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Planets with radii between that of the Earth and Neptune (hereafter referred
to as “sub-Neptunes”) are found in close-in orbits around more than half of all
Sun-like stars [1, 2]. Yet, their composition, formation, and evolution remain
poorly understood [3]. The study of multi-planetary systems offers an oppor-
tunity to investigate the outcomes of planet formation and evolution while
controlling for initial conditions and environment. Those in resonance (with
their orbital periods related by a ratio of small integers) are particularly valu-
able because they imply a system architecture practically unchanged since its
birth. Here, we present the observations of six transiting planets around the
bright nearby star HD 110067. We find that the planets follow a chain of res-
onant orbits. A dynamical study of the innermost planet triplet allowed the
prediction and later confirmation of the orbits of the rest of the planets in the
system. The six planets are found to be sub-Neptunes with radii ranging from
1.94 to 2.85 Rg. Three of the planets have measured masses, yielding low bulk
densities that suggest the presence of large hydrogen-dominated atmospheres.

HD 110067 (TIC 347332255) is a bright KO-type star in the constellation of
Coma Berenices with mass and radius of approximately 80 percent of the Sun’s. The
Transiting Exoplanet Survey Satellite (TESS) monitored HD 110067 as part of its
observations of Sector 23 [4]. The data, processed by the TESS Science Process-
ing Operations Center (SPOC) [5], exhibited several dips that could be associated
with transiting planets. SPOC reported two candidates: one with an orbital period
of 5.642 days based on three dips with apparently similar depth and duration, and
a second one with an unconstrained orbital period based on a single event. TESS
re-observed the star two years later in Sector 49, revealing nine further transits
incompatible with the previously announced candidates (Fig. 1).

Combining TESS Sectors 23 and 49 we could associate a fraction of the tran-
sits with two new planet candidates: HD 110067 b, a planet with an orbital period
of 9.114days, and HD 110067 c, a planet with an orbital period of 13.673 days.
For the remaining unidentified transit events (two in Sector 23 and four in Sec-
tor 49), we attempted to match them by modeling them individually using a purely
shape-based transit model agnostic to the orbital period (Methods and Extended Data
Fig.1). Then, we compared them in duration-depth space, allowing us to identify two
“duo-transits” (planets seen to transit only once in each of the two widely-separated
sectors) and two single-transits (solitary transit events seen only in Sector 49). Duo-
transits have orbital periods limited to a finite number of harmonics or aliases which
are constrained at the short-period end by the extent of continuous photometry
observed before/after transit and at the long end by the distance between transits.
Targeted observations with the CHaracterising ExOPlanets Satellite (CHEOPS) [6]
allowed us to rule out many of these aliases and confirm a third planet in the system,
HD 110067 d, with an orbital period of 20.519 days (Fig. 1).

The orbital periods of planets HD 110067 b, ¢, and d (9.114, 13.673, and
20.519 days, respectively) have ratios very close to 3/2 (P./P, = 1.5003 and
P,/P. = 1.5007). Mean-motion resonances (MMRs) are orbital configurations where
the period ratio of a pair of planets is oscillating near a rational number of the form
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(k + q)/k, where k and g are integers. First-order MMRs (where g = 1) are the most
common among planetary systems, as well as resonant chains. For the two innermost
pairs of planets (bc and cd), we define two resonant angles ¢ = 24, — 34, + @,
and ¢, = 21, — 31y + @., where A is the mean longitude of the planets and @ its
longitude of periastron. Since dA,/dt = 2r/P,, and given the aforementioned period
ratios between b, ¢, and d, a generalized Laplace relation links the triplet of planets
via 2/P, —5/P. + 3/P,4 ~ 0 [7-9]. This relation ensures that the associated Laplace
angle Wpeq = ¢1 — 2 = 24, — 54, + 344, evolves slowly (d¥p.4/dt ~ 0), indicating
that the three planets might indeed be trapped in a Laplace chain of 3/2 resonances.

We explored the possibility that the remaining “unmatched” dips correspond
to planets that continue the first-order generalized Laplace resonant chain of
HD 110067 b, c, and d. Using a Laplace relation similar to the one above, we can pre-
dict the possible orbital period of the planets, in a similar fashion as the discoveries of
TOI-178 f and TRAPPIST-1 h [10, 11]. We assume that the next planet in the system
must continue the generalized Laplace chain of first-order resonances. Considering
the most common first-order MMRs (2/1, 3/2, 4/3, 5/4, 6/5), the only continuation of
the chain that matches the spare duo-transit supports the presence of a fourth planet
in the system, HD 110067 e, with an orbital period of 30.7931 days (in a 3/2 MMR
with planet d).

We are then left with two mono-transits in TESS Sector 49, which we assume that
they correspond to two separate planets f and g that continue the chain. With single
transits, we cannot use the same method as above and must introduce a novel argu-
ment. In nature, all known three-body resonant chains are close to an equilibrium, i.e.
an equilibrium value of their angles ¥ [10, 12—14] (Extended Data Fig. 2). Assuming
low eccentricities, only the period and a single transit of each planet are required to
estimate the value of ¥. We can therefore try out different periods for planets f and g,
then use their single transits to estimate Wy, r and ¥, s,, and see if it lands close to an
equilibrium of the chain. Here, we try the same set of first-order MMRs (2/1, 3/2, 4/3,
5/4, 6/5) between e and f and between f and g (50 combinations in total, see Meth-
ods). Out of those, the only combination not excluded by existing data that can be
close to an equilibrium of the chain is the one where Ps/P, = 4/3 and P,/P; = 4/3,
yielding the three outer generalized Laplace angles at less than 20 degrees from the
closest equilibrium (Methods, Extended Data Table 4, and Extended Data Fig. 3).

According to this prediction, planets HD 110067 f and g would have orbital
periods of 41.0575 and 54.7433 days, respectively. If so, both planets would have
transited during TESS Sector 23 observations, but during a time when the effect of
scattered light and the relative contributions of the Earth and Moon to the image
backgrounds were highly significant. These frames are typically discarded, but a
detailed reprocessing of the TESS Sector 23 observations triggered by this predic-
tion showed two additional transit events at 1943.6 TJD and 1944.1 TID matching
exactly our model based on the system’s resonant dynamics (Fig. 1). Additionally, a
ground-based multi-instrument photometric campaign to catch a predicted transit of
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HD 110067 f (Methods and Extended Data Fig. 4) recovered a statistically signifi-
cant detection (AWAIC = 9.5) with a consistent depth and duration at the expected
time, confirming its orbital period.

Also, we collected high-precision radial velocities of the star with the
CARMENES [15] and HARPS-N [16] instruments. The dominant signals in the data
correspond to the star’s magnetic activity rather than the planetary companions but,
by applying state-of-the-art analyses to model stellar activity (Methods), we could
independently confirm the detection of HD 110067 f, measuring an orbital period and
phase (using agnostic priors on both quantities) that matched the transits. We used
the radial velocities of the system to measure precise masses for three of the plan-
ets (HD 110067 b, d, and f) and place upper limits on the remaining ones (Fig. 2).
Although transit timing variations caused by the planets’ mutual gravitational interac-
tions are expected in resonant systems [17], our photometric analysis did not measure
any significant deviation from the linear ephemeris (below 5 min for the inner triplet),
likely due to the low number of individual transits for each planet. Further monitor-
ing of the system will enable an independent measurement of the planetary masses
using this technique.

The HD 110067 planetary system is thus comprised of at least six transiting plan-
ets orbiting in a chain of first-order MMRs (3/2—3/2—3/2—4/3—4/3). The planets
have radii ranging between 1.94 and 2.85 times the radius of the Earth, orbital peri-
ods between 9 and 55 days, and equilibrium temperatures between 440 and 800 K
(Fig. 3). Thanks to the constraints on the planetary masses and their location above
the radius valley [18, 19], our internal composition modeling concludes that all
the planets in the system (with the exception perhaps of planet e, which remains
undetected in the radial velocity data) must possess large hydrogen-dominated
atmospheres to explain their relatively low bulk densities (see Supplementary). A
summary of the most relevant properties of the system is presented in Table 1. We
note that for both planets e and g their orbital period measurement relies on a pre-
diction based on the dynamical properties of the system, but an independent third
transit observation confirming each orbit has not been obtained yet. Given the low
mutual inclination of the system (below 1 deg), additional transiting planets may yet
be found at periods longer than 70 days, which would correspond to orbits within or
beyond the habitable zone of the star [20, 21].

From an observational point of view, HD 110067 is the brightest star found to
host more than four transiting exoplanets. The current delicate configuration of the
planetary orbits in HD 110067 rules out any violent event over the billion-year history
of the system [22], making it a rare “fossil” [23] to study migration mechanisms and
the properties of its protoplanetary disk in a pristine environment. The combination of
host star brightness and the inferred presence of extended atmospheres in the majority
of its planets makes HD 110067 the most favorable multi-planetary sub-Neptune
system to be observed in transmission spectroscopy with JWST (Fig. 3). HD 110067
offers a chance to gain insight into the nature of sub-Neptune planets and where, how,
and under what conditions resonant chains form and survive.
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Table 1 Summary of the planetary parameters of the HD 110067 system.

Parameter@ HD 110067 b HD 110067 ¢ HD 110067 d
Fit parameters
P(d) 9.113678 + 1 x 107 13.673694 +2.4x 10 20.519617 +4 x 107>
1® (d) 2640.15797 + 0.00036 2657.45704 + 0.0007 2708.20282 + 0.0008
Ry /R« 0.0256 + 0.0002 0.0278 + 0.0003 0.0332 + 0.0003
b = (a/Ry)cos iy 0.355 +0.033 0.155 +0.078 0.488 +0.023
a/Ry 21.66 + 0.24 28.37 £0.30 37.21 £0.40
K (ms™") 2.03f8;2§ < 1.55 2.32t8:§g
Derived physical parameters

M, (Ms) 5.697 118 <63 8.52331
R, (Ro) 2.200 + 0.030 2.388 + 0.036 2.852 +0.039
ap (au) 0.0793 + 0.00096 0.1039 + 0.0013 0.1362 + 0.0017
Teq (K)© 800 + 10 699 £ 9 602 + 8
tr ()@ 0.12895 + 0.00078 0.15435 + 0.00121 0.15907 + 0.00158
i (deg) 89.061 + 0.099 89.687 +0.163 89.248 + 0.046

+tHD 110067 e HD 110067 £ +HD 110067 g

Derived fit parameters
P (d) 30.793091 + 1.2 x 107 41.05854 £ 1 x 107* 5476992 +2 x 10~
to (d) 2646.0919 + 0.0011 2641.5763 + 0.001 2656.0921 + 0.002
Ry /R« 0.0226 + 0.0004 0.03026 + 0.00039 0.0303 + 0.00051
b = (a/Ry)cos iy 0.113 £ 0.074 0.337 £ 0.043 0.338 + 0.087
a/Ry 48.77 £ 0.52 59.08 +0.52 71.59 +0.78
K (ms™h) <0.80 1.O9f8:‘4‘g < 1.30
Derived physical parameters

M, (Ms) <39 5.047159 <84
R, (Ro) 1.940 + 0.040 2.601 +0.042 2.607 + 0.052
ap (au) 0.1785 + 0.0022 0.2163 + 0.0026 0.2621 + 0.0032
Teq (K) 533+7 489+ 6 440+ 6
tr (d) 0.20265 + 0.00244 0.2152 + 0.0022 0.2361 + 0.0052
i (deg) 89.867 + 0.089 89.673 +0.046 89.729 + 0.073

9

Footnotes. (a) Error bars denote the 68% posterior credibility intervals. Upper limits correspond to 99.7% posterior cred-
ibility intervals. (b) Mid-transit epoch is measured using the full baseline of transits observed with TESS, CHEOPS, and
ground-based facilities. Units are expressed in terms of the TESS Julian Date, TID = BJID-2457000, where BJD is the
Barycentric Julian Date in units of days. Reference time system is TDB (Barycentric Dynamical Time). (¢) Equilibrium
temperatures were calculated assuming zero Bond albedo and perfect energy redistribution. (d) Transit duration #r is
measured from the first to the last contact.
7 The orbital period for planets e and g have been measured from their assigned duo-transits placing a prior based on our
prediction from the resonant chain analysis.
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Fig. 1 Space-based photometry from TESS and CHEOPS of HD 110067. Transits identified for each
planet after our analyses are each associated with a different color. a-f, Photometric time series of TESS
Sector 23 (a,b, 2-minute cadence), TESS Sector 49 (c,d, 20-second cadence), and CHEOPS (e,f). Red
points in a show the reprocessed data affected by scattered light and high levels of sky background. Time
units are in TESS Julian Date (TJD = BJD — 2457000), where BJD is the Barycentric Julian Date in units
of days. Detrended light curves and the final model are shown in b,d,f. g-1, TESS phase-folded transits of
each planet in the system. The transit model and binned photometry are color-coded following the same
convention. For HD 110067 b (g) and d (i), CHEOPS photometry is shown atop the TESS photometry with
an arbitrary offset for clarity. m, top-down view of the planetary system. Axes show the distance from the
central star as a function of the semi-major axis and equilibrium temperature of the planet.



Springer Nature 2021 IEETgX template

The HD 110067 planetary system 11

a — Stellar signal + Keplerians ~ — Stellarsignal —— Keplerians ¢ HARPS-N & CARMENES HD 110067 b Ja
20k , 4 HD 110067 b binned E , -
Bl | i q "‘ M “ \T’M/' 7\*50 ¢

E
ok i + M ; -2 x
- mﬂﬁ | \\\I\\\I\\\I\\\I\\f\:74
T, Top HD 110067 EN
£ 4 HD 110067 c binned 3
g 20} | + 42 =
I N pu 4
-30 + - t t EO E
4-2 =
o \\\I\\\I\\\I\\\I\\gwe_4
\ f N AN | \ HD 110067 3
-sof/y| \“‘A‘MV\M’A\}M’ M{\ /\J \ W»‘\’ U“-’\WWW“JA“VW \V\»‘V\Mﬂ\, W ‘\ MW A ,“/\W | W T R Ho0e?  bioned 1*
q2 T
10 F— Keplerians 4 RARPSN-stellorsignal |  CARMENES - stelar signal * No £
sk f 2z
B WL AT ) ﬁ M ‘uf\‘\ﬂ b h
'n OJ\/, L{A}\ W“ ‘\/\ I\ V\ N“‘ % \i l % j ’{* ,\ W‘ M H W»\ W ,\‘ “\‘L‘ —a
NS L L RO LR .
2

w 3;% Pi"%ﬁ‘ﬁ'%#%i gﬂ R be b i

TN ITRTATE BEAET BRI ATAr
HD 110067

Residuals (ms™)

s s s s s s L L 4 HD 110067 f binned

-
5 5
e
E=
ﬁ‘
|~
|-
|
-
T
b b Dt bt b b Dl g
| o
N
RV (ms~

— Stellarsignal 4 HARPS  { CARMENES 2
0
50 3 . )
= Lo 0 £
'n 3 z
£ ok | = @
= J-.
é L Quef \\\I\\\I\\\I\\\I\\l\74
T -s50f HD 110067 ¢ ER
i 4 HD 110067 g binned 3
~-100 d , . . . . . . . ' i } 32 T:
H i Fetopb R A il qo E
s o we AR TSR Y AT BT 1.z
E] v I L) B
bl 6 k34
@ e
$ -50k L L L L L L L L AP IR PR LI SR A
o« 9000 9100 9200 9300 9400 9500 9600 9700 0.2 0.4 0.6 0.8
Time (d) Orbital phase

Fig. 2 Radial velocity data from CARMENES and HARPS-N of HD 110067. Time units are the
same as Fig. 1. a-e, radial velocity (RV) and full-width at half-maximum (FWHM) time-series after being
corrected by inferred offsets. Each panel shows: RV data together with full, stellar, and planetary inferred
models (a); RV data with the stellar model subtracted (b); RV residuals (c¢); FWHM data together with
the inferred stellar model (d); and FWHM residuals (e). HARPS-N (blue) and CARMENES (orange)
measurements are shown with solid circles with 1o error bars with a semi-transparent error bar extension
accounting for the inferred jitter. The solid lines show the inferred full model coming from our multi-
dimensional Gaussian process model (Methods), lightly shaded areas showing the 1 and 20 credibility
intervals of the corresponding model. For the RV time series (a) we also show the inferred stellar (red) and
planetary (green) recovered signals with an offset for better clarity. f-k, phase-folded RV signals for all the
planets following the subtraction of the systemic velocities, stellar signal, and other planets. Nominal RV
observations are shown as light gray points. Solid points show data binned to a tenth of the orbital phase.
The inferred model is shown with a solid line following the color-coding of Fig. 1. The planets with mass
measurement uncertainties smaller than 30~ (£,h,j) are marked with thicker lines.
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Fig. 3 Properties of the HD 110067 system compared to the known sub-Neptune-sized planet pop-
ulation. a, period-radius diagram. b, mass-radius diagram. Mass-radius relationships for different planet
compositions are taken from ref. [24]. The 30~ mass upper limits are shown for planets HD 110067 c,
e, and g; lo error bars for the rest. ¢, host star brightness in J-band magnitude as a function of planet
equilibrium temperature showing systems with five or more transiting planets. Lower magnitudes indicate
brighter stars. In all plots, point size is proportional to the planet radius while the color represents a proxy
of the expected atmospheric scale height in transmission spectroscopy using JWST following the metric
of ref. [25]. Where mass is not known, we use the empirical mass-radius relation of ref. [26] to compute
this metric. Planet population properties were retrieved from the NASA Exoplanet Archive on May 2023.
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Methods

0.1 Data
0.1.1 TESS photometry

HD 110067 was observed in sectors S23 and S49 (2020 March 18 to 2020 April 16
and 2022 February 26 to 2022 March 26, respectively) of the Transiting Exoplanet
Survey Satellite (TESS) [4]. The star was included on the TESS Candidate Target List
(CTL) [27] and therefore the target was observed at 120s cadence in both sectors.
The target images are processed by the TESS Science Processing Operations Center
(SPOC) pipeline at NASA Ames [5], which calibrates the pixels, performs simple
aperture photometry (SAP), flags poor-quality data, and removes systematic trends
to create the so-called “Presearch Data Conditioning” light curve (PDCSAP) [28-
30]. Finally, the SPOC pipeline runs a wavelet-based transiting planet search for
periodic exoplanets [31-33] which in the case of the S23 data revealed two threshold-
crossing events (TCEs) — i.e. candidate planets — which passed Data Validation
checks [34, 35]. Manual vetting of these two candidates resulted in the assignment of
two TESS Object of Interest (TOI), namely TOI-1835.01 and TOI-1835.02 [36].

The first TCE was alerted by SPOC as TOI-1835.01 with a period of 5.641d.
Although two of the three transits associated with this ephemeris appeared to be of
similar depth and duration, the third did not appear to be associated with a clear tran-
sit. However, this could have been due to proximity to a systematic dip caused by
a momentum dump. A second TCE, TOI-1835.02, was alerted as a single transit at
1948.98 TJD TESS Julian Date (TJD = BJD — 2457000), where BJD is the Barycen-
tric Julian Date in units of days, as opposed to the period of 11.107d proposed by
SPOC due to an apparent discrepancy in the transit depth between the two tran-
sits purportedly linked by the transiting planet search. On the other hand, a peak in
the background flux ruled out the planetary origin of an apparent transit feature at
TJD=1940.5. Both the depth and shape of this feature were strongly dependent on the
detrending method used in the lightcurve, which is indicative of its spurious nature.

HD 110067 was later reobserved by TESS in S49. In order to confirm the TCEs
and plan immediate follow-up, we downloaded the TESS Image CAlibrator Full
Frame Images (TICA FFI) [37] only a week after downlink for each of the first and
then second orbits. We computed a light curve from the 10-minute cadence TICA FFI
cut-outs using SAP and clipped regions of high brightness due to the Earth and Moon,
as well as parts of the light curve affected by systematics such as momentum dumps.
The first orbit alone revealed at least 5 new clear transit features. These all appeared
to have varying depths and durations, and none were compatible with the 5.64d
period implied by TOI-1835.01. The second orbit showed three more clear transit
events, making a total of eight in S49 and five in S23. A 20-second cadence target
pixel file was later made available for HD 110067, which resulted in higher-precision
photometry.
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Manual vetting of both S23 and S49 PDCSAP light curves revealed unexpectedly
large systematic uncertainties (Gini’s mean difference, i.e., the average point-to-
point absolute difference, of 215 ppm in 3-hour bins) which were absent from the
uncorrected SAP flux. This has been seen in many bright stars which possess stellar
variability [e.g., 38, 39]. In order to better correct these systematics, we performed
a custom extraction of the TESS light curves for both sectors using the quaternion
detrending technique against spacecraft motion developed by [40]. This involved fit-
ting a model consisting of a linear combination of a basis spline (with breakpoints
spaced every 1.5d to model long-timescale stellar or instrumental variability) and
decorrelation with parameters linked to systematic flux changes, namely the means
and standard deviations of the spacecraft quaternion time series (and the squared time
series) within each exposure. Using a linear least squares technique (matrix inver-
sion), we solved for the best-fit coefficients of our free parameters while iteratively
excluding 30 outliers from the fit until convergence was reached. After calculating
the best-fit model for each aperture’s systematics, we then subtracted it from the
uncorrected light curve and identified the aperture that produced the light curve with
the lowest photometric scatter. The final light curves used in our subsequent analyses
(Gini’s mean difference of 130 ppm in 3-hour bins) are shown in Fig. 1.

Finally, as discussed above, a large portion of the data was missing from the PDC-
SAP light curves due to high levels of scattered light and sky background from the
Earth and Moon. The dates affected coincide with the potential transit events of plan-
ets f and g based on our dynamical model prediction. Therefore, in order to recover
data affected by scattered light, we performed a custom extraction of the TESS light
curves for both sectors using a pixel level decorrelation (PLD) method [41-43] imple-
mented in the PLDCorrector class of the community Python package 1ightkurve
[44]. This method employs (i) a spline polynomial fit to describe stellar variability,
(ii) Principal Component Analysis (PCA) eigenmodes to model the background light,
and (iii) the PLD technique to account for pointing and mechanical effects. Before
applying the PLDCorrector, we add the background flux and errors estimated by
the TESS SPOC pipeline back onto the SAP light curve. Flux level, fraction, and
crowding adjustments are then applied to the corrected light curve. To automatically
optimize the selection of parameter values for the PLD corrector, we evaluate the
resulting light curve using the Savitsky-Golay Combined Differential Photometric
Precision (sgCDPP) proxy algorithm [45, 46] implemented in lightkurve. For a
grid of PLD corrector parameter values, we calculate the harmonic mean of these
quantities and select the corrected light curve that minimizes it. We use this data for
the cadences missing in the quaternion-detrended light curve in our final analyses
(marked with a different color in Fig. 1).

0.1.2 CHEOPS photometry

The CHaracterising ExOPlanets Satellite (CHEOPS) mission is a European Space
Agency small-class mission dedicated to studying bright, nearby exoplanet host stars
for the purpose of making high-precision photometric observations of transiting
planets [6]. We collected 19 separate visits of HD 110067 with CHEOPS between
2022 April 11 and 2022 May 17 under Guaranteed Time Observing programs ID-048
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and ID-031. The goal of these observations is (1) to confirm the true orbital period of
single- and duo-transiting planet candidates and (2) to improve the planetary radius
precision and ephemeris of confirmed planets. This has been done for large planets
producing deep eclipses from the ground [47, 48], and for small planets from space
[39, 49, 50]. An observing log summarizing the duration of each visit, its average
observing efficiency (considering the gaps produced by Earth occultations or pas-
sages over the South Atlantic Anomaly along the spacecraft’s low-Earth orbit), and
photometric precision are presented in Extended Data Table 1.

To provide the highest quality photometric precision, we opted to perform cus-
tom photometric extraction of the CHEOPS imagettes using point-spread-function
(PSF) photometry as implemented by the PIPE package [51, 52]. For bright targets
such as HD 110067, light curves generated with PIPE exhibit lower median abso-
lute differences than those generated by the CHEOPS Data Reduction Pipeline [53].
The shorter cadence of the CHEOPS imagettes allows a higher cadence light curve,
and PSF detrending is also better at removing trends due to systematic factors and
background stars. As various PSF models have already been generated and vary as
a function of stellar temperature, we opted to use a PSF generated using the star
HD 189733, with a similar spectral type of HD 110067. In order to preserve inter-
visit flux differences, we normalized the entire CHEOPS data together instead of
individually. This revealed clear visit-to-visit flux differences due to stellar rotation
with an amplitude larger than that of TESS (as stellar activity is typically more pro-
nounced at bluer bandpasses). The final light curves used in our subsequent analyses
are shown in Fig. 1 and Fig. S1 in the Supplementary.

0.1.3 Ground-based photometric campaign

We carried out a campaign on the night of May 23rd, 2022 to attempt to confirm the
41.05-day period orbit of HD 110067 f as predicted by our resonance chain analysis.
Photometric observations were taken using 14 telescopes using seven different filters,
which observed from various locations to continuously cover a temporal baseline of
more than 11 hours (between 2022-05-23UT22:52:55 and 2022-05-24UT10:01:33).
This window is long enough to catch the 5-hour transit expected from 02:52 to
07:12UT. However, no single location was able to cover both ingress and egress. A
summary of the observations is shown in Extended Data Table 2. Details from each
individual observation are shown below. Extended Data Fig. 4 shows the data and
best-fit models as discussed in Sect. 0.3.4.

Teide Observatory

We observed HD 110067 on May 23rd, 2022 using the MuSCAT2 instrument
installed at the 1.5-m Telescopio Carlos Sanchez (TCS) located at the Teide Obser-
vatory, Spain [54]. The images were taken simultaneously in g, r, i, and z; filters
with the telescope heavily defocused and with short exposure times of 3 to 5 sec,
depending on the band, to avoid saturation. Relative light curves for each band and
instrument of HD 110067 were extracted by aperture photometry using a custom
pipeline [55] with optimal aperture radii of 8”1 to 11”3 depending on the band. Note
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that there was a technical problem on the dome of the TCS between BJD-2459723 =
0.488 and 0.526; we discarded the data taken during this period.

We also observed HD 110067 on May 23rd, 2022 with one of the 1-m telescopes
from Las Cumbres Observatory (LCO) global network located at the Teide Obser-
vatory, Spain [56]. The observations were obtained through Director’s Discretionary
Time program 2022A-005 (PI: Wilson). We collected 181 frames with an exposure
time of 20s, covering 2.5 h, using the 4096x4096 pix SINISTRO camera. The images
were calibrated by the standard LCO BANZAT pipeline [57]. Differential photometric
data were extracted using AstroImage] (AlJ) [58].

Paranal Observatory

We observed HD 110067 on May 23rd, 2022 using the Next Generation Transit
Survey (NGTS) facility located at ESO’s Paranal Observatory in Chile [59]. NGTS
consists of twelve 20-cm, f/2.8 telescopes with Andor cameras and red-sensitive
(600-900 nm) deep-depletion e2v CCDs. Nine NGTS telescopes observed from
23:14 to 04:35UT, covering a predicted transit ingress of HD 110067 f, and span-
ning an airmass range of 1.7-2.5. Two telescopes started observing two hours late
due to a technical issue. All nine telescopes were defocused to avoid saturating the
bright target star during the 10-second exposures. The NGTS camera shutters were
not functional and so were kept open during the entire observing block. That caused
the stars to streak during the 1.5-second readout sequences but without any appar-
ent detrimental effect on the photometry. Observing without using the shutters is
now the standard operation mode of NGTS. We performed standard differential aper-
ture photometry, using large aperture radii of 6.5-8.0 pixels, and carefully selecting
comparison stars to avoid those that exhibited variability. The light curve of each
telescope was normalized individually and no detrending was performed.

F. L. Whipple Observatory

We observed HD 110067 on May 24th, 2022 using the Tierras instrument installed at
the refurbished 1.3-m telescope located at the F. L. Whipple Observatory atop Mount
Hopkins, Arizona, United States. The instrument is designed to regularly achieve a
photometric precision of 250 ppm on a time scale of both 10 min and a complete
observing season. The design choices that permit this precision include a four-lens
focal reducer and field-flattener that increase the field-of-view of the telescope, a cus-
tom narrow bandpass filter centered around 863.5 nm to minimize precipitable water
vapor errors, and a fully automated mode of operation [60]. A total of 1262 4-second
exposures were gathered with Tierras for HD 110067. Astrometric calibrations were
done in real-time during data gathering and were stored in WCS headers in the FITS
files. The FITS files were then passed through the Tierras image reduction pipeline to
perform bias corrections and image stitching (the CCD chip is read out through sep-
arate amplifiers). AIJ was used for photometric extraction. These observations were
gathered shortly after Tierras started science operations, and the data were not flat-
fielded since knowledge of the flat-field was incomplete at the time. The RMS of the
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15-minute binned data is 323 ppm. The photometric precision on this target is ulti-
mately limited by scintillation, as the target was observed down to an airmass of 2.37.
The observations were mildly affected by cirrus.

San Pedro Mdrtir Observatory

We observed HD 110067 on May 24th, 2022 with the 1-m SAINT-EX telescope at the
Observatorio Astrondmico Nacional de la Sierra de San Pedro Martir in Baja Califor-
nia, Mexico [61]. SAINT-EX is equipped with a deep-depleted and back-illuminated
Andor IKON CCD and a filter wheel. The observations were defocused and acquired
in the “zcut” filter, a custom filter optimized to reduce the systematic uncertainties in
the light curves of red stars due to precipitable water vapor, with an exposure time
of 10s. The data were reduced with AlJ using the standard corrections for bias, flat-
fielding, and dark current. AIJ was also utilized to do the aperture photometry of the
time series, producing the light curves and relevant meta-data. The observations were
mildly affected by high-altitude cirrus.

Haleakala Observatory

We observed HD 110067 on May 24th, 2022 using the MuSCAT3 instrument
mounted on the 2-m Faulkes Telescope North (FTN) at Haleakala Observatory on
Maui, Hawaii, United States [62]. The images were taken simultaneously in g, r, i,
and z; filters with the telescope heavily defocused and with short exposure times of
3 to 5 sec, depending on the band, to avoid saturation. Relative light curves for each
band and instrument were extracted by aperture photometry using a custom pipeline
[63] with optimal aperture radii of 8”1 to 11”3 depending on the band. There was
a guiding issue on the FTN around BJD-2459723 = 0.795, which caused a large
shift of the stellar positions on the detectors; we treated the MuSCAT3 data as two
independent datasets separated by that time.

0.1.4 High-resolution imaging

As part of our standard process for validating transiting exoplanets, and to assess the
possible contamination of bound or unbound companions on the derived planetary
radii [64], we observed HD 110067 with near-infrared (NIR) adaptive optics (AO)
imaging at Palomar Observatory and with optical speckle imaging at Gemini North.
Gaia DR3 is also used to provide additional constraints on the presence of undetected
stellar companions and wide companions. No close-in (< 1) stellar companions
were detected by either the NIR adaptive optics or optical speckle imaging.

Palomar Observatory

The Palomar Observatory observations of HD 110067 were made with the PHARO
instrument [65] behind the natural guide star AO system P3K [66] on 2020 Jan 08 in
a standard 5-point quincunx dither pattern with steps of 5” in the narrow-band Br-
v filter. Each dither position was observed three times, offset in position from each
other by 0.5” for a total of 15 frames; with an integration time of 1.4 seconds per
frame, respectively for total on-source times of 21 seconds. PHARO has a pixel scale
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of 0.025” per pixel for a total field of view of ~ 25”. The sensitivities of the final
combined AO image were determined by injecting simulated sources azimuthally
around the primary target every 20° at separations of integer multiples of the central
source’s FWHM [67]. The Palomar data have a sensitivity Amag = 2 at 0.1” and
Amag = 9 at 1”; the final sensitivity curve is shown in Fig. S2 of the Supplementary.

Gemini Observatory

We observed HD 110067 with the ‘Alopeke speckle imaging camera at Gemini North
on 2020 June 10 [68]. We obtained five sets of 1000 frames, each frame having an
integration time of 60 ms, obtaining images in each of the instrument’s two bands
(centered at 562 nm and 832 nm). The observations were reduced using our standard
software pipeline [69] and reached a 5o sensitivity of Amag = 7 (blue channel) and
Amag = 6.8 (red channel) at separations of 0.5”. The reconstructed speckle images
show no evidence of additional nearby point sources. The final sensitivity curve is
shown in Fig. S2 of the Supplementary.

Gaia Space Observatory

In addition to the high-resolution imaging, we have utilized Gaia to identify any wide
stellar companions that may be bound members of the system [70, 71]. There are
no additional widely separated companions identified by Gaia that have the same
distance and proper motion as HD 110067. Additionally, the Gaia DR3 astrometry
provides additional information on the possibility of inner companions that may have
gone undetected by either Gaia or the high-resolution imaging data. The Gaia Renor-
malised Unit Weight Error (RUWE) is a metric, similar to a reduced chi-square,
where values that are < 1.4 indicate that the Gaia astrometric solution is consistent
with the star being single whereas RUWE values 2 1.4 may indicate an astromet-
ric excess noise, possibly caused the presence of an unseen companion [e.g., 72].
HD 110067 has a Gaia EDR3 RUWE value of 0.94 indicating that the astrometric fit
is consistent with a single-star model.

0.1.5 Radial velocity monitoring

Calar Alto Observatory

We observed HD 110067 using the CARMENES instrument [15] installed at the 3.5-
m telescope of Calar Alto Observatory in Almeria, Spain, between 3 July 2020 and
4 July 2021. We collected 39 high-resolution spectra under the observing programs
F20-3.5-011 (PI: Nowak) and H20-3.5-013 (PI: Luque). Radial velocities and addi-
tional spectral indicators were derived using raccoon [73] and serval [74]. While
the mean internal precision of the template matching serval RVs is 3.1 ms~!, the
precision of the cross-correlation method raccoon RVs is 2.9 m s71, so we used the
latter in our analyses.

Roque de los Muchachos Observatory

We observed HD 110067 with the HARPS-N spectrograph mounted at the 3.6 m
Telescopio Nazionale Galileo [16] of Roque de los Muchachos observatory in
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La Palma, Spain, between 30 May 2020 and 4 May 2022. We collected 72
high-resolution spectra under the observing programs CAT19A_162 (PI: Nowak),
CAT21A_119 (PI: Nowak) and ITP19_1 (PI: Pallé) that were used to measure the
photospheric properties of the star and precise radial velocities. Radial velocities
and additional spectral indicators were derived using an online version of the DRS
pipeline [75], the YABI tool, and serval [74]. Both the YABI- and serval-derived
radial velocities have a median internal precision of 1.0 m s~!, but we used the YABI
ones (based on the cross-correlation method) in our final analyses for consistency
with the CARMENES dataset.

0.2 Stellar parameters

0.2.1 Photospheric parameters and abundances

To properly characterize the planetary system around HD 110067, we first conduct
a series of analyses to determine the properties of the host star. We derive the stellar
spectral parameters by applying the widely used ARES+MOOG tools to our co-added
HARPS-N spectra [76-78]. ARES [79, 80] measures the equivalent widths of iron
lines in the spectrum that are converted into stellar atmospheric parameters using
the MOOG radiative transfer code [81] applied to Kurucz model atmospheres [82].
In Extended Data Table 3 we report the effective temperature T.g, surface gravity
log g, and metallicity [Fe/H], obtained upon convergence of ionization and excitation
equilibria within this method. Additionally, we measure the stellar vsini from the
HARPS-N spectra using ZASPE [83].

We further study the photospheric parameters by conducting a classical curve-
of-growth analysis on our co-added HARPS-N spectrum using our aforementioned
spectral parameters in order to obtain [Mg/H] and [Si/H] abundances for HD 110067.
Utilizing the ARES+MOOG framework detailed above, we obtain the equivalent widths
[80] for these elements, which are converted to abundances assuming local thermo-
dynamic equilibrium [81, 82]. The specific details of this analysis are beyond the
scope of this paper and can be found in refs.[84, 85]. We report the stellar abundances
in Extended Data Table 3.

0.2.2 Physical parameters

Using our spectral parameters and the ATLAS [82, 86] and PHOENIX [87] catalogs,
we build spectral energy distributions of HD 110067 that we compare to optical and
infrared broadband photometry of the star (see Extended Data Table 3) to derive
the stellar angular diameter and effective temperature via the infrared flux method
[88]. This is conducted in an MCMC approach [89, 90] within which we convert the
angular diameter to the stellar radius using the Gaia EDR3 offset-corrected parallax
[91] with model uncertainties accounted for using a Bayesian modeling averaging.
We report the stellar radius R, in Extended Data Table 3.

Last, we complete our stellar characterization by determining the mass and
age of HD 110067. We constrain two sets of stellar evolutionary models with
help of our derived values for T.g, logg, and R, [92]. On the one hand, we
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use an isochrone placement algorithm [93, 94] and interpolate over pre-computed
grids of PARSECv1.2S [95] isochrones. On the other hand, we use the Code
Liggeois d’Evolution Stellaire [96] combined with a Levenberg-Marquadt minimiza-
tion scheme [97] to optimize the best-fitting evolutionary track. The results from the
two methods are combined to determine the mass and age of the star that is reported
in Extended Data Table 3.

The [Fe/H] and age of HD 110067 indicate that this star could belong either to the
galactic thick disk stellar population or be an older member of the galactic thin disk.
The values of [Mg/H] and [Si/H], being within 1o of [Fe/H], show that the star is
not enhanced in @-capture elements and are indicative of a typical thin disk chemical
composition. We determined the kinematic properties of HD 110067 by using the
Gaia EDR3 astrometry to compute the Local Standard of Rest space velocities of
this star following ref.[98]. From these velocities, we compute that the probability of
kinematic membership in the galactic thin disk is 0.9911+0.0029. Thus, we conclude
that HD 110067 is on the older, more metal-poor end of the distribution of the galactic
thin disk stellar population.

0.3 Analysis
0.3.1 Space-based photometry modeling

We performed simultaneous modeling of the space-based photometry. We used the
quaternion-detrended TESS data combined with the PLD-detrended data for the
missing S23 gaps, and the PIPE-detrended CHEOPS data for the three visits contain-
ing transits. We built transit models for the six planets with exoplanet [99]. Due to
its nature as a rotating telescope on a near-Earth orbit, even PSF-detrended CHEOPS
photometry can include systematic trends. However, these typically correlate with
other measurements, for example, roll angle, background, or contaminant flux. In
order to not bias the transit model and to better propagate uncertainties on the derived
parameters, we performed CHEOPS decorrelation alongside our photometric transit
modeling. We first fitted each CHEOPS transit individually alongside multiple possi-
ble decorrelation factors, allowing us to assess which decorrelation factors are most
useful. This also enabled us to test whether such decorrelation is shared among all
CHEOPS visits or individual to a single light curve. From this analysis, we included
the following parameters in the linear correlation: position centroids, the second har-
monic of the cosine of the roll-angle, cos 2®, the change in telescope temperature,
and quadratic trends with the x-y centroids. CHEOPS data have also been known to
contain flux trends that vary stochastically as a function of roll angle over shorter
frequencies [see e.g. 100]. These are not well removed using simple trigonometric
functions, hence we also modeled a flexible spline shared between all visits to model
shorter-timescale variation. To incorporate stellar variability, a floating mean and flux
trend were also fitted to each CHEOPS visit, as well as an individual jitter term.

Informative priors were used on limb darkening parameters using the theoretical
quadratic limb darkening parameters for TESS [101] and CHEOPS [102], with uncer-
tainties inflated to 0.1 in all cases to guard against systematic offsets. The impact
parameter and radius ratio are fitted from a broad uniform and log-normal prior,
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respectively, while the period and mid-transit epoch are fitted using broad normal pri-
ors from the transits identified and modeled above. Stellar parameters from Extended
Data Table 3 were used as inputs to the model with Gaussian priors. Orbits were
assumed circular in all cases which is a good approximation for planetary systems
with multiple transiting planets [103—-105]. The prior and posterior distributions of
each parameter in the model are shown in Table S1 of the Supplementary.

0.3.2 Properties of the unmatched transits

Our first modeling of the TESS space-based photometry was able to account for
a total of 5 transits of planet b (two in TESS S23 and three in TESS S49) and 4
transits of planet ¢ (two each in TESS S23 and S49). However, this analysis left six
“unmatched” transits in the original TESS light curves. In order to pair the transits,
we fitted each transit individually using a purely shape-based transit model agnostic
to the orbital period using MonoTools [106]. From this analysis, we then compared
each transit in duration-depth space, allowing us to clearly see that both transits from
S23 shared unique regions of this parameter space with two more transits seen in S49
(duo-transits), while the two longest-duration transits seen only in S49 were solitary
(mono-transits). Extended Data Fig. 1 shows this result.

We then modeled both duo- and single-transits using MonoTools fitting. This
allows long-period planets to be modeled in a way that the transit model is agnostic
of the orbital period with the implied period distributions being manipulated using
priors. This technique works for transits with single- or duo-transits. In the case of
two transit events separated by a long gap, the planetary transit is fitted leaving the
orbital period open, and the implied transit shape is used to calculate the probabil-
ity for each of the possible period aliases. For single transits, potential orbital period
windows are computed. In both cases, the period probability distribution comes from
a combination of a simple period prior (longer period planets are geometrically disfa-
vored) [107], an eccentricity prior (eccentric orbits are disfavored in multi-transiting
systems) [108], and a stability prior using the orbits of other planets in the system
(orbit-crossing is disallowed) [further details in 39, 109]. The resulting marginalized
period predictions for planets HD 110067 d, e, f, and g are shown in Fig. S3, with
posterior values of 21.6*77, 29.9*35, 40.1*7-|, and 47.0 + 8.0 days, respectively.

0.3.3 Continuing the resonant chain

In this section, we expand the analyses that led to the prediction of the orbits of plan-
ets HD 110067 e, f, and g based on the generalized Laplace resonant configuration of
the three inner transiting planets in the system. We assume that all events mentioned
in the previous section are transits that belong to planets that continue the resonant
chain.

For transiting systems, generalized three-body Laplace angles can be estimated
in Oth order in eccentricity, defined as W¥,-o, from the times of mid-transit and the
orbital period of the planets [see e.g., 110]. This estimation differs from the actual
generalized three-body Laplace angle proportionally to the eccentricities [eq. 15 of
111]. Interestingly, for known systems with a chain of three-body resonances, all
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Y. lie close to an equilibrium of the chain, as seen in Extended Data Fig. 2. The
largest distance is ~ 43 degrees for the inner triplet of K2-138 [112]. For HD 110067,
the estimated angle W, 404 is also at about ~ 44 degrees from its theorized 180-
degree equilibrium. Through the study of transit timing variations over several years,
one can get constraints on the underlying generalized three-body Laplace angles. In
known cases, one can see that these angles oscillate with amplitudes of a few tens
of degrees at most around their equilibrium value, see Fig. 2 of [12] for Kepler-60,
Fig. 25 of [13] for TRAPPIST-1.

As shown above, the two events at 2646.088 TJD and 1937.851 TJD have fully
consistent shapes. Among the probable periods computed with MonoTools (Fig. S3),
P, = 30.7931 days is the only one that continues the resonant chain, with P,/P; =
1.5007, landing inside the common 3:2 MMR (see Fig. S4 in the Supplementary).
We compute the observed value of the associated generalized three-body Laplace
angle W,-0.c4. = 169.995 deg, which is at only 10 deg from the expected 180-degree
equilibrium. We hence predict a period of 30.7931 days for planet HD 110067 e if it
is in the resonant chain.

For the remaining two mono-transits, we try a set of first-order MMRs (2/1, 3/2,
4/3, 5/4, 6/5) between planet #4 and #5 and the same between planet #5 and #6 (hence
25 combinations). Each of these combinations has to be tested assuming that the tran-
sit at TID=2641.5778 belongs to the 5th planet, and TID=2656.0944 belongs to the
6th planet (case A), and vice-versa (case B). Fortunately, many of these 50 possibil-
ities are excluded by existing data. We end up with 4 possibilities for case A and 9
for case B. As seen in Fig. 2, all known chains of Laplace resonances have either
their estimated generalized three-body Laplace angle W¥,-¢, or their actual general-
ized three-body Laplace angle ¥ close to an equilibrium of the chain. We will hence
favor the configurations that are closest to an equilibrium of the chain. For each case,
the distance of each estimated angle to its closest equilibrium AY = [W,—o — W4l is
given in Extended Data Table 4. The case A2, with P¢/P, = 4/3 and P,/P; = 4/3,
comes out as a favorite, with the three outer generalized three-body Laplace angles
at less than 20 deg from the closest equilibrium. In addition, one can note that 4/3
MMRs are relatively common in resonant chains (see Fig. S4 in the Supplementary).

For completeness, we study the role that the eccentricity of the orbit plays in the
prediction. To estimate the generalized three-body Laplace angle

¥ =10 - (I +m + mis, (1)

at a given epoch, we estimate the value of the 4; as follow. Transits occur when the
true longitude of the planet is equal to [y = —m/2. At first order in the eccentricity,

Ay =1y — 2esin(ly — w) = —g + 2e cos(w) . 2)
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We then assume the planet to be in a circular, unperturbed orbit to compute the value
of its mean longitude at the time of transit #y, 9 = —x/2. We hence obtain

A =-%+ (1 — 1)

> P 2. 3)

The error on ¥ made by assuming zero eccentricity is hence, at first order [111]:
W — W.—o| = |2le) cos @ — 2(I + m)e, cos @, + 2mes cos w3). 4)

This error can thus be substantial (several tens of degrees) if the eccentricities are of
the order of several parts per hundred, as it is the case for Kepler-223 [110]. There-
fore, we study if a given combination of the eccentricities and longitudes of periastron
can make ¥, closer to the equilibrium than ¥ actually is, or vice-versa. We check
this for the cases presented in Extended Data Table 4.

Each case sets the orbital period of the planets and their mid-transit time. We
estimate the planetary masses using the mass-radius relation from [26]. Then, varying
the remaining parameters k; = e;cos@; and h; = e; sinw@;, we minimize the cost
function

C = A(¥pea) + A cae) + ﬂ(\{’efg) + ﬂ(\Pfgh) (5)

over 200 years, where A(Y) = 2x if V¥ circulates, and A(Y) is the peak-to-peak
amplitude of libration of ¥ otherwise. For each case, 40 MCMC runs are conducted
to minimize C, using REBOUND [113] for the N-body integration and samsam [114]
for the MCMC. For each run, the k; and h; parameters are randomly initialized in the
[-0.05,0.05] range, which are also their boundaries during the MCMC runs. This
allows eccentricities that are comparable to those of Kepler-60 [115] and Kepler-223
[110], which are other known chains for which the inner planets are far enough from
the star to not have their eccentricities damped by tides.

The best solution of each fit is shown in Extended Data Fig. 3. Case A2 is the only
one for which the best solutions consistently have a peak-to-peak amplitude of the
generalized three-body Laplace angles below 50 degrees on average across the four
angles. In all other cases, we were not able to find values of the k; and k; parameters
below 85 deg of amplitude on average, with the exception of case A0 for which an
average of ~ 66 deg was reached. The best solutions found across all MCMC runs
for the A2 and AOQ cases integrated for 1000 years of evolution are shown in Fig. S5
of the Supplementary. This analysis shows that the A2 case remains the one with
the highest potential of being close to an equilibrium, while showing that all other
cases cannot have an amplitude of libration smaller than 66 deg on average across
their generalized three-body Laplace angles, regardless of the values of the k; and k;
parameters. The case A2, with Py/P, = 4/3 and P,/ Py = 4/3, is hence our prediction
for the outer architecture of the HD 110067 system.
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0.3.4 Confirming the predictions

Recovering the missing cadences of TESS S23 observations

Based on the dynamical analysis presented above, the likely orbital periods associ-
ated with the two mono-transits observed in TESS S49 are approximately 41.05 and
54.74 days, respectively. According to this prediction, both planets transited their host
star during TESS S23 observations, but at a time when the photometry was highly
affected by scattered light and sky background contamination. The Earth was a sig-
nificant source of scattered light at the beginning of both S23 orbits (TJD=1928.09
and TID=1941.83) and the Moon was a significant source of scattered light for a
few days after the beginning of the second orbit (between 1942 and 1947 TJD). The
cadences affected were flagged by SPOC, thus not leaving enough valid data to derive
cotrending basis vectors and missing in the PDCSAP light curve.

Our custom extraction using the PLD method from Sect. 0.1.1 was able to recover
the missing data, showing two mono-transits at 1943.6 and 1944.1 TJD (Fig. 1 and
also Fig. S6 in the Supplementary). Using MonoTools, we confirmed that the transits
were consistent in duration-depth space with the two mono-transits from TESS S49
and separated by an integer number of orbits that matched the orbital periods pre-
dicted in our dynamical analysis for planets f and g. With this data reduction, all six
planets in the HD 110067 system have been detected in transit at least twice, allow-
ing a precise orbital period determination if we impose priors based on the hypothesis
that all planets are trapped in a chain of first-order MMRs. Additionally, we recovered
an additional transit of planet b at the beginning of TESS S23 observations.

Modeling of the ground-based photometric campaign

Targeted observations of HD 110067 were carried out on the night of May 23rd, 2022
to attempt to confirm the 41.05-day orbit of HD 110067 f as predicted via our reso-
nance chain analysis. In order to reveal whether a transit was present in the combined
dataset, we built a combined photometric model using all ground-based observations.
In order to remove spurious systematic trends in a way that does not bias any transit
fit, we opted to perform simultaneous linear decorrelation of each photometric data
set using the various meta-data time series available. In all cases, for example, we
included an airmass term in the decorrelation as well as a measure of the FWHM
width. We also included two position-centroid terms (for MuSCAT-2 and -3), infor-
mation on comparison star total counts and FWHM width (for LCO, Tierras, and
SAINT-EX), and interpolated color time series derived from the relative shift in flux
across bands in the MuSCAT-2 and -3 filters [as used in 49]. In all cases, the meta-
data were normalized to a time series with 4 = 0, o = 1 and modeled using a single
scaling parameter with a normal prior of u = 0, o = 0.5. Quadratic limb darkening
parameters were also constrained using normal priors dictated by theoretical limb
darkening parameters as computed for each of the nine passbands using LDTK [116]
and with inflated uncertainties following the methodology of the space-based photo-
metric analysis. Each of the four time series observed by MuSCAT-3 was split into
two around an observing gap that occurred due to the star passing close to the zenith
at 2022-05-24UT06:57. Individual time series were used for each of the nine NGTS
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telescopes, which were decorrelated independently. The final result is 24 individual
photometric time series. An offset was also applied to each light curve, as well as a
single global slope parameter to include the possibility of stellar activity.

The transit parameters were constrained based on those found in a fit of the TESS
S49 mono-transit. The predicted period used was 4/3 X P, = 41.051 + 0.1d, with
the uncertainty implying a divergence from the perfect integer period of 2.4 x 1073
— larger than those values found for the inner three planets. We limited the period
to 41.0 £ 0.2 days to ensure a transit fit that could be explored with the temporal
baseline of the photometry. Due to the non-continuous nature of the photometry, the
probability density function of the observed transit time is likely to be asymmetric
and could potentially have multiple minima. Therefore, analyses using classical sam-
pling techniques (Markov Chain Monte Carlo, Hamiltonian Monte Carlo, etc.) may
not reveal the full picture. In order to initially test this, we kept all other parameters
equal but split the range of periods covered by the time series into 36 bins across the
anticipated period range (40.8 < P < 41.2) and fitted a constrained model for each.
This would allow us to see the variation in the goodness-of-the-fit as a function of
transit epoch. The transit model was built with exoplanet [99] and optimized using
pymc3 [117], specifically with the pymc3-ext sampling which enabled correlated
parameters for each time series to be grouped together, speeding up the computation.
In order to assess whether or not a transit model was justified over a flat model, we
used the Watanabe-Akaike information criterion (WAIC) [118, 119] as implemented
in arviz [120].

Our results show a preference for a transit at the expected period P = 41.04 +
0.01 days, with a AWAIC of 9.5 over a transit-free model, as can be seen in Extended
Data Fig. 4. The majority of instruments showed a weak preference for a peak at
P ~ 41.05d, with the exception of LCO (which observed no in-transit data) and
SAINT-EX (which is the most affected by cirrus). This is only equivalent to moderate
evidence for a ~ 41.051d period of HD110067 f. The lower two panels of Extended
Data Fig. 4 show that both models (with or without transit) fit reasonably well. This
is in part because systematic effects dominate over astrophysical signals for transits
with depths below 1000 ppm, especially when the target star is observed at a low
airmass. A further peak in WAIC is seen at ~ 40.9d, but this hypothetical transit is
covered only by the initial 1h of MuSCAT-2 photometry and does not fit our pre-
dicted period, hence we consider it spurious. This campaign shows that such transits
are at the very limit of what is possible with ground-based observations. However,
observations during a more favorable observing season and without technical issues
such as the meridian flip of MuSCAT-3 (which unluckily coincided with the expected
egress) may have constrained better the presence of a transit.

Modeling of the radial velocity data

We carried out an initial frequency-based exploration of the CARMENES and
HARPS-N spectroscopic data sets to see which significant signals are present and
those related to stellar activity using periodograms [121]. Figures S7 and S8 in the
Supplementary show that the dominant signal in the generalized Lomb-Scargle peri-
odograms of both the radial velocities and main activity indicators (CCF-FWHM,
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differential line width, Mount Wilon’s S-index, Ha emission) is attributable to the
rotational period of the star, measured photometrically to be approximately 20 days
using TESS and CHEOPS data. As it is well known, stellar activity induces spurious
radial velocity signals [e.g., 122—-125], which should be properly removed to unveil
induced Keplerian motions in the star. We followed two independent approaches to
model the data and minimize the impact of stellar activity effects on the detection and
mass determination of the planets in the system.

METHOD I: SN-FIT AND BREAKPOINT ALGORITHM

Spurious radial velocity signals induced by stellar activity come from the line shape
variations in stellar spectra. Those can be quantified through the full-width-at-half-
maximum (FWHM) and the asymmetry of the cross-correlation function (CCF)
computed from the spectra [e.g., 126—128]. Following [129], we first fit Skew Nor-
mal (SN) functions to the CCFs available from HARPS-N and CARMENES. An SN
function is not only characterized by a location and a scale parameter (which are the
counterparts of the mean and standard deviation of a Gaussian), but it has a further
free parameter that expresses its skewness (hereafter denoted with y). For each obser-
vation, through the SN-fit we were able to retrieve the stellar radial velocity (R_V,
quantified through the SN median), the FWHMgy;, the contrast A, and the asymmetry
y. The errors oy of the RV measurements were inferred using a bootstrap approach.
Denoting with focr the flux of a CCF data point, each point was perturbed by sam-
pling values from a Normal distribution whose standard deviation is equal to +/fccr,
since the errors affecting the CCF data points are expected to be Poissonian.

After that, we applied the breakpoint (bp) method [130] to both the HARPS-N
and CARMENES RV time series. The algorithm has been designed to detect those
locations along the RV time series where the correlation changes against the vec-
tor [FWHMgy, A, y] are statistically significant. The goal is to then detrend the RV
time series by applying a piece-wise interpolation to each segment found by the bp
algorithm rather than performing an overall correction to the whole time series. In
this way we are able to better correct for the contamination of stellar variability as
shown by ref.[130] and ref.[131]. Finally, we jointly analyzed the RV time series
using the MCMCI code [132], where we switched off the interaction with stellar evo-
lutionary models to speed up the computations. We set up the detrending function on
each piece-wise stationary segment found by the bp algorithm as a polynomial of the
following form

kr kF kA
RV, =Bo+ > Bt + > BrFWHMsy* + " B aat+
k=1

k=1 k=1
ky kg
+ D By + ) Berlog Rk, (6)
k=1 k=1

where (k;, kr, ka, k,, kg) is the vector of the polynomial orders whose optimal value
has been established by launching several MCMC preliminary runs and selecting that
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combination which produces the minimum Bayesian Information Criterion (BIC)
[133].

After performing a longer MCMCI run made of 4 independent runs (300 000 steps
each), which successfully converged as checked through the Gelman-Rubin test
[134], we retrieved the posterior distributions of the system parameters. Their median
values along with their error bars at the 1o level are reported in Tables S2 and S3 of
the Supplementary. The full RV time series and the phase-folded RVs of those plan-
ets whose detection is above the 30 level (planets d and f) are shown in Fig. S9 of
the Supplementary.

MetHoD II: MULTI-DIMENSIONAL GP
On the other hand, we also perform a multidimensional Gaussian Process (GP)
approach to characterize the stellar and planetary signals in our RV time series as in
[135, 136]. This approach has been proven useful to disentangle stellar and plane-
tary signals in multi-planet systems [e.g., 137, 138]. We create N—dimensional GP
models, including N time-series A;, as

A=A G + BlG(t)

: @)
Ay = ANG(1) + ByG(1),

where the variables Ay, By, -+, Ay, By, are free parameters which relate the indi-
vidual time-series to G(#) and G(¢). In this approach, G(¢) is assumed to be a latent
(unobserved) variable that represents the projected area of the visible stellar disk that
is covered by active regions as a function of time.

We model the stellar signal using a GP whose covariance between two times ¢;

and ¢ is given by

sin?[7(; — t;)/ Pgp] B (ti — 1))
222 212

YQp,i,j = €Xp|— s (8)

where ygp,; ; is the Quasi-Periodic (QP) kernel, whose hyperparameters are, Pgp, the
GP characteristic period, A, the inverse of the harmonic complexity, and A, the long
term evolution timescale.

We perform a two-dimensional GP model between the RVs and FWHM. We note
that these quantities are equivalent in the HARPS-N and CARMENES data. The
multidimensional covariance matrix was created using the kernel given in Eq. (8) and
its derivatives [135, 136]. We assume that RVs can be described as A; = A;G(t) +
B;G(t), while the FWHM time series is described as A; = A,G(f). The planetary
signals were included in the model as the mean function of the RV time series. We
use N Keplerian signals (where N is the number of planetary signals); each one of
them depends on the time of minimum conjunction #, orbital period P, and Doppler
semi-amplitude, K. All orbits are fixed to be circular, so the eccentricity and angle
of periastron are fixed. For the FWHM the mean function was treated as an offset,
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noting that we include a different offset per instrument. We also include a jitter term
per time series and per instrument to account for unaccounted systematic errors.

We perform MCMC samplings of the parameter space using the code pyaneti
[136, 139]. We sample the parameter space with 250 walkers and create the posterior
distributions with the last 5000 iterations of converged chains with a thin factor of
10. This leads to posterior distributions of 125000 points for each sampled param-
eter. Figure 2 shows the spectroscopic time series resulting from this joint analysis.
Median values along with their 1o uncertainties are reported in Table S4 of the
Supplementary.

Modeling techniques employing GP are particularly subject to overfitting giv-
ing their flexibility to reproduce the data [see e.g., 140, 141]. To test the robustness
of our GP model, we carried out a cross-validation analysis. We repeat the two-
dimensional GP model described in this section but applied only to the HARPS-N
data. Then, we create a predictive model with the inferred parameters and overlay the
CARMENES data with median offsets subtracted (similar to a training/evaluation set
for machine learning algorithms). Figure S10 shows this analysis, zoomed in to the
2021 observing campaign. The plot shows that the RV data is in agreement with the
predictive model, suggesting that our assumption that the stellar signal imprinted in
the RVs can be described with a two-dimensional GP is valid for the time span of our
observations. For the CCF FWHM CARMENES data, the correlation with the RV
measurements is not as strong as for the HARPS-N one, thus the prediction is less
accurate in this case.

Both the two methods clearly detect planets HD 110067 d and f, MersoD 1I also
detects planet b, however, the detection levels slightly differ. Recalling that the two
different techniques are based on different RV extraction methodologies and on a dif-
ferent treatment of stellar activity, on the one hand, the slight output tension suggests
that the RV data alone do not strongly constrain all the six Keplerian signals. We
tested additional stellar mitigation approaches, such as sinusoid-fitting at the stellar
rotation period and its harmonics or GP decorrelation as a function of time only, but
they all turned unsuccessful at constraining the masses of any of the planets (only the
time-dependent GP model could recover the signal of planet f, but with a much larger
uncertainty, Ky = 2.0+1.0m s71). On the other hand, the RV semi-amplitudes inferred
from the two methods shown in the manuscript are compatible within ~ 1.5 o, with
the statistical tension Aj_j below ~ 1o for planets b, c, d, and g. Extended Data Fig. 5
displays the pairs of posterior density functions for the RV semi-amplitudes of each
planet for comparison.

For HD 110067 f, after imposing a Gaussian prior centered around 41.05 days in
both MEetHoD I and MetHOD II RV models, we indeed recover a significant RV signal
with a detection level of ~3¢. The planet transits only twice in the TESS data and
the ground-based photometric campaign hints at moderate evidence for a planetary
transit compatible with this value. Therefore, to secure an independent detection of
planet f from spectroscopy, we performed an RV-only analysis imposing a uniform
unbounded prior (between 30 to 54 days) to the orbital period. The MCMC converged
and detected a clear Keplerian signal with a period Py, = 40.2+0.2 d. Thus, the RV
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data independently suggest the presence of a putative planet having a period close to
41.05 d. The tension at the ~ 40 level with the predictions from the resonant chain
model and the transit observations prove that the current RV data set cannot fully
constrain the entire architecture of the planetary system.

We finally checked whether there are further Keplerian signals within the RV time
series. In particular, given that both planets e and g were not detected via our previous
RV analyses where model-dependent values of the orbital periods were imposed as
priors, we investigated the presence of potential planetary signals at different periods
that could be attributed to planet e or g. To this end, we performed an MCMC run,
where we modeled planets b and ¢ (which are clearly confirmed by the transit events)
along with planets d and f (which are clearly detected also in the RV time series).
As a result, we produced the Generalized Lomb Scargle periodograms [121] of the
residuals, obtained after subtracting the Keplerian signals of all four planets from
the activity-cleaned time series (Fig. S11). The high false alarm probability level of
the highest peak in both the HARPS-N (18%) and CARMENES (10%) residuals
suggests that there are no signals left in the RV data that could be associated with
other planets or a misidentification of the orbital periods of planets e and g.

0.3.5 Final model

We computed a final model of the photometric and spectroscopic data sets of the
HD 110067 system. Based on the analyses above, neither the light curves nor the
radial velocities are precise enough to constrain the eccentricity of the planets.
Assuming circular orbits, the photometry and radial velocity thus only constrain
jointly the period and phase of a given planet in the system. However, the transit
data dominate the precision of these two quantities (by several orders of magni-
tude). Therefore, for our final model, we opt to perform an independent analysis
of the photometry and radial velocity datasets, where priors inform the planet peri-
ods and phases in the radial velocity model based on the posterior distributions of
the photometry-only fit. Besides, the large number of free parameters in each of the
models makes it computationally expensive to run a joint fit, not to mention the com-
plications for numerical samplers to explore the vast multi-dimensional parameter
space. Table 1 shows the most relevant planetary parameters of the system based
on the photometric fit from Table S1, the radial velocity fit using Metaop II from
Table S4, and the stellar parameters from Extended Data Table 3. A corner plot with
the posterior distribution of the fitted transit parameters is shown in Fig. S12. The
resulting best-fit models and corresponding credibility bands are presented in Fig. 1
for the TESS and CHEOPS photometry and Fig. 2 for the radial velocities.

0.3.6 Planetary internal structures

Using a Bayesian analysis [142, 143], we computed the possible internal structures
of the six planets of the system, using the results provided in Tables 1, Extended Data
Table 3 and the planetary masses from MetHoD I and MeTHOD II. The forward model
used to compute the likelihood is based on a four-layer structure: a central core (iron
and sulfur), a silicate mantle (containing Si, Mg, and Fe), a water layer, and a gas
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layer (H and He). The equation of state (EOS) of water is the one of ref.[144], the core
EOS is the one of ref.[145], and we use for EOS of ref.[146] for the silicate mantle.
The thickness of the gas envelope, which depends on the planetary age, mass, etc.,
is derived from ref.[147]. Note that the influence of the gas layer on the innermost
planet (compression and thermal effect) is not included in our model, as the mass
of gas layer for the six planets is small (see below). The planetary Si/Mg/Fe molar
ratio in all planets is assumed to be equal to the stellar one. The prior distribution
of the mass fractions of the three innermost layers (core, mantle, and water layer)
is assumed to be uniform on the simplex — the surface defined by the sum of the
three mass fractions equal to one. In addition, the mass fraction of the water layer is
assumed to be 50% at most [148, 149], and for the gas mass, we use a uniform log
prior.

The results from this analysis are shown in Extended Data Fig. 6. Our model
shows that the gas mass content of all planets is of the order of 1073 Mg to 10! Mg
(median value, see Table S5), with the notable exception of HD 110067 e (median
value of ~ 107" Mg, using the masses from MethoD I, ~ 1073 Mg, using METHOD II).
The apparent lack of an atmosphere of planet e (located just outside of planet d,
which is the most gas-rich of the system, according to the internal structure mod-
els) is puzzling. If confirmed by future better determination of its density, the origin
of the peculiar internal structure of planet e will have to be understood in the con-
text of the very fragile architecture of the whole HD 110067 system. On the other
hand, the water fraction for all planets is essentially unconstrained, due to the still
large uncertainty in the planetary masses. However, according to simulations of com-
bined planetary formation and evolution, independently of the accretion mechanism
(planetesimal- or pebble-based) all the planets in the system have masses and radii
consistent with a formation beyond the ice line [150-152]. Therefore, it is possible
that even though the water content is unconstrained in our model, the planets’ cores
are rich in volatiles. JWST observations of some atmospheric trace gases (particularly
ammonia, methane, and/or methanol) could be used as a proxy for the presence of a
deep or shallow surface that could break the degeneracies from internal composition
models using bulk density measurements alone [153, 154].
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Data Availability

The TESS observations used in this study are publicly available at the Mikul-
ski Archive for Space Telescopes (https://archive.stsci.edu/missions-and-data/tess).
The CHEOPS observations used in this study are available at the CHEOPS mis-
sion archive (https://cheops-archive.astro.unige.ch/archive_browser/). The ground-
based photometry and high-resolution imaging observations are uploaded to Exo-
FOP (https://exofop.ipac.caltech.edu/tess/target.php?id=347332255) and are pub-
licly available. CARMENES and HARPS-N reduced spectra, together with the
derived CCF-based radial velocities and spectral indicators are available in Zen-
odo (https://doi.org/10.5281/zenodo.8211589). All reduced transit photometry and
radial velocity measurements used in this work are also provided in Zenodo (https:
//doi.org/10.5281/zenodo.8211589).
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Code Availability

We used the following publicly available codes, resources and Python pack-
ages to reduce, analyze and interpret our observations of HD 110067: numpy [155],
matplotlib [156], astropy [157], lightkurve [44], PIPE [51, 52], AstrolmageJ [58],
raccoon [73], serval [74], ARES [79, 80], MOOG [81], ZASPE [83], emcee [158],
CLES [96], exoplanet [99], MonoTools [106], pymc3 [117], ArviZ [120], GLS [121],
MCMCI [132], and pyaneti [136, 139]. We can share the code used in the data
reduction or data analysis on request.
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Extended Data Fig. 1 Transit duration versus transit depth for all unassigned transits in TESS data.
TESS Sector 23 and Sector 49 are shown as different colors. The numbers above each transit denote the
mid-transit time in TJD. Contours represent percentile levels, the innermost one corresponding to the 50th
percentile and the outermost to the 99th percentile by increments of 10%. The transit of planet f in PLD
photometry is marked with * to indicate that its properties are heavily affected by pre-transit systematic
noise.
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Extended Data Fig. 2 Generalized three-body Laplace angles for known systems in resonant chains.
Included are the Galilean satellites, Kepler-60 [12, 115], Kepler-80 [159], K2-138 [112], Kepler-223 [110],
TRAPPIST-1 [13], and TOI-178 [10]. Measurements belonging to the same system are marked with the
same color. The line marks the observed distance to the theorized equilibrium (marked with a circle). The
distances are estimated at Oth order in eccentricity [110, 111]. For most systems, a single estimation of the
generalized Laplace angle is made, while [110] made an estimation for each Kepler quarter.
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Extended Data Fig. 3 Observed distance from the equilibrium for all the simulated scenarios in
which planets f and g continue the resonant chain. The y-axis is converted to the mean peak-to-peak
amplitude from the generalized three-body Laplace angle using the following expression: mean(A(Y;)) =
C/4. Case A2 remains the one that has the potential to be the closest to an equilibrium.
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Extended Data Fig. 4 Results from the ground-based campaign to detect HD 110067 f. a, AWAIC
for each of the constrained period bins when compared to a transit-free model. b,¢, Best-fit decorrelated
photometry with (b) and without (¢) a transit model. Each light curve from each telescope has been offset
for clarity. Error bars represent 1o uncertainties.
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Extended Data Fig. 5 Results from the two radial velocity analyses to measure the mass of each
of the planets in the HD 110067 system. Each histogram represents the posterior density function (pdf)
of the radial velocity semi-amplitudes as inferred from MetHop I (red) and MetHop II (blue). The area
underneath each histogram is normalized to unity.
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Extended Data Fig. 6 Gas mass fraction of the HD 110067 planets as a function of their equilibrium
temperature. We infer two values per planet by assuming the different planetary masses from our MeTHOD
I (red) and MerHop II (blue) radial velocity analyses. The boxes, orange lines, green triangles, and red
stars represent respectively the 25% and 75% percentiles, medians, means, and modes of the posterior
distributions. The opacity of the vertical lines is proportional to the posterior distribution.
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Extended Data Table 1 CHEOPS observing log. Filler observations aim to catch transits
serendipitously in between time-critical observations with higher priority. Boldface notes indicate that a
transit event was detected in the data.

Start (TJD) Length [hr] Archive filekey Av. eff. (%) RMS (ppm) Notes
2681.3341 9.93 PR110048_.TG025701-V0200 79 202 e, 35.4d alias
2683.1380 10.36 PR110048_TG025801-V0200 68 212 e, 37.3d alias
2685.2296 10.4 PR110048_TG025901_V0200 68 196 e, 39.3d alias
2690.0127 9.88 PR110048_.TG026601_-V0200 71 183 d, 21.8d alias
2692.9367 4.84 PR100031.TG052101-V0200 75 187 filler
2693.3133 5.27 PR100031_TG052102_V0200 60 217 filler
2694.6805 8.21 PR100031_TG052001-V0200 73 212 Planet b
2702.5843 9.26 PR110048_.TG026701-V0200 72 220 d, 22.65d alias
2703.0623 10.36 PR110048_.TG026101_-V0200 61 217 d, 18.86d alias
2704.0525 9.34 PR110048_.TG026801_-V0200 62 213 d, 23.38d alias
2704.7545 32 PR110031.TG052201_V0200 71 251 filler
2706.1956 9.38 PR110048_TG026401-V0200 57 256 d, 19.93d alias
2707.9583 9.44 PR110048_TG028101-V0200 66 275 Planet d, 20.5d alias
2712.8885 8.37 PR100031.TG052002_V0200 61 240 Planet b
2713.9877 8.76 PR110048_TG028001-V0200 60 247 d, 22.5d alias
2714.4689 4.19 PR100031.TG052103_-V0200 60 258 filler
2714.7439 10.08 PR110048_TG028501-V0200 61 249 d, 24.4d alias
2715.1871 3.06 PR100031_-TG052202-V0200 52 222 filler
2717.2854 9.86 PR110048_.TG028401_V0200 56 243 g, 2%XP,
Extended Data Table 2 Ground-based photometric campaign observing log.
Facility Filter Start (TJD)  End (TJD) Notes
MuSCAT-2  g,rizs  2723.4534  2723.5991 Interrupted at 2723.488 for 54 min
LCO Zp 2723.4797  2723.5756  No in-transit data at expected ingress
NGTS custom  2723.4684  2723.6904 From 9 telescopes, 2 started late
Tierras custom  2723.6260  2723.8681 Aftected by cirrus
SAINT-EX  zcut 2723.6446  2723.8826 Affected by cirrus
MuSCAT-3  g,r,i,zs 2723.7479 27239177 Interrupted at 2723.795 for 8 min
Transit - 2723.5869  2723.7987 Expected in/egress for reference
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Extended Data Table 3 Stellar parameters of HD 110067. Error bars represent 1o~ uncertainties.

Parameter Value Reference

Name and identifiers

Name HD 110067 [160]
TIC 347332255 [27]
TOI 1835 [36]
Coordinates and spectral type
a 12:39:21.503 [161]
8 +20:01:40.03 [161]
Epoch 2000.0 [161]
Spectral type K0.0V [162]
Magnitudes
B [mag] 9.203 +0.03 [162]
V [mag] 8.419 +0.002 [162]
G [mag] 8.17208 + 0.00028 [161]
J [mag] 6.952 +0.023 [163]
H [mag] 6.561 = 0.017 [163]
K, [mag] 6.492 +0.018 [163]
Parallax and kinematics
7 [mas] 31.037 £ 0.022 [161]
d [pc] 32.220 + 0.023 [161]
g cos 8 [masyr™'] —-81.96 + 0.08 [161]
15 [masyr~'] —104.59 + 0.04 [161]
U [kms™] +7.50+0.01 This work
V [kms™'] -13.56+0.03 This work
W [kms™) -4.06+0.20 This work
Photospheric parameters
Terr [K] 5266 + 64 This work
logg 4.54 +0.03 This work
[Fe/H] —-0.20 + 0.04 This work
[Mg/H] —-0.21 £ 0.06 This work
[Si/H] -0.19 £ 0.03 This work
vsini, [kms™!] 25+1.0 This work
Physical parameters
M [Mo] 0.798 + 0.042 This work
R [Rs] 0.788 + 0.008 This work

Age [Gyr] 8.1+4.0 This work
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Extended Data Table 4 Distance of the estimated generalized three-body Laplace angle ¥, to the

closest equilibrium for all period ratios that are not excluded by available observations. Case A

assumes that the mono-transit at 2641.5778 TID belongs to the Sth planet, and 2656.0944 TID belongs to

the 6th planet. Case B assumes the opposite. The flag column * = 1 indicates that the position of the

equilibria varies with the masses of the planets, in which case the equilibrium is recomputed using [164],

with masses computed using a mass-radius relation for sub-Neptunes [26]. For * = 0, the equilibrium is

180 degrees.
Case P/ /P. Pq/Pf P/ Pg AY¥ped AY 4o A\{‘dff A‘I’em *
(days) (days) (deg)  (deg)  (deg) (deg)
A0 4/3 2/1 41.0575  82.1150  44.17 18.55 7.67 95.50 1
Al 4/3 3/2 41.0575  61.5862  44.17 36.13 88.05 79.21 1
A2 4/3 4/3 41.0575 547433 44.17 18.06 4.89 9.81 1
A3 4/3 6/5 41.0575 492690 44.17 3757  80.14 9533 1
BO 2/1 2/1 61.5862  123.172  44.17 10.00 43.60 21.79 0
Bl 2/1 3/2 61.5862 923793  44.17 10.00 43.60 106.64 0
B2 2/1 4/3 61.5862  82.1150  44.17 10.00 43.60 168.50 0
B3 2/1 6/5 61.5862  73.9035  44.17 10.00 43.60 1.21 0
B4 3/2 2/1 46.1897 923793  44.17 10.00 73.33 167.00 0
B5 3/2 6/5 46.1897 554276  44.17 10.00 73.33 10043 0
B6 4/3 2/1 41.0575 82.1150  44.17 38.56 136.29 72.06 1
B7 4/3 4/3 41.0575  54.7433  44.17 38.07 133.51 177.37 1
B8 5/4 5/4 38.4914  48.1142  44.17 10.00 52.81 11080 0
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