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ABSTRACT

Exploiting the powerful tool of strong gravitational lensing by galaxy clusters to study the highest-redshift Universe and cluster
mass distributions relies on precise lens mass modelling. In this work, we present the first attempt at modelling line-of-sight mass
distribution in addition to that of the cluster, extending previous modelling techniques that assume mass distributions to be on a
single lens plane. We focus on the Hubble Frontier Field cluster MACS J0416.1−2403, and our multi-plane model reproduces the
observed image positions with a rms offset of ∼ 0.′′53. Starting from this best-fitting model, we simulate a mock cluster that resembles
MACS J0416.1−2403 in order to explore the effects of line-of-sight structures on cluster mass modelling. By systematically analysing
the mock cluster under different model assumptions, we find that neglecting the lensing environment has a significant impact on the
reconstruction of image positions (rms ∼ 0.′′3); accounting for line-of-sight galaxies as if they were at the cluster redshift can partially
reduce this offset. Moreover, foreground galaxies are more important to include into the model than the background ones. While the
magnification factor of the lensed multiple images are recovered within ∼ 10% for ∼ 95% of them, those ∼ 5% that lie near critical
curves can be significantly affected by the exclusion of the lensing environment in the models (up to a factor of 200). In addition,
line-of-sight galaxies cannot explain the apparent discrepancy in the properties of massive subhalos between MACS J0416.1−2403
and N-body simulated clusters. Since our model of MACS J0416.1−2403 with line-of-sight galaxies only reduced modestly the rms
offset in the image positions, we conclude that additional complexities, such as more flexible halo shapes, would be needed in future
models of MACS J0416.1−2403.

Key words. Cluster galaxies: individual: MACS J0416.1−2403 – Cluster galaxies:general – gravitational lensing: strong – dark matter

1. Introduction

Massive galaxy clusters are the largest gravitationally bound
structures in the Universe and they are located at the nodes of
the Cosmic Web. According to the currently accepted cosmo-
logical model, which consists of a cold dark matter dominated
Universe with a cosmological constant (ΛCDM), more massive
structures form by accretion and assembly of smaller self-bound
individual systems (e.g. Springel et al. 2006). As such, galaxy
clusters are not only a perfect laboratory to study the forma-
tion and evolution of structures in the Universe (e.g. Dressler
1984; Kravtsov & Borgani 2012, and references therein), but
also to study the mass-energy density components, as dark mat-
ter and dark energy, and to constrain cosmological parameters
(e.g. Jullo et al. 2010a; Caminha et al. 2017; Rozo et al. 2010;
Planck Collaboration et al. 2014, among others).
They are also very efficient cosmic telescopes. Indeed, the mag-
nification effect produced by gravitational lensing with galaxy
clusters provides a powerful tool to detect and study high-
redshift galaxies, that would be undetectable with currently

available instruments. Gravitational lensing is a relativistic effect
for which the light travelling from a source towards the observer
is bent by the presence of matter in-between. Consequently, the
source will be observed at a different position than it actually is,
distorted in shape, and in some cases also multiply imaged (in
the so-called “strong lensing” regime). It will also appear mag-
nified by a factor µ (magnification). Once the magnification µ
is known, due to surface brightness conservation, the intrinsic
brightness and shape of the source galaxy can be reconstructed.
This will allow one to study high-redshift galaxies, providing
crucial probes of structure formation and galaxy evolution.
In the past decades, gravitational lensing with clusters has highly
improved our knowledge of the mass distribution in clusters, and
has led to the discovery of some of the highest-redshift galax-
ies (e.g. Coe et al. 2013; Bouwens et al. 2014). Being such ver-
satile laboratories for many studies, galaxy clusters have been
searched for and studied in depth in recent years. In particular,
the Hubble Frontier Fields initiative (HFF; P.I.: J. Lotz) has ex-
ploited the Hubble Space Telescope (HST) sensitivity and the
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magnification effect of six targeted strong lensing clusters to de-
tect the high-redshift Universe. These six clusters were observed
in seven optical and near-IR bands using the Advanced Camera
for Survey (ACS) and the Wide Field Camera 3 (WFC3), achiev-
ing an unprecedent depth of ∼ 29 mag (AB). The HFF initiative
has provided a sample of high-redshift galaxies that will allow
one to investigate their properties in a statistically significant
way.
As previously mentioned, to reconstruct the intrinsic brightness
of these far away sources, the magnification effect needs to be
accounted for. This can be done only by modelling in detail the
mass distribution of the lensing cluster. High precision recon-
struction of cluster lenses is necessary to avoid systematic errors
affecting the cluster mass reconstruction or the source brightness
substantially. In recent years, the models of clusters of galaxies
have been performed with increasing precision (e.g. Grillo et al.
2015; Caminha et al. 2017, among others). However, current
analyses using single-plane approach seem to have reached a
limit in reproducing the observables. This approach consists of
modelling the lens as if it were an isolated system on a single
redshift-plane, and has led to models with an rms between the
observed and predicted positions of the multiple images of the
strongly lensed background sources of ∼ 0.′′5 − 1′′, which is
greater than the observational uncertainty (∼ 0.′′05). To account
for the residual offset, it might be necessary to also consider the
lensing environment in the model. In fact, we expect that the
contribution of the line-of-sight (LOS) matter can affect the ob-
servables more than the observational uncertainties. Therefore,
this effect needs to be taken into account to study its contribution
to the recovered offset between observations and current cluster
models (e.g. D’Aloisio et al. 2014; Caminha et al. 2016).
In this work we simulate galaxy cluster lensing observations, ac-
counting for the LOS effects using multi-plane lensing formal-
ism, and study the effects of the LOS structures on the magnifica-
tion and position of the images. We then analyse these simulated
data to study the cluster mass distribution and to reconstruct the
high-redshift galaxies intrinsic brightness. We analyse toy mod-
els of clusters, and then a mock model that is as similar as possi-
ble to the HFF cluster MACS J0416.1−2403, to make our study
more realistic.
The work is organised as follows: in Section 2 we describe our
analysis’ method, the multi-plane formalism, and the profiles
we use to parametrise the lens cluster. In Section 3 we anal-
yse toy models of simplistic clusters and in Section 4 we model
the mass distribution of a real cluster, namely the HFF clus-
ter MACS J0416.1−2403. We use our best-fit model to generate
lensing observables from a simulated mock system that mimics
MACS J0416.1−2403 and we model the simulated cluster with
different assumptions. We discuss our results in Section 5.
Throughout this work, we assume a flatΛ-CDM cosmology with
H0 = 70 km s−1 Mpc−1 and ΩΛ = 1 − ΩM = 0.70. From the red-
shift of the lens (zc = 0.396) in Section 4.1, one arcsecond at the
lens plane in MACS J0416.1−2403 corresponds to ∼ 5.34 kpc.
The magnitudes are all given in the AB system. The uncertainty
we consider for all the image positions corresponds to the pixel
scale 0.′′065, unless stated otherwise.

2. Multiple lens plane modelling

In this work, the modelling is obtained using GLEE, a software
developed by A. Halkola and S. H. Suyu (Suyu & Halkola 2010;
Suyu et al. 2012). This software uses parametrised mass profiles
to describe the halo and galaxies and a Bayesian analysis to in-
fer the best-fit parameter values and their variances and degen-

eracies. It also includes the possibility of considering lenses at
different redshifts (multiple lens plane modelling; Suyu et al. in
preparation). In the following sections we introduce the multiple
lens plane formalism (Section 2.1), we describe the lens profiles
that we use for the lens galaxies and dark matter halos (Section
2.2) and the scaling relations we use for the cluster members and
the LOS galaxies (Section 2.3). We discuss how we determine
the model parameters using a Bayesian approach in Section 2.4.

2.1. Multi-plane Formalism

In this Section we briefly revisit the generalised multi-plane
gravitational lens theory (e.g. Blandford & Narayan 1986;
Schneider et al. 1992), which considers the fact that a light ray
can be bent multiple times by several deflectors during its path.
This theory takes into account the effect of secondary lenses at
different redshifts using the thin-lens approximation for every
deflector on its redshift plane. The lens equation in this formal-
ism is (following Gavazzi et al. 2008)

θ j(θ1) = θ1 −
∑ j−1

i=1

Di j

D j
α(θi), (1)

where θ1 is the image position on the 1st plane (observed image
plane), θ j is the image position on the j-th plane and α(θi) is the
deflection angle on the i-th plane. In this recursive equation the
deflection angle on one plane depends on the deflection angle of
all the previous planes. The source position β, which is on the
N-th plane, corresponds to

β = θN(θ1) = θ1 −
∑N−1

i=1
DiN

DN
α(θi). (2)

Therefore the total deflection angle αtot is the sum of all the de-
flection angles on all planes, namely

αtot =
∑N−1

i=1
DiN

DN
α(θi). (3)

2.2. Lens mass distributions

In GLEE, we use parametric mass profiles to portray the clus-
ter members component, the line-of-sight-perturber galaxies
component, and the contribution of the remaining intra clus-
ter mass (mainly dark matter) respectively. We model the lu-
minous mass component (i.e. members and LOS galaxies) with
a truncated dual pseudo-isothermal elliptical mass distribution
(dPIE; Elı́asdóttir et al. 2007; Suyu & Halkola 2010) with van-
ishing core radius. Their dimensionless projected surface mass
density, i.e. convergence, for a source at zs = ∞, is:

κdpie(x, y) = θE
2

(

1
Rem
− 1√

R2
em+r2

t

)

, (4)

where (x, y) are the coordinates on the lens plane, θE is the lens
Einstein radius, rt is the truncation radius. The mass distribution
is then suitably rotated by its orientation angle θ and shifted by
the centroid position of the coordinate system used. The 2D el-
liptical mass radius is

Rem =

√

x2

(1+e)2 +
y2

(1−e)2 , (5)

and the ellipticity is

e =
1−q

1+q
(6)
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where q is the axis ratio. Therefore, the parameters that identify
this profile are its central position (xc, yc), its axis ratio q, its
orientation θ, its strength θE, and its truncation radius rt. The 3D
density corresponding to this κ is

ρdpie(r) ∝
(

r2(r2 + r2
t )

)−1
, (7)

where r is the 3D radius. As we can see, for r greater than the
truncation radius, this density distribution is truncated, i.e. scales
as r−4. To be noted in isothermal profiles there is a direct relation
between the value of the velocity dispersion σ of the lens and
that of its strength θE, namely

σ
c
=

√

θE
4π
. (8)

To model the remaining mass of the cluster, especially the con-
tribute of dark matter halos, we use a 2D pseudo-isothermal el-
liptical mass distribution (PIEMD; Kassiola & Kovner 1993)
or a softened power-law elliptical mass distributions (SPEMD;
Barkana 1998). The convergence of the PIEMD profile is

κpiemd(x, y) = θE

2
√

R2
em+r2

c

, (9)

where, again, (x, y) are the coordinates in the lens plane, Rem is
the elliptical mass radius, θE is the lens Einstein radius and rc is
the core radius. The mass distribution is then suitably rotated by
its orientation angle θ and shifted by the centroid position of the
coordinate system used. The parameters that identify this profile
are its central position (xc, yc), its axis ratio q, its orientation θ,
its strenght θE, and its core radius rc. In the case of the SPEMD,
there is one additional parameter, which is the slope γ of the
profile, since its convergence is

κspemd(x, y) = θE

(

x2 +
y2

q2 + r2
c

)−γ
, (10)

where q is the axis ratio, rc is the core radius, γ is the power law
index, which is 0.5 for an isothermal profile (Barkana 1998).

2.3. Scaling relation

Throughout this work, to reduce the number of model param-
eters and therefore increase the computational efficiency of our
modelling, we assume scaling relations for the Einstein radii and
truncation radii of the cluster members, i.e. we scale them with
respect to a reference galaxy, which we choose as the brightest
cluster galaxy (BCG). The scaling is done following Grillo et al.
(2015),

θE,i ∝ θE,g
(

Li

Lg

)0.7

, rt,i ∝ rt,g

(

Li

Lg

)0.5

, (11)

where θE,i and rt,i are the Einstein radius and the truncation ra-
dius of the i-th galaxy with luminosity Li, and θE,g, rt,g, Lg are the
properties of the BCG. This is equivalent to having cluster mem-

bers with a total mass-to-light ratio MT

L
∝ L0.2 , also known as

the tilt of the fundamental plane (Faber et al. 1987; Bender et al.
1992), since

MT,i

Li
∼ σ

2
i
rt,i

Li
∼ L0.7

i
L0.5

i

Li
∼ L0.2

i
. (12)

To test how the values of the parameters change if we assume a
different scaling relation, we also use

θE,i ∝ θE,g
(

Li

Lg

)0.5

, rt,i ∝ rt,g

(

Li

Lg

)0.5

. (13)

This is equivalent to having cluster members with constant total
mass-to-light ratio, since, as shown in Grillo et al. (2015)

MT,i

Li
∼ σ

2
i
rt,i

Li
∼ L0.5

i
L0.5

i

Li
∼ L0

i
. (14)

2.4. Determination of model parameters

GLEE uses a Bayesian analysis to infer the best-fit parameters,
i.e. those that maximise the likelihood on the image plane (given
uniform priors on the parameters), namely the probability of the
data (the observed image positions Xobs, which corresponds to
θ1 in Section 2.1) given a set of parameters η of the model. This
likelihood

L(Xobs|η) ∝ exp

[

− 1
2

∑Nsys

j=1

∑Nim,j

i=1

|Xobs
i, j
−X

pred

i, j
(η)|2

σ2
i, j

]

(15)

describes the offset between the observed X
obs
i, j

and predicted

X
pred

i, j
image positions for all the images Nim, j of the observed

image system j of Nsys, where σi, j is the observational uncer-
tainty of the i-th image of the j-th source. We use a simu-
lated annealing technique to find the global minimum and re-
cover the best-fit parameter values, Markov Chain Monte Carlo
(MCMC methods based on Dunkley et al. 2005) and Emcee
(Foreman-Mackey et al. 2013) to sample their posterior proba-
bility distributions. The posterior probability is obtained using
Bayes’ Theorem

P(η|Xobs) ∝ L(Xobs|η)P(η), (16)

where P(η) is the prior probability on the model parameters, that
we always assume to be uniform. The model parameter values
we show are the median of the one-dimensional marginalized
posterior PDF, with the quoted uncertainties showing the 16th
and 84th percentiles (i.e., the bounds of a 68% credible interval).
To obtain realistic uncertainties for the model parameters, we run
a second MCMC analysis where we increase the image position
uncertainty to roughly the value of the rms, to account for the
model imperfections (e.g. lack of treatment for elliptical cluster
members, simplistic halo models, neglecting small dark-matter
clumps).

3. Toy Models

We begin with simple toy models of lenses at multiple redshifts
in order to gain intuition for multi-plane lens modelling. We gen-
erate mock lensing observables and analyse the impact of the in-
troduction of multi-plane lenses by fitting the same image posi-
tions with both a multi-plane-lens and a single plane-lens model.

3.1. Two lenses at different redshifts

We start our analysis with a simple toy model composed of two
lenses (modelled as SISs), at redshifts zd1 = 0.5, zd2 = 0.7
aligned along the LOS and with Einstein radii of ∼ 2.6.′′ and
∼ 1.6.′′ respectively, and a point source at redshift zs = 2, as
shown in Figure 1. We study different configurations, in terms
of lens location and lensed image positions, and test how well,
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Fig. 1: Positional setup of the two lenses. The first lens (purple)
is at zd1 = 0.5, the second lens (red) at zd2 = 0.7. Both the
lens are SISs. The dotted arrows indicate the direction in which
we shift the second lens to experiment the effects on the image
positions and magnification.

for the same simulated observed image positions, we are able
to reconstruct the properties of the system using a single lens
at zsd = 0.5 whose center is coincident with the input position
of SIS1. We find that the variation of the mass of SIS2 still al-
lows us to fit the image and source positions and reconstruct the
magnification with a single lens, if the two lenses are aligned.
We obtain a θE,sd which increases as we increase the mass of the
second lens. Instead, variations in the position of SIS2 with re-
spect to the optical axis (we choose a range of 0.′′2 − 1.′′5) still
allow a perfect fit to the same image positions with a single lens,
whose θE,sd is unchanged with respect to changes of SIS2’s dis-
tance from the optical axis. However, the magnification of the
multi-plane system decreases as SIS2 moves further away from
the optical axis. Finally, if we shift SIS2 on the optical axis to
higher redshifts, we observe that θE,sd decreases, while the mag-
nification increases accordingly for both the multi-plane and sin-
gle plane lens system.

3.2. Mock cluster lensing mass distribution 2

3.2.1. Input

We now create a more realistic mock system, composed by a
cluster at zc = 0.4 with a halo and ten elliptical galaxies hav-
ing different, realistic luminosities, axis ratios and orientations.
We assume a total mass-to-light ratio corresponding to the tilt
of the fundamental plane, and we scale the mass and the trun-
cation radii according to Equation 11. We add two foreground
perturbers at zfd = 0.2, one close and one far away in projec-
tion from the cluster center, and one close-in-projection back-
ground perturber at zbd = 0.6, as shown in Figure 2. All the
perturbers are massive (Einstein radii of 2.′′) and have the same
Einstein radii, random ellipticity (between 0.6 and 1) and ori-
entation, as shown in Table 1. We adopt a SPEMD profile for
the halo, and dPIEs for the cluster members and LOS galaxies.
We use this configuration to simulate mock lensing data, and
we obtain a set of 17 multiple image positions of the 3 back-
ground sources, shown in Figure 3. We then model the param-
eters, i.e. all the halo parameters mentioned in Section 2.2, the
cluster members’ Einstein and truncation radii (with the scaling
relation in Equation 11 unless otherwise stated) and perturbers’
Einstein radius (truncation radius was fixed to 15′′), with both
the multi-plane set-up and the single-plane set-up (i.e. the clus-
ter only).

Fig. 2: Cluster galaxies’ positional distribution for mock cluster
lensing mass distribution 2. The transparent circles are the clus-
ter members (magenta), foreground perturbers (pink) and back-
ground perturbers (blue). The circles radii are proportional to
the galaxy’s luminosity, relative to the BCG (biggest circle) lu-
minosity.
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Fig. 3: Mock cluster lensing mass distribution 2. The black cir-
cles represent the lenses (cluster members), the grey circles
the foreground galaxy (darker grey) and the background galaxy
(lighter grey). The cyan triangles, magenta squares and red stars
represent the images of the three sources, respectively at zs1 =

1.5, zs2 = 2.0, zs3 = 2.5. The circles radii are proportional to the
galaxy’s luminosity relative to the BCG (biggest circle).
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3.2.2. Full multi-lens-plane modelling

In the full multi-lens-plane model, since it has the same proper-
ties as the input (i.e. perturbers, scaling relation for cluster mem-
bers etc.), we recover, within the errors, the initial parameters we
have used to simulate, as shown in the MP-full column of Table
1. The modelled image positions and the magnifications are per-
fectly fitted, i.e. with a null total-rms offset.

3.2.3. Single cluster-plane modelling

The single plane case, as shown in column SP in Table 1, shows a
shift of the halo centroid position of ∼ 1.′′4, due to the removal of
the foreground perturber which was lensing it, an overestimation
of the halo Einstein radius of∼ 3.′′. The halo’s profile slope is less
peaky in the center, and it has a core radius that is ∼ 2.′′5 bigger.
In terms of image positions and magnification, we find that the
image positions’ total rms offset is∼ 0.′′55, and the magnification
is generally greater, up to 3 times higher.

3.2.4. Mock Cluster model 2: Assuming constant total
mass-to-light ratio

In this experiment, we test how the parameters change if we
model assuming a different total mass-to-light relation. We
choose a constant total mass-to-light ratio, which scales the
Einstein and truncation radii of the cluster members as shown in
Equation 13. If we model the observables with the multi-plane
system, we find, as shown in column MP-constML in Table 1,
that the halo centroid position is shifted by ∼ 0.2′′. Even if the
lensing effects of the foreground galaxy are still present, the
halo is slightly more elliptical and the slope is slightly bigger.
The cluster members have instead a bigger Einstein radius and
a smaller truncation radius. All the remaining parameters are
recovered within the errors. Modelling with the single-plane
(SP-constML in Table 1) instead changes the halo center
by ∼ 1.′′5, the halo Einstein radius by ∼ 2.′′5, which is less
than what we recover in the single-plane with the previous
mass-to-light ratio assumption, and underestimates the cluster
galaxies masses. This model also predicts a shallower halo.
In terms of image positions, we find that the total rms for
the multi-plane system is ∼ 0.′′12 and the magnification is
generally smaller, within a ratio of ∼ 0.6 − 0.8, showing that
this approximation works slightly worse than the original total
mass-to-light ratio used to simulate. The single-plane system,
instead, has a total rms of ∼ 0.′′5, which appears to be less
than what we recover using as total mass-to-light the tilt of the
fundamental plane. This shows that, in the single-plane case,
this approximation works slightly better than the standard SP.
This is also confirmed by the magnification, which is still higher,
but only up to 2 times higher. This unexpected behaviour might
be explained by the fact that, as shown in Figure 4, assuming
a constant total mass-to-light ratio implies, given the same
Einstein radius of the reference member, bigger Einstein radii
for the other members (radius of circles in Figure 4 proportional
to Einstein radius). This is compensated by a decrease of the
halo Einstein radius, i.e. closer to its input value, to preserve
the total mass within the total Einstein radius of the cluster.
Probably a closer Einstein radius value for the halo is more
efficient in reproducing the overall effect on image positions and
magnification.
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Fig. 4: Cluster galaxies’ positional distribution of mock mass
distribution 2, in the case of the total mass-to-light ratio
equalling the tilt of the fundamental plane (left) and equalling
to a constant (right). The circles radii are proportional to the
galaxy’s Einstein radius relative to the BCG (biggest circle)
mass.

3.2.5. Mock Cluster model 2: Assuming spherical galaxies

The next test is to model all the galaxies (members and LOS
galaxies) as if they were spherical. The multi-plane system mod-
elling, as shown in column MP-s in Table 1, shows an offset of
the halo centroid position of ∼ 0.′′7, and an underestimation of
its Einstein radius of ∼ 3′′. The cluster galaxies and the back-
ground perturber have a bigger Einstein radii, while the fore-
ground close-in-projection perturber has a smaller Einstein radii
than the original parameter used to simulate. The image posi-
tion rms is close to the observational uncertainties of ∼ 0.′′065,
and the magnification is generally smaller, within a factor of
0.7 − 1. This shows that, despite the low rms, assuming spheri-
cal galaxies creates quite a substantial offset in centroid position
and Einstein radius. This suggests we should be cautious in inter-
preting the reconstructed cluster mass distribution, since having
small rms, even comparable to positional uncertainty, does not
guarantee unbiased recovery of the lens parameters. However,
since our model is very simplistic (i.e. few cluster members
and very massive perturbers along the line-of-sight), we suspect
these results might not be so prominent in more realistic cases
where there are many more galaxies and the ellipticity averages
out. In the single-plane case, we have that the parameters are
consistent, within the errors, to the case with elliptical galaxies
and the total rms is ∼ 0.′′55.

3.2.6. Mock Cluster model 2: Assuming spherical cluster
members

To further investigate the spherical assumption on galaxies, we
produce a multi-plane model similar to that done previously, but
assuming only the cluster members to be spherical. Therefore,
the perturbers maintain their original ellipticity used to simu-
late. As shown in column MP-sm in Table 1, this test still pro-
duces an offset in the centroid position, but by only ∼ 0.′′4; it
underestimates the halo Einstein radius, but by 4σ, and overes-
timates the cluster member Einstein radius by ∼ 3σ, which is,
instead, greater than the case where all the galaxies were spher-
ical. This model also still overestimates the background pertur-
turber and the far-in-projection foreground perturber mass, but
by a smaller amount, and does recover the close-in-projection
foreground mass. Unlike previously, the halo slope is underes-
timated, which makes the profile smoother. The image position
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rms is close to the observational uncertainties of ∼ 0.′′083, and
the magnification is generally smaller, within a factor of 0.7−0.9.
As already mention in Section 3.2.5, we suspect these results
will be mitigated in more realistic clusters cases.

3.2.7. Mock Cluster model 2: Average surface mass density

To explore the real differences in mass among the models, we
compute the average surface mass density Σ(< R). We obtain the
convergence κ from GLEE and multiply it by the critical surface
mass density Σcrit using the definition of convergence,

κ = Σ

Σcrit
, (17)

where Σcrit is

Σcrit =
c2

4πG

Ds

Dd Dds
. (18)

We use the cluster redshift and the median source at redshift z=2
for computing Dd, Ds and Dds. We then compute the average
surface mass density, namely

Σ(< R) =

∫ R

0
Σ(R′)2πR′ dR′

πR2 , (19)

for all the best-fit models, both multi-plane and single plane. In
the multi-plane case, these quantities need to be properly de-
fined using the multi-plane formalism we described in Section
2.1. The deflection angle which we obtain the multi-plane kappa
from is the αtot expressed by Equation 3. The quantity that comes
from differentiating this αtot is what we call the “effective” con-
vergence κEff . We then multiply this quantity by Σcrit to obtain the
“effective” average surface mass density ΣEff(< R). Therefore,
this quantity is not a physical surface density, but the Laplacian
of the total deflection angle αtot, which receives contribution
from all the planes.
Figure 5 shows Σ(< R), from top to bottom, for both the single
plane and multi-plane cluster models. Note that, instead, in the
bottom panel of Figure 5, we plot the “effective” average surface
mass density ΣEff(< R), since it contains contributions from both
the cluster and the perturbers, which are at different redshifts.
The central panel of Figure 5 shows, instead, the real Σ(< R) of
the cluster for the multi-plane model, which we obtain by the
multi-plane best-fit models, but removing the LOS perturbers in
computing the convergence κ. We see that the different models in
the top and bottom panels of Figure 5 tend to agree very well at
∼ 10′′, which is around the Einstein radius of the system. In the
central panel of Figure 5, however, the model with the spherical
galaxies assumption differs by ∼ 10% from the one with ellip-
tical galaxies. This might be due to the fact that, for that multi-
plane model, we computed κ for the cluster only, i.e. removed
some mass inside the Einstein radius, which is the quantity that
lensing constraints tightly. This is also confirmed by Figure 6,
where we see that the spherical assumption is always offset from
the input model (which has elliptical galaxies and mass-to-light
ratio equal to the tilt of fundamental plane). Moreover, it ap-
pears that the spherical model gives more mass to the perturbers,
as shown already in Table 1. If we look at the case with only
the cluster members to be spherical, we see that the offset to
the model is smaller with respect to the case where also the per-
turbers are assumed spherical, as also clear from Figure 7, where
we see that this is valid also in the single-plane case. This might
be due to the fact that, leaving to the perturbers their original el-
lipticity gives them less mass, as we can see from the parameters.

Therefore the total cluster mass is recovered better. Finally, we
observe that the multi-plane models are generally peakier in the
center, as compared to single-plane ones (see Figure 7), since,
as seen from Table 1, their core radius is smaller than that of the
single plane case.

3.2.8. Mock Cluster model 2: Generic effects of LOS
perturbers in the toy model

We find that the halo orientation and ellipticity are robust pa-
rameters, as we also notice in Mock cluster mass distribution 1
(discussed in Appendix), as they mainly stay, within the errors,
close to the original values used to simulate.We also see that
constraining the truncation radius of the galaxies is extremely
difficult, as can be see also in Mock cluster mass distribution
1 (discussed in Appendix). However, in general this parameter
does not appear correlated to the other parameters, and it is sam-
pled as a flat probability distribution. We also note that the mass
of the far away perturber is a quantity that is not generally cor-
related to the other parameters, except for a slight correlation to
the cluster galaxies mass and the halo mass and slope. Moreover,
its posterior probability distribution is flat, therefore this quan-
tity is mostly unconstrained. In the multi-plane models we find
a strong correlation between the core radius and the slope of
the halo, which might be due to the fact that if we increase the
core radius, the slope of the halo becomes less peaky, and that
the background mass is strongly correlated with the mass of the
foreground and with the halo mass. In all the single-plane cases,
we find slight degeneracies between the halo ellipticity, mass and
the cluster galaxies’ mass. These degeneracies, as mentioned in
Section 5, would keep approximately the same total mass en-
closed within the multiple images. Moreover, in Mock cluster
mass distribution 1 (discussed in Appendix) we explore the ef-
fect of the single perturber, i.e. only foreground and only back-
ground. We find that including the foreground is more important
for a precise image reconstruction and for recovering the input
parameter of the cluster, due to the lensing effect of foreground
galaxies on the cluster itself.

4. MACS J0416.1−2403 mass distribution

4.1. Observation of MACS J0416.1−2403

In this section we model the mass distribution of the HFF clus-
ter MACS J0416.1−2403 (from here on, MACS0416), which is
a massive luminous cluster at zc = 0.396, with a very large
spectroscopic data set along the line of sight (Balestra et al.
2016). This cluster, shown in Figure 8, was first discovered
within the MAssive Cluster Survey (MACS) in the X-rays by
Mann & Ebeling (2012). It shows an elongation in the NE-SW
direction and was firstly identified as a merger. Since its discov-
ery, MACS0416 has been extensively studied (e.g. Zitrin et al.
2013; Jauzac et al. 2014, 2015; Grillo et al. 2015; Caminha et al.
2017; Hoag et al. 2016; Kawamata et al. 2016; Natarajan et al.
2017; Bonamigo et al. 2017) as it represents an efficient lens
for magnifying sources and producing multiple images (strong
lensing regime), as shown in Figure 9. In most recent stud-
ies (Grillo et al. 2015; Caminha et al. 2017) the image position
was reconstructed with extremely high precision (∆rms ∼ 0.′′3 in
Grillo et al. (2015), with a set of 30 spectroscopically identified
images, and ∆rms ∼ 0.′′59 in Caminha et al. (2017), with a set
of 107 spectroscopically confirmed images), reaching the limit
of what can be achieved by neglecting LOS contribution in the
modelling. To study the effect of the LOS galaxies, we create
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Table 1: Constraints on lens parameters for different models of Mock cluster lensing mass distribution 2. The first column refers
to the values used to simulate, the other columns refer to different models, in order, the full multi-plane, the single cluster-plane,
the full multi-plane and the single cluster-plane with constant mass-to-light ratio, the multi-plane and the single cluster-plane with
spherical galaxies, and finally the full multi-plane with spherical cluster members only. The values are the medians of the posterior
probability distributions of the lens parameters together with their 1σ uncertainties. The orientation is measured counter clockwise
from positive x-axis.

Parameters Input MP-full SP MP-constML SP-constML MP-s SP-s MP-sm

θE, fd1 [′′] 2.00 1.99+0.09
−0.08

− 1.98+0.12
−0.12

− 2.38+0.08
−0.08

− 1.97+0.07
−0.07

θE, fd2 [′′] 2.00 2.02+0.19
−0.19

− 3.10+1.4
−2.00

− 3.10+1.4
−1.9

− 3.00+1.4
−1.7

xhalo [′′] 0.00 0.00+0.08
−0.08

0.45+0.13
−0.13

0.20+0.16
−0.16

0.63+0.12
−0.13

0.63+0.08
−0.09

0.53+0.11
−0.14

0.43+0.07
−0.07

yhalo [′′] 0.00 0.00+0.09
−0.08

1.30+0.20
−0.20

0.01+0.09
−0.09

1.30+0.19
−0.19

− 0.31+0.05
−0.04

1.10+0.18
−0.17

− 0.10+0.05
−0.05

b
a halo

0.80 0.80+0.00
−0.00

0.86+0.03
−0.04

0.75+0.02
−0.02

0.84+0.03
−0.04

0.71+0.02
−0.03

0.85+0.04
−0.05

0.74+0.02
−0.02

θhalo [rad] 0.00 0.00+0.00
−0.00

0.00+0.02
−0.02

0.00+0.05
−0.05

0.00+0.02
−0.02

0.02π+0.00
−0.00

0.00+0.02
−0.02

0.01π+0.00
−0.00

θE, halo [′′] 10.00 9.99+0.16
−0.16

12.90+1.00
−0.79

9.83+0.38
−0.40

12.50+0.93
−0.72

6.87+0.47
−0.39

12.90+2.20
−1.00

8.81+0.27
−0.28

rc, halo [′′] 2.00 2.00+0.24
−0.23

4.50+0.77
−0.74

1.80+0.32
−0.28

4.90+0.71
−0.72

1.10+0.14
−0.12

4.10+0.77
−1.30

1.81+0.17
−0.17

γhalo 0.40 0.40+0.02
−0.02

0.56+0.13
−0.11

0.46+0.04
−0.04

0.68+0.09
−0.13

0.39+0.02
−0.02

0.52+0.10
−0.15

0.44+0.02
−0.02

θE, g [′′] 3.00 3.00+0.09
−0.09

2.20+0.38
−0.35

3.65+0.25
−0.23

2.20+0.34
−0.33

3.27+0.12
−0.12

2.10+0.43
−0.47

3.40+0.12
−0.12

rt, g [′′] 15.0 15.10+1.10
−1.00

220.03+82.84
−34.23

8.50+1.15
−0.97

69.60+51.62
−32.68

34.00+11.94
−8.51

506.70+146.0
−407.89

14.50+1.62
−1.33

θE, bd [′′] 2.00 2.00+0.24
−0.25

− 2.30+0.41
−0.42

− 3.48+0.20
−0.23

− 3.01+0.22
−0.21

rms [′′] 4.09 × 10−5 0.549 0.126 0.511 0.069 0.547 0.083

a mock mass distribution by building a model of MACS0416
that reproduces the observables as close as possible, and we
use the model parameters to produce simulated observables. We
then model the mock MACS0416 with different assumptions and
compare them to the input mock model to assess the impact of
LOS perturbers, as was done in previous sections.

4.2. MACS J0416.1−2403 best-fit model

We model the mass distribution of MACS0416 with a single-
plane setup very similar to that presented by Caminha et al.
(2017), but optimised independently with GLEE. This model
consists of 193 cluster members, 3 dark matter halos and it is
modelled on a set of 107 images (shown in Figure 9) corre-
sponding to 37 sources, all of them spectroscopically confirmed.
We then include into the model 11 chosen foreground and back-
ground galaxies, which are listed in Table 2 and discussed in
Section 4.2.1. We use truncated dual pseudo-isothermal ellipti-
cal mass distributions (dPIEs) to represent the galaxies (mem-
bers and perturbers), and pseudo-isothermal elliptical mass dis-
tribution (PIEMDs) for the halos, as these profiles were shown
to reproduce better the observables (Grillo et al. 2015). We as-

sume all the galaxies to be spherical. Two halos are located on
the North-East (halo 1), South-West (halo 2) and centered, re-
spectively, on the Northern and Southern BCGs. A third smaller
halo is located to the Eastern part of the northern halo.
To obtain the best-fit model that includes the perturbers, we
model the halo parameters (centroid position (xh, yh), axis ra-
tio b

a
, orientation θ, Einstein radius θE,h, core radius rc,h), the

Einstein radii and truncation radii of the cluster members and
perturbers. We scale the Einstein radii and truncation radii of the
cluster members using the tilt of fundamental plane for the to-
tal mass-to-light ratio (Equation 12), as done in Section 3.2.1,
using Equation 11. This mass-to-light ratio was shown to bet-
ter reproduce the image position of this cluster by Grillo et al.
(2015). We do not include in the scaling relation of the clus-
ter members a luminous galaxy which is very close to the bright
foreground galaxy (and also to a less massive foreground galaxy)
in the South-West region of the cluster (see Figure 10). The rea-
son for this choice is that the light contamination from the fore-
ground galaxy in that region does not allow an accurate estima-
tion of the cluster member’s magnitude, which is also affected
by the magnification due to the foreground galaxies. We quanti-
fied the same magnification effect due to the foreground galaxies
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Fig. 5: Average surface mass density Σ(< R) for source at zs = 2 as a function of radius from the BCG for the best-fit models of mock
mass distribution 2. From top to bottom: single plane cluster, cluster (without line-of-sight perturbers) from multi-plane models, and
total multi-plane configuration. In each plot, the lines represent the model (dashed black), the model where we assumed constant
mass-to-light ratio (light blue), the model where we assumed spherical galaxies (red) and, only in the multi-plane cases, the model
where we assumed only spherical cluster members (blue). Note that in the total multi-plane configuration the ΣEff is relative to the
total deflection angle, as explained in Section 3.2.7. We find that at θE,tot ∼ 10.′′ all models converge to a certain value of Σ(< R) and
ΣEff in the top and bottom panels, showing that strong lensing provides accurate mass enclosed within the Einstein radius.

on other close-by cluster members, but we saw it was negligible.
We find that allowing that particular member to vary freely (both
its Einstein radius, and truncation radius) decreases substantially
the χ2 of around ∼ 18%. We scale the Einstein radius and trun-
cation radius of the perturbers as explained in Section 4.2.1. We
use an error on the images which corresponds to the observa-
tional uncertainty ∼ 0.′′06 (one pixel). However, we use a special
treatment for images with high magnification forming arcs, since
they have a more elliptical shape. We therefore introduce ellip-
tical errors for those systems, with the minor axis of around one
pixel, the major axis between 0.′′2−0.′′4 (depending on the spatial
extent of the arc) and oriented along the direction of the arc.

4.2.1. LOS secondary lenses

The secondary lenses are chosen among the brightest objects
of the HST image, selected using near-IR (F160W) luminosi-
ties. We expect these brightest LOS galaxies to have the most
significant effects on the modelling, compared to other fainter
LOS galaxies. For the background perturber we take into ac-
count the magnification effect due to the cluster lensing. We
keep the number of perturbers relatively low (11) for compu-
tational efficiency and such that the addition of cosmic voids in
the environment of the lens is not necessary. Figure 8 shows the
cluster MACS0416 with the perturbers, indicated by color de-
pending on whether they are foreground or background galaxies.
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Fig. 6: Average surface mass density Σ(< R) for source at zs = 2 as a function of radius from the BCG for the multi-plane best-fit
models of mock mass distribution 2. Left: cluster halo only. Right: cluster members only. In each plot, the four lines represent the
full multi-plane model (dashed black), the model where we assumed constant mass-to-light ratio (light blue), the model where we
assumed spherical galaxies (red), and the model where we assumed only spherical cluster members (blue).
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Fig. 7: Average surface mass density Σ(< R) for source at zs = 2 as a function of radius from the BCG for the single plane best-fit
models of mock mass distribution 2. Left: cluster halo only. Right: cluster members only. In each plot, the three lines represent the
full multi-plane model (dashed black), the model where we assumed constant mass-to-light ratio (light blue), and the model where
we assumed spherical galaxies (red).

To be noted that the brighest foreground perturber in the south-
ern region of the cluster was already included in previous mod-
els (Johnson et al. 2014; Richard et al. 2014; Grillo et al. 2015;
Caminha et al. 2017), but at the cluster redshift. We include this
foreground bright galaxy to its actual redshift z=0.1124 (first
object in Table 2). Each of the 11 LOS perturber has two ad-
ditional parameters (Einstein and truncation radii), and we scale
the Einstein and truncation radii of these LOS galaxies with re-
spect to the brighter ones. We scale separately the foreground
and background, using the definition of apparent magnitude and
correcting the observed magnitude of the background for the
magnification effect due to the presence of the foreground and
the cluster, as follows:

m − mref = −2.5 log10

(

F
Fref

)

, (20)

where the flux F

F = L

4πD2
l

, (21)

with Dl the luminosity distance to the object. Substituting in the
definition of magnitude,

m − mref = −2.5 log10

















L

4πD2
l

Lref

4πD2
l,ref

















, (22)

we obtain

m − mref = −2.5 log10

(

L
Lref

(

Dl,ref

Dl

)2
)

. (23)
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Fig. 8: Colour image of MACS J0416.1−2403 obtained through a combination of the HST/ACS and WFC3 filters. We mark the
selected 11 secondary lenses that we included in our model to account for the LOS contribution, using different colors for foreground
(cyan) and background (magenta). In green we circle the cluster members. In white are marked the two BCGs. North is up and East
is left.

If we now want to obtain the luminosity, we revert the equation
to

L
Lref
= 10

mref−m

2.5

(

Dl

Dl,ref

)2
, (24)

and we scale it with the magnification µ,

Lr =
µref

µ
L

Lref
=
µref

µ
10

mref−m

2.5

(

Dl

Dl,ref

)2
, (25)

where the magnification value for each perturber galaxy is ob-
tained from the multi-plane best-fit model with only the fore-
ground galaxies and the cluster. Therefore, the scaling is ob-
tained by multiplying the reference quantity to the luminosity

ratio Lr as shown in Equation 11. We let the bright foreground
galaxy at z = 0.1124 free to vary, and we scale the remaining two
foreground galaxies with respect to the galaxy at zf,ref = 0.1126,
and the 8 background with respect to that at zb,ref = 0.5004. The
reference perturbers were chosen since they have the greater ap-
parent magnitude among, respectively, the foreground and back-
ground LOS galaxies, as shown in Table 2.

4.2.2. Results of best-fit model of MACS J0416.1−2403

Our best-fit model can reproduce the image positions with an
rms ∼ 0.′′53 (see Figure 11), i.e. approximately 8-9 pixels.
Previous works with the same set of images (Caminha et al.
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Fig. 9: Colour image of MACS J0416.1−2403 obtained through a combination of the HST/ACS and WFC3 filters. We mark the
selected 107 images we included in our model, corresponding to 37 sources that range from redshift ∼ 1 to ∼ 6 . In white are
marked the two BCGs. North is up and East is left.

2017) was able to reproduce the observed image positions with
a rms of ∼ 0.′′59, therefore our model with the addition of the
LOS galaxies shows an improvement of ∼ 0.′′06. Our model has
a χ2 ∼ 7.5 × 103. The best-fit mass distribution parameters are
shown in Table 3. We remark that 1′′ at the redshift of the first
foreground galaxy zfd ∼ 0.1 corresponds to ∼ 1.8 kpc, while at
the cluster redshift zc = 0.396, 1′′ corresponds to ∼ 5.34 kpc.
Therefore, the truncation radius of the bright foreground galaxy
is ∼ 300 kpc, which is a typical value for massive galaxies.
However, we find from the posterior probabilities that the trun-
cation radii of the LOS galaxies are mostly unconstrained due
to the fact that they are isolated galaxies. The truncation radii of
the cluster members are instead smaller, due to the tidal stripping
of their dark matter halos. Figure 11 shows the observed image
positions of MACS J0416.1−2403 and the predicted image po-
sitions of our best-fit model, which are in very good agreement,

as can also be seen by the histogram of their positional offset.
However, our model predicts 106 images of 107 observed, since
two images in the North-East region of the cluster are predicted
as a unique one (see Figure 11)1. The predicted magnification
of the 106 images is shown in Figure 12 and 13. One image
has a very high predicted magnification (∼ 4 × 104), that is not
shown in the plot for visualization convenience2. In Figure 14,
we plot the average surface mass density for the best-fit model

1 These images belong to a source at redshift zs = 3.2387, that has
three arc-shape images with high magnification (> 100). Two of them
are very close to each other and they are predicted by our model to lie
on the same side of the critical curves.

2 This image belong to the system of arcs in the North-East part of
the cluster mentioned previously (zs = 3.2387). Again, this shows that
this system, being close to critical curves, is very highly magnified.
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Table 2: Selected secondary lenses added to the MACS J0416.1−2403 cluster, reported in redshift order, from the lowest to the
highest. The first two columns report the RA-DEC coordinates, the third column the ID, the fourth column the redshift, the fifth the
quality flag of redshift (where a value of 3 represents “secure), and the last three the R, F814W and F160W magnitudes. The line
separates the galaxies that are on the foreground and on the background of the cluster.

RAJ2000 DEJ2000 ID z QF R F814W F160W

64.0285 −24.0857 CLASHVLTJ041606.8 − 240508 0.1124 3 − 16.70 16.09

64.0323 −24.0854 CLASHVLTJ041607.7 − 240507 0.1126 3 20.66 20.76 20.25

64.0370 −24.0738 CLASHVLTJ041608.9 − 240425 0.1533 3 21.25 21.17 21.03

64.0323 −24.0747 CLASHVLTJ041607.8 − 240429 0.4678 3 21.05 21.49 19.92

64.0331 −24.0631 IDVLTJ041607.9 − 240347 0.4848 3 − 22.46 20.99

64.0322 −24.076 IDVLTJ041607.7 − 240433 0.5004 3 − 20.47 19.49

64.0473 −24.0633 CLASHVLTJ041611.3 − 240347 0.5277 3 21.22 21.44 20.80

64.0372 −24.0637 CLASHVLTJ041608.9 − 240349 0.5376 3 21.63 21.41 20.76

64.0441 −24.0745 CLASHVLTJ041610.6 − 240427 0.7093 3 21.32 21.03 19.96

64.0233 −24.0714 CLASHVLTJ041605.6 − 240417 0.7358 3 21.58 21.33 21.42

64.0265 −24.0809 CLASHVLTJ041606.4 − 240451 0.7362 3 21.20 20.70 19.79

of MACS J0416.1−2403. We find that neglecting the LOS con-
tribution does not affect the total Σ reconstruction significantly
(compare black points and magenta lines on Figure 14). We also
find that most of the contribution on the outskirts (from ∼ 20′′

from the Northern BCG), is due to the halo mass, while in the
very center (∼ 5′′ from the Northern BCG), the contribution of
the galaxies is more prominent. We have used the unlensed posi-
tions (i.e. those they wold have if the perturbers were not there)
for the halos and members when computing the average surface
mass density of the cluster, halos and members separately. We
also study the velocity dispersion of the cluster galaxies, that we
compute from the Einstein radius of a singular isothermal sphere
(SIS), which is expressed by

θE = 4π
σ2

v

c2 . (26)

for source at infinite redshift. We then look (Figure 15) at the
number of galaxies with a certain velocity dispersion, there-
fore mass, and we confirm the trend already pointed out by
Grillo et al. (2015), that the amount of small mass halos seems
to be in better agreement with simulations, whereas we find
more high mass subhalos than predicted by cosmological sim-
ulations (details on cosmological simulations can be found in
Bonafede et al. 2011; Contini et al. 2012; Grillo et al. 2015).
Regarding the radial distribution of substructures, we compute
the position of the cluster members by removing the lensing ef-
fect of the foreground galaxies, and we compute the radial dis-
tance from the barycenter Rb = (1.′′21,−6.′′85), which was ob-
tained by the weighted average

Rb =

∫

Σ(R′)R′ dR′
∫

Σ(R′) dR′
. (27)

We find our model to slightly underpredict the number of
substructures at small radii and at large radii (∼ 300 − 400 kpc),
while to overpredict at radii ∼ 200 − 300 kpc with respect
to the model of Grillo et al. (2015). This implies a better
agreement with cosmological simulations at smaller radii and at
large radii, whereas a worse agreement for radii ∼ 200−300 kpc.

4.3. Mock MACS input

Our best-fit model of MACS0416 and its environment, can re-
produce the image positions with a rms ∼ 0.′′53 (see Figure 11),
which is, as already mentioned, the current best-fit model ob-
tained with this set of images. Our set of simulated constraints
are the 106 predicted image positions from the best-fit model of
MACS J0416.1−2403. Since one image of one system was not
predicted by our model (see Section 4.2.2 for discussion), we
decided to tweak the observed position of the third image manu-
ally in a way that its position was on the other side of the critical
curve with respect to the second image and therefore such that
it was predicted by our best-fit model. We then used the image
position predicted by best-fit MACS J0416.1−2403 model as the
107th constraint for creating the mock system that we call Mock
MACS, making our set of constraints to a total of 107 images.
As mentioned before, the images’ positional uncertainties cor-
responds to the observational uncertainty ∼ 0.′′06, but we use
a special treatment for images with high magnification forming
arcs, introducing elliptical errors for those systems, as explained
in Section 4.2. To obtain the simulated image positions, we then
shift the 107 predicted image positions (of the best-fit model) by
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Fig. 10: Colour image of MACS J0416.1−2403 obtained through
a combination of the HST/ACS and WFC3 filters. Green cir-
cles mark the cluster members. We mark the massive member
(in green square) that we do not scale using scaling relations,
since it is very close to the two foreground galaxies (marked in
magenta) and its observed magnitude might be affected by their
light contamination.

a random number, drawn from a 2D-gaussian distribution with
σ = 0.′′06, in both x and y direction to introduce a random scat-
ter. In the case of highly magnified images forming arcs, we draw
random numbers from a 2D elliptical Gaussian distribution, with
σ1, σ2 equal to the minor and major axis of the error ellipses on
those images. We then rotate the Gaussian to align with the di-
rection of the arcs, since arcs are tangentially oriented. We use
these 107 shifted image positions as our observables. The initial
χ2 of the input Mock MACS cluster is 246.

4.4. Mock MACS models

Once we have simulated a set of images (107 in total, from
37 sources), we model all the halo parameters (centroid posi-
tion, ellipticity, orientation, Einstein radius, core radius) and the
Einstein radii and truncation radii of the cluster members and
of the perturbers (see Table 4), with different assumptions to as-
sess the effect of these foreground LOS perturbers. We model
the Mock MACS mass distribution using:

1. MP-full: the full multi-plane treatment, i.e. including all the
LOS perturbers at the different redshifts.

2. SP1: assuming only the bright foreground pertuber at the
cluster redshift (similar to models in Johnson et al. 2014;
Richard et al. 2014; Grillo et al. 2015; Caminha et al. 2017)

3. SP: assuming no line-of-sight perturbers, and including only
cluster members.

4. MP-fore: multi-plane including only the three foreground
galaxies.

5. MP-back: multi-plane including only the eight background
galaxies.

6. MP-constML: full multi-plane with different scaling rela-
tion, i.e. using constant mass-to-light ratio as shown in
Equation 13.

Table 3: Best-fit lens parameters for our model of
MACS J0416.1−2403 mass distribution (including 3 dark
matter halos, 193 cluster members, 3 foreground galaxies and
8 background galaxies). The first halo (‘h1’) is the one located
in the northern part of the cluster, the second halo (‘h2’) in the
southern one, the third (‘h3’) is the smaller northern halo. The
subscripts ‘fd’ and ‘bd’ refers, respectively, to the parameters
of the foreground and background galaxies. The subscripts ‘g’
and ‘gp’ refers to the parameters of the reference cluster galaxy
and the peculiar member we allow to vary out of the scaling
relations. The orientation is measured counter clockwise from
positive x-axis. The center of the coordinates is the position of
the Northern BCG (G1).

Parameters Best-fit parameter values

θE, fd1 [′′] 1.7

rt, fd1 [′′] 148.58

θE, fd2 [′′] 0.01

rt, fd2 [′′] 99.71

xh1 [′′] −1.51

yh1 [′′] 0.51

b
a h1

0.34

θh1 [rad] 2.50

θE, h1 [′′] 16.66

rc, h1 [′′] 7.92

xh2 [′′] 20.73

yh2 [′′] −38.72

b
a h2

0.39

θh2 [rad] 2.19

θE, h2 [′′] 31.26

rc, h2 [′′] 12.52

xh3 [′′] −33.73

yh3 [′′] 10.52

b

a h3
0.90

θh3 [rad] 2.56

θE, h3 [′′] 5.89

rc, h3 [′′] 8.95

θE, g [′′] 1.64

rt, g [′′] 3.48

θE, gp [′′] 1.54

rt, gp [′′] 4.98

θE, bd [′′] 0.13

rt, bd [′′] 33.50

7. SP-constML: single plane using constant mass-to-light ratio
(Equation 13).

We describe the results of each of the models below.

4.4.1. MACS MP-full model results

In the case of the multi-plane modelling, where we model
the parameters in the same set-up as the input, we recover,
within the 1σ uncertainties, the input parameters, as shown in
Table 4. The rms of this model is 0.08′′, which is very close to
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Fig. 11: The upper panel shows the predicted image positions (squares) of MACS J0416.1−2403 and the simulated image positions
(triangles) of our MACS model (with introduced gaussian scatter), in comparison to the observed image positions (circles) of
MACS J0416.1−2403 . The lower panel shows the histogram of the positional offsets between the observed and the model-predicted
image positions. The rms for our best-fit model of MACS J0416.1−2403 is ∼ 0.′′53.
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Table 4: Constraints on lens parameters for different models of the Mock MACS mass distribution (3 dark matter halos, 193 cluster
members, 3 foreground galaxies and 8 background galaxies). The first halo (‘h1’) is the one located in the northern part of the
cluster, the second halo (‘h2’) in the southern part, the third (‘h3’) is the smaller northern halo. The subscripts ‘fd’ and ‘bd’ refer,
respectively, to the parameters of the foreground and background galaxies. The subscripts ‘g’ and ‘gp’ refer to the parameters of the
reference cluster galaxy and the peculiar member we allow to vary out of the scaling relations. The values are the medians of the
posterior probability distributions of the lens parameters together with their 1σ uncertainties. The orientation is measured counter
clockwise from positive x-axis. The center of the coordinates is the position of the Northern BCG (G1).

Parameters Input MP-full SP1 SP MP-fore MP-back MP-constML SP-constML

θE,fd1 [′′] 1.7 1.73+0.04
−0.04

1.19+0.05
−0.05

− 1.67+0.04
−0.06

− 1.82+0.07
−0.09

−
rtfd1 [′′] 148.58 147.9+0.79

−9.8
112.9+0.97

−0.84
− 111.7+0.18

−0.12
− 147.00+2.0

−2.5
−

θEf,d2 [′′] 0.01 0.03+0.03
−0.02

− − 0.02+0.03
−0.01

− 0.06+0.06
−0.03

−
rt,fd2 [′′] 99.71 99.34+0.46

−3.2
− − 94.64+0.11

−0.14
− 59.00+11.00

−5.70
−

xh1 [′′] −1.51 −1.55+0.09
−0.09

−1.92+0.12
−0.17

−1.2+0.22
−0.31

−1.42+0.07
−0.08

−1.7+0.35
−0.28

−1.20+0.16
−0.15

0.03+0.89
−0.91

yh1 [′′] 0.51 0.56+0.09
−0.08

1.03+0.13
−0.10

0.30+0.18
−0.18

0.62+0.05
−0.05

0.48+0.24
−0.30

0.36+0.14
−0.14

−0.36+0.77
−0.69

b
a h1

0.34 0.34+0.00
−0.00

0.34+0.01
−0.01

0.27+0.01
−0.01

0.34+0.01
−0.00

0.28+0.01
−0.02

0.34+0.01
−0.01

0.27+0.03
−0.06

θh1 [rad] 2.50 2.50+0.003
−0.004

2.52+0.01
−0.01

2.54+0.01
−0.01

2.50+0.00
−0.00

2.54+0.01
−0.01

2.49+0.01
−0.01

2.53+0.03
−0.03

θE,h1 [′′] 16.66 16.68+0.14
−0.13

15.2+0.20
−0.24

11.4+0.35
−0.19

16.47+0.15
−0.08

13.0+0.39
−0.71

15.9+0.30
−0.39

11.00+1.20
−2.00

rc,h1 [′′] 7.92 7.92+0.08
−0.09

7.30+0.14
−0.16

6.12+0.29
−0.21

7.92+0.1
−0.09

6.72+0.34
−0.42

6.66+0.22
−0.18

5.00+0.77
−1.20

xh2 [′′] 20.73 20.71+0.07
−0.07

20.63+0.10
−0.09

21.37+0.18
−0.15

20.54+0.06
−0.06

21.5+0.27
−0.28

20.18+0.10
−0.10

20.30+0.35
−0.49

yh2 [′′] −38.72 −38.67+0.11
−0.09

−38.16+0.14
−0.16

−39.31+0.16
−0.23

−38.34+0.07
−0.09

−39.8+0.45
−0.50

−38.06+0.21
−0.19

−37.90+0.94
−0.66

b
a h2

0.39 0.39+0.00
−0.00

0.38+0.00
−0.00

0.34+0.01
−0.01

0.39+0.00
−0.00

0.34+0.01
−0.01

0.38+0.00
−0.00

0.33+0.11
−0.01

θh2 [rad] 2.19 2.20+0.00
−0.00

2.19+0.00
−0.00

2.17+0.00
−0.00

2.20+0.00
−0.00

2.17+0.00
−0.00

2.20+0.0
−0.0

2.18+0.01
−0.02

θE,h2 [′′] 31.26 31.50+0.33
−0.24

34.89+0.37
−0.21

39.38+0.31
−0.27

32.41+0.08
−0.14

38.60+0.96
−0.51

31.00+0.51
−0.48

39.70+2.00
−1.10

rc,h2 [′′] 12.52 12.7+0.14
−0.15

13.93+0.18
−0.12

16.4+0.23
−0.18

12.87+0.08
−0.09

16.20+0.44
−0.29

12.10+0.21
−0.18

15.60+0.84
−0.62

xh3 [′′] −33.73 −33.74+0.15
−0.18

−33.27+0.25
−0.32

−33.88+0.33
−0.45

−33.81+0.19
−0.09

−35.60+1.20
−0.83

−34.10+0.41
−0.42

−32.80+2.60
−3.20

yh3 [′′] 10.52 10.60+0.12
−0.12

10.20+0.18
−0.17

12.00+0.23
−0.42

10.67+0.08
−0.17

11.80+0.46
−1.00

10.7+0.24
−0.23

11.60+1.30
−1.10

b

a h3
0.90 0.97+0.02

−0.06
0.96+0.03

−0.04
0.59+0.05

−0.06
0.92+0.02

−0.02
0.74+0.06

−0.09
0.96+0.03

−0.05
0.61+0.15

−0.17

θh3 [rad] 2.56 2.53+0.13
−0.21

2.62+0.18
−0.18

2.83+0.08
−0.06

2.57+0.05
−0.07

2.97+0.18
−0.12

2.30+0.32
−0.55

2.86+0.29
−0.15

θE,h3 [′′] 5.89 5.60+0.29
−0.22

4.95+0.16
−0.21

7.34+0.22
−0.33

5.39+0.07
−0.07

6.14+0.51
−0.46

6.14+0.41
−0.32

7.30+2.20
−1.30

rc,h3 [′′] 8.95 8.40+0.53
−0.39

7.12+0.39
−0.30

12.8+0.37
−0.49

7.93+0.07
−0.10

10.8+1.10
−0.72

8.73+0.65
−0.58

11.00+3.70
−1.90

θE,m [′′] 1.64 1.57+0.05
−0.03

1.63+0.05
−0.04

1.79+0.07
−0.07

1.60+0.04
−0.03

1.77+0.10
−0.07

1.52+0.03
−0.03

1.90+0.17
−0.15

rt,m [′′] 3.48 3.70+0.17
−0.22

3.50+0.16
−0.18

4.66+0.21
−0.34

3.54+0.11
−0.10

4.46+0.41
−0.31

3.07+0.10
−0.05

3.13+0.46
−0.12

θE,mp [′′] 1.54 1.58+0.04
−0.05

1.85+0.21
−0.10

1.55+0.11
−0.11

1.60+0.04
−0.04

1.56+0.14
−0.12

1.53+0.07
−0.08

1.50+0.29
−0.27

rt,mp [′′] 4.98 4.92+0.07
−0.15

2.16+0.22
−0.39

4.89+0.09
−0.22

4.94+0.05
−0.09

4.68+0.23
−0.63

4.85+0.12
−0.28

4.83+0.17
−0.95

θE,bd [′′] 0.13 0.13+0.02
−0.02

− − − 0.13+0.08
−0.07

0.25+0.03
−0.04

−
rt,bd [′′] 33.50 33.50+1.5

−4.7
− − − 23.00+3.20

−3.20
34.90+3.40

−5.80
−

rms [′′] 0.08 0.19 0.32 0.11 0.34 0.20 0.45

the observational uncertainty. We see that the offset between
predicted and observed image positions is very small (Figure
16) and the distribution of predicted and observed magnification
ratio is centred around 1 with very small scatter in the tails, as
shown in Figure 17. One of the images with high magnification
(and therefore elliptical errors) is predicted to have a different
image parity than observed. This is due to the fact that it is close
to a critical curve, and a slight change on the model can change
its relative position with respect to the curve.

4.4.2. MACS SP1 model results

If we model the input mass distribution keeping only the
brightest foreground at the cluster redshift (similarly to what

was done in Grillo et al. 2015; Caminha et al. 2017), we find
that the mass of this perturber is decreased. If we look at the
scaled Einstein radii of the perturbers, as shown in Equation
28, using zs = 0.3 (roughly the mean redshift), we see that the
difference is less significant, but still the scaled Einstein radius
at the real redshift is higher than that at the cluster redshift. This
mass is compensated by an increase in the mass of the Southern
halo and of the peculiar member (Figure 10) that has a freely
varying mass profile (without scaling relation imposed) due to
its proximity to the bright foreground, which is anyway not
substantial. However, most of the parameters are recovered. The
total rms is ∼ 0.2′′, as shown in Table 4. This model is however
pretty good at predicting the image positions and magnification
(magnification ratio median ∼ 0.97 as shown in Table 5), and
does not show any parity flip in any of the predicted images.
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Fig. 12: Predicted magnification histogram for the best-fit model
of MACS J0416.1−2403. There is one image with predicted
magnification of ∼ 4 × 104 (not included in our plot for visu-
alization convenience), which is one of the arc-shaped images in
the North-East region (−20.′′, 20.′′) of MACS J0416.1−2403, as
shown in Figure 11.

4.4.3. MACS SP model results

In the single plane model, which includes only the cluster, the
lack of the LOS galaxies’ mass is compensated by an increase
in the mass of the cluster members and halos. This model also
shifts the centroid position of the southern halo (becoming
closer to the bright massive foreground perturber) and of the
smaller halo by almost 1′′. The total rms of this model is
∼ 0.′′32, which is very close to the model precision reached
by the single-lens-plane models in recent years. Therefore,
residual rms between the observed image positions and the
image positions predicted by single-lens-plane models can
actually be due to the lack of appropriate treatment of the
lens environment (as previously suggested by e.g., Jullo et al.
2010a,b). Moreover, this shows that including the LOS galaxies
at the wrong redshift performs better than not including them
at all (Table 4 and Section 4.4.2). However, the reconstruction
of magnification, and therefore the intrinsic brightness of the
source, is still possible with the single plane models with an
error of ∼ 10%. Some more care is needed with images close
to critical curves and highly magnified, some of which are
predicted to have an opposite image parity in this model as well.

4.4.4. MACS MP-fore model results

If we include only the foreground objects at their correct
redshift, we find a slight increase of mass in both the members
and the halos, to compensate for the lack of the background
perturbers, but we can still recover the input within 1 − 2σ, as
shown in Table 4. The rms of this model is 0.′′11, which is also
quite close to the observational uncertainty. As in the MP-full

model, we find that the offset between predicted and observed
image positions is very small and the distribution of predicted
and observed magnification ratio is centred around 1 with very
small scatter in the tails, as shown in Figure 17 and Table 5.
Moreover, the same image as in Section 4.4.1 is predicted with
opposite image parity.

4.4.5. MACS MP-back model results

In the case of the multi-plane modelling with only the back-
ground galaxies, we find that the rms is ∼ 0.′′3, as in the single
plane model. We see that the centroid of the two massive halos
are shifted by ∼ 1′′, because the model did not take into account
the lensing effect of the foreground galaxies. Moreover, to
account for the lack of foreground, we find that the members
and the southern halo are more massive. We note that this is
probably due to the fact that the two most massive foreground
galaxies are in the southern region of the cluster. Magnification
is reconstructed with ∼ 10% error, and this model predicts an
image with flipped parity, which is very close to the Southern
BCG, and thus more sensitive to the increase in mass of
members and of the Southern halo.

4.4.6. MACS MP-constML model results

If we scale the cluster members and LOS galaxies assuming a
different mass-to-light ratio, as for example that of Equation
13, we find, as expected, that the offset in the predicted and
observed image positions is greater than that of the multi-plane
model, i.e. 0.′′2. As shown in Figure 16 and 17, the image po-
sitions and magnification are, overall, quite well reconstructed.
However, in this case we have 5 images that show a flip in
parity, one of which is very close to the Southern BCG and is
very highly magnified, and the others are part of the system in
the North-West region of the cluster, which shows 8 images
of two clumps of the same source galaxy around two cluster
members (system 14 in Caminha et al. 2017, more detailed
discussion in Section 4.4.9).

4.4.7. MACS SP-constML model results

If we model the input mass distribution with the single plane
model and a constant mass-to-light ratio, as in Equation 13,
we find that the image positions are predicted with an overall
rms of ∼ 0.′′45. This model is, expectedly, the worst at repro-
ducing the image positions and magnification, and even has 2
predicted pairs of images on the same side of the critical curves.
These images belong to the system of multiple images already
mentioned in Section 4.4.6 (system 14 in Caminha et al. 2017)
that correspond to the same source at z = 3.2213. We show the
critical curves of that region in Figure 20 (bottom panel). and
we discuss in Section 4.4.8. It also predicts two of the images
with high magnification with a parity flip with respect to the
input magnification.

4.4.8. Results

As expected, the multi-plane model is the one that reproduces the
image positions best, with a rms of around the observational un-
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Fig. 13: Magnification for the image positions predicted by best-fit model of MACS J0416.1−2403. There is one image with pre-
dicted magnification of ∼ 4 × 104 and one with predicted magnification of ∼ 600 whose magnification value was set to the border
value of µ = 65 for visualization convenience. The two images are in the systems with high magnification and whose positional
uncertainty was treated as elliptical due to their arc-like shape.

certainty ∼ 0.′′08. However, accounting for the perturbers’ mass,
even if at the wrong redshift (as in model SP1 in Figure 16), al-
lows the images positions to be reproduced better among the sin-
gle plane models, with a rms of ∼ 0.′′2. The standard single-plane
model (SP) has a rms of ∼ 0.′′32. We therefore suspect that part
of the offset in single plane models of galaxy clusters might actu-
ally be due to the exclusion of the perturbers. We also explore the
effect of taking into account only the foreground and background
galaxies, and we find that the inclusion of the foreground is more
important for a better fit of the observables, confirming what was
found for Mock mass distribution 1 (discussed in the Appendix)
and in McCully et al. (2017), for a more simplistic mock cluster.
Actually, for the Mock MACS we find that including only the
background gives a comparable rms to the single plane models,

i.e. to not including any LOS galaxy at all. Modelling with the
wrong scaling relation, as expected, increases the offsets of the
predicted and observed image positions even more, for both the
multi-plane and single plane model.

4.4.9. Source magnification reconstruction

As for the image positions, the magnification is reconstructed
with different precision by the different models. Figure 17 shows
the magnification ratio (predicted vs. input) distribution for the
different models. We find that the MP-full model distribution is
centered around 1, showing that this model is the best at repro-
ducing the input magnification. Also the MP-fore and SP1 mod-
els are able to reproduce the magnification quite well, with a
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Fig. 14: Average surface mass density Σ(< R) (for source at redshift zs = 3) as a function of radius (from G1) for the best-fit model
of MACS J0416.1−2403 for the total mass of the cluster (magenta line), for the cluster members (dashed blue) and for the dark
matter halos (dotted red). The black points represents the effective average surface mass density Σeff(< R) of the cluster and the LOS
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z=0.396 (∼ 420 kpc).
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Fig. 15: Number of subhalos as a function of the projected distance from the cluster lens center (right) and as a function of circular
velocity (left) for our bestfit model of MACS J0416.1−2403 within an aperture of ∼ 400 kpc.
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Fig. 16: Positional offset of the simulated observed vs predicted image positions of the different models of Mock MACS. The top
panel shows the multi-plane models, and the bottom panel shows the single plane models. As expected, the full multi-plane model
(black) is the one that reproduces the image position more closely. Accounting for the perturbers’ mass, even if at the wrong redshift
(model SP1, in red, and MPfore in green) reproduces the images better among the single plane models. The standard single-plane
model with the wrong mass-to-light ratio (yellow) is the one with greater offsets.
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Fig. 17: Magnification ratio of the different Mock MACS models and the input Mock MACS. The top panel shows the multi-plane
models, and the bottom panel shows the single plane models. Interestingly, some images are predicted with high magnification ratio,
and some are predicted with a different parity. These images are all the arc-shaped images that lie close to the critical curves. This is
due to the fact that model changes modify the shape of the critical curves, and therefore images that are close to those may change
their relative positions with respect to them.
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Table 5: Magnification ratios between the reconstructed and in-
put magnifications for different Mock MACS models. The listed
values are the medians of the probability distribution functions
of the magnification ratio, with 1σ uncertainties.

Model µmodel/µinput

MP-full 1.00+0.05
−0.01

MP-fore 1.00+0.03
−0.02

MP-back 0.93+0.07
−0.11

MP-constML 0.98+0.07
−0.05

SP 0.92+0.06
−0.10

SP1 0.97+0.04
−0.06

SP-constML 0.90+0.07
−0.16

median ratio of ∼ 0.97 − 1, as shown in Table 5. All the other
models tend to predict a lower magnification than the input. In
Table 5 we list the median values of the magnification ratio dis-
tributions and the respective 1σ uncertainties (16th and 84th
percentiles). However, all the distributions have median values
within 0.90 − 1.00, therefore the median error on the magnifi-
cation reconstruction is still within ∼ 10%. Interestingly, some
image systems with high magnification and on (or close to) a
critical curve, in almost all the models are predicted with a high
magnification ratio and/or with a parity flip (we do not show
these outliers in Figure 17 for visualization convenience). An
example of system with high magnification ratio and parity flip
is Figure 20. In this Figure we show the 8 simulated observed
images of two source clumps of a galaxy at redshift zs = 3.2213,
which are located in the North-West region of the cluster (system
14 in Caminha et al. 2017). The multiple images of this source
galaxy are located in the neighbourhood of two cluster members
(cyan squares in Figure 20), that act as strong lenses for that par-
ticular source. The images are highly magnified and form arcs
around those members, and they are very sensitive to the shape
of the critical curves due to the presence of those members. If we
look at the top-left panel of Figure 20 (corresponding to the input
model), we see that a pair of images (30c,31c) are predicted to
be on different side of critical curves, with respect to the bottom
panel (corresponding to the SP-constML model). Therefore, in
the SP-constML model their predicted image positions coincide
with those of, respectively, image 30b and 31b. If we compare
the input with the top-right panel (MP-constML model), we see
that in this case the images 30c and 31c are closer to the critical
curves, so they are predicted with a much higher magnification.
Indeed, as already shown in Section 3.2.4, changing the mass-to-
light ratio with which we scale the Einstein and truncation radii
of the cluster members, increases or decreases the mass of the
members, and consequently changes the shapes of the critical
curves for those members, affecting the relative position with
respect to critical curves of images nearby. We point out that,
in the model of Caminha et al. (2017), these two cluster mem-
bers were considered as free parameters instead of being scaled
with the other members, since they are the main contributors to
the creation of the multiple images of this system (system 14
in Caminha et al. 2017). In general, we suspect images close or
on the critical curves need to be treated carefully when trying to
reconstruct the intrinsic brightness of the background sources.

4.4.10. Mass reconstruction

Figure 18 shows the average surface mass density for our
models. We do not observe significant differences among the
different models for the total Σ(< R), probably since the number
of the perturbers is much smaller than the total cluster mass,
therefore they do not contribute significantly to the total mass
load. Moreover, all the models agree very well in the region
of the Einstein radius of the cluster, since the mass within the
Einstein radius is the quantity that lensing constraints tightly.
If we look at the single matter components, i.e. only the halos
(central panel) and only the members (bottom panel), we find
slight differences among the models, especially in the inner
part of the cluster, while in the outskirts they all agree very
well. The models that are slightly different from the input are,
among the MP models, the MP-back and MP-constML, in both
the halos and cluster members Σ(< R). The model MP-back, as
we already saw from the positional offset (Table 4 and Figure
16), is the worst at reproducing the observables among the
MP models. This tells us that including only the background
perturbers can even perform similarly to the SP model, i.e. not
including them at all. This implies that the average surface
mass density can be similar to that of the SP model (as shown
in Figure 18). Assuming a different mass-to-light relation
makes the halos Σ(< R) steeper within the inner part of the
cluster, and the cluster members’ one less peaky. We see the
same trend in the SP case. Despite these slight differences,
the overabundance of galaxies at the center of MACS0416
in observations compared to simulations noted in Grillo et al.
(2015) is robust against the presence of LOS perturbers. Figure
19 shows the number of cluster members as a function of
their circular velocity. If we compare it to the input (grey
filled line), we see that most of the multi-plane and single
plane models do not change substantially the overall velocity
dispersion distribution of the members, showing that this is
robust even though the model is not complete. However, we
see that both in the single and multi-plane case, if we assume
a wrong scaling relation, the distributions tend to prefer more
massive galaxies (around 100 km/s in the multi-plane case and
even 200 km/s in the single plane case). Thus, the choice of
scaling relation could potentially alleviate the tension in the
disparate numbers of massive galaxies and subhalos in the inner
parts. Encouragingly, our simulations suggest that the χ2 of
the model fit could possibly be used to probe the underlying
scaling relation. It is worth exploring further scaling relations
of the cluster galaxies in future models of MACS J0416.1−2403.

5. Summary

In this work we explored the effects of the LOS galaxies in strong
gravitational lensing modelling of galaxy clusters. We simulated
different galaxy clusters and their environment, building mod-
els of increasing complexity and realism, that we used to simu-
late strong lensing observables. We then determined the lensing
halos’ and galaxies’ parameters with different assumptions and
compared to the input simulated cluster to assess the effects of
the LOS perturbers.
The simulated system Mock cluster mass distribution 2 is com-
posed by a cluster at zc = 0.4 with a halo and ten elliptical galax-
ies having different, realistic luminosities, axis ratios and orien-
tations. We assumed a total mass-to-light ratio corresponding to
the tilt of the fundamental plane. We added two foreground per-
turbers at zfd = 0.2, one close and one far away in projection,
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and one close-in-projection background perturber at zbd = 0.6.
All the perturbers have equal, large mass, random ellipticity (be-
tween 0.6 and 1) and orientation. We use this configuration to
simulate mock lensing data, and we obtain a set of 17 multiple
image positions of 3 background sources. In this mock system
we explored the effect of different mass-to-light relations and
the spherical-elliptical galaxies assumption. We found that:

1. Far-in-projection (∼ 100′′) perturbers do not affect substan-
tially the other parameters’ values. Indeed their posterior
probability is sampled as flat and they do not look correlated
to other parameters.

2. In multi-plane modelling, assuming spherical galaxies (both
members and perturbers) recovers different profile parame-
ters than the input, and has generically lower magnification.
Despite this, the multi-plane reconstruction has a rms very
close to the observational uncertainty. Therefore, one needs
to be careful in interpreting the reconstructed mass distribu-
tion and magnification, as the goodness of fit does not al-
low to distinguish between spherical and elliptical galaxies.
However, the difference in the parameters is less prominent
when only the cluster members are treated as spherical. This
might be due to the fact that the perturbers of this model
are very massive and very close to the cluster center, there-
fore they have a large effect on the total mass reconstruction.
Moreover, we suspect this effect might depend on the sim-
plicity of our model and might be mitigated in more realistic
clusters with higher number of cluster members.

3. Multi-plane models have a peakier average surface mass
density than single plane models, which instead show a shal-
lower profile. However, all the average surface mass density
values match at R ∼ 10′′, which is the total Einstein radius
of the cluster. This shows that the projected total mass en-
closed within the Einstein radius, that is the quantity that
strong gravitational lensing constraints tightly, is well recon-
structed by all these models.

The other simulated cluster we studied is a realistic model of
the HFF cluster MACS J0416.1−2403, labelled Mock MACS,
which we built using 107 spectroscopically confirmed multiple
images from 37 sources (with 1 < zs < 6) as constraints, and
then modelling the three halos (two located in the NE, and one
in the SW direction), the 193 spectroscopically confirmed cluster
members, and the LOS galaxies’ profile parameters. We assume
the cluster members and LOS galaxies to be spherical. We find
that our mock of MACS J0416.1−2403 which includes 11 LOS
perturber galaxies is able to reproduce the real cluster’s observ-
ables with a rms of ∼ 0.′′53. We then model this simulated Mock
MACS cluster to assess the impact of LOS galaxies. Our results
can be summarised as follows:

1. Neglecting the cluster’s LOS environment leads to a rms of
∼ 0.′′3 in the offset distance between observed and modelled
image positions.

2. The inclusion of LOS galaxies in the cluster modelling at
the wrong redshift (i.e. at cluster redshift) reproduces the ob-
served image positions with a rms of ∼ 0.′′20.

3. We find that foreground perturbers have a more significant
effect than the background. However, since in this case the
discrepancy is more prominent (including only the back-
ground is comparable to not including it at all), we ascribe it
also to the particular configuration of the cluster.

4. Neglecting the lensing environment or assuming it at the
wrong redshift does not affect the reconstruction of the mag-
nification of background sources substantially (errors within

∼ 10%). However, apart from the full multi-plane recon-
struction, all the other models tend to underpredict the mag-
nification. We also find that systems with high magnification,
or in general close to critical curves, are more sensitive to the
different assumptions on the modelling. Indeed, since strong
lensing is a highly non linear effect in these regions, small
changes in the parameter values can cause changes on the
critical curves positions. These can lead to a much higher
predicted magnification and may also cause a flip in image
parity.

5. We do not observe a substantial difference in the aver-
age surface mass density of the cluster among the vari-
ous mass models we have considered, probably because
these perturbers are very small compared to the total cluster
mass. Thus, the overabundance of galaxies at the center of
MACS0416 in observations compared to simulations noted
in Grillo et al. (2015) seems robust against the presence of
LOS perturbers. However, the mass function of the cluster
members depends on the assumed scaling relations. The de-
pendence can be partly mitigated by using the goodness of
fit (χ2) of the multiple image positions, since the true scaling
relations generally lead to lower χ2.

6. We find a correlation between the masses of the foreground
line-of-sight perturber galaxies and the halos’ centroid co-
ordinates. We also see that the Einstein radius of the differ-
ent mass components are anti-correlated among each other,
since a decrease of mass in one can be compensated by an in-
crease in another component. Moreover, the Einstein radius
and truncation radius of the galaxies are correlated with each
other.

7. Assuming different scaling relations can lead to very differ-
ent results for the mass of the members and of the halos, and
therefore can change the substructure distribution quite sig-
nificantly.

Finally, from our best-fit model of MACS J0416.1−2403 we
find that, for this particular cluster, the total rms does not de-
crease substantially after the inclusion of LOS galaxies with re-
spect to single plane models. This suggests that the dynamic and
turbulent nature of this cluster is still probably not well depicted
by e.g. the simplistic model of the halos. For future model im-
provements of this cluster those effects would need to be ac-
counted for. We also find that using the correct scaling relations
is crucial, especially for reconstructing the subhalo mass func-
tion. Therefore, we conclude that the main contribution to the
residual rms for this particular cluster is not due to LOS galaxy,
and future models will have to go towards including more com-
plex halo shapes, accounting for the ellipticity of galaxies and
improving the scaling relations for the cluster members.
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Appendix

Mock Cluster lensing mass distribution 1

Input

The simulated mock cluster lensing mass distribution 1 is that
of a cluster at redshift zc = 0.4 and two galaxies, a foreground
galaxy at zfd = 0.2 and a background galaxy at zbd = 0.6, that are
close in projection to the cluster and that we treat as perturbers.
The cluster is composed of 5 galaxies and a dark matter halo.
The input parameters are summarised in Table 6. We assume all
the galaxies in the cluster to have the same luminosity, therefore
same mass, for simplicity, and same truncation radius, that we
fix to 15′′. We put 3 different point sources (S1, S2, S3) at dif-
ferent redshifts (zs1 = 1.5, zs2 = 2, zs3 = 2.5) and simulate their
image positions in the case of the multi-plane configuration. We
find that each source is mapped into 5 images, for a total of 15
images, and use these image positions as our observables. The
set up of this model is illustrated in Figure 21.

Full multi-lens-plane modelling

We optimise the free parameters of the multi-plane model
(Einstein radius of the foreground, background and cluster
galaxies, and all the parameters of the halo profile, i.e. Einstein
radius, position, ellipticity, orientation, core radius and slope) by
maximising the likelihood in the image plane. We use simulated
annealing to find the global minimum and recover the best-fit

parameter values. In this case, since we simulated the image po-
sitions with the multi-plane model, we recover, within the un-
certainties estimated by MCMC sampling, the initial parameters
we have used to simulate, as shown in Table 6. The modelled
image positions and the magnifications are perfectly fitted, i.e.
with a null total-rms offset. We find a strong correlation between
the mass of the halo and its axis ratio and between the core ra-
dius of the halo and the slope of the halo profile. We also find a
strong anti-correlation between the centroid position of the halo
and the mass of the foreground galaxy, which is explained by
the fact that the centroid position is lensed by the foreground
galaxy, and between the mass of the cluster galaxies and the axis
ratio of the halo. We also find that the mass of the background
lens is strongly anti-correlated with the halo mass, core radius
and slope, that could also be explained as a lensing effect by the
cluster.

Single-plane modelling

We then remove the foreground and background lens and fit the
same image positions with the cluster alone. We vary the cluster
parameters and find, as shown in Table 6, that the halo is still
oriented along on the x direction, and the ellipticity is recov-
ered within the errors. However, its centroid position is offset of
∼ 1′′ in both x and y direction, its mass is bigger and its core ra-
dius is larger by 4′′, making the profile less peaky in the center.
Moreover, we recover a smaller mass for the cluster galaxies. In
this case we find an additional strong anti-correlation between
the halo and the cluster galaxies Einstein radius, which was not
so prominent in the multi-plane system. This could be explained
as the removal of the two LOS perturbers influences the dis-
tribution of the mass between the two remaining mass compo-
nents, i.e. the halo and the cluster galaxies. Moreover, we find
degeneracies between the axis ratio and the Einstein radius of the
cluster and between the latter and the cluster galaxies’ Einstein
radius, since these degeneracies would keep approximately the
same total mass enclosed within the multiple images, that is what
strong lensing constrains tightly. As for the image positions, the
single lens systems predicted images are all offset by < 0.′′8 in
both x and y direction. In terms of total-rms, the image offset is
∼ 0.′′4. The magnification of the single plane configuration ap-
pears to be in general different, within a ratio of 0.8 to 1.8 with
respect to the input.

Cluster and single perturber modelling

To investigate the effects of the single perturbers we model the
same system with the cluster and the foreground lens only and
the cluster and the background lens only, respectively. We find
that the addition of the foreground perturber to the single-plane
model allows us to recover parameters that are more similar to
that of the multi-plane model. Indeed, as shown in Table 6, the
halo centroid position is offset by only ∼ 0.′′25, its mass is not
as big as that of the single-plane model, and the halo slope is
recovered within the error. If we include only the background
perturber, instead, we get the same parameter values, within the
errors, as that of the single plane model, confirming results from
previous studies (e.g McCully et al. 2014), which showed that
foreground perturbers have a more significant effect on the mod-
elling compared to the background ones. In terms of image posi-
tions rms, we find a total rms of 0.′′18 for the multi-plane model
with only the foreground galaxy, while a total rms of ∼ 0.′′4 for
the model with only the background galaxy, showing that the ad-
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dition of the foreground perturber is more significant for a good
fit of the image positions.

Effect of individual perturber

Before moving to a more realistic model, we perform a test to
further investigate the effect of the individual perturbers along
the line-of-sight. We use the Mock cluster lensing mass distri-
bution 1 and we increase the mass of the background perturber
such that the scaled Einstein radii of the two perturbers, for the
intermediate source at zs2 = 2, is equal, namely

Dfd−s2

Ds2
θfd

E
=

Dbd−s2

Ds2
θbd

E
. (28)

We resimulate the three sets of multiple image positions using
equation (17). We then repeat the analysis done in Section 5 and
we find that the perturber in the foreground is still more signif-
icant (rms ∼ 0.′′32) than the background (rms ∼ 0.′′38), but this
effect is less prominent. However, in order for the scaled deflec-
tion angle of foreground and background galaxy to match, the
background mass should be substantially larger than the fore-
ground, i.e. with an Einstein radius of ∼ 1.′′ bigger than that of
the foreground. So for typical scenarios where foreground galax-
ies have similar (or higher) masses as background galaxies, we
should pay more attention to the foreground lenses.

Truncation radius

We try to model the truncation radii of the galaxies, i.e. roughly
the half-mass radius (Elı́asdóttir et al. 2007). At first we allow
the truncation radii of all the cluster galaxies (which we assume
to be equal) and of the two perturber galaxies to vary. We find
that they are actually very difficult to constrain, even if the num-
ber of free parameters is significantly fewer than that of the con-
straints. We then fix the truncation radii for the two perturber and
model varying the truncation radius only for the cluster galaxies.
In this case we find that the truncation radius posterior has a flat
distribution. We therefore suspect that its value is not really af-
fecting the parameter modelling, as long as it is not significantly
different from its true value. To explore this further we model the
multi-plane system keeping all the truncation radii fixed to the
wrong values (10′′ instead of the input value 15′′). This shows
that the wrong choice of truncation radii makes the estimation of
the halo mass wrong by ∼ 4σ and that of the cluster galaxies by
∼ 2σ, so non-negligible, as shown in Table 6.

Conclusions

The simulated system Mock cluster mass distribution 1 is com-
posed by a cluster, at zc = 0.4, with 5 spherical galaxies of equal
luminosity and mass, and one dark matter halo with an Einstein
radius of 10′′. Its environment is constituted by two close-in-
projections LOS galaxies, one foreground zfd = 0.2 and one
background zbd = 0.6, with equal, large mass. Our observables
are a set of 15 images from 3 sources at redshifts, respectively
zS1 = 1.5, zS2 = 2.0, zS3 = 2.5. On this cluster we studied the
different effects of foreground and background perturbers. We
conclude that:

1. Foreground perturbers have a more significant effect in the
modelling than the background, for a given equal mass,
and their inclusion reproduces the observed image positions
more accurately. This might be due to their lensing effects

on the observed image positions. Moreover, foreground per-
turbers have lensing effects on the halos, affecting their cen-
troid position and shape. If we try to equate the scaled
Einstein radius (Equation 28) of foreground and background
perturbers we see that this trend is slightly attenuated, but
still visible.

2. The truncation radius of the perturbers does not affect sub-
stantially the lensing model. Indeed its posterior distribution
appears flat and does not look correlated to the parameters of
other profiles.

This is also confirmed by the Mock MACS model, as discussed
is Section 4.4.8.
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Table 6: Constraints on lens parameters for different models of Mock cluster lensing mass distribution 1. The first column refers
to the values used to simulate, the other columns refer to different models, in order, the full multi-plane, the single cluster-plane,
the multi-plane with only foreground perturber, the multi-plane with only background perturber and the total multi-plane with the
truncation radii of the galaxies fixed to the wrong value (10′′ instead of 15′′). The values are the medians of the posterior probability
distributions of the lens parameters together with their 1σ uncertainties. The orientation is measured counter clockwise from positive
x-axis.

Parameters Input MP-full SP MP-fore MP-back MP-wt

θE, fd [′′] 2.00 1.99+0.07
−0.07

− 1.60+0.19
−0.20

− 2.30+0.08
−0.08

xhalo [′′] 0.0 0.01+0.05
−0.05

0.98+0.08
−0.08

0.21+0.11
−0.11

1.15+0.09
−0.09

− 0.04+0.05
−0.05

yhalo [′′] 0.0 0.00+0.05
−0.05

1.12+0.07
−0.06

0.25+0.12
−0.12

1.07+0.08
−0.07

− 0.04+0.05
−0.05

b
a halo
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Fig. 18: Average surface mass density Σ(< R) (for source at redshift zs = 3) as a function of radius (from G1) for the multi-plane MP
(left panels) and single-plane SP (right panels) best-fit models of the Mock MACS mass distribution compared to the input model
(in dotted black) . The upper panels show the Σeff(< R) for the total cluster, i.e. halos, members and perturbers, the central panels
show the average surface mass density of the halos for the different models, and the bottom panels show the average surface mass
density of the cluster members only. Note that in the total multi-plane configuration the Σeff(< R) is relative to the total deflection
angle, as explained in Section 3.2.7.
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Fig. 19: Number of subhalos as a function circular velocity for our multi-plane (left) and single plane (right) models within an
aperture of ∼ 400 kpc. Surprisingly, the model that reproduces better the input is the SP1 model, instead of the MP-full. However,
we suspect this might be a coincidence specific to the configuration of MACS J0416.1−2403.
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Fig. 20: Critical curves for the region of the multiple images of the source galaxy at zs = 3.2213 of our Mock MACS models:
MP-full (top-left), the MP-constML (top-right) and the SP-constML (bottom). The different clumps of the source are labelled with
different numbers (30 and 31) We see that a change in the modelling assumptions can change quite significantly the shape of the
critical curves, especially for images close to them.
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Fig. 21: Mock cluster lensing mass distribution 1. The black
circles represent the lenses (cluster members), the grey circles
the foreground galaxy (darker grey) and the background galaxy
(lighter grey). The cyan triangles, magenta squares and red stars
represent the images of the three sources, respectively at zs1 =

1.5, zs2 = 2.0 and zs3 = 2.5.
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