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Abstract: Neutron stars are known to contain extremely powerful magnetic fields. Their effect is to
deform the shape of the star, leading to the potential emission of continuous gravitational waves.
The magnetic deformation of neutron stars, however, depends on the geometry and strength of
their internal magnetic field as well as on their composition, described by the equation of state.
Unfortunately, both the configuration of the magnetic field and the equation of state of neutron
stars are unknown, and assessing the detectability of continuous gravitational waves from neutron
stars suffers from these uncertainties. Using our recent results relating the magnetic deformation of
a neutron star to its mass and radius—based on models with realistic equations of state currently
allowed by observational and nuclear physics constraints—and considering the Galactic pulsar
population, we assess the detectability of continuous gravitational waves from pulsars in the galaxy
by current and future gravitational waves detectors.

Keywords: neutron stars; gravitational waves; dense matter; equation of state; stars; magnetic field

1. Introduction

The most dense material objects in the known universe are neutron stars (NSs). While
the hypothesis of their existence dates back to the 1930s [1,2], their actual discovery hap-
pened more than thirty years later. In 1967, it was pointed out that if NSs were spinning and
harboured strong magnetic fields, they would emit electromagnetic waves [3]; during the
same year, regular radio pulses from an astrophysical source were discovered [4], and this
‘pulsar’ was later interpreted to be a NS [5]. Since then, thousands of NSs were discovered.
From the perspective of gravitational waves (GWs), two classes of pulsars are of particular
interest: millisecond pulsars (MSPs), i.e., pulsars with rotation periods under ∼20 ms,
and magnetars, i.e., NSs possessing an extremely strong magnetic field, among the most
powerful ever detected [6–9].

Magnetars were initially discovered as different high energy sources showing either
energetic bursting (soft gamma repeaters) or periodic variability (anomalous X-ray pul-
sars) [10–12], and only later shown to be part of the same class of objects. Even though the
observed magnetar population is tiny (just over 30 sources [13]) when compared to the
known NS population, it is believed that they might actually compose a significant fraction
of the young population [14]. While the magnetic field at the surface of pulsars has been
inferred to be in the range 108–12 G [15–17], in magnetars, it is thought to be able to reach
1015 G [13,18] and even 1017–18 G in the case of newly-born proto-NSs [19–21].

Unfortunately, the geometry and strength of the internal magnetic fields in NSs
remains mostly unconstrained: what is known is that neither purely poloidal nor purely
toroidal configurations are stable [22–28], thus favouring a mixed field configurations like
the twisted torus [29–31]. In any case, magnetic fields of magnetar-like strength can cause
potentially observable variations in the phenomenology of NSs, like a modification of their
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torsional oscillations [32,33], of their cooling properties [34,35] and a deformation in their
shape [36–38].

This uncertainty adds to the one about the internal properties of matter in NSs,
encoded by the equation of state (EoS), which remains largely unknown, even if the
observations of NSs with a mass higher than 2M� [39,40] have partly constrained it, ruling
out many EoS proposed in the past. Further constraints have come from the NICER
telescope [41,42], which has set tighter limits on the possible NS radii, effectively shrinking
the allowed region of the mass-radius diagram. In addition, the first observation of GWs
emitted by a binary NS merger [43] allowed us to also set limits on the stiffness of the
EoS [44].

Today, the internal magnetic field and the EoS of NSs are the two major unknowns in
their physics, a problem made more complex by the fact that they are deeply intertwined:
strong magnetic fields directly affect the particle composition of NSs, playing a role in
particle physics issues like the Delta puzzle [45,46], the hyperon puzzle [47,48], the hadron-
quark phase transition [49–53] and the existence of a superconducting phase [54–56].

Given that the strong magnetic fields of NSs are able to deform their shape [31,38,57–61],
and that a time-varying quadrupolar deformation leads to the emission of continuous
GWs (CGWs), it is important to understand the interplay of magnetic fields and the EoS in
affecting the magnetic deformation of NSs. In this sense, the existence of relations which
are truly independent or weakly dependent on the EoS (quasi-universal relations) relating
potentially observable quantities [62,63] may be helpful in disentangling the effects of these
two major unknowns.

In this work, we apply our recent results [63–65] regarding a quasi-universal relation
linking the NS mass, radius, magnetic deformation and surface magnetic field both to the
case of the observed pulsar population as contained in the ATNF catalogue [66] and to a
generic galactic sample simulated through a population synthesis approach. In particular,
we assess the detectability of CGWs through the use of present and future GW detectors,
showing that a significant fraction of the MSP population in the galaxy may be observable
even with existing detectors when they reach their design sensitivity, while canonical
pulsars seem to be beyond the reach of even third generation ones.

2. Materials and Methods

The CGWs strain h0 emitted by a NS rotating with frequency frot, at distance d from
the detector is

h0 =
16π2G

c4
Q f 2

rot
d

, (1)

where G is Newton’s gravitational constant, c the speed of light, and Q is the quadrupole
moment. The quadrupole moment can be written as the product of the relativistic moment
of inertia I times the quadrupolar deformation of the NS, e. When the deformation is
caused by a purely poloidal magnetic field, the shape of the NS is axisymmetric, and one
can approximate with good accuracy

e =
∣∣∣∣ Izz − Ixx

Izz

∣∣∣∣ (2)

where Ixx, Izz are the moments of inertia of the NS computed with the Newtonian formula
(see Appendix C of [64]), and the z axis is the symmetry axis of the system. It was shown
that the Newtonian value of e is a good approximation for the correct GR one [67]. We have
found [63,65] that, in GR, for typical magnetic fields of NSs, the magnetic deformation e of
a NS is well approximated by the formula

e ≈ csB2
s , (3)

where Bs is the surface magnetic field at the pole, in units of 1018 G, and cs is called the
‘distortion coefficient’. By computing ∼ 65,000 full GR, multi-dimensional axisymmetric
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magnetized equilibrium models of NSs with the XNS1 code [31,64,68], adopting a variety of
different EoS, we found that cs can be approximated with great accuracy by the following
quasi-universal relation:

cs = 2.97R4.61
10 M−2.80

1.6 , (4)

where R10 = Rc/10 km, M1.6 = Mk/1.6M�, and Rc and Mk are the circularisation radius
and the Komar mass of the NS, respectively, (see [69,70] for their definition). Incidentally,
we remark that it is not the energy of the magnetic field per se that directly gives a
gravitational quadrupole, but the oblate/prolate distortion that magnetic pressure and
tension produce in the matter distribution inside the NS. This holds for several EoS that
satisfy current observational and particle physics constraints, computed according to
various techniques and with different particle contents. This approximation also holds
for EoS describing strange quark stars (see [71] for an account of the deformation of a NS
due to the presence of a quark core), although with a smaller accuracy. On the other hand,
it was previously found [62] that the GR moment of inertia I is also well approximated,
for a large sample of EoS, by a function of just the mass and radius of the NS. Then, if the
rotation frequency, distance, surface magnetic field, mass and radius of a NS are known,
one can estimate the strain of the CGWs that it should emit, independently of the EoS.
However, the radii of NSs are a notoriously difficult quantity to measure, and for this
reason, we chose to consider the two EoS which give the most different radii among the
ones we studied (the APR4 [72,73] and the NL3ωρ [74,75]), and use them to calculate the
radii of the NSs from their mass. With this approach, we expect that the results obtained by
considering other EoS should be contained within the limits we find in these two cases.

In the following, we present the results obtained with two different approaches: case
study A and case study B. In case A, we generate a population of NSs with the following
characteristics: the mass is sampled from a bimodal Gaussian distribution by [76], whose
peaks are located at 1.396M� and 1.84M�; the magnetic field is sampled from a log-normal
distribution [77] with mean of 1012.65G; the rotation frequency and the distance are taken
from the ATNF catalogue [66]. While this distribution is consistent with the observations of
canonical pulsars contained in the ATNF catalogue, magnetic fields in MSPs are observed
to have much lower values. A possible explanation for this is that the actual magnetic field
of MSPs, which distorts their shape, is somehow hidden from observations, either due
to an accretion process [78,79] or to ambipolar diffusion [80]. In order to avoid possible
selection biases, we chose to re-generate the magnetic field not just for MSPs, but also
for canonical pulsars, even if their magnetic fields have been measured. In fact, NSs in
the ATNF catalogue tend to have a slightly lower magnetic field than predicted by the
aforementioned distribution, possibly due to the fact that pulsars with a stronger magnetic
field shut off radio emission more rapidly and have a lower chance of being detected.
This sample consists of 3177 NSs, i.e., the present number of NSs contained in the ATNF
catalogue minus a few records whose period or distance are missing. Their position in the
galaxy can be seen in Figure 1.

Case study B consists of a population of 104 NSs, enough to allows us to sample
their strain distribution with enough statistical accuracy, with the following characteristics:
the mass is computed through three possible Gaussian bimodal mass distributions [the
same as in case A [76]; another one peaked at 1.34M� and 1.78M�, with a maximum mass
cutoff at 2.9M� [81]; a third one peaked at 1.34M� and 1.47M� [82]; the magnetic field, as
before, is sampled from a log-normal distribution [77]; the rotation frequency is computed
by fitting the frequency distribution of the ATNF pulsars and then sampling from it; the
position is computed by sampling nine different possible galactic distributions [83–91].
This corresponds to a total of 28 different populations.
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Figure 1. Face-on (top plot, in galactocentric coordinates) and edge-on (bottom plot, in ICRS co-
ordinates) representation of the Galaxy along with the position of the NSs contained in the ATNF
catalogue (case study A). The colour scale in the top plot, indicating their height on the galactic plane,
was capped at ±2 kpc for ease of visualisation. These plots were made using the mw-plot Python
package: https://pypi.org/project/mw-plot/, (accessed on 14 September 2021).

We note here that both the surface magnetic field strength contained in the ATNF
catalogue and the one of our selected log-normal distribution refer to the equatorial value,
while Bs in Equation (3) is that at the pole, which differs by a factor of 2. Moreover, we
note that the strain of the plus and cross polarisations h+,× of CGWs emitted at twice the
rotation frequency of the NS, contain a factor sin2 α, where α is the angle between the spin
and magnetic axis [92]. This factor, however, is already accounted for in the value of the
magnetic field given that, both the ATNF values and the those derived from the log-normal
distribution, are given for the case of a magnetic axis orthogonal to the spin axis. This

https://pypi.org/project/mw-plot/
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implies that one can obtain h+,× without having to worry about the inclination angle α,
because its uncertainty is already factored in into the distribution of magnetic field values.

3. Results

In Figure 2, we can see the predicted strain of CGWs emitted by the NSs in the ATNF
catalogue (case study A). Each point represents a given NS in the catalogue, its position
on the x−axis being the frequency at which it emits CGWs (twice its rotation frequency).
Points are colour-coded according to which EoS has been assumed to calculate the NS
radius from its mass, either the APR (red points) or the NL3ωρ (blue points). The various
curves give the minimum detectable strain of the advanced LIGO (aLIGO) detector at
design sensitivity2 (green lines), expected to be achieved during the O4 observing run [93],
and of the Einstein Telescope (ET) detector in the D configuration3 (black lines) [94]. The
solid lines are the nominal sensitivity curves, while the dot-dashed and dashed lines are the
minimum detectable strain in the case of continuous 1 month and 2 years observation time,
respectively. For a search over time T, the minimum detectable strain by a ground-based
interferometer is [95]

h0 ≈ 11.4

√
Sn

T
, (5)

where Sn is the power spectral density of the detector noise (
√

Sn is the nominal sensitivity
curve for the detectors plotted in Figure 2). MSPs, emitting CGWs at a frequency f & 50Hz,
and canonical pulsars, form two clearly distinct populations in terms of GWs as can be
seen from Figure 2. We see that CGWs emitted by MSPs have a much larger strain, making
them potentially observable by both aLIGO and ET with 1 month to 2 years observing
time. Concerning the role of the EoS that is used to compute the radii of the NSs, it just
has the effect of raising the strain by a factor of 2 to 9 when using the NL3ωρ EoS instead
of the APR. Canonical pulsars, on the other hand, seem to be mostly invisible to even 3rd
generation detectors, even for magnetic fields with the higher strengths.

In order to evaluate the variance of our results, since changes in the mass and magnetic
field (which are randomly generated) has the effect of changing the strain for different
populations, we repeated the modelling of case A 10 times: for each NS in the ATNF
catalogue, with its fixed rotation frequency and distance, we extracted 10 random samples
from the mass and magnetic field distributions, effectively generating a population of
63540 NSs (31770 NSs for each of the two EoS). Then, we used Gaussian kernel density
estimation (KDE) to evaluate the probability density function of this population. The
results are plotted in Figure 3. The red contour plot is the probability density function
associated to the our NS population, while the two distribution on the top and right axii are
the marginal ones. The green and black lines are the sensitivity curves of the aLIGO and
ET detectors, as in Figure 2. The green and black points denote the minima of these curves,
and the green and black lines on the axis on the right refer to the values of these minima.
The fraction of the NS population that is above those lines is potentially observable with
the given instrument and observing time. In particular, using the aLIGO detector with a
1 month (2 years) observation time, ∼3% (∼9%) of the MSP population could be detected;
instead, by using the ET telescope with a 1 month (2 years) observation time, ∼16% (∼32%)
of the MSP population could be detected. In any case, canonical pulsars seem to be out
of both detectors’ range. We note that these results are evaluated in the “most optimistic
case”, as they are derived under the assumption of a purely poloidal field: if a toroidal
component is present, the NSs magnetic deformation is smaller with respect to the case of
a pure geometry, resulting in a lower detection rate. So results shown in Figure 2 must be
taken as an upper, more optimistic, bound.

Since the pulsars we studied in case A are true astrophysical objects, we estimated the
probability of detection of the 5 most promising ones. In order to do so, we chose the 5 NSs,
described by the NL3ωρ EoS, with the largest median strain computed by considering
100 realisations for their mass and magnetic field. The probability of detection by aLIGO
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with a 1 month and 2 years observation time, is again computed with a KDE. Results are
presented in Table 1.

Table 1. Top 5 pulsars in the ATNF catalogue with the highest probability of detection according to
our study. The pulsar’s name, distance and period are reported, as recorded in the ATNF catalogue.
The median strain column reports the median value of the strain h0 for each pulsar, estimated by
generating 100 samples of each. The last column contains the probability of detection of each NS by
aLIGO with a 1 month (2 years) observation time.

Name Distance [kpc] Period [s] Median Strain [1/
√

Hz] Detection Probability

J0605+3757 0.215 0.002728 3.21 × 10−29 18% (36%)
J0636+5129 0.210 0.002869 3.57 × 10−29 15% (33%)
J0034-0534 1.348 0.001877 1.57 × 10−29 14% (30%)
J1400-1431 0.278 0.003084 1.91 × 10−29 13% (30%)
J1653-0158 0.840 0.001968 3.58 × 10−29 12% (28%)

Figure 2. Strain of CGWs emitted by the pulsars contained in the ATNF catalogue. Each point is a
specific NS in the catalogue, and its position on the x−axis denotes the emission frequency of CGWs.
The colour of the points indicates which EoS has been assumed to calculate the NS radius from its
mass, either the APR (red points) or the NL3ωρ (blue points). The solid lines are the sensitivity
curves of the aLIGO (green line) and ET detectors (black line). The dot-dashed and dashed lines are
the minimum detectable strain by aLIGO (green lines) and ET (black lines) in the case of a continuous
1 month (dot-dashed lines) and 2 years (dashed lines) observation time.

In order to compute, with sufficient statistical accuracy, the distribution of GW strains
for the entire Galactic population of NSs, in the case study B, we generate a population
of 104 sources. We found that all the combinations of mass and position distributions we
have adopted, give similar results regarding the distribution of strains. For this reason,
in the following we show and discuss only the results obtained by adopting the same
mass distribution as in case A [76] and two position distributions [85,86], denoted in the
following as case B1 and case B2, respectively. In the first case, the radial distribution of
NSs on the galactic plane is a gamma function peaked at ∼5.0 kpc from the galactic centre
(model C in the paper [85]), while the distribution above the galactic plane is given by an
exponential with a scale height of 330 pc (model S in the same paper). In the second case,
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the radial distribution is that of NSs at birth [96], given by a gamma function peaked at
∼6.2 kpc from the galactic centre, while their height is given by a uniform distribution
between 150 pc and −150 pc (model C’ in the paper [86]).

Figure 3. Plot of the probability density function (red contour plot) associated with model A randomly
repeated 10 times (see text for more details). The two distribution on the top and right axii are the
marginal ones. The solid lines are the sensitivity curves of the aLIGO (green line) and ET detectors
(black line). The dot-dashed and dashed lines are the minimum detectable strain by aLIGO (green
lines) and ET (black lines) in the case of a continuous 1 month (dot-dashed lines) and 2 years (dashed
lines) observation time. The green and black points denote the minima of these curves, and the
green and black lines on the axis on the right refer to the values of these minima. The fraction of
the NS population that is above those lines is potentially observable with the given instrument and
observing time.

This corresponds to adopting either an evolved population (case B1, more appropriate
for old MPS), or a population close to conditions at birth (case B2, more appropriate for
young canonical PSRs). The fact that our results show no significant difference in these two
cases, is indicative of the fact that any uncertainty in the distribution of NS position in the
Galaxy will play a negligible role in assessing their visibility by CGWs. In fact, the biggest
difference between cases B1 and B2 lies in the distribution of heights above the Galactic
plane, while distances mostly depend only on the radial distribution. The position of the
pulsar population generated according to case B1 and case B2 are shown in Figure 4 on the
left and right, respectively. In Figure 5, we plot the resulting strain distributions for case
study B1 and B2 (top and bottom plots, respectively).



Galaxies 2021, 9, 101 8 of 16

Figure 4. Face-on (top plot, in galactocentric coordinates) and edge-on (bottom plot, in ICRS
coordinates) representation of the Galaxy along with the position of the NSs population generated
according to the distributions of case study B1 (left plots) and case study B2 (right plots). These
plots were made using the mw-plot Python package: https://pypi.org/project/mw-plot/, (accessed
on 14 September 2021).

We clearly see that the differences in the resulting strain distribution are minimal,
even though the positions of the two populations have a substantially different shape
(see Figure 4). In order to estimate the probability density distribution through KDE we
increased the number of sources to 105 for each EoS, resulting in a total population of
2× 105 NSs. Given that cases B1 and B2 give practically equivalent results regarding h0,
we only plot the density obtained from case B1 in Figure 6. We see that, using the aLIGO
detector with a 1 month (2 years) observation time, ∼1% (∼5%) of the MSP population
could be detected; instead, by using the ET telescope with a 1 month (2 years) observation
time, ∼10% (∼23%) of the MSP population could be detected. As we found in case A,
canonical pulsars seem to be out of both detectors’ range.

In the case of a NS endowed with a superconducting core, the extent to which the
magnetic field can deform the NS is much more enhanced [58,61]. In this case, we expect
NS models to develop a distortion coefficient that is roughly Bc1/〈B〉 times higher than
cases without a superconducting core, where Bc1 ≈ 1015G is the first critical magnetic field
strength and 〈B〉 is the volume averaged magnitude of the magnetic field B [63].

https://pypi.org/project/mw-plot/


Galaxies 2021, 9, 101 9 of 16

Figure 5. Strain of CGWs emitted by the pulsars generated according to the models of case study
B1 (top plot) and case study B2 (bottom plot). Each point is a specific NS, and its position on the
x−axis denotes the emission frequency of CGWs. The colour of the points indicates which EoS has
been assumed to calculate the NS radius from its mass, either the APR (red points) or the NL3ωρ

(blue points) EoS. The solid lines are the sensitivity curves of the aLIGO (green line) and ET detectors
(black line). The dot-dashed and dashed lines are the minimum detectable strain by aLIGO (green
lines) and ET (black lines) in the case of a continuous 1 month (dot-dashed lines) and 2 years (dashed
lines) observation time.

As we show in Figure 7, the fraction of MSPs observable in CGWs is greatly increased
in this case: ∼18% (∼48%) using the aLIGO detector with a 1 month (2 years) observation
time and ∼69% (∼90%) using the ET telescope with a 1 month (2 years) observation
time. While the strain of CGWs emitted by canonical pulsars is certainly enhanced by the
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presence of a superconducting core, next generation telescopes like ET still fall short of the
required sensitivity of at least one order of magnitude.

Figure 6. Plot of the probability density function (red contour plot) associated with a NS population
of 105 sources made according to case B1 (see text for more details). The two distribution on the top
and right axii are the marginal ones. The solid lines are the sensitivity curves of the aLIGO (green
line) and ET detectors (black line). The dot-dashed and dashed lines are the minimum detectable
strain by aLIGO (green lines) and ET (black lines) in the case of a continuous 1 month (dot-dashed
lines) and 2 years (dashed lines) observation time. The green and black points denote the minima
of these curves, and the green and black lines on the axis on the right refer to the values of these
minima. The fraction of the NS population that is above those lines is potentially observable with the
given instrument and observing time.
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Figure 7. Plot of the probability density function (red contour plot) associated with a NS population
of 105 sources made according to case B1 endowed with a superconducting core (see text for more
details). The two distributions on the top and right axii are the marginal ones. The solid lines are
the sensitivity curves of the aLIGO (green line) and ET detectors (black line). The dot-dashed and
dashed lines are the minimum detectable strain by aLIGO (green lines) and ET (black lines) in the
case of a continuous 1 month (dot-dashed lines) and 2 years (dashed lines) observation time. The
green and black points denote the minima of these curves, and the green and black lines on the axis
on the right refer to the values of these minima. The fraction of the NS population that is above those
lines is potentially observable with the given instrument and observing time.

4. Discussion

We have shown that the quasi-universal relation Equation (4) linking the magnetic
deformation of a NS to its mass, radius and surface magnetic field can be used to compute
the strain of the CGWs they emit in a way that is independent of their EoS. This can be
done once the NS mass, radius, surface magnetic field, rotation period and distance are
known. Measuring directly the radius is notoriously difficult; however, once an EoS is
assumed, there is a one to one relation with the mass, a much easier quantity to estimate,
even from a statistical point of view.

For this reason, in order to bound the predictions on CGWs emission, among the
many EoS we used to infer the quasi-universal relation for cs, we have chosen the two
that give the most different radii, for the same NS mass. In this way, we are confident that
our results regarding the possible GW detectability of the Galactic NS population should
remain valid also for other EoS. As we discussed, the strain computed by adopting these
two EoS can differ by up to an order of magnitude, and this can be taken as an estimate of
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the uncertainty due to our ignorance of the NS internal composition. In order to evaluate
how other properties of Galactic NSs, like their magnetic field and period distribution,
play a role, we adopted two different approaches. In case A, we used the values for
the rotation period and distance of the known pulsars in the galaxy, given by the ATNF
catalogue, and we assigned to them a mass and surface magnetic field from the expected
distributions. In the other case B, we synthesised the whole galactic NS population by
assigning to each one of them all the necessary quantities (magnetic field, mass, rotation
period, distance) from the expected distributions, allowing us to compute the strain of
potentially undetected sources.

In the last case, we also sampled a variety of distributions both for their mass and for
their location in the galaxy, finding very similar results in all cases, which suggest that the
uncertainty in these two quantities is not dominant over the one for the strength of the
magnetic field. In order to evaluate the detection probability, for each one of the EoS we
selected, we randomly generated a large population, and computed the density distribution
of h0 using a KDE approach. This allows us to estimate the fraction of NSs in the galaxy
whose CGWs are within the range of ground-based future GW detectors. In particular, we
considered the cases of the aLIGO and the ET detectors, either for continuous 1 month or
2 years observation time. In case A, considering a 2 years observing time, (see Figure 3)
we found that up to ∼9% and ∼32% of the total MSPs population lies within the reach
of aLIGO and ET, respectively. This amounts to a number of ∼270 and ∼960 detectable
pulsars if one considers the expected number∼3× 103 of MSPs within 5 kpc of the Sun [97].
We note that those are the NSs that, due to their beaming geometry, are expected to be
detectable as pulsating radios sources. In general, a large fraction of the total pulsar
population would not be detectable in radio, due to their beaming geometry, but they
may be observable through their CGWs emission. Lower total fractions are obtained in
case B1 (see Figure 6): up to ∼5% and ∼23% of the total MSP population with aLIGO and
ET, respectively, corresponding to ∼2000 and ∼9200 NSs considering the ∼4× 104 MSPs
expected to be present in the Galaxy [97]. This is simply a selection bias because, as we see
in Figure 1—top plot—the NS population of the ATNF catalogue is roughly centred on the
position of the Solar System (Galactocentric coordinates (x, y, z) = (8.122, 0, 0.021) kpc),
and much closer to us than the average Galactic population, thus making it potentially
easier to detect.

We also considered the possibility of NSs to be endowed with a superconducting core.
In this case, the effective internal magnetic field that deforms the star is much stronger
that the magnetic field outside the NS (the one responsible for the spin-down), and this
implies a potentially much stronger emission of CGWs by the same sources. In fact, under
this assumption, the fraction of detectable MSPs can reach values up to ∼48% and even
∼90% in the case of a 2 year observation with aLIGO and ET, respectively, corresponding
to ∼19,200 and ∼36,000 NSs. Even with just one month of observing time, ∼18% and
∼69% of the MSPs in the Galaxy lie within the reach of aLIGO and ET, amounting to ∼7200
and ∼27,600 objects, respectively. However, even in the presence of superconductivity,
CGWs emitted by canonical pulsars seem to be far too weak even for 3rd generation
ground-based GW detectors, due to their slow rotation period. On the other hand, given
that such a large fraction of MSPs could be detectable by aLIGO and ET in the case of
superconductivity, the absence of any CGWs detection could itself be an indication of the
lack of a superconducting core, effectively constraining the possibility of its existence.

We would like to remark that all of our models are fully multi-dimensional and
computed in full GR, by solving simultaneously the Einstein, Euler and Maxwell equations.
It is only in the calculation of the distortion e that we have used an integral formula
derived in the Newtonian limit (still performed over the GR solution for the matter-energy
distribution). This is because for non-liner GR codes, like the one we have used, this
approach is numerically more robust than the correct GR one based on the asymptotic
vanishing metric terms which, for small deformations, are subject to large numerical noise.



Galaxies 2021, 9, 101 13 of 16

Moreover, this approach has been shown in the past to give results in good accordance
with the exact GR approach.

We wish to recall here that our results have been derived under the assumption that
the magnetic field inside NSs was a purely poloidal. While this is clearly a simplifying
assumption, it provides an upper bound on the deformability, and as such can be used to
infer information on the geometry of the internal magnetic field. Indeed, a lack of detection
would be a strong indication that a toroidal magnetic field component is present in the
interior, which counteracts the effect of the poloidal term, and could be used to set limits
on the relative strength of the two.

As a final cautionary remark, let us recall that the detectability of CGWs from a NS is
not just a function of their strain h0, but also of its orientation with respect to the detectors
and of the inclination between the magnetic and the rotation axis. GW detectors have a
particular antenna pattern which renders them more or less sensitive to waves coming from
certain angular positions in the sky. While we believe our work can give a comprehensive
overview of what to expect in terms of CGWs emission by pulsars in the Galaxy, a more in
depth analysis would have to also take into account the expected distribution of the relative
inclination between the magnetic and spin axis, as well as to consider the time-varying
angular position of the NS with respect to the ground-based detectors on Earth.
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Notes
1 The XNS code solves simultaneously and self-consistently the Einstein equations for the metric, the GRMHD-Euler Equation for

the plasma, and the GR-Maxwell Equations for the magnetic field distribution, using the XCFC formalism.
2 The aLIGO design densitivity curves can be found at https://dcc.ligo.org/LIGO-T1800044/public, (accessed on 14 September

2021).
3 The ET sensitivity curves can be found at http://www.et-gw.eu/index.php/etsensitivities, (accessed on 14 September 2021).

References
1. Landau, L.D. To the theory of energy transmission in collissions. II. Phys. Zs. Sowjet 1932, 2, 46.
2. Baade, W.; Zwicky, F. On Super-novae. Proc. Natl. Acad. Sci. USA 1934, 20, 254–259. [CrossRef] [PubMed]
3. Pacini, F. Energy Emission from a Neutron Star. Nature 1967, 216, 567–568. [CrossRef]
4. Hewish, A.; Bell, S.J.; Pilkington, J.D.H.; Scott, P.F.; Collins, R.A. Observation of a Rapidly Pulsating Radio Source. Nature 1968,

217, 709–713. [CrossRef]
5. Gold, T. Rotating Neutron Stars as the Origin of the Pulsating Radio Sources. Nature 1968, 218, 731–732. [CrossRef]
6. Duncan, R.C.; Thompson, C. Formation of Very Strongly Magnetized Neutron Stars: Implications for Gamma-Ray Bursts. ApJ

1992, 392, L9. [CrossRef]
7. Thompson, C.; Duncan, R.C. Neutron Star Dynamos and the Origins of Pulsar Magnetism. ApJ 1993, 408, 194. [CrossRef]
8. Thompson, C.; Duncan, R.C. The soft gamma repeaters as very strongly magnetized neutron stars—I. Radiative mechanism for

outbursts. MNRAS 1995, 275, 255–300. [CrossRef]
9. Thompson, C.; Duncan, R.C. The Soft Gamma Repeaters as Very Strongly Magnetized Neutron Stars. II. Quiescent Neutrino,

X-Ray, and Alfven Wave Emission. ApJ 1996, 473, 322. [CrossRef]

https://dcc.ligo.org/LIGO-T1800044/public
http://www.et-gw.eu/index.php/etsensitivities
http://doi.org/10.1073/pnas.20.5.254
http://www.ncbi.nlm.nih.gov/pubmed/16587881
http://dx.doi.org/10.1038/216567a0
http://dx.doi.org/10.1038/217709a0
http://dx.doi.org/10.1038/218731a0
http://dx.doi.org/10.1086/186413
http://dx.doi.org/10.1086/172580
http://dx.doi.org/10.1093/mnras/275.2.255
http://dx.doi.org/10.1086/178147


Galaxies 2021, 9, 101 14 of 16

10. Kouveliotou, C.; Dieters, S.; Strohmayer, T.; van Paradijs, J.; Fishman, G.J.; Meegan, C.A.; Hurley, K.; Kommers, J.; Smith, I.;
Frail, D.; et al. An X-ray pulsar with a superstrong magnetic field in the soft γ-ray repeater SGR1806 - 20. Nature 1998, 393, 235–237.
[CrossRef]

11. Gavriil, F.P.; Kaspi, V.M.; Woods, P.M. Magnetar-like X-ray bursts from an anomalous X-ray pulsar. Nature 2002, 419, 142–144.
[CrossRef] [PubMed]

12. Mereghetti, S.; Pons, J.; Melatos, A. Magnetars: Properties, Origin and Evolution. Space Sci. Rev. 2015, 191, 315–338. [CrossRef]
13. Olausen, S.A.; Kaspi, V.M. The McGill Magnetar Catalog. ApJS 2014, 212, 6. [CrossRef]
14. Kaspi, V.M.; Beloborodov, A.M. Magnetars. ARA&A 2017, 55, 261–301. [CrossRef]
15. Asseo, E.; Khechinashvili, D. The role of multipolar magnetic fields in pulsar magnetospheres. MNRAS 2002, 334, 743–759.

[CrossRef]
16. Spruit, H.C. The source of magnetic fields in (neutron-) stars. In Cosmic Magnetic Fields: From Planets, to Stars and Galaxies;

Strassmeier, K.G., Kosovichev, A.G., Beckman, J.E., Eds.; Cambridge University Press: Cambridge, UK, 2009; Volume 259,
pp. 61–74. [CrossRef]

17. Ferrario, L.; Melatos, A.; Zrake, J. Magnetic Field Generation in Stars. Space Sci. Rev. 2015, 191, 77. [CrossRef]
18. Popov, S.B. Origins of magnetars in binary systems. A&AT 2016, 29, 183–192.
19. Del Zanna, L.; Bucciantini, N. Covariant and 3 + 1 equations for dynamo-chiral general relativistic magnetohydrodynamics.

MNRAS 2018, 479, 657–666. [CrossRef]
20. Ciolfi, R.; Kastaun, W.; Kalinani, J.V.; Giacomazzo, B. First 100 ms of a long-lived magnetized neutron star formed in a binary

neutron star merger. Phys. Rev. D 2019, 100, 023005. [CrossRef]
21. Franceschetti, K.; Del Zanna, L. General Relativistic Mean-Field Dynamo Model for Proto-Neutron Stars. Universe 2020, 6, 83.

[CrossRef]
22. Prendergast, K.H. The Equilibrium of a Self-Gravitating Incompressible Fluid Sphere with a Magnetic Field. I. ApJ 1956, 123, 498.

[CrossRef]
23. Chandrasekhar, S.; Prendergast, K.H. THE EQUILIBRIUM OF MAGNETIC STARS. Proc. Natl. Acad. Sci. USA 1956. 42, 5–9.

[CrossRef]
24. Chandrasekhar, S.; Kendall, P.C. On Force-Free Magnetic Fields. ApJ 1957, 126, 457. [CrossRef]
25. Tayler, R.J. The adiabatic stability of stars containing magnetic fields-I.Toroidal fields. MNRAS 1973, 161, 365. [CrossRef]
26. Markey, P.; Tayler, R.J. The adiabatic stability of stars containing magnetic fields. II. Poloidal fields. MNRAS 1973, 163, 77–91.

[CrossRef]
27. Markey, P.; Tayler, R.J. The adiabatic stability of stars containing magnetic fields-III. Additional results for poloidal fields.

MNRAS 1974, 168, 505–514. [CrossRef]
28. Tayler, R.J. The adiabatic stability of stars containing magnetic fields. IV—Mixed poloidal and toroidal fields. MNRAS 1980,

191, 151–163. [CrossRef]
29. Ciolfi, R.; Rezzolla, L. Twisted-torus configurations with large toroidal magnetic fields in relativistic stars. MNRAS 2013,

435, L43–L47. [CrossRef]
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