosities
Log(L) [ergls] A/2 < Lj £ Lj+A/2. The discrete convolved luminosity function

is shown in FigCAL. The normalisation is obtained also @bns
Fig. A.1. The blue filled points represent the observed GI(E) while ering that the bursts in the BAT6_ext sample represent approx
the orange squares represent the true E(L. The solid blue lineg = Mately 1/3 of the total number &ift detected GRBs with peak
~1.39+ 0.14,b = —2.38+ 041, L, = 1053303 erg/s) and the dashed flux P>2.6 ph cmi? s™1. We verified that the BAT6ext sample (99
orange lined=-1.22+0.1,b = -2.09+ 0.95, L, = 10°33*! erg/s) are Objects) is representative in terms of peak flux distributibthe
the best fit models of the observed and true CLF respectively. larger population. The error bar associated to the discZete

are mainly related to the Poissonian error on the objectateou
Appendix A: The redshift integrated luminosit ing within the luminosity bin (see also e.g. Wolter etal. 49

PP 9 y When computing individual rates, we have used the mission

function elapsed tim& . However, this is the observer frame time and the

In this section we show how we derive the luminosity functién rate should be corrected for the cosmological time dilafidnis
GRBsintegrated over all the redshift space using the BAT6ext means that, at highey the same subset of sources should occur
sample. This is not the typical luminosity function whichdis- With a larger frequency. Therefore, we average out the ethps
rived through indirect methods, it is free from any functibn time on the redshift interval [@ma]
form and only uses the/Y¥nax concept, i.e. the maximum co- Zoax T
moving volume within which a real burst with an observed lumi .- fo 7 02
nosity could be detected by a given instrument. This is algen€ - fzmax dz
alisation of the< V/Vmax > method proposed by Schmidt (1968) 0
and applied to quasars (see Avni & Bachall 1980 for an exhausd use it in the computation of Eg.A.3. As shown in FIgJA.1,
tive description). the true CLFE(L) is flatter than the observed one because, in

However, the luminosity function obtained with this methogeneral, the true elapsed time is smaller than the obsermved o
is not the canonicap(L) but it is the result of the integration of Moreover, the correction is more pronounced for high lursityo
the latter convolved with the GRB formation rat€z) overz. We ~ GRBs observable up to high redshifts.
call this function the convolved luminosity functiagL) (CLF). The CLF obtained with the extended BAT6ext sample is
In principle the luminosity function could evolve with rétdft  shown in Fig[A.1 by the filled symbols. The observed CFL (blue
(¢(L, 2)). For this reason the shape of the CLF could be differeeymbols in Fig[AlL) can be adequately represented by a bro-
from the shape of the canonica(L). It would be simply pro- ken power law function (solid blue line in Fig_A.1) with slep
portional tog(L) only if the luminosity function does not evolve,—1.39+ 0.14 and-2.38+ 0.41 below and above the break lumi-
either in luminosity or in density. Indeed, it is possiblet@ress nosity L, = 10°3393 erg/s §?/d.o.f. = 1.04). When we correct
Z(L) in terms of luminosity function and GRB formation rate: for the cosmological time dilation the true CLF appearstglig

flatter (slopes-1.22+ 0.1 and—2.09+ 0.95 below and above the
o0 breakLy = 10°33+! erg/s -y?/d.o.f. = 0.99).

(L) = ﬁ ¢(L, 2y (2) dz (A.1) We can look at this function as a redshift integrated luminos
distribution. This is the most direct information thaewan
tain from data, in fact, it is obtained without any type ef a
sumption or observational constraints. Similarly to the fliis-
tribution logN — log S and to the redshift distribution it can be
used as a constrain. The LF and the GRBFR obtained with other
methods should reproduce this CLF once convolved togetiter a
integrated over.

(A.4)

The advantage is that it can be obtained directly from tfg%
data and it is extremely robust if derived through a flux ledit
sample. Any evolution with redshift of the luminosity or céty
is in this CFL. We use the 81/99 GRB with batand determined
L reported in Tab.1.

For each GRB of the BAT6ext sample with an associated
we estimate the maximum volumésay within which the burst
could still be detected because its flux would be larger than t
chosen threshold i.€;, = 2.6 ph cnt? st in the 15-150 keV
energy band. The observed photon flux in 8aéft/BAT energy
band as a function of the varying redshift is:

150V
)= b e O (a2)
- 47rd2(Z) 10%/(1+2)keV EN(E) dE ’
L fl/(hz)kev (E)
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