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18 This paper concerns the development of a first simplified model to take into account the perturbations
19 produced by the nongravitational forces acting on the satellites of the Galileo FOC constellation and the
20 corresponding first orbital determinations within the G4S_2.0 project. G4S_2.0 has a series of objectives in
21 verifying the gravitational interaction in the weak field limit of the theory of general relativity, exploiting
22 in particular the eccentricity of the orbits of some Galileo FOC satellites and the precise measurements
23 that can be derived from the atomic clocks on board these satellites. The study focused on the model for
24 the acceleration produced by direct solar radiation pressure on the satellites. This is the largest of all
25 nongravitational perturbations. It is therefore necessary to build a sufficiently accurate model for it before
26 being able to seriously consider smaller perturbation effects, such as those related to terrestrial radiation and
27 thermal thrust effects. The work presents new aspects in the literature of navigation satellites. One of these
28 is the determination of the effects in the Keplerian elements produced by the direct solar acceleration
29 obtained from a box-wing model of the satellite. A second aspect is the comparison of these predictions in
30 the orbital elements with the corresponding orbital residuals achieved from an orbit determination of the
31 satellite. The study therefore highlights even more the importance of being able to improve the model of the
32 perturbation originating from solar radiation in the field of global navigation satellite systems. This is very
33 important if one wants to extract gravitational measurements from the orbit and clock-bias measurements of
34 these satellites to verify the predictions of general relativity and compare them with those of alternative
35 theories of gravitation.

DOI:36

37 I. INTRODUCTION

38 This paper mainly focuses on modeling direct solar
39 radiation pressure (SRP) on the current constellation of
40 ESAGalileo FOC satellites and constitutes the continuation
41 of a work presented in this same issue [1]. In particular,
42 we introduce the results obtained for the effects of SRP
43 in the case of a box-wing model of the spacecraft
44 obtained according to the metadata of ESA Galileo FOC
45 satellites [2]. Although not new in the literature of the
46 global navigation satellite systems (GNSS), our box-wing
47 (BW) model presents, in its various applications, several

48new aspects compared to what has already been published
49for the Galileo satellites, see for instance Bury et al. [3,4].
50As explained in [1], this activity falls within the Galileo for
51Science (G4S_2.0) project funded by the Italian Space
52Agency (ASI) [5–8]. The main goals of G4S_2.0 are in the
53field of fundamental physics and exploit the relatively high
54eccentricity of the orbits of the Galileo GSAT0201 and
55GSAT0202 satellites and the accuracy of the on board
56atomic clocks, see [1] for details.
57As said above, we are interested to model the effects of
58direct SRP on the Galileo FOC spacecraft. SRP represents
59the largest Non Gravitational Perturbation (NGP) on all
60GNSS satellites: about two orders of magnitude larger than
61the albedo perturbation, the second in magnitude. In fact,*david.lucchesi@inaf.it
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62 as we have extensively illustrated in [1] (see Secs. II and IV
63 therein), suboptimal modeling of SRP is currently the main
64 source of error in determining the orbits of all GNSS
65 satellites. Therefore, being able to improve the model for
66 the SRP of Galileo satellites is extremely important for a
67 number of different reasons, such as: (i) the use of the orbits
68 and clocks of these satellites for the products of the
69 International GNSS Service (IGS) ([9]), (ii) for more
70 purely geophysical and geodetic applications within the
71 global geodetic observing system (GGOS) [10], (iii) and
72 for applications in the field of fundamental physics of
73 current and next generation satellites [5,11,12].
74 In [1] (hereafter Paper I), we described, in particular, how
75 we built our 3D model of the current Galileo FOC space-
76 craft (see Sec. XII A) and our BW model based on ESA
77 metadata (see Sec. XII). In particular, we introduced what
78 we called a simplified box-wing (S-BW) model and we
79 provided its first applications within COMSOL [13] (see
80 Section XII B). As explained in Paper I, the 3D model will
81 be used to calculate the impact of the SRP—as well as that
82 of the Earth’s radiation pressure—using a refined ray-
83 tracing technique. This will only be possible once a much
84 more in-depth characterization of the spacecraft is achieved
85 than current knowledge based on presently available ESA
86 metadata. This will be, in fact, our ultimate goal within
87 G4S_2.0. In this work we will present the results of our
88 analytical S-BW model in the case of direct solar radiation.
89 Another object of our investigations, which will be
90 presented in the second part of this work, concerns the
91 orbital determination of the Galileo FOC satellites. In fact,
92 after the improvement of the dynamic model, precise orbit
93 determination (POD) represents the main tool with which to
94 obtain, directly or indirectly, the various gravitational mea-
95 surements of interest for our project. These measurements
96 can directly concern the knowledge of the state vector of the
97 satellites, as in the case of those related to relativistic
98 precessions, or a better estimate of the clock-bias of the
99 on board atomic clocks, as in the case of local position

100 invariance tests or to set constraints in the presence of dark
101 matter.
102 The rest of the paper is organized as follows. Section II
103 defines the main characteristics of the Galileo FOC
104 satellites that we have taken into consideration for our
105 analyses. In this section the attitude law applied to these
106 satellites is also introduced and described. Section III
107 defines the model we have adopted for the interaction of
108 incoming solar radiation with the surfaces of the spacecraft.
109 The accelerations produced by SRP on satellites in ellip-
110 tical orbits are calculated using the S-BW model. In
111 particular, the acceleration results are provided in different
112 reference frames and under different representations.
113 Section IVexploits the results obtained for the accelerations
114 in the Gauss reference frame to determine their effects in
115 the orbital elements of the aforementioned satellites. In
116 Sec. V, on the basis of a very simplified dynamical model,

117we introduce our preliminary orbital determination for a
118Galileo satellite in elliptical orbit and for one in nominal
119orbit and we compare and discuss the obtained results. In
120particular, the orbital residuals of GSAT0201 have been
121computed and compared with the prediction of the S-BW
122model. In Sec. VI, we summarize the results obtained by
123interpreting them in terms of the further efforts to be made
124in the development of the dynamic model of the Galileo
125FOC satellites in order to achieve the fundamental physics
126objectives of G4S_2.0. Finally, in Sec. VII our conclusions
127and recommendations are provided.

128II. THE GALILEO FOC SATELLITES

129In the present work we will apply our S-BWmodel to the
130two aforementioned satellites GSAT0201 and GSAT0202
131in elliptical orbit. The application of the model to
132GSAT0206 and GSAT0208, which are instead in their
133nominal (almost circular) orbit, will be provided later. The
134reason why our analyzes and simulations focus on these
135two different types of Galileo FOC satellites lies precisely
136in the nature of the different fundamental physics objectives
137of the G4S_2.0 project.
138As introduced in Paper I, elliptical orbits are particularly
139important for the modulation of the gravitational redshift
140signal and for the measurement of the total relativistic
141advancement of the satellite’s argument of pericenter. From
142the latter it is possible to measure the Schwarzschild and
143Lense-Thirring precession and, consequently, to place
144constraints on alternative theories of gravitation through
145their predictions on the relativistic advancement of the
146pericenter of the orbits [14–19]. Conversely, the satellites in
147nominal orbit (together with the two satellites in elliptical
148orbit), in particular the atomic clocks on board these
149satellites, will be useful for placing constraints on the
150possible presence of dark matter in the spherical halo in
151which our galaxy is immersed and for the possibility of
152detecting in future gravitational waves by the use of all the
153satellites of the constellation [20].
154In both cases, an improved POD of these satellites with
155respect to the current state of the art is mandatory to
156achieve precise and accurate measurements in the field of
157fundamental physics. Therefore, as already underlined,
158one of our objectives in this direction is to improve the
159dynamic model of the orbits of satellites and, first of all,
160that of the nonconservative forces starting from the SRP.
161In Table I, some physical characteristics of the satellites
162and of their orbits are shown together with their identi-
163fication numbers.
164In addition to the satellite name [21], the Table shows
165two different numbers to identify each satellite: the
166pseudorandom noise (PRN) number and the space vehicle
167number (SVN). The mean Keplerian elements ða; e; iÞ,
168those at the reference date ðΩ0;ω0;M0Þ and their
169rate ðΩ̇; ω̇; ṀÞ, are exactly those provided in the ESA
170metadata [22]. The slot indicates the orbital plane of each
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171 satellite—A, B, C for satellites in nominal orbit and
172 “Extended” for satellites in elliptical orbit—with the
173 progressive number (up to a maximum of 8 for satellites
174 in nominal orbit) of the satellites in that plane. The average
175 cross section, A⊙, is that seen from the Sun. It was
176 estimated by adding the average cross section of the bus
177 as seen from the Sun (2.390 m2) to the surface of the solar
178 panels (10.820 m2).

179 A. The Galileo FOC attitude law

180 The knowledge of the position of the spacecraft’s center-
181 of-mass (c.m.) [23] is not enough to describe the motion of
182 a satellite of complex shape and equipped with antennas
183 and motors, but it is also necessary to know the orientation
184 of the spacecraft with respect to the inertial space. In
185 Paper I, we briefly described the spacecraft attitude law.
186 In the following, we will provide useful details on the basis
187 of Galileo metadata and we will see the differences in the
188 application of this attitude law between satellites in
189 nominal orbit and those in elliptical orbit. In fact, in the
190 case of GNSS satellites the knowledge of their attitude is
191 very important for different reasons.
192 At first, because the navigation signals come from the
193 phase center of the antenna (PCA), whose position does not
194 coincide with that of the c.m. and, consequently, it is
195 necessary to refer these microwave measurements to the
196 c.m., i.e., the distance between the two points must be
197 known. This distance in general is not constant due to fuel
198 sloshing or mechanical movements of some Appendices, as
199 in the case of solar panels. Anyway, even assuming the
200 vector between these two points constant in magnitude,

201its orientation in inertial space changes due to the attitude
202law and its evolution needs to be known to correctly analyze
203navigation signals [24,25]. The same considerations on the
204microwave antennas and their PCA apply as well to the laser
205retroreflector array (LRA) used for satellite laser ranging
206(SLR). A third aspect is related to the so-called phase wind-
207up effect. This is related to the knowledge of the observed
208carrier phase, the latter depending on the relative orientation
209between the spacecraft and its antennas with the transmitted
210or received signals, which are right-handed circular polar-
211ized: this is the phase wind-up effect [26,27]. Finally, and
212this represents the aspect to which we are most interested
213in this work, the modeling of the direct SRP finds its
214implementation in the precise knowledge of the orientation
215of the spacecraft body and of the solar panels with respect to
216the incoming solar radiation [25,26].
217For a GNSS spacecraft, the attitude is functional to the
218navigation task and to the corresponding requirements
219needed to guarantee it. In this regard, three drivers need
220to be satisfied [27]:
221(1) The antenna boresight needs to be kept toward the
222Earth’s center to provide the proper coverage and
223signal strength to the on-ground receivers.
224(2) The solar panels need to maximise the received solar
225radiation, by aligning them perpendicularly to the
226Sun direction.
227(3) One of the spacecraft faces parallel to the antenna
228boresight and to the solar panel rotation axis should
229point opposite to the Sun, in order to ease the
230thermal stability of atomic clocks (located close to
231this position).

TABLE I. Characteristics and orbital parameters of Galileo FOC satellites, mainly adapted from ESA Galileo
metadata. The reference date for the satellites is November 21, 2016 at 00∶00∶00 UTC. Semi-major axis,
eccentricity and inclination must be considered as mean values and not as obsculating elements. The metadata
provides the indicated values for the mass of the satellites for December 2021 (see Sec. III for the mass values after
the maneuvers of the satellites).

Type Eccentric orbit Nominal orbit Nominal orbit

Name GSAT0201, GSAT0202 GSAT0206 GSAT0208
PRN E18, E14 E30 E08
SVN E201, E202 E206 E208
Slot Ext01, Ext02 A05 C07
Launch dates August 22, 2014 September 11, 2015 December 17, 2015
Mass: m (kg) 660.977, 662.141 707.735 709.138
Average cross-section: A⊙ (m2) 13.210 13.210 13.210
Semi-major axis: a (km) 27977.6 29599.8 29599.8
Eccentricity: e 0.162 0.0 0.0
Inclination: i (°) 49.850 56.0 56.0
RAAN: Ω0 (°) 52.521 317.632 197.632
Argument of pericenter: ω0 (°) 56.198 0.0 0.0
Mean anomaly: M0 (°) 316.069, 136.069 0.153 120.153
Ω̇ (°=d) −0.03986760 −0.02764398 −0.02764398
ω̇ (°=d) þ0.03383184 0.0 0.0
Ṁ (°=d) þ667.86467481 þ613.72253566 þ613.72253566
Revolution period: P (h) 12.94 14.08 14.08
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232 The result of these requirements is the implementation
233 of the yaw-steering (YS) mode, first implemented by
234 GPS [28] and later by most other constellations. Such an
235 approach is of course followed as well by the Galileo
236 satellites [29].
237 It is assumed a body reference frame with þZ-axis
238 aligned with the antenna boresight direction, þY-axis
239 parallel to the rotation axis of the solar panels and the
240 −X-axis chosen so that the −X-panel is illuminated by the
241 Sun during nominal YS, while the þX-panel is oriented
242 toward deep space (the opposite for the other constella-
243 tion). In order to follow the three drivers, the attitude
244 requires a rotation of the spacecraft body about the
245 Earth pointing þZ-axis (yaw axis) as well as a rotation
246 of the solar panels about the þY-axis (pitch axis) to be
247 perpendicular to the Sun.
248 The typical attitude for GNSS spacecrafts is that of a
249 nadir-pointing satellite, where the pitch and roll angles
250 vanish and the spacecraft attitude is fully described by the
251 yaw-angle Ψ; this is the reason of the name yaw-steering
252 for the attitude mode. The yaw-angle Ψ is function of just
253 two angles: the Sun elevation β⊙ with respect to the orbital
254 plane and the position angle μ of the satellite on the orbital
255 plane measured with respect to the midnight point or to the
256 noon point:

Ψ ¼ atan2
�
− tan β⊙
sin μ

�
; ð1Þ

257258 where for the origin of μ we followed the first convention
259 in agreement with [30], while atan2 refers to the range
260 ð−π;þπÞ for the variability of the yaw-angle Ψ.
261 Following the ESA Galileo metadata, in the case of a
262 Galileo FOC spacecraft, Eq. (1) takes the following
263 expression:

Ψ ¼ atan2

�
ŝðtÞ · n̂ðtÞ

ŝðtÞ · ðr̂ðtÞ × n̂ðtÞÞ
�
; ð2Þ

264265 where
266 (i) t is the current on-board computer time.
267 (ii) ŝðtÞ is the Sun position unit vector.
268 (iii) r̂ðtÞ is the satellite position unit vector.
269 (iv) n̂ðtÞ is the orbit normal unit vector.
270 and all these unit vectors are in the Earth centered inertial
271 (ECI), J2000.0, reference frame.
272 However, the above law for the yaw-angle cannot be
273 applied at all times during the life of a spacecraft due to
274 technical limitations related to the performance of onboard
275 reaction wheels. This happens during the eclipse season
276 and, in particular, for small values of the β⊙ angle (above or
277 below the satellite’s orbital plane) and near a collinear
278 condition for the vectors that identify the Sun and
279 the spacecraft with respect to the Earth, i.e., close to
280 “midnight” (μ ≃ 0°) and close to “noon” (μ ≃ 180°).

281In these periods Galileo satellites (and GNSS in general)
282have to perform fast yaw-slews to accomplish the yaw
283angle change, i.e., an instantaneous rotation by 180° after
284crossing the orbit midnight or noon position.
285Furthermore, being such an attitude law based on the
286use of solar sensors, the eclipse of the Sun in these
287periods may result in non-nominal yaw angles during
288limited periods of time. The result is that: (i) maneuvers at
289noon and midnight positions depart from the nominal
290attitude, causing a time delay between the current and the
291nominal yaw angle, and (ii) additional manoeuvres are
292needed to recover the nominal attitudes after the position
293crossings. Moreover, a further drawback during these
294phases is that the need to move the spacecraft with a
295high yaw-rate, or close to it, can excite solar array
296oscillations and/or propellant sloshing motion, inducing
297at the same time c.m. displacements. This produces a
298worst knowledge of the attitude, already degraded for the
299transitions and, finally, in several related aspects, as
300precise point positioning [31], tropospheric and clock
301solutions [26] and in the overall POD [32]. We refer
302to [27] for further details.
303Consequently, in the case of the Galileo FOC satellites,
304when the satellite and Sun position vectors are close to
305collinearity, the following “modified” yaw steering law is
306used:

ΨmodðtmodÞ¼90° · signþðΨinit−90° · signÞ · cos
�
2π

T0

tmod

�
;

ð3Þ

307308where
309(i) tmod is the elapsed time since the switch over.
310(ii) Ψinit is the yaw-angle ΨðtÞ at the time of the switch
311over to the modified yaw profile.
312(iii) sign is the sign of Ψinit.
313Therefore, close to orbit noon and midnight, Eq. (3), allows
314to keep the yaw changing rate law compared to that
315provided by Eq. (1). The period T0 ¼ 5656 s corresponds
316to about two times the maximum duration of the noon/
317midnight maneuver.
318As specified in the Galileo FOC metadata of ESA, the
319switch over to the modified yaw steering law takes place
320when all of the following conditions are met:
321(i) The Sun elevation angle β⊙ is smaller than the
322value β0 ¼ 4.1°.
323(ii) The current collinearity angle ϵ is smaller than the
324value ϵ0 ¼ 10.0°.
325(iii) The collinearity angle for the previous epoch was
326bigger than ϵ0.
327The collinearity angle ϵ is defined as follows:

�
ϵ ¼ arccosðr̂ · ŷÞ if arccosðr̂ · ŷÞ ≤ 90°

ϵ ¼ 180° − arccosðr̂ · ŷÞ if arccosðr̂ · ŷÞ > 90°;
ð4Þ
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328329 where
�
x̂ ¼ n̂ × ŝ

ŷ ¼ n̂ × x̂
ð5Þ

330331332 In the following figures are shown the results for the
333 attitude law in the case of GSAT0208 on the basis of the
334 information provided in Table I and for a simulation period
335 of 1 year. In Fig. 1 it is shown the comparison of the
336 nominal and the modified yaw-steering law following ESA
337 metadata, i.e., Eqs. (2) and (3). The two laws perfectly
338 overlap outside the eclipse season, but show differences
339 near and during eclipses. Also shown is the change in the
340 height of the Sun, β⊙, with respect to the orbital plane
341 during the simulated period.
342 The differences between the two attitude laws are
343 evident in Fig. 2, where the smoothest variation of the
344 modified law with respect to the nominal law is clear and
345 evident.

346Figure 3 shows the difference between the modified law
347Ψmod and the nominal law Ψnom. Clearly the differences
348are only along the eclipse seasons with the consequent
349nonorthogonality of the solar panels to the incoming solar
350radiation pressure.
351It is important to underline that the attitude law
352described was designed for satellites in circular orbit,
353such as GNSS satellites in general, and not for satellites in
354elliptical orbit, such as GSAT0201 and GSAT0202.
355Currently, this attitude law is instead applied also to these
356satellites ([33]), and it is therefore not optimal for a
357profitable use of the tracking observations and for the
358PODs of these satellites during the eclipse season. In
359Figs. 4 and 5 the different behavior during the eclipses
360between GSAT0201, in elliptic orbit, and GSAT0208, in
361nominal (quasi circular) orbit, are shown.
362The first figure provides the cosine of the angle between
363the solar panels normal and the direction of the incoming
364SRP. As can be derived, in the case of GSAT0208, the
365maximum fractional discrepancy from the orthogonality
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366 condition to the solar panels for incoming solar radiation is
367 approximately 0.25%, increasing to 1.62% for GSAT0208.
368 The second figure shows that this maximum discrepancy
369 corresponds to an angle of about 10° for GSAT0201 and to
370 about 4° in case of GSAT0208.
371 Therefore, in order to make the most of the data useful to
372 the earth-segment from the satellites in elliptical orbit
373 during the eclipses, one should proceed with a variation
374 of the conditions linked to the modified attitude law
375 described by Eq. (3), in particular acting on the collinearity
376 angle ϵ0.

377 III. SPACECRAFT-SOLAR RADIATION
378 INTERACTION

379 In this section we apply the box-wing we have developed
380 to the modeling of the direct SRP. This model is fully
381 described in Section III B 4 of Paper I. We recall that it is a
382 box-wing model that we have defined “simplified” (S-BW),
383 since it is based on the current Galileo metadata [34], which
384 provide a very rough approximation of the real satellite.
385 The overall complex shape of the satellite bus—because of
386 the instrumentation of the face pointing to the Earth plus the
387 radiators on the other faces—and of the solar panels are
388 approximated by a parallelepiped plus symmetric wings, and
389 with average optical properties for five different materials,
390 already introduced in Table VI of Paper I. Equation (6)
391 provides the acceleration produced by the direct SRP on a
392 elementary surface dA of the spacecraft [35]:

da ¼ −
Φ⊙

mc

�
ð1 − ρÞêD þ 2

�
δ

3
þ ρ cos ϑ

�
n̂
�
dAj cos ϑj;

ð6Þ

393394 where Φ⊙ represents the solar irradiance, m the mass of the
395 satellite, c the speed of light, the unit vector êD is directed
396 toward the Sun from the spacecraft center of mass, and

397finally n̂ represents the unit vector normal to the surface and
398ϑ the Sun zenith angle with respect to the surface normal,
399such that cosϑ ¼ êD · n̂. The optical coefficients α (absorp-
400tion), ρ (specular reflection), and δ (diffusive reflection)
401satisfies the condition:

αþ ρþ δ ¼ 1; ð7Þ

402403which shows that each surface dA behaves like a linear
404combination of an ideal black body, a perfect mirror, and a
405perfect diffuser. As explained in Paper I, we avoid the
406approximation that assumes instantaneous thermal rera-
407diation for the absorbed radiation, as suggested by [36]
408and usually assumed in the GNSS literature [3,4,37]. We
409will address this aspect in a work dedicated to thermal
410effects. In fact, as highlighted in Paper I, these are
411characterized by a plethora of effects of different origins
412and act on the satellite with accelerations of the order
413of 10−10m=s2 or less. They can therefore be taken into
414serious consideration only after adequately modeling not
415only direct solar radiation, but also terrestrial albedo and
416infrared radiation pressure, see Table II.
417In the following subsections we will present the results
418obtained for the accelerations produced by the SRP
419on the Galileo FOC satellite GSAT0201 characterized by
420an elliptical orbit. The results obtained in the case of
421GSAT0202 are provided in the Supplemental Material [39].
422We will compare our results with those reported in the
423literature and, in particular, with those of Bury et al. [3,4],
424whenever possible. The simulations for the different
425satellites were carried out over a two-year period starting
426from the time of their launch, see Table I. An integration
427step of 120 s has been used. The eclipses have been
428modeled with a conical shadow model for a spherical Earth,
429in such a way to consider penumbra effects [40]. In our
430simulations we also considered the variation of the mass of
431the satellites, when occurs, as reported by the international
432laser ranging service (ILRS) [41], see Table III.
433Table IV provides the Keplerian orbital elements of the
434satellites that we computed from the precise orbits of ESA
435determined at ESOC. This provides orbits more accurate
436than those reported in the ESA Galileo Metadata, which
437seem approximate or physically implausible for several
438orbital elements and their rates. Therefore, the satellites
439state-vector (position and velocity) calculated in the ter-
440restrial rotating reference frame (sp3c files: Extended
441Standard Product-3 format) have been transformed, on
442the basis of current IERS Conventions [42]—i.e., taking
443into account for polar motion, precession and nutation—
444from the rotating frame to the J2000.0 inertial one. This
445state-vector was finally transformed into the corresponding
446six Keplerian elements. Finally, from the temporal evolu-
447tion of the elements we estimated their corresponding rate.
448We have kept from the Galileo metadata only the informa-
449tion relating to the mean anomaly M of the two satellites.
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450 A. Long-term analysis of the SRP accelerations:
451 GSAT0201

452 Figure 6, shows the variation of the Sun’s height β⊙, over
453 the 2-year period of the current simulation, with respect to
454 the orbital plane of GSAT0201 together with the modified
455 and nominal attitude law for Ψ, as described in the Galileo
456 metadata.
457 It is precisely the evolution over time of the satellite
458 attitude law, characterized by a long-term evolution mainly
459 linked to the satellite’s draconic year, and by higher-
460 frequency evolutions, mainly at the orbital period of the
461 satellite, which shapes the evolution over time of the
462 perturbation linked to solar radiation.
463 The following figures show the impact of the acceler-
464 ations due to the direct SRP in the case of the GSAT0201
465 satellite approximated with the S-BW model. The results
466 are provided in three different frames of the satellite,
467 see Fig. 7.

468Figure 8 shows the acceleration in the DYB frame of the
469spacecraft, which is also known as the Sun-satellite-Earth
470(SSE) reference frame. The D-axis is defined by the unit
471vector êD already introduced, êY is the unit vector along the
472spacecraft solar panel axis and defines the Y-axis, finally
473êB ¼ êD × êY defines a right-handed reference system and
474the corresponding B-axis. The overwhelming contribution
475of the acceleration along the D-axis is due to the interaction
476of direct SRP with the solar panels which, according to the
477attitude law described in Sec. II A, are always orthogonal to
478the solar rays except in periods characterized by eclipses.
479To a lesser extent, the interaction of solar radiation with
480the faces of the bus of the spacecraft contributes once the
481different contributions are projected along the D-axis.
482As we can see from this figure, the maximum accel-
483erations (in absolute value) along the D-axis are about two
484orders of magnitude greater than the accelerations along the
485B-axis. Indeed, the behavior of the acceleration along the

TABLE III. Mass values for Galileo satellites FOC GSAT0201 (E18) and GSAT0202 (E14). These values for
satellite masses are current as of December 20, 2022.

Satellite Time interval Mass [kg] Time interval Mass [kg]

GSAT0201 August 22, 2014 660.977
GSAT0202 August 22, 2014 to July 30, 2015 662.646 July 31, 2015 to onward 662.141

TABLE IV. Orbital elements for the Galileo FOC satellites GSAT0201 (E18) and GSAT0202 (E14) estimated from the Precise Orbits
of ESOC. The reference date for the satellites is November 21, 2016 at 00∶00∶00 UTC.

Satellite a [m] e I [°] Ω [°] ω [°] M [°]

GSAT0201 27978099.66 0.1604 50.369 53.505 50.184 316.069
−0.04000414086 [°=d] þ0.04910776939 [°=d] þ667.909221051 [°=d]

GSAT0202 27977624.83 0.1608 50.309 52.459 52.086 136.069
−0.04002923721 [°=d] þ0.04784293004 [°=d] þ667.909221051 [°=d]

TABLE II. Main nongravitational accelerations (S.I. units) on a Galileo FOC satellite. The symbol (� � �) means
that the acceleration is negligible, while the symbol (NA) means that the acceleration is currently unknown (not
available), since it has not yet been evaluated. We refer to Paper I for more details.

Physical effect Formula Parameter [S.I. units=adim] Galileo FOC

Direct SRP CR
A
m

Φ⊙
c

Φ⊙ ¼ 1360.8 1.0 × 10−7

Earth’s Albedo 2 A
m

Φ⊙
c A⊕

πR2
⊕

4πr2
A⊕ ≈ 0.3 7.0 × 10−10

Earth’s infrared radiation A
m

ΦIR
c

R2
⊕
r2

ΦIR ≈ 240 1.1 × 10−9

Neutral drag 1
2
CD

A
m ρV

2 CD; ρ � � �
Charged drag [38], Chap. 5 Species densities, floating potential ¬
Power from antennas P

mc
P ≃ 265 1.2 × 10−9

Thermal effect solar panels 2
3
σ
c
A
m ðϵ1T4

1 − ϵ2T4
2Þ ϵ1 ≃ ϵ2 ≈ 0.8; T1 ≃ 317; T2 ≃ 318 1.9 × 10−10

Y-bias Y0: empirical acceleration Y0 7.0 × 10−10

Poynting-Robertson 1
4
A
m

Φ⊙
c

R2
⊕
r2

v
c

Φ⊙ ¼ 1360.8 1.9 × 10−14

Solar Yarkovsky-Schach 16
9

A
m

ϵσ
c T

3
0ΔT ϵ; T0;ΔT ¬

Earth Yarkovsky 0.41 4
9
A
m

ϵΦIRf0
αc

R2
⊕
r2

ΦIR, f0; α ¬
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486 D-axis is very close to the behavior of the absolute value of
487 the direct SRP on the S-BW model, see Fig. 9. Concerning
488 the behavior of the acceleration along the Y-axis, this is the
489 same as the one shown in Fig. 13: it is nonzero only during
490 the eclipse season in this approximation for the orientation
491 of the solar panels with respect to the incoming solar
492 radiation pressure.
493 Figure 10, shows the behavior of the direct SRP
494 acceleration in the Gauss comoving frame ðr̂; t̂; ŵÞ. In this
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F6:1 FIG. 6. GSAT0201 (E18): nominal (blue) and modified (red)
F6:2 attitude law. Four eclipse seasons are shown. The starting epoch
F6:3 corresponds to August 23, 2014. The black line defines the
F6:4 variation of the Sun’s altitude with respect to the orbital plane in
F6:5 the period shown.

F7:1 FIG. 7. Representations of the DYB and XYZ reference frames
F7:2 of the spacecraft. The yellow sector highlights the direction of the
F7:3 Sun along the þD axis compared to the þZ direction which
F7:4 instead points toward the Earth.
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495 frame corotating with the satellite revolution around the
496 Earth, the radial direction (r̂) is identified by the direction
497 from the Earth’s center of mass to the satellite center of
498 mass. The out-of-plane or cross-track direction (ŵ) is
499 identified by the obsculating angular momentum direction.
500 Finally, the transverse direction (t̂) is defined in such a way
501 to define a right-handed reference system: t̂ ¼ ŵ × r̂.
502 For our purposes, the introduction of the Gauss reference
503 frame is important to express the perturbing effects of the
504 modeled SRP in the so-called Gauss perturbing equations.
505 This will allow us to estimate the impact of the disturbance
506 effects on the orbital elements, see Sec. IV.
507 As we can see from Fig. 10, the radial R and transverse T
508 accelerations have a similar behavior and magnitude. The
509 maximum values for the out-of-plane W acceleration are a
510 little smaller and its long-term behavior is clearly modu-
511 lated by the variation of the solar height with respect to the
512 orbital plane. This long-term modulation is also present for
513 the other two components, but for these components the
514 modulation of the acceleration at the orbital period assumes
515 a clear and evident importance. In Figs. 11 and 12 we
516 compare these three components of the direct SRP in two
517 very different conditions for the Sun height β⊙: during a
518 few eclipses (where the solar height is very close to zero)
519 and far way from the eclipses (where the solar height is
520 very close to its maximum value). Obviously, in the first
521 case the out-of-plane component of the SRP acceleration
522 is practically zero and its effects on the orbital elements
523 are fully negligible. Conversely, in the second case the
524 out-of-plane component is almost constant and greater
525 than the other two components. Finally, the radial and
526 transverse components have similar behavior in the two
527 cases, as already anticipated.
528 Finally, Fig. 13 shows the components of direct SRP
529 acceleration in the spacecraft frame already introduced in
530 Sec. II A, the XYB frame. The YB-axis coincides with the
531 solar panel axis Y-axis of the DYB frame and the ZB-axis

532is nadir pointing and opposite to the radial direction axis
533of the Gauss frame. The XB-axis completes the right
534handed frame: X̂B ¼ ŶB × ẐB. In practice, the XYZ
535frame coincides with the mechanical reference frame
536introduced in Paper I.
537This reference frame is interesting to consider in view of
538the possible on-board installation of an accelerometer in a
539next generation of Galileo satellites. This is one more goal
540of the G4S_2.0 project. In fact, the XYZ frame represents
541the reference integral with the satellite on which to orient
542the three axes of the accelerometer. An accelerometer of the
543right sensitivity and measurement band would in fact
544provide a direct measurement of the various nongravita-
545tional and inertial accelerations to which the satellite is
546subjected. Therefore, an on-board accelerometer will con-
547tribute improving the satellites POD, also using its mea-
548surements in synergy with the new models for NGPs.
549In the next subsections we will deepen the description of
550the results obtained according to two different representa-
551tions for the accelerations produced by direct solar radiation.
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552 1. Synoptic view of the accelerations

553 After introducing a representation in the time domain of
554 the components of the acceleration produced by the SRP
555 according to three different reference systems, in this
556 section we are interested to introduce and discuss the
557 representation of the components of the SRP according to
558 two other different approaches. The first is a synoptic
559 representation of the acceleration in the plane ðΔu; β⊙Þ,
560 whereΔu ¼ u − u⊙ is the difference between the argument
561 of latitude u of the satellite with respect to that of the Sun
562 u⊙. From the practical point of view, Δu represents the
563 azimuth of the satellite direction in the orbital plane with
564 respect to the projection of the Sun direction in that plane.
565 The second approach is instead based on the spectral
566 analysis of the different components of the acceleration
567 produced by the SRP, see Sec. III A 2. Both approaches are
568 important to characterize accelerations more fully, as we
569 will see, and to allow us to improve their modeling and,
570 consequently, the final orbital determination of the satellite.
571 In Figs. 14(a) and 14(b) the synoptic representation of
572 the accelerations produced by the direct SRP along the D
573 and B directions are shown. We have restricted the
574 representation to the first 200 days of our simulation, so
575 as to contain a single excursion in the height of the Sun
576 between its minimum and its maximum (whose perio-
577 dicity is approximately 183 days). This allows us not to
578 report on the plane the further acceleration variations
579 linked to the variation—between the successive maxi-
580 mum and minimum values, of the height of the Sun due to
581 the precession of the orbital plane—accelerations which
582 would tend to stratify on the previous values “dirtying”
583 the representation itself. The color bar provides the
584 accelerations values in m=s2.
585 In the case of the Figs. 14(a) and 14(b), the trend of the
586 values traced for the accelerations depends on the variable
587 geometry of the SSE reference frame, which is influenced
588 by the variation of the solar height with respect to the
589 orbital plane and its distance from the satellite, as well as by
590 the different attitude of the spacecraft with respect to the
591 Earth and the Sun.
592 This type of representation for accelerations is more
593 useful than the one previously reported in the time domain
594 when one wants to highlight the variations of the dynamic
595 perturbation model with respect to a basic model taken as a
596 reference. As we highlighted in Paper I, our ultimate goal is
597 to develop a FEM for the Galileo-FOC and apply an ad hoc
598 raytracing technique to calculate the different perturbative
599 accelerations, starting from the direct SRP.
600 As a possible example of this aspect, we can compare our
601 results in the D and B directions with the corresponding
602 results obtained in [4]. We recall that these authors modeled
603 the absorbed radiation assuming that it is instantaneously
604 reemitted back to space according to Lambert’s law, see
605 Eq. (7) of Paper I. The authors assumed that this will make
606 a difference for the bus but not for the solar panels, since

607they assumed the same temperature for the front and back
608sides of the panels. For geometric reasons, we expect this
609further acceleration to have a greater impact along the
610D direction and a lesser impact along the B direction,
611although not zero. Indeed, if we compare our Figs. 14(a)
612and 14(b) with Fig. 2 of [4], respectively (bottom left)
613and (bottom right), for the Galileo-FOC E18 satellite, we
614note that the most evident discrepancies occur along the D
615direction. Conversely, if we include in our model, i.e., in
616Eq. (6), the immediate thermal re-radiation to space of the
617absorbed radiation, we obtain the two representations of
618Figs. 14(c) and 14(d) for the accelerations along the D
619and B directions. In this case our Fig. 14(d) is practically
620indistinguishible from that of [4], while Fig. 14(c) still
621shows some differences related to the different attitude law
622modeled for the satellite: in [4] a perfect orthogonality
623between the solar panels with the direction of the incoming
624solar radiation has been assumed, this is reflected in evident
625differences when β⊙ is close to zero.
626In Figs. 14(e) and 14(f) we show the differences in the
627synoptic representation due to the contribution of the
628immediate thermal re-radiation of the absorbed radiation.
629Naturally, as already highlighted in the above discussion,
630the major differences occur in the case of direction D, see
631the acceleration values on the scale of the color bar.

6322. Spectral analysis of the accelerations

633Figure 15 shows the different behavior for the two
634components of the acceleration along the D and B directions
635in the frequency domain. The fast Fourier transform (FFT)
636has been computed on the 2-year period of the analysis, but
637long-term effects (low frequencies) were not represented in
638the figure. The acceleration amplitude in the two compo-
639nents is expressed in terms of the frequency in Hz in a
640semilogaritmic scale. The spectral lines are at the orbital
641revolution frequency forb ≃ 2.15 × 10−5 Hz and its integer
642multiples, and greater along the D direction, in accordance
643with the values reported in Figs. 8, 14(a), and 14(b). Indeed,
644as was reasonable to expect, the spectrum is characterized by
645larger amplitudes along the D direction—see for example the
646lines at 2, 3 and 4 times the orbital frequency—due to the
647attitude law and to the nadir pointing of the satellite, which
648make the contribution of the satellite bus more relevant. In
649these cases, the amplitudes of the acceleration are compa-
650rable at different frequencies: between 2 × 10−9 m=s2 and
6514 × 10−9 m=s2. Conversely, in the case of acceleration along
652the B direction, the amplitudes of acceleration at higher
653frequency are much smaller than that at orbital frequency.
654Figure 16 shows the different behavior for the two
655components of the acceleration along the X and Z direc-
656tions in the frequency domain. The X-component of
657the SRP acceleration is dominated by a line at twice of
658the orbital frequency with an amplitude of about
6591.95 × 10−8 m=s2, while the Z-component (or radial com-
660ponent) is dominated by a line at the orbital frequency with
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F14:1 FIG. 14. GSAT0201 (E18): synoptic view of the acceleration due to direct SRP along the D and B directions. (a) GSAT0201 (E18):
F14:2 synoptic view of the acceleration due to direct SRP along the D direction; (b) GSAT0201 (E18): synoptic view of the acceleration due to
F14:3 direct SRP along the B direction; (c) GSAT0201 (E18): synoptic view of the acceleration due to direct SRP along the D direction in case
F14:4 of immediate thermal re-radiation; (d) GSAT0201 (E18): synoptic view of the acceleration due to direct SRP along the B direction in
F14:5 case of immediate thermal re-radiation; (e) GSAT0201 (E18): differences in the synoptic representation of the acceleration due to direct
F14:6 SRP along the D direction with and without thermal re-radiation; and (f) GSAT0201 (E18): differences in the synoptic representation of
F14:7 the acceleration due to direct SRP along the B direction with and without thermal re-radiation.
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661an amplitude of about 6.95 × 10−8 m=s2. In the case of
662X-component, the line at the orbital frequency has an
663amplitude of about 5.0 × 10−9 m=s2, while for the
664Z-component the line at twice of the orbital frequency
665has an amplitude of about 1.36 × 10−8 m=s2.
666To find accelerations with amplitude of the order of
667few times 10−10 m=s2, comparable to the main effects of
668thermal origin (see Table II), periodic effects with fre-
669quency greater than 6 × 10−5 Hz must be considered, see
670Fig. 17 and Table V.
671Table V summarizes, for the first five spectral lines, the
672values of the amplitudes found for the four components of
673the direct SRP acceleration analyzed here.
674The results obtained in terms of spectral lines are
675congruent with those shown in [4], although the represen-
676tation is different, since these authors expressed the
677amplitudes as a function of the orbital revolutions and
678not of the frequency in Hz. The amplitudes of the different
679lines are slightly different in the cited paper mainly because
680are calculated over a different (smaller) time length.
681In Fig. 18 also the long-period effects of SRP in the X
682and Z directions are shown. Obviously, the low-frequency
683effects are not as evident as the high-frequency ones, since
684the timespan of the analysis is not long enough to
685adequately resolve them.
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F15:1 FIG. 15. GSAT0201 (E18): spectral analysis of the SRP
F15:2 accelerations along the D (top) and B (bottom) directions.
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F16:1 FIG. 16. GSAT0201 (E18): spectral analysis of the SRP
F16:2 accelerations along the X (top) and Z (bottom) directions.
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F17:1 FIG. 17. GSAT0201 (E18): spectral analysis of the SRP
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F17:3 Particular of Fig. 16.

TABLE V. GSAT0201 (E18). Acceleration values (in units of
10−9 m=s2) for the D, B, X, and Z components of the SRP for the
first five spectral lines.

Component forb 2forb 3forb 4forb 5forb

D 2.28 4.12 2.45 2.21 2.12
B 4.00 1.06 0.58 0.10 0.29
X 5.05 19.54 4.78 3.43 1.72
Z 69.53 13.58 2.62 2.11 2.30
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F18:1FIG. 18. GSAT0201 (E18): spectral analysis of the SRP
F18:2accelerations along the X (top) and Z (bottom) directions also
F18:3showing the long-period effects of direct SRP.
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686 IV. LONG-TERM ANALYSES: ORBITAL EFFECTS

687 In this section we are interested to introduce an estimate
688 of the long-term effects on satellite orbits produced by
689 direct solar radiation pressure on the basis of the previously
690 introduced S-BW model. We want to underline that the
691 BW model, although it is not a good approximation of the
692 satellite behavior as far as short-term effects are concerned,
693 is nevertheless useful for delineating the long-term pertur-
694 bative effects of direct SRP.
695 This will provide us with useful information regarding
696 some measures of fundamental physics, such as the
697 relativistic precessions of the orbits and the consequent
698 constraints that can be placed on some alternative theories
699 of gravitation, i.e., alternative to general relativity in their
700 predictions.
701 The most natural way to proceed in this direction is to
702 exploit the accelerations produced by the SRP in the Gauss
703 triad through the corresponding perturbation equations of
704 the osculating elements. In particular, Gauss’ perturbation
705 equations describe the variations of the Keplerian elements
706 under the action of a perturbing acceleration of any origin,
707 i.e., due to conservative or nonconservative forces. In the
708 following the Gauss equations for the osculating ellipse
709 are shown [35]:

da
dt

¼ 2

n
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ½T þ eðT cos f þ R sin fÞ� ð8Þ

710711
de
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

na
½R sin f þ Tðcos f þ cosEÞ� ð9Þ

712713 dI
dt

¼ W
H

r cosðωþ fÞ ð10Þ

714715

dΩ
dt

¼ W
H sin I

r sinðωþ fÞ ð11Þ

716717
dω
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

nae

�
−R cos f þ T

�
sin f þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e2
p sinE

��

−
dΩ
dt

cos I; ð12Þ

718719where r represents the satellite distance from the Earth and
720H represents the orbital angular momentum per reduced
721mass of the two–body problem, while R, T, and W are the
722components of the acceleration in the Gauss form along the
723radial, transversal and out-of-plane directions, respectively.
724In these equations the quantities a, e, I, Ω, and ω are,
725respectively, the satellite’s semimajor axis, eccentricity,
726inclination, longitude of the ascending node and argument
727of perigee, already introduced. The fast angular variables f
728and E are the satellite’s true anomaly and eccentric
729anomaly, finally n represents the satellite mean motion
730(n ¼ 2π=P, where P represents the revolution period see
731Table I). The essence of the method is to write the time
732derivatives of the parameters characterizing the perturbed
733satellite orbit, and then numerically integrate them in order
734to find the effects in the elements.
735Concerning the Gauss equation for a fast variable,
736such as the mean anomaly M, we have to consider two
737perturbing equations in general. In fact, since the temporal
738variation of M must be the expression of both the
739perturbative effects and of the mean motion along the
740osculating ellipse, we can introduce two fast variables η and
741ρ, such that MðtÞ ¼ ηþ ρ represents the osculating mean
742anomaly at time twith ρ̇ ¼ n. Finally, for the time variation
743of these two perturbations we obtain:

744745

dη
dt

¼ R

�
cosE

naeð1 − e2Þ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
sin f sinE
na

þ 2r
na2

�
þ T

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
sinE

nae

�
a
r
− 1

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

na
sinEðcos f þ cosEÞ

�
ð13Þ

746 and

d2ρ
dt2

¼ ṅ ¼ −
3

a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ½T þ eðT cos f þ R sin fÞ� ð14Þ

747748749 This approach, as explained in [35], as the advantage of
750 introducing an element that changes “slowly,” i.e., with a
751 time derivative going to zero with the perturbative accel-
752 eration. Equations (13) and (14) are comparable in their
753 predictions as soon as the perturbing acceleration—in
754 particular the T component—is periodic, i.e., as soon as
755 the semimajor axis and the mean motion oscillate around an
756 average value. Conversely, the contribution from Eq. (14)
757 become predominant if T is constant, in such a way that
758 the changes in mean anomaly accumulate quadratically.

759We refer to [35] for further details and the complete
760mathematical derivation of Gauss perturbing equations.
761Figures 19–24 show the results obtained for the
762variation of the six keplerian elements of GSAT0201
763on the basis of our S-BW model and the Gauss perturbing
764equations. The units of measurement are in m=d and 1=d,
765respectively for the rate in the semimajor axis and in the
766eccentricity of the satellites, while they are in rad=d for
767the angular variables.
768In the case of GSAT0202, only the semimajor axis
769behavior is shown in Fig. 19(b) since, upon first visual
770inspection, the results look identical for the two satellites.
771Of course, they are not exactly the same. The apparent
772overlapping of the results in the different elements arises
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F19:1 FIG. 19. Long-term evolution of the semimajor axis rate of the satellites. (a) GSAT0201: long-term evolution of semi-major axis
F19:2 rate ȧ. (b) GSAT0202: long-term evolution of semi-major axis rate ȧ.

F20:1 FIG. 20. GSAT0201: long-term evolution of eccentricity rate ė.

F21:1 FIG. 21. GSAT0201: long-term evolution of inclination rate İ.

F22:1FIG. 22. GSAT0201: long-term evolution of the RAAN rate Ω̇.

F23:1FIG. 23. GSAT0201: long-term evolution of the argument of
F23:2pericenter rate ω̇.
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773 from the fact that the orbits are very close to each other,
774 practically with the same mean elements and very close
775 initial conditions, see previous Tables I and IV.
776 The nonoverlapping of the results is evident in Fig. 25,
777 where the evolution of the rate of the right ascension of the
778 ascending node (RAAN) and of the rate of the argument of
779 pericenter for the two satellites are compared over a limited
780 time interval of some orbits. In the case of the nodal rate,
781 the evolution is characterized by the same amplitude, but
782 with opposite phase. Conversely, in the case of the rate of
783 the argument of pericenter, the behavior is almost in phase
784 but with different amplitudes.
785 In the case of the mean anomaly variation, see Fig. 24,
786 we plotted the long-term behavior of η̇, since the variation
787 in ρ is comparable because of the behavior of the semimajor
788 axis rate, mainly characterized by an oscillation at the
789 orbital frequency, see its FFT for GSAT0202 in Fig. 26.
790 Clearly, the short- and long-term periodic effects char-
791 acterizing the rates of the different orbital elements shown

792in the previous figures are those found for the three
793components of Gaussian acceleration further modulated
794by the (fast and slow) angular variables f, E, and ω which
795enter the Gauss equations.
796In the context of the gravitation measurements of the
797G4S_2.0 project, in particular as regards the measurement
798of the relativistic precessions of the orbits of the two
799satellites, the long-term behavior obtained for the right
800ascension of the ascending node and for the argument of the
801pericenter are interesting to be analyzed. As can be seen
802from Figs. 22 and 23, integer multiples of a solar year (or
803rather of a draconic period) contain a complete integer
804number of long-period oscillations, i.e., of full cycles.
805This implies that the unmodeled or poorly modeled
806effects of direct solar radiation tend to average toward
807zero (even if not completely) over these time intervals,
808consequently reducing their impact on the estimation of
809systematic errors.

F24:1 FIG. 24. GSAT0201: long-term evolution of the Mean anomaly
F24:2 rate in η: η̇.
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810 In Table VI, the average value we obtained for the rate of
811 the argument of pericenter on five different time intervals
812 of our 2-year analysis are shown. Results are provided in
813 both rad=d and mas=yr (milli-arc second per year),
814 where 1 mas=yr ≈ 1.3 × 10−11 rad=d.
815 From the comparative analysis of this Table with Fig. 23
816 it is possible to obtain some useful information in view of
817 future measurements in the field of gravitation. The average
818 changes by about two orders of magnitude when moving
819 from an interval of about 8 months to an interval containing
820 a draconic period or two draconic periods. Furthermore,
821 even over two different draconitic periods of one year, the
822 averages are different, since the maximum positive ampli-
823 tudes and the maximum negative amplitudes are different,
824 due to the variation of the height of the Sun on the orbital
825 plane of the satellite. These average values are huge when
826 compared with the smallness of the relativistic precessions
827 to be measured, see Table VII. This table shows, respec-
828 tively for each satellite, the Schwarzschild (or Einstein)
829 precession [43] on the argument of pericenter, the Lense-
830 Thirring precession [44] on the RAAN and on the argument
831 of pericenter, and finally the de Sitter precession [45] on
832 the RAAN.
833 In reality, the values to be considered for the estimation
834 of systematic errors are somewhat smaller than those
835 indicated in Table VI. Primarily because the SRP will be
836 modeled in the software used for the POD of the satellites:
837 this would allow the average values to be reduced up to a
838 factor of 100 in the case of the FEM. Furthermore, some of
839 the parameters that will define our model, whether it is an
840 improved BW compared to the current one or a FEM, can
841 in turn be estimated thus allowing a further reduction of the
842 systematic error to be attributed to our model.
843 Similar considerations apply in the case of the right
844 ascension rate of the ascending node. In this case a direct
845 measurement of the total relativistic effect is somewhat

846complex and probably unlikely, given the smallness of the
847relativistic precessions involved, see again Table VII.

848V. PRELIMINARY PODs AND ANALYSIS

849In this section we introduce the preliminary results of the
850PODs we made for the GSAT0201 and GSAT0208 satel-
851lites. These analysis have been made using GEODYN II [46]
852for the data reduction of the satellites normal points (NPs).
853The modeling setup we are currently using is shown in
854Table VIII. It accounts for: (i) the satellite dynamics, (ii) the
855measurement procedure, and (iii) the reference frames
856transformations. In this context, our models comply,
857wherever possible, with the international resolutions and
858conventions, such as the International Astronomical Union
859(IAU) 2000 Resolutions [47] and the IERS Conventions
860(2010) [42].
861Currently, for modeling the spacecraft in the POD we
862have applied a simple cannonball model with an average
863area-to-mass ratio of the Galileo FOC satellite, see Table I.
864The reason for this is twofold. On the one hand, we are
865interested in highlighting in the PODs results the improve-
866ments that are gradually obtained starting from a simple
867satellite model up to the final FEM, via the current S-BW
868model. On the other hand, as already highlighted in
869previous Sec. IV, for the long-term effects we expect that
870even a simplified model will be able to give us significant
871feedback, and our aim is to evaluate how good it is.
872The analyzes covered the time interval from the launch
873date of the two satellites, see Table I, until November 25,
8742022: that is, for about 8 years in the case of GSAT0201
875and about 6.8 years in the case of GSAT0208. These time
876intervals were then divided into noncausally connected arcs
877of 7-day for the POD. The POD step size was 50 s.
878Furthermore, to overcome the current excessive simplifi-
879cation of the dynamic model, in particular of the non-
880gravitational forces, empirical accelerations in the form of
881constant and once-per-revolution have been introduced and
882adjusted to absorb part of the mismodeling [66].
883In Figs. 27–29, the number of observations (NPs), the
884weighted root-mean-square (W-RMS) of the residuals in
885range and the mean of the residuals in range are plotted for
886each arc of the analyses.
887The figures allow a first direct comparison of the results
888obtained from the PODs madewith GEODYN II in the case of
889a satellite of the Galileo FOC constellation in elliptical orbit
890(GSAT0201, in black) compared with a satellite in nominal
891orbit (GSAT0208, in red). Figure 27 shows us that the

TABLE VI. GSAT0201 (E18). Average values in rad=d (first line) and in mas=yr (second line) for the rate of the
argument of pericenter ω̇ on different time intervals of our 2-year analysis.

Element First 8 months 1st year 2 years 2nd year Last 8 months

hω̇i −8.698 × 10−6 þ1.77 × 10−7 þ7.0 × 10−8 −3.6 × 10−8 þ4.396 × 10−6

hω̇i −655, 291 þ13, 335 þ5, 274 −2, 712 þ331, 187

TABLE VII. Relativistic precessions on GSAT0201 (E18) and
GSAT0208 (E08) and their comparison with LAGEOS II. Units
are in mas=yr.

GR precession GSAT0201 GSAT0208 LAGEOS II

ω̇Schw þ428.63 þ362.72 þ3352.58
Ω̇LT þ2.39 þ2.18 þ31.51
ω̇LT −5.15 −3.77 −57.33
Ω̇dS þ17.64 þ17.64 þ17.64
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F27:1 FIG. 27. Number of observations per arc. (a) GSAT0201: normal points per arc. (b) GSAT0208: normal points per arc.
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F28:1 FIG. 28. W-RMS per arc of the satellites range residuals. Outliers more than three standard deviations from the mean of the W-RMS
F28:2 have been removed. (a) GSAT0201: weighted root-mean-square of the range residuals. (b) GSAT0208: weighted root-mean-square of
F28:3 the range residuals.

TABLE VIII. Models currently used for the POD obtained from GEODYN II. The models are grouped in
gravitational perturbations, nongravitational perturbations and reference frames realizations.

Model for Model type References

Geopotential (static) EIGEN-GRACE02S/GGM05S [48–50]
Geopotential (time-varying: even zonal harmonics) GRACE=GRACE FO [49,50]
Geopotential (time-varying: tides) Ray GOT99.2 [51]
Geopotential (time-varying: non tidal) IERS Conventions 2010 [42]
Third–body JPL DE-403 [52]
Relativistic corrections Parametrized post-Newtonian [47,53]

Direct solar radiation pressure Cannonball [46]
Earth albedo Knocke-Rubincam [54]
Earth-Yarkovsky Rubincam [55–57]
Neutral drag JR-71=MSIS-86 [58,59]
Spin LASSOS [60]

Stations position ITRF2008=2014 [61,62]
Ocean loading Schernek and GOT99.2 tides [46,51]
Earth Rotation Parameters IERS EOP C04 [63]
Nutation IAU 2000 [64]
Precession IAU 2000 [65]
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892 GSAT0208 satellite, although it was launched after
893 GSAT0201, has been subject to a greater number of
894 observations in the form of NPs than the satellite in
895 elliptical orbit. In Table IX we summarize, in the case of
896 the two satellites, the total number of normal points and
897 their average value per year and per day. The latter value
898 was also calculated for the 2016–2017 period of the
899 ILRS Campaign for the Galileo gravitational Redshift
900 Experiment with eccentric sATellites (GREAT) experiment
901 [11,12]. As can be seen, during this 2-year period the
902 average number of NPs for GSAT0201 is more than twice
903 the average over the entire 8-year period considered.
904 Conversely, the bottom line (no-GREAT) gives the average
905 number of NPs per day after removing the 2-year period of
906 the GREAT analysis with the dedicated SLR campaign.
907 Indeed, this represents a delicate aspect for some of
908 our measurements, since in the context of G4S_2.0 we
909 are primarily interested in the analysis of the orbits of
910 GSAT0201 and GSAT0202 for the measurements of
911 relativistic precessions, starting with the Schwarzschild
912 one, the greatest of all. This scarce number of normal points
913 for satellites in elliptical orbit is unfortunately present
914 despite the mentioned ILRS campaign carried out for the
915 GREAT project [67].
916 In Fig. 30, the NPs of the two satellites are compared
917 as a function of time in MJD. In fact, in the period 2016

918(MJD 57388)—2017 (MJD 58118), a greater number of
919NPs is clearly seen for the two satellites—in particular for
920the satellite in elliptical orbit—compared to the remaining
921periods, especially from 2018 onward. For this reason we
922asked the ILRS Central Bureau for a new dedicated
923observing campaign for the Galileo FOC satellites to
924improve the number of NPs, in view of the fundamental
925physics measurements of the G4S_2.0 project.
926In particular, we would like to exploit the full-rate data
927during the penumbra transitions to improve the POD during
928these delicate shadow-light transitions, and vice versa, of
929the satellites. Additionally, full-rate data are appropriate for
930determining spacecraft attitude. Therefore, we should try to
931increase the SLR observations under these conditions, at
932least for the two elliptically orbiting satellites, GSAT0201
933and GSAT0202. These two satellites will be used specifi-
934cally for the measurement of the gravitational redshift and
935for the measurement of relativistic precessions. It will be
936anyway useful to also have an increased number of SLR
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F29:1 FIG. 29. Mean values per arc of the satellites range residuals. Outliers more than three standard deviations from the mean of the range
F29:2 residuals have been removed. (a) GSAT0201: mean of the range residuals. (b) GSAT0208: mean of the range residuals.

TABLE IX. Normal Points statistic for GSAT0201 and
GSAT0208 on the respective time spans of the analyses per-
formed with GEODYN II.

Normal Points GSAT0201 GSAT0208

Number of NPs 13,244 15,249
NPs=yr 1661 2235
NPs=d 4.5 6.1
NPs=d (GREAT) 10.9 9
NPs=d (no-GREAT) 2.7 5.1
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F30:1FIG. 30. GSAT0201 (E14) and GSAT0208 (E08): direct
F30:2comparison of the available observations in the NPs format up
F30:3to November 25, 2022.
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937 observations for the other Galileo’s in nominal orbits, to be
938 used for the dark matter constraints of the project.
939 Finally, an increased number of SLR data is important to
940 reduce systematic errors in the measurements to be per-
941 formed. Orbit modeling errors are strongly correlated to the
942 clock solutions and SLR data are essential to characterize
943 orbital radial errors in the IGS Analysis Centers solutions:
944 in fact, the radial systematic errors are one to one correlated
945 with the onboard clock solution. Since these systematic
946 errors are mainly due to the mismodeling of the direct solar
947 radiation pressure, it will be useful to have a campaign long
948 enough to account for the variation of the Sun beta angle,
949 whose period of variation (as we have seen in Sec. II A) is
950 equal to the Draconit year, i.e., very close to 365 days.
951 As mentioned above, in Figs. 28 and 29 the weighted
952 root-mean-square (W-RMS) of the residuals in range and
953 the mean of the residuals in range are shown for each arc of
954 the analyses. The range residuals are defined as:

Oi − Ci ¼ −
X
j

∂Ci

∂Pj
dPj þ dOi; ð15Þ

955956 where Oi and Ci are, respectively, the range observations
957 and their computed (from the dynamical model) values,
958 dPj represent the corrections to the vector P of parameters

959to be estimated and, finally, dOi are the errors associated
960with each observation. These errors account for both the
961contribution from the noise in the observations as well as
962for the incompleteness of the mathematical model included
963in the software used for the orbit determination. In practice,
964the orbit determination is reduced to the least-squares
965solution of Eq. (15).
966The scattering of plotted data in these two figures is a clear
967indicator that POD results are suboptimal due to the nonideal
968modeling of NGPs and, in particular, direct solar radiation
969pressure, here provided by a simple cannonball model. This
970is more evident in the case of GSAT0201 in elliptical orbit.
971In Table X we summarized the statistic we obtained for both
972the range residuals and their root-mean-square.
973As can be seen the mean value of the W-RMS of the
974range residuals is about 20 cm in both cases (with a
975comparable standard deviation), when the POD of satellites
976in nominal orbit is usually at the level of a few cm RMS, or
977even less when carrier phase is used as tracking data [27].
978The fact that the mean value of the residuals in range
979converges toward zero (close to about�1 mm)—and this is
980well highlighted in the histograms of the range residuals of
981the two satellites in Fig. 31—should not mislead.
982This is due to the use of the previously mentioned
983empirical accelerations, which assume large values after
984data reduction. This is shown below in Figs. 32–34.
985These are general acceleration terms added to the equa-
986tions of motion, and are aimed at modeling and/or absorbing
987otherwise unknown small effects which may be relevant for
988the dynamics. In GEODYN II, these acceleration are decom-
989posed in the three Gauss directions under the general form:

aðtÞ ¼ a0ðtÞ þ acðtÞ cos ðωðtÞ þ fðtÞÞ
þ asðtÞ sin ðωðtÞ þ fðtÞÞ; ð16Þ

990991where the amplitudes ac and as define the terms of
992acceleration at orbital frequency. In these figures we plotted

TABLE X. GSAT0201 and GSAT0208: statistic indicators for
the mean of the range residuals (RR) and for their weighted RMS
on the respective time spans of the analyses performed with
GEODYN II.

GSAT0201 Mean Standard deviation (cm)
RR −1.5 mm 8.62
W-RMS 21.44 cm 25.51

GSAT0208 Mean Standard deviation (cm)
RR þ0.6 mm 1.20
W-RMS 17.30 cm 11.85

F31:1 FIG. 31. Histogram of the range residuals of Fig. 29. (a) GSAT0201: histogram of the range residuals of Fig. 29(a). (b) GSAT0208:
F31:2 histogram of the range residuals of Fig. 29(b).
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993 the transverse acceleration for the two satellite, the most
994 important in defining the shape of the orbit, as can be seen
995 from Gauss equations (8) and (9) for the satellite semimajor
996 axis and eccentricity.
997 From these figures it is once again evident the scarcity of
998 the NPs of the satellites, in particular of GSAT0201, clearly
999 evident in the arcs in which the data reduction has not been

1000 successful (holes in the data). Other information obtained
1001 from the plots is the high value of the estimated arc-by-arc
1002 amplitudes for the transverse acceleration in the PODs
1003 of the two satellites. This is evident from the empirical
1004 acceleration terms at orbital frequency, i.e., from the once-
1005 per-rev terms Tc and Ts, which generally assume ampli-
1006 tudes of the order of some 10−7 m=s2, i.e., more than one
1007 order of magnitude larger than the estimated peak values
1008 through our S-BW model, see Sec. III A 2. The situation is
1009 better in the case of the constant term for the satellite
1010 GSAT0208, whose maximum amplitudes are two orders

1011of magnitudes smaller than those estimated for
1012the satellite in elliptical orbit. Furthermore, the long-term
1013trend is also well defined, with a periodicity close to the
1014annual one.
1015However, in spite of the picture just described, which is
1016not too comforting, if we look at the long-term effects on
1017the orbital elements provided by the cannonball model, the
1018results are somewhat more interesting for our purposes.
1019This will be analyzed in next section.

1020A. PODs long-term effects: GSAT0201

1021Figures from 35 to 39 show the results obtained for the
1022long-term evolution of the keplerian elements of GSAT0201
1023in elliptical orbit. In Sec. II of the Supplemental Material
1024[39] are reported the results obtained in the case of
1025GSAT0208 in nominal orbit. Specifically, the plotted values
1026represent the adjustment of the state-vector at the start of

F32:1 FIG. 32. Empirical transverse (constant component) acceleration (m=s2), estimated for each arc of the POD. Outliers more than three
F32:2 standard deviations from the mean of the acceleration values have been removed. (a) GSAT0201: empirical transverse acceleration per
F32:3 arc: T0 constant acceleration. (b) GSAT0208: empirical transverse acceleration per arc: T0 constant acceleration.

F33:1 FIG. 33. Empirical transverse (cosine component) acceleration (m=s2), estimated for each arc of the POD. Outliers more than three
F33:2 standard deviations from the mean of the acceleration values have been removed. (a) GSAT0201: empirical transverse acceleration per
F33:3 arc: Tc amplitude of the cosine term. (b) GSAT0208: empirical transverse acceleration per arc: Tc amplitude of the cosine term.
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F34:1 FIG. 34. Empirical transverse (sine component) acceleration (m=s2), estimated for each arc of the POD. Outliers more than three
F34:2 standard deviations from the mean of the acceleration values have been removed. (a) GSAT0201: empirical transverse acceleration per
F34:3 arc: Ts amplitude of the sine term. (b) GSAT0208: empirical transverse acceleration per arc: Ts amplitude of the sine term.

5.7 5.75 5.8 5.85 5.9 5.95 6

Time [MJD] 104

2.7975

2.79755

2.7976

2.79765

2.7977

2.79775

2.7978

2.79785

2.7979

2.79795

2.798

S
e
m

i-
m

a
jo

r 
a
x
is

  
(m

)

107 GSAT0201

F35:1 FIG. 35. GEODYN II POD of GSAT0201: long-term evolution
F35:2 of the semimajor-axis.
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F36:1 FIG. 36. GEODYN II POD of GSAT0201: long-term evolution
F36:2 of the eccentricity.
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F37:1FIG. 37. GEODYN II POD of GSAT0201: long-term evolution
F37:2of the inclination.
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F38:1FIG. 38. GEODYN II POD of GSAT0201: long-term evolution
F38:2of the right ascension of the ascending node.
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1027 each 7-day arc to best fit the available tracking observations
1028 of GSAT0201.
1029 As said, the models implemented are those of Table VIII.
1030 For the Earth’s background gravitational field we used
1031 EIGEN-GRACE02S [48] up to degree and order 30. The
1032 initial (a-priori) state-vector for the satellites was obtained
1033 from their Two Line Elements (TLE) as provided by
1034 NORAD (see [68]).
1035 As we can deduce from these figures, in the case of
1036 GSAT0201 the long-term evolution of the orbital elements
1037 is different than that of GSAT0208 (see Figs. 7–11 in the
1038 Supplemental Material [39]). This is primarily due to the
1039 eccentricity of the orbit. In particular, an eccentricity
1040 significantly different from zero is responsible for further
1041 long- and (also short-) term perturbation effects, starting
1042 with the Earth’s gravitational field [69].
1043 In the following we want to compare the results of our
1044 PODs with those obtainable from the precise orbits
1045 obtained from the IGS analysis centres. In particular, we
1046 will compare our PODs with the precise orbits obtained by
1047 ESOC for the previous GREAT experiment. The precise
1048 orbits, already introduced in Sec. III, are distributed
1049 according to the sp3c format. These orbits are the highest
1050 quality IGS solutions and consists of daily files produced
1051 on a weekly basis.
1052 The results of the comparison in the case of GSAT0201
1053 and GSAT0208 are shown in Figs. 40–44 below and in
1054 Figs. 12–16 in the Supplemental Material [39]. Results are
1055 shown for the semimajor axis, eccentricity, inclination,
1056 right ascension of the ascending node, and argument of
1057 pericenter of the satellites. As can be seen from practically
1058 all the figures, the agreement on the long-term behavior of
1059 the orbits obtained with GEODYN II, based on a simple
1060 cannonball model, with those obtained from the sp3c files
1061 is quite good. In the case of GREAT, the precise orbits
1062 were obtained from ESA’s NAPEOS orbital determination
1063 code [70], probably exploiting the dynamic models for
1064 nongravitational forces developed within this project.
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F39:1 FIG. 39. GEODYN II POD of GSAT0201: long-term evolution
F39:2 of the argument of pericenter.

F40:1FIG. 40. Comparison between GEODYN II POD (black) and
F40:2GREAT sp3c precise orbit (red): long-term evolution of the
F40:3semimajor axis of GSAT0201.

F41:1FIG. 41. Comparison between GEODYN II POD (black) and
F41:2GREAT sp3c precise orbit (red): long-term evolution of the
F41:3eccentricity of GSAT0201.

F42:1FIG. 42. Comparison between GEODYN II POD (black) and
F42:2GREAT sp3c precise orbit (red): long-term evolution of the
F42:3inclination of GSAT0201.

FELICIANA SAPIO et al. PHYS. REV. D XX, 000000 (XXXX)

22



1065 In both cases, GEODYN II vs GREAT sp3c, the osculating
1066 keplerian elements are plotted. One difference lies in the
1067 sampling time of the plotted data: 7 days in the case of the
1068 PODmade with GEODYN II and 300 s in the case of the POD
1069 made by ESOC with NAPEOS. This difference is particu-
1070 larly evident in the case of the semimajor axis of the orbit of
1071 the two satellites considered, but less so in the other cases.
1072 For this Keplerian element we plotted the GREAT data
1073 sampled every 7 days (gray line). Even in this case the
1074 agreement is notable. For some quantities, it was preferred
1075 to plot the cumulative sum of the results obtained, as in the
1076 case of the right ascension of the ascending node of the two
1077 satellites or of the argument of the pericenter in the case of
1078 GSAT0201.
1079 In order to begin comparing our POD results with those
1080 provided at the high frequencies of the precise orbits
1081 obtained by GREAT, we need to reduce the length of
1082 our arc and replace the cannonball model with more

1083sophisticated models, as already anticipated, starting with
1084the S-BW model.
1085However, the results obtained with the current approxi-
1086mation are nonetheless encouraging as regards the meas-
1087urement of relativistic precessions, linked to the secular
1088effects produced by general relativity (GR)—or by other
1089theories of gravitation (alternatives to GR)—on the right
1090ascension of the ascending node of the orbit and, in
1091particular, on the argument of the pericenter of the
1092satellites. This aspect will be further investigated in the
1093following subsection.
1094The agreement is remarkable also in the case of the
1095eccentricity of the satellites, as well as for their inclina-
1096tion: the differences are in the values of the initial
1097conditions, in any case less than 0.05 degrees. The
1098extrapolation of the initial condition from the orbits of
1099GREAT is sometimes not easy, as in the case of the
1100argument of pericenter of GSAT0201 but, above all, in the
1101case of the mean anomaly of the satellites, i.e., in the case
1102of a rapidly varying element.
1103These results give us a clear indication of the possibility
1104of determining, with GEODYN II, the effects of relativistic
1105precessions on the orbit of the Galileo FOC satellites even
1106in the case in which the dynamic model of the satellite is
1107not sophisticated enough, as regards the nongravitational
1108effects. Of course it is necessary to have enough laser
1109observations to ensure state vector convergence in the data
1110reduction process. In the next subsection we will give a first
1111assessment of these aspects in the case of the orbital
1112residuals of GSAT0201.

1113B. Orbit residuals in the Keplerian elements

1114In the following, from Figs. 45 to 50, we show the results
1115for the residuals we obtained from the Keplerian elements
1116of GSAT0201 after a second POD performed by GEODYN
1117II, different from that described in Secs. V and VA. The
1118units of measure for angular quantities are now milliarcsec
1119(mas) per day and not rad=d, as in previous plots.
1120The two main differences lie in not having modeled
1121general relativity and in not having estimated the empirical
1122accelerations in the POD. This is a correct way, although
1123not the only, to proceed to derive gravitational effects from
1124the analysis of satellite orbital residuals. The model for
1125GEODYN II relativistic corrections refers to the parametrized
1126post-Newtonian (PPN) formalism [71–73] according to the
1127formulation described in [53]. Of course, in this particular
1128case of preliminary POD, the relativistic effects are
1129completely masked by the imperfections of the dynamical
1130model we have used.
1131The plotted residuals have been determined with the
1132method described in [74] exploiting the difference between
1133the satellite’s state-vector estimated by GEODYN II at the
1134beginning of each arc of the POD and the propagated value
1135of the (estimated) state-vector of the previous arc at the
1136same epoch. Since the residuals were obtained by

F44:1 FIG. 44. Comparison between GEODYN II POD (black) and
F44:2 GREAT sp3c precise orbit (red): long-term evolution of the
F44:3 argument of pericenter of GSAT0201.

F43:1 FIG. 43. Comparison between GEODYN II POD (black) and
F43:2 GREAT sp3c precise orbit (red): long-term evolution of the
F43:3 RAAN of GSAT0201.
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F45:1 FIG. 45. GSAT0201: residuals on 7-day of the satellite’s semimajor axis. (a) GSAT0201: long-term evolution of the satellite’s semi-
F45:2 major axis residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s semi-major axis residuals in the
F45:3 period 2016–2017.
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F46:1 FIG. 46. GSAT0201: residuals on 7-day of the satellite’s eccentricity. (a) GSAT0201: long-term evolution of the satellite’s eccentricity
F46:2 residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s eccentricity residuals in the
F46:3 period 2016–2017.
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F47:1 FIG. 47. GSAT0201: residuals on 7-day of the satellite’s inclination. (a) GSAT0201: long-term evolution of the satellite’s inclination
F47:2 residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s inclination residuals in the period
F47:3 2016–2017.
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F48:1 FIG. 48. GSAT0201: residuals on 7-day of the satellite’s RAAN. (a) GSAT0201: long-term evolution of the satellite’s RAAN residuals
F48:2 over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s RAAN residuals in the period 2016–2017.
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F49:1 FIG. 49. GSAT0201: residuals on 7-day of the satellite’s argument of pericenter. (a) GSAT0201: long-term evolution of the satellite’s
F49:2 argument of pericenter residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s argument of
F49:3 pericenter residuals in the period 2016–2017.
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F50:1 FIG. 50. GSAT0201: residuals on 7-day of the satellite’s mean anomaly. (a) GSAT0201: long-term evolution of the satellite’s mean
F50:2 anomaly residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s mean anomaly residuals in the
F50:3 period 2016–2017.
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1137 propagating the state vector along the length of each arc,
1138 they represent, strictly speaking, the residuals in the rate
1139 of the orbital elements, more precisely their variation
1140 over 7 days.
1141 For each figure, the plot on the left shows the residuals
1142 over the entire analysis period, i.e., over about 8 years,
1143 while the plot on the right shows the residuals we obtained
1144 over the 2-year period considered by the GREAT experi-
1145 ment: 2016–2017. The residuals plotted over the entire
1146 period clearly show the numerous gaps due to the non-
1147 convergence of the state-vector during the data reduction
1148 because of the scarcity of normal points for this satellite.
1149 This was already highlighted in the previous sections.
1150 On the contrary, the residuals obtained in the period 2016–
1151 2017 do not show any discontinuity, confirming the success
1152 of the observational campaign carried out by the ILRS
1153 stations in favor of the GREATexperiment in the case of the
1154 two satellites in elliptical orbit, see previous Table IX.
1155 As can be seen, most of the figures indicate, in the
1156 various orbital residuals, the presence of nonmodeled
1157 effects with an annual periodicity. This is less evident in
1158 the residuals in inclination and in the right ascension of
1159 the ascending node, but it is well evident in all other
1160 cases. This is a clear indication of the poor modeling of
1161 direct solar radiation for Galileo FOCs in the case of the
1162 cannonball model, which on the contrary is a good
1163 approximation in the case of passive geodetic satellites,
1164 such as LAGEOS [75].
1165 This is indirectly confirmed in Figs. 51 and 52, where the
1166 residuals in the eccentricity rate and in the argument of
1167 pericenter rate, rescaled per day, are compared with the
1168 predictions of our S-BW model presented in Sec. IV
1169 (Figs. 20 and 23) and computed on a 4 years period.
1170 The S-BW model is in this case able to explain the quasi
1171 totality of the residuals currently determined with the POD
1172 based on the cannonball model, in particular the annual
1173 oscillation.

1174These results are remarkable and very important in view
1175of the possibility of extracting the measure of relativistic
1176precessions from the analysis of the orbital residuals of the
1177Galileo FOC satellites.

1178VI. CONSIDERATIONS IN VIEW
1179OF THE GR MEASUREMENTS

1180In this section, we will try to summarize, and briefly
1181discuss, the results we have obtained from the analyzes
1182described in this work in the perspective of the next
1183fundamental physics measurements of the G4S_2.0 project.
1184The question to ask is how much the model for the
1185nongravitational perturbations of the Galileo FOC satel-
1186lites, and more generally the overall dynamic model of the
1187satellites, needs to be improved in order to achieve reliable
1188measurements for the project’s gravitational measure-
1189ments? Obviously it is not easy to give a clear answer
1190to this question at this stage of G4S.0 activities.
1191In the following we will restrict our considerations to
1192the measurement of relativistic precessions which, in our
1193planning of the various activities and measurements, should
1194be obtained from the PODs made with the GEODYN II

1195software.
1196Naturally, the level currently achieved for modeling
1197nonconservative forces and, in particular, direct solar
1198radiation pressure, is not sufficient for a direct measurement
1199of relativistic precessions. For example, in the case of the
1200relativistic precession of the argument of pericenter of
1201GSAT0201—given by the sum of the Schwarzschild and
1202the Lense-Thirring precessions, equal to approximately
1203423.5 mas=yr (see Table VII)—the result should be
1204extracted, for instance, from the average value of the
1205pericenter rate residuals reported in Fig. 49 or 52.
1206Unfortunately, both the long-term annual oscillation that
1207characterizes the residuals in the rate of the argument of
1208pericenter of the satellite, and the shorter-term ones

F51:1 FIG. 51. GSAT0201: direct comparison of the eccentricity rate
F51:2 residuals with the corresponding prediction of the S-BW model
F51:3 on a 4-year timespan.

F52:1FIG. 52. GSAT0201: direct comparison of the argument of
F52:2pericenter rate residuals with the corresponding prediction of the
F52:3S-BW model on a 4-year timespan.
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1209 superimposed on it, provide an average value that com-
1210 pletely masks the prediction provided by GR. Figure 52
1211 shows implicitly that the inclusion of the S-BW model for
1212 the satellite in the POD will be able to largely absorb the
1213 long-term annual oscillation, but the higher frequency
1214 variations shown in the residuals in the pericentric rate
1215 will not be certainly absorbed.
1216 These considerations are confirmed by the results of
1217 the preliminary activities we have undertaken by includ-
1218 ing the accelerations obtained with the S-BW model
1219 (replacing the cannonball model) in the dynamic model
1220 of GEODYN II. This result was achieved by providing
1221 two external files to GEODYN II, in binary format, one
1222 for the acceleration produced by the SRP on the box-
1223 wing model of the satellite and one for the correspond-
1224 ing attitude of the satellite according to the law intro-
1225 duced in Sec. II A.
1226 Figure 53 provides the results for the residuals of the
1227 eccentricity rate and the argument of pericenter rate (in red)
1228 for GSAT0201 obtained using the S-BW model acceler-
1229 ations, compared to previous residuals obtained with the
1230 cannonball model (in black).
1231 As can be seen, the improvements in residuals reduction
1232 are significant: about a factor of 20, or greater, in the
1233 maximum amplitude for the eccentricity rate and about a
1234 factor of 3 smaller in amplitude in the case of the argument
1235 of pericenter rate. However, these improvements are not
1236 sufficient to “easily” allow the extraction of relativistic
1237 precessions. Indeed, the new residuals in the rate of the
1238 argument of pericenter argument are still characterized by a
1239 long-term oscillation with annual periodicity, in addition to
1240 the expected high-frequency oscillations. From the new
1241 analyses, which will be the subject of a dedicated work,
1242 we have preliminarily estimated that the residual annual
1243 oscillation is due to a transversal acceleration of such
1244 periodicity and maximum amplitude of the order
1245 of 1.5 × 10−8 m=s2.

1246Consequently, as highlighted in previous Secs. III
1247and IV, it will be necessary to further improve the model
1248of the spacecraft to be used for calculating the effects of
1249solar radiation pressure. The first step will be to achieve an
1250improved box-wing model based on a more detailed
1251characterization of the optical properties of the satellite
1252face that constantly looks toward the ground. Then, as a
1253second step, proceed further toward the improvement of the
1254FEM model introduced in Paper I.
1255Only after these improvements in the SRP model, which
1256can be estimated approximately to be a factor of 100 or 200
1257in the orbital residuals compared to the cannonball model,
1258will it make physical sense to take into account the
1259perturbative effects due to the albedo and infrared radiation
1260of terrestrial origin.
1261For instance, the mean value of the residuals of
1262Fig. 53(b) in the case of the S-BW model, is about 30
1263times greater than the prediction of GR for the combined
1264Schwarzschild plus Lense-Thirring precession (and about
1265300 times greater in the case of the cannonball model). This
1266difference compared to the expected value according to
1267GR, although conspicuous, is not to be considered as an
1268insurmountable obstacle and which consequently makes
1269the measurement of relativistic precession impossible.
1270This is for a series of reasons linked, not only to the
1271further development of the perturbative model (here we
1272have the virtuous example of what the GREAT project has
1273done in the case of the new measurement of gravitational
1274redshift), but also to the different modalities with which the
1275relativistic precession can be extracted from the different
1276orbital residuals.
1277What the residuals in the various orbital elements show is
1278not simply noise superimposed on the relativistic effects to
1279be measured but, mainly, other effects not modeled or
1280poorly modeled in the dynamic model and primarily of a
1281periodic nature. Therefore, by integrating the residuals in
1282the rate of the orbital elements, as for example in the case of
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F53:1 FIG. 53. GSAT0201 cannonball model vs S-BW model: residuals on 7-day of the satellite’s eccentricity and argument of pericenter
F53:2 rates. (a) GSAT0201: long-term evolution of the satellite’s eccentricity rate over the 2-year of the GREAT analysis (2016–2017).
F53:3 (b) GSAT0201: long-term evolution of the satellite’s pericenter rate residuals over the 2-year of the GREAT analysis (2016–2017).
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1283 the rate of the argument of pericenter, we will obtain that
1284 the periodic effects integrate and remain periodic and
1285 overlap with the linear trend of a relativistic nature. The
1286 integration process also acts as a filter, hence “mitigating”
1287 the effects on the pericenter rate due to higher frequency
1288 periodic oscillations. The measurement of the slope will
1289 therefore provide the relativistic precession sought, i.e.,
1290 what was before the integration in the average of the rate of
1291 the orbital element, now is in the slope of the element itself.
1292 Of course, it is important that the time step of the
1293 analysis is long enough to include an integral number of
1294 (possible) unmodeled long-term periodic effects, which
1295 then average their effect on the mean of the residuals, or
1296 the slope of the integrated residuals, to zero. As regards
1297 the possible lack of normal points for the satellites, the
1298 measurement of relativistic precessions can still be
1299 attempted over a long time span by means of the statistical
1300 analysis used in [76].

1301 VII. CONCLUSIONS AND RECOMMENDATIONS

1302 We presented some of the ongoing activities at the
1303 IAPS/INAF institute in Rome within the G4S_2.0 project
1304 in fundamental physics funded by the Italian Space Agency
1305 (ASI). These activities concern, on the one hand, the
1306 development of new models to take into account the non-
1307 gravitational forces acting on the satellites of the Galileo
1308 FOC constellation of the European Space Agency (ESA), on
1309 the other, the determination of the orbit of the satellites by
1310 means of a least-square fit of the laser-ranged data (of each
1311 spacecraft) provided by the ILRS through the SLR technique.
1312 As far as the models are concerned, as a preliminary to
1313 the finite element model of the satellite we are developing,
1314 we have introduced a box-wing model built on the basis of
1315 the metadata provided by ESA (Sec. III and Paper 1). The
1316 model has been applied to take into account the perturba-
1317 tion produced by direct solar radiation pressure, the largest
1318 among all the perturbations produced by nonconservative
1319 forces. The model differs in part from those reported in
1320 the literature of GNSS satellites in that the visible solar
1321 radiation absorbed by the different surfaces that make up
1322 the satellite is not modeled, in terms of its instantaneous re-
1323 emission. This effect will in fact be treated more properly
1324 under the perturbations linked to the effects of thermal
1325 thrust. Conversely, and contrary to the models reported in
1326 the literature, the complete law on the complex attitude of
1327 the satellite was implemented on the basis of the informa-
1328 tion provided by ESA in its twofold form: “nominal” and
1329 “modified” (Sec. II A). In this context, we have highlighted
1330 some differences that arise in applying the attitude law to
1331 satellites in nominal orbit—or almost circular orbit
1332 (GSAT0208), for which it was built—with its application
1333 to satellites in elliptical orbit (GSAT0201). The box-wing
1334 model was used to calculate the accelerations produced
1335 by solar radiation on the different surfaces of the satellites.
1336 The accelerations have been provided in different

1337representations—in the time domain, in a synoptic view
1338and in the frequency domain—to highlight their different
1339usefulness for our purposes (Sec. III A and Sec. I of the
1340Supplemental Material [39]). Subsequently, the accelerations
1341in the Gauss reference system were exploited to determine
1342the corresponding effects on the Keplerian elements by means
1343of the so-called Gauss perturbation equations (Sec. IV). All
1344these results have been obtained for the two Galileos in
1345elliptical orbit, GSAT0201 and GSAT0202.
1346As regards the determination of the orbits of the
1347satellites, a series of preliminary PODs were performed
1348using the GEODYN II code and applying it to the GSAT0201
1349(Sec. V) and GSAT0208 (Sec. II of the Supplemental
1350Material [39]) satellites. In this context, a somewhat crude
1351model was deliberately taken for the satellites, that of a
1352cannonball with an area/mass ratio equal to the average
1353one of the Galileo FOC satellites. In the context of the
1354fundamental physics measurements that we are going to
1355make in the near future, a first verification object of our
1356study was to verify if the distribution of the normal points
1357of the laser data is sufficient to obtain the convergence of
1358the state vector. It has therefore been noted that a sufficient
1359number of normal points is not always available to the
1360scientific community, especially for satellites in elliptical
1361orbit. In this regard we have officially requested to the
1362Central Bureau of the ILRS an observation campaign
1363dedicated to the G4S_2.0 project, as was done in the
1364recent past for the GREAT and GASTON (GAlileo Survey
1365of Transient Objects Network) projects. The SLR campaign
1366was approved and began on January 20, 2024. A second
1367verification carried out was to compare the orbits obtained
1368with GEODYN II, again for the GSAT0201 and GSAT0208
1369satellites, with those we can achieve from the precise orbits
1370determined by the IGS analysis centers (Sec. VA and
1371Sec. II of the Supplemental Material [39]). In particular, the
1372orbits obtained by ESOC over the two years of the GREAT
1373project were taken into consideration. The verification was
1374positive, in the sense that even the cannonball model is
1375sufficient to obtain the correct long-term behavior of the
1376orbits of the two satellites considered. We then proceeded
1377to compute the orbital residuals from the orbits obtained in
1378the case of GSAT0201 (Sec. V B). Reliable orbital residuals
1379are an important tool for us to extract from their analysis the
1380signature of the relativistic effects we are interested in, such
1381as the relativistic precessions predicted by general rela-
1382tivity. The residuals we obtained have clearly highlighted
1383the shortcomings of the dynamic model used, in particular
1384the presence of long-term effects with a periodicity of about
1385365 days, therefore attributable to an inadequate modeling
1386of the direct solar radiation pressure. To test this con-
1387clusion, we directly compared the residuals in the orbital
1388elements with the predictions of the box-wing model on the
1389same elements. In fact, the box-wing represents for us a
1390first basic model, we have defined it simplified, toward the
1391construction of more performing models, until hopefully
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1392 reaching the FEM of the spacecraft. The comparison was
1393 not only positive, but remarkable as almost all of the
1394 observed and nonmodeled effects can be replicated with
1395 the S-BW model. This result is very significant as it will
1396 allow us to enter the accelerations produced by our BW
1397 model as input data to the GEODYN II software, as well as
1398 those that we will obtain in the future from the spacecraft
1399 models that we will gradually develop. This will allow a
1400 significant improvement of the dynamic model and therefore
1401 the subsequent reduction of tracking data in the POD. This
1402 last analysis was introduced in Sec. VI in a preliminary form,
1403 where the state of the art of our models was discussed in
1404 view of the gravitation measurements that we will have to
1405 undertake in the near future.
1406 This work, together with Paper 1 presented in this issue,
1407 provides a first overview of the activities and preliminary
1408 results of the G4S_2.0 project, which are preparatory to the

1409actual measurements of fundamental physics. Other activ-
1410ities more related to these gravitational measures will be
1411presented in future specific works.
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