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ABSTRACT

We investigate the global properties of the radiation emitted by the accretion disk around Kerr black holes. Using the Kerr blackbody
numerical model, we build an analytic approximation of the disk emission features focusing on the pattern of the produced radiation
as a function of the black hole spin, mass, accretion rate and viewing angle. The assumption of having a geometrically thin disk limits
our analysis to systems emitting below ∼0.3 of the Eddington luminosity. We apply this analytical model to four blazars (whose jets are
pointing at us) at high redshift that show clear signatures of disk emission. For them, we derive the black hole masses as a function of
spin. If these jetted sources are powered by the black hole rotation, they must have high spin values, further constraining their masses.

Key words. galaxies: active – quasars: general – black hole physics – accretion, accretion disks

1. Introduction

A growing number of supermassive black holes (SMBHs) with
masses M ∼ 108–1010 M� have been observed at high redshifts,
but the issue of how they grew so rapidly is still open and
under debate. Two possible scenarios can be used in this con-
text: merging between two or multiple black holes, and accretion
of material onto the black hole at a high rate (e.g., Haiman &
Loeb 2001; Yoo & Escude 2004; Volonteri & Rees 2005; Li
et al. 2007; Pelupessy et al. 2007 Tanaka & Haiman 2009). In
the latter scenario, accretion affects both the black hole mass
and its angular momentum (Bardeen 1970): an initially nonro-
tating black hole reaches its maximum spin when it has roughly
doubled its mass through coherent accretion Thorne (1974). This
suggests that high-redshift SMBHs should spin rapidly due to
their large mass assembled in less than a Gyr (i.e., at redshift ∼6).
The high angular momentum is a crucial ingredient for the pro-
duction of powerful relativistic jets (Blandford & Znajek 1977;
Tchekhovskoy et al. 2011).

Knowing the mass and spin of SMBHs is necessary to better
understand their physics and evolution, even in connection with
their host galaxies (e.g., Magorrian et al. 1998; Gebhardt et al.
2000; Ferrarese & Merrit 2000; Marconi & Hunt 2003; Häring
& Rix 2004; Gültekin et al. 2009; Beifiori et al. 2012; Kormendy
& Ho 2013; McConnell & Ma 2013; Reines & Volonteri 2015).
A common evolution is suggested, requiring some form of feed-
back (see the review by Fabian (2012) and references therein).
However, the widely applicable black hole estimation methods
still suffer from large uncertainties.

As for the ladder of distances, there is a similar ladder con-
cerning black hole masses. There are primary methods based on
masers within the accretion disk (see, e.g., Greene et al. 2010;
Kuo et al. 2011; and the review by Tarchi 2012) or indirect
methods based on broad emission line widths, gas kinematic

tracing and reverberation mapping (e.g., Blandford & McKee
1982; Peterson 1993; Peterson et al. 2004; Onken et al. 2004;
Ferrarese & Ford 2005 and references therein; Vestergaard &
Peterson 2006; Bentz et al. 2009) leading to the virial mass
(e.g., Vestergaard 2002; McLure & Jarvis 2002; Greene & Ho
2005; Vestergaard & Osmer 2009; McGill et al. 2008; Wang
et al. 2009; Shen et al. 2011). The latter methods bear large
uncertainties (>∼0.4–0.5 dex) that are built on the main calibrating
correlations used to find the virial mass, and on their systemat-
ics (Peterson et al. 2004; Collin et al. 2006; Shen et al. 2008;
Marconi et al. 2008; Kelly et al. 2009; Shen & Kelly 2010; Park
et al. 2012).

An alternative method is based on the fit of the accretion
disk spectrum. In the simplest case, it depends only on the
black hole mass M and the accretion rate Ṁ, related to two
observables: the disk total luminosity and its peak frequency
(hereafter “SED fitting method”; see Calderone et al. 2013).
This method is based on the standard alpha-disk, geometrically
thin, optically thick down to the innermost radius described by
Shakura & Sunyaev (1973; hereafter SS), around a nonrotat-
ing black hole (BH) and with no relativistic effects included.
By fitting the optical/UV SED of AGNs, several authors have
determined the black hole mass and the accretion rate (e.g.,
Shields 1978; Malkan & Sargent 1982; Malkan 1983; Sun &
Malkan 1989; Zheng et al. 1995; Trakhtenbrot et al. 2017;
Ghisellini & Tavecchio 2009; Sbarrato et al. 2013; Calderone
et al. 2013; Capellupo et al. 2015, 2016). Other authors included
relativistic effects to describe the emission from the blackbody-
like disk (e.g., Novikov & Thorne 1973; Page & Thorne 1974;
Riffert & Herold 1995).

However, the origin of the so-called “big blue bump” emis-
sion in AGNs is still under debate. As discussed extensively in
Koratkar & Blaes (1999) and references therein, simple thermal
models do not provide a good description of the accretion
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disk emission. As these authors point out, some of the most
significant inconsistencies of the standard SS disk are:

– The broadband continuum slopes αν (with Fν ∝ ναν ) at
optical/near-UV wavelengths found in the literature (e.g.,
Neugebauer et al. 1979; Berk et al. 2001; Bonning et al.
2007; Davis et al. 2007) are incompatible with the slope
αν = 1/3, expected from the accretion disk model. We note,
however, that the 1/3 slope can be seen at frequencies much
lower than the peak, namely in near-IR/optical, where other
components contribute (see, e.g., Kishimoto et al. 2008;
Calderone et al. 2013).

– The spectrum from a simple accretion disk does not repro-
duce the observed power law extending at X-rays and the
soft X-ray excess. This is explained by associating the X-ray
emission to a hot corona sandwiching the accretion disk
itself (see, e.g., Pounds et al. 1986; Nandra & Pounds 1994;
Fabian & Miniutti 2005).

– AGNs with different disk luminosities peak, on average, at
similar frequencies (Sanders et al. 1989; Walter & Fink 1993;
Davis et al. 2007; Laor & Davis 2011a), but it might not be
an evidence against the SS model.

– Microlensing observations in AGNs suggest that the accre-
tion disks are larger than the standard α-disk model predicts.
Rauch & Blandford (1991), using Scharzschild holes, found
that a thermal accretion disk is too large (by a factor ∼3) to
fit within the microlensing size constraint. Jaroszynski et al.
(1992) found instead that accretion disks were consistent
with the microlensing constraint, using Kerr holes.
The ongoing discussion is being enriched by the recent dis-

coveries of quasars, at redshifts 2 < z < 6, showing not only the
big blue bump, but also its peak, unaffected by the intervening
IGM absorbing material (e.g., Shaw et al. 2012; Ai et al. 2017 for
the case of SDSS J010013.02+280225.8 at z = 6.3). In several
cases, a SS model provides a good fit to these quasars’ thermal
emission. On the other hand, we are aware that this model is
too simple to describe in detail the emission coming from the
inner regions of the disk affected by strong relativistic effects.
Also, the thickness of the disk must not be neglected: Laor &
Netzer (1989, hereafter LN89) and McClintock et al. (2006)
stated that, in order to be thin (zr/r < 0.1, where zr is the disk
half-thickness) and to be described by the Novikov & Thorne
(1973) accretion theory, a disk must have `Edd = Ld/LEdd ∼

< 0.3
for a = 0.9982 (`Edd ∼

< 0.25 for a < 0). Hence, the results coming
from these thin disk models with `Edd > 0.3 could be unreliable
(see also Straub et al. 2011 and Wielgus et al. 2016 for the case
of ultra-luminous X-ray sources).

A more complete, relativistic emission model is the Kerr
blackbody (KERRBB), designed for Galactic binaries and
described by Li et al. (2005, hereafter Li05), who implemented
it in the interactive X-ray spectral fitting program XSPEC (see
Arnaud 1996 and references therein). In this paper we extend this
model to SMBHs showing a good match with observational data
(see Sect. 5). Since KERRBB describes a thin disk, its results are
valid for Ld < 0.3LEdd. For larger values, one should use numer-
ical models that account for the disk vertical structure (e.g., slim
disks Abramowicz et al. 1988; Sadowski et al. 2011; Straub et al.
2011; Polish doughnuts, Wielgus et al. 2016).

With our approach, we will introduce simple analytic tools
to study the impact of different spin values and inclination
angles on observable features of the accretion disks surround-
ing SMBHs. This is an improvement with respect to early works
(e.g., Cunningham 1975; Zhang et al. 1977), mostly in the field
of X-ray binary black holes, since these works explored relativis-
tic correction factors for a limited range of black hole spins and

disk inclinations. Our work provides analytic approximations for
these factors across the full parameter range of a and θ, under the
assumption that KERRBB provides a reasonable description of
the spectrum emitted by a disk around both stellar and SMBHs.

In Sect. 2 we describe the basic assumptions of the KERRBB
model. In Sect. 3 we focus on how to find accurate analytical
formulae that can readily describe the emission pattern of the
radiation emitted by disks around Kerr holes (including the case
of zero spin). Specifically, in Sect. 3.3 we give the prescription
for how to scale from stellar black holes to SMBHs. In Sect. 4 we
show that an observed spectrum can be reproduced by a family
of KERRBB solutions with different black hole masses, accre-
tion rates and spins. In Sect. 5 we apply the KERRBB model
to four blazars finding how their black hole masses change as a
function of their spins. In this work, we adopt a flat cosmology
with H0 = 68 km s−1 Mpc−1 and ΩM = 0.3, as found by Planck
Collaboration XIII (2015).

2. Assumptions on the KERRBB model

For a classical SS model, the observed bolometric disk luminos-
ity Lobs

d scales with the viewing angle θ as

Lobs
d (θ) = 2 cos θ Ld = 2 cos θ ηṀc2, (1)

where Ld is the total disk luminosity and η = Rg/2Rin ∼ 0.083
is the Newtonian radiative efficiency (Rg is the gravitational
radius). As shown in Calderone et al. (2013), the peak frequency
νp and luminosity νpLνp of the observed disk spectrum scale with
the black hole mass and accretion rate as

νp

[Hz]
= A

[
Ṁ

M� yr−1

]1/4 [ M
109 M�

]−1/2

, (2)

νpLνp

[erg/s]
= B

[
Ṁ

M� yr−1

]
cos θ, (3)

where LogA = 15.25 and LogB = 45.66. With a fixed incli-
nation angle, these simple analytic expressions can be used to
infer univocally the black hole mass M and the accretion rate
Ṁ. Once we know νp and νpLνp , we aim to build an analogous
analytic scaling for the KERRBB case.

The KERRBB model is a numerical code that describes the
emission from a thin, steady state, general relativistic accretion
disk around a rotating black hole. The local emission is assumed
to be a blackbody. It was developed by Li et al. (2005) and
is an extension of a previous relativistic model called GRAD
(Hanawa 1989; Ebisawa et al. 1991), which assumes a nonro-
tating black hole. KERRBB is the most complete public code
for fitting accretion disk spectra because it takes into account all
the relativistic effects (i.e. Doppler beaming, gravitational red-
shift, light-bending, self-irradiation, Li05) and also the effects
related to the black hole spin a that determines the inner radius of
the disk, the innermost stable circular orbit (ISCO). This radius
(RISCO) controls the radiative efficiency of the system (see also
Sect. 3 and Appendix D in Li05). The flux coming from each
annulus of the disk, emits like a diluted blackbody with the
hardening factor fcol = Tcol/Teff , where Teff(R) is the effective
temperature of the disk given by the Stefan-Boltzmann law, and
Tcol is the color temperature. The flux also depends on the radius
R and the dimensionless black hole spin a (the relativistic flux is
fully described in Page & Thorne 1974). The total disk luminos-
ity is a function of the adimensional spin a because the efficiency
is related to the BH angular momentum: η = 0.038 for a = −1,
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Fig. 1. Schematic view of the photon emission pattern of an accretion
disk around a black hole. A distant observer is at the bottom of the figure
and sees the disk face-on. For the classical SS model, photon trajectories
(red lines) go straight to a distant observer; they are not affected by any
relativistic effect. For the KERRBB model, photon trajectories (dotted
black lines) are affected by light-bending and change their paths towards
different directions with respect to the SS case (the region where light-
bending is stronger is inside the dashed blue circle). Along with a lower
efficiency, this explains why the KERRBB with the same spin (a = 0) is
dimmer than the SS model when observed face-on. The photons emitted
in the outer region of the disk are not affected by relativistic effects since
they are far from the black hole influence, hence the SS model and the
KERRBB model are similar. If the black hole is maximally spinning
(a = 0.9982), the disk moves closer to the black hole and relativistic
effects become stronger, which along with the larger efficiency make
the disk brighter than the previous cases, even if the disk is edge-on
with respect the observer. The top axis is the logarithmic distance from
the central black hole in units of Rg: RISCO and radius RPEAK (radius at
which the SS emitted flux is maximized) are shown as well.

η = 0.057 for a = 0, η = 0.324 for a = +0.9982; for a = +1, we
formally have η = 0.4226, but this spin value can be reached only
by ignoring the capture of radiation by the black hole (Thorne
1974).

In this work, we ignored the Comptonization process
described by the hardening factor fcol since KERRBB modifies
the whole spectrum. The assumption of a color temperature Tcol
higher than the effective local temperature Teff could be true if,
for instance, a hot corona is located above and below an other-
wise standard accretion disk. In this case, the Comptonization
process occurring in the corona can be mimicked by assum-
ing Tcol > Teff . Although in an AGN the hot corona is present
and active, it is so only in the inner regions of the accretion
disk, while it is unimportant at larger radii. Hence the KERRBB
model must account for this effect only at small radii and the cor-
responding X-ray emission cannot be approximated by a higher
temperature of the disk but must be treated as a separate process.
Therefore, in this work, we set the hardening factor fcol = 1 and
do not account for the Comptonization process.

3. Analytic approximation of KERRBB disk
emission

3.1. Disk bolometric luminosity

As shown in Sect. 2, for the classical nonrelativistic SS model,
Eq. (1) describes the bolometric luminosity observed at an angle
θ, related to the total disk luminosity Ld = ηṀc2. Equation (1)
is no longer valid in the general relativistic case (Cunningham
1975). In fact, relativistic effects modify not only the size of

the inner radius of the disk, but also the pattern of the emit-
ted photons: Fig. 1 compares schematically the photon paths
in the cases of SS and a = 0 KERRBB. In this latter case,
light-bending plays a crucial role because it bends the photon
trajectories towards different directions with respect to the nor-
mal of the disk. This effect, along with a lower efficiency η,
explains why the a = 0 KERRBB model is dimmer than the
SS one, when observed face-on. If the black hole is maximally
spinning, the disk moves closer to the black hole and relativistic
effects become stronger. Therefore, the efficiency is larger and
the relativistic effects stronger, so that the disk is bright even for
edge-on observers (see also Fig. 3). Thus, the emission pattern
depends rather strongly on the black hole spin a. Our task is to
find an analytic expression for the pattern. To this end, we wrote
the observed KERRBB bolometric disk luminosity as

Lobs
Kerr(θ, a) = f (θ, a)η(a)Ṁc2. (4)

This equation must satisfy

1
4π

∫
Ω

Lobs
Kerr(θ, a)dΩ = η(a)Ṁc2. (5)

Using Eq. (4), this implies

1
4π

2 ×
∫ π/2

0
f (θ, a)dΩ = 1→

∫ π/2

0
f (θ, a) sin θdθ = 1. (6)

First, we consider the bolometric luminosity of the spectra
given by the KERRBB code as a function of the viewing angle
θ, for given values of Ṁ, M and a. In this way, we derive the
emission pattern numerically. Then we search for an analytic
expression that could interpolate the numerical results with good
accuracy (see Fig. B.2). We assume that the first term of the ana-
lytic expression is cos θ, for an easy comparison with Eq. (1).
Therefore, considering Eq. (4), we assume

Lobs
Kerr(θ, a) = [cos θ · (terms functions of θ)]︸                                 ︷︷                                 ︸

= f (θ,a)

η(a)Ṁc2. (7)

A good match is found using the following functional form:

Lobs
Kerr(θ, a) = A cos θ[1 − (sin θ)C]B[1 − E(sin θ)F]D︸                                           ︷︷                                           ︸

= f (θ,a)

η(a)Ṁc2.

(8)

In this form, f (θ, a) differs from the numerical result by less than
∼1% (see Sect. B.1 for the polynomial function approximation).
All the parameters A, B, C, D, E and F are functions of the
spin a. We then repeat this analysis using different spin values.
With this approach, we study how the values of these parameters
change by changing the spin. Again, we search for an analytical
function that interpolates the numerical results (see Fig. B.3).
We find that a good representation is given by the following
function:

F (a) = α + βx1 + γx2
1 + δx3

1 + εx4
1 + ιx5

1 + κx6
1

x1 = log(1 − a) (9)

The values of α, β, γ, δ, ε, ι, κ are listed in Table B.1.
The accuracy of Eq. (9) is ∼1%. For any spin value, the val-
ues in Table B.1 can be used to calculate the parameters A,B,...
F of Eq. (8). The observed luminosity Lobs

Kerr(θ, a) can there-
fore be obtained for any disk inclination angle in the range
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Fig. 2. Emission pattern for different models. The radial axis is the observed efficiency, given by ηobs ≡ f (θ, a)η(a), i.e., the observed luminosity
Lobs

d normalized on Ṁc2 (the accretion rate is the same for each model). Left panel: classical nonrelativistic SS model (dashed blue line) compared
with a = −1 (orange line), a = 0 (green line) and a = 0.797 (red line) KERRBB patterns. For the SS model (ηSS ∼ 0.083), the observed efficiency
is ηobs = 2 cos θηSS ≈ 0.17 cos θ. The a = 0.797 case describes the most similar KERRBB model to a SS with the same parameters (mass and
accretion rate) at θ = 0◦. At different viewing angles, the KERRBB model is brighter. For the SS model, the emission has a circular pattern while
for KERRBB, the pattern is “warped” by the relativistic effects. Right panel: SS model (dashed blue line) compared with a = −1 (green line),
a = 0.95 (orange line) and a = 0.9982 (red line) KERRBB patterns. For the extreme KERRBB, the emission is strongly modified with respect to
the others and the observed disk luminosity is larger for larger angles. Red dots indicate the angle at which the KERRBB observed disk luminosity
is maximized, obtained through Eq. (11): for a ∼< 0.8, θmax ∼ 2◦; for a = 0.95, θmax ∼ 25◦; for a = 0.9982, θmax ∼ 64◦ (see Table 1 for other spin
values).

[0◦ : 85◦] (i.e., the angle range of KERRBB). As an example,
in the case with a = 0 (η = 0.057), the function that interpolates
the observed disk luminosity for different angles θ is

Lobs
Kerr(θ, a = 0)

Ṁc2
= 0.094

cos θ[1 − 0.958(sin θ)6.675]0.121

[1 − (sin θ)1.918]0.202 . (10)

3.2. Pattern

Through Eq. (4), whose explicit form is Eq. (8), it is possible
to study the emission pattern of the Kerr black hole accretion
disk. It is interesting to compare it with the pattern of the SS
model (i.e. with its cos θ pattern in Eq. (1)). Relativistic effects
radically change the θ-dependence. The observed luminosity is
not maximized at 0◦ any longer, but at a different angle θmax.
Setting the derivative of Eq. (8) with respect to θ to zero, we
find

[1 − (sin θ)C] · [1 − E(sin θ)F]
+ CB(sin θ)C−2 cos2 θ [1 − E(sin θ)F]
+ FED(sin θ)F−2 cos2 θ [1 − (sin θ)C] = 0 (11)

with a mean uncertainty of ∼5◦. The angle θmax increases for
increasing spin. For spins a ∼< 0.9, θmax is less than ∼10◦, i.e.,
relativistic effects do not strongly modify the emission pattern.
For a > 0.9, relativistic effects become stronger: for example,
θmax ' 25◦ for a = 0.95 and '65◦ for a = 0.9982 (see Table 1 for
other spin values). We note that Eq. (11) is equal to zero also for
θ = 90◦; this solution must not be considered because Eq. (8) is
defined in the interval [0◦ : 85◦].

Figure 2 shows the emission pattern for different models;
the radial axis is the observed efficiency ηobs ≡ f (θ, a)η(a) for
different viewing angles. In the SS case (dashed blue line),
ηobs = 2 cos θηSS ≈ 0.17 cos θ. The left panel compares the KER-
RBB patterns for a = −1 (orange line), 0 (green line) and 0.797
(red line). We note that the SS model, when observed at θ = 0◦
is well approximated by the KERRBB model with a = 0.797.
Indeed the efficiency of a nonspinning black hole (η = 0.057)
is lower than the Newtonian one, generally assumed for a SS

Fig. 3. KERRBB model behavior at different angles and spins. All
models have the same M and Ṁ. When a = 0 (blue lines), the disk
luminosity decreases as the viewing angle increases in a way similar
to cos θ. When the spin is maximal (a = 0.9982, red lines), the light-
bending effect, along with Doppler beaming and gravitational redshift
are so strong that the luminosity is almost the same, even at large angles.
In this case, the trajectories of the energetic photons, produced close to
the black hole horizon, are bent in all directions making the radiation
intensity almost the same at all viewing angles. For a fixed viewing
angle, the low-frequency part of the spectrum is almost the same for
both a = 0 and a = 0.9982; this emission is related to the outer region
of the disk where relativistic effects are not as important.

model (ηSS ∼ 0.083). Therefore, to match the SS luminosity a
larger efficiency is needed, and hence a larger spin. Furthermore,
at θ = 0◦ light-bending decreases the emission in the relativis-
tic case. An even larger spin is thus required to match the SS
emission. For the same reason, at larger angles the KERRBB
model is brighter. The right panel compares the SS model with
the a = −1 (green line), 0.95 (orange line) and 0.9982 (red line)
KERRBB patterns. As expected, for larger spins the KERRBB

A59, page 4 of 14

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201731897&pdf_id=0
http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201731897&pdf_id=0


S. Campitiello et al.: SMBH mass and spin constraints

Fig. 4. KERRBB accretion disk spectra with different masses, accretion rates and black hole spins. Left panel: the initial 10M� spectrum (blue
thick solid line) moves horizontally (i.e., in frequency) when the black hole mass changes (red arrow), and diagonally (i.e., in both frequency and
luminosity) when the accretion rate changes (orange arrow). The position of the peak in frequency ν and luminosity νLν for a given spin value
follows the same shifting equations found by Calderone et al. (2013). Right panel: when Ṁ increases, the 10 M� spectrum peak also increases
(orange arrow), but less than the increase related to the increase of the spin (green arrow). When a changes the low-frequency part of the spectrum
remains constant, but this occurs at frequencies not visible in the figure. The low-frequency flux is produced by the outer regions of the disk,
unaffected by the black hole spin. About this effect, see also Fig. 3.

emission is strongly modified and the observed disk luminos-
ity is larger for larger angles. Red dots indicate the angles at
which the observed disk luminosity is maximized. The strong
modification of the spectrum emission due to the combination of
viewing angle and spin is also visualized in Fig. 3: the blue spec-
tra correspond to a = 0, the red spectra to a = 0.9982 (M and
Ṁ are the same). In the a = 0 case, relativistic effects are very
weak and the spectrum almost follows the cos θ–law. Instead, in
the a = 0.9982 cases, Lobs

Kerr(θ) is almost constant, even for the
largest viewing angles. This is due to the combination of differ-
ent relativistic effects (Doppler beaming, gravitational redshift
and light-bending) along with the black hole spin: the trajecto-
ries of the energetic photons coming from the innermost region
of the disk (which are very close to the horizon for a → 1) are
bent in all directions and the intensity of radiation is almost the
same at all viewing angles.

3.3. Scaling with black hole mass and accretion rate

In the SS model the position of the peak frequency νp and the
peak luminosity νpLνp scale with the mass and the accretion rate
according to Eqs. (2) and (3). It is possible to find analogous
scalings for the KERRBB case. Fixing a and θ in the KERRBB
model, the peak position scales following Eqs. (2) and (3), as in
SS (Fig. 4). In fact, the assumption of a local blackbody emission
leads to a similar temperature profile (Novikov & Thorne 1973;
Page & Thorne 1974). Therefore, we write the general KERRBB
scalings as

νp

[Hz]
= A

[
Ṁ

M� yr−1

]1/4 [ M
109 M�

]−1/2

g1(a, θ), (12)

νpLνp

[erg/s]
= B

[
Ṁ

M� yr−1

]
g2(a, θ) cos θ, (13)

where the functions g1 and g2 describe the dependencies on the
black hole spin a and the viewing angle θ.

Since in the following we apply our method to blazars,
believed to have θ ∼ 0◦, here we are focusing on this case.

Table 1. Values of the viewing angle θmax at which the disk bolometric
luminosity is maximized, for different spins, obtained through Eq. (11).

Spin value [a] θmax Spin value [a] θmax

0.9982 65◦ 0.6 0.4◦
0.98 46◦ 0.5 0.2◦
0.95 25◦ 0.4 0.1◦
0.94 19◦ 0.3 0.03◦
0.92 13◦ 0.2 0.01◦
0.9 9◦ 0.1 ∼0◦
0.8 2◦ 0 ∼0◦
0.7 1◦ −1 ∼0◦

Notes. The mean scattering from the real value of θmax is ∼5◦. For spins
a ∼< 0.9, θmax is less than ∼ 10◦, i.e., relativistic effects do not strongly
modify the emission pattern. For a > 0.9, relativistic effects become
stronger: we note the extreme effect at spin a = 0.9982 with respect to
the other models. These results show the deviation from the cos θ–law
at different spins.

Therefore, we derived g1(a, θ = 0◦) and g2(a, θ = 0◦):

gi(a, 0◦) = αg + βgy1 + γgy2 + δgy3 + εgy4 + ζgy5 + ιgy6

yn ≡ log(n − a) i = 1, 2. (14)

Table 2 gives the parameter values of the two functions.
Equation (14) approximates numerical data better than ∼1%.
This process can be repeated also for any value of θ, using the
corresponding KERRBB results.

It is important to note that the peak frequency and luminos-
ity, described by Eqs. (12) and (13), are degenerate in mass,
accretion rate and spin (if θ is fixed). In other words, the same
spectrum can be fitted by a family of solutions, by changing
M, Ṁ and a in a proper way. Figure 5 shows this degener-
acy: starting from model A, by changing M, Ṁ and a we can
obtain spectrum D, which is equal to the initial spectrum A1.
1 Strictly speaking, models A and D are not exactly equal; there are
very small differences in the high-frequency, exponential part of the
spectra. For larger spin values, the exponential tail is brighter.
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Table 2. Parameters of the functions g1 and g2 in Eqs. (12) and (13), written as a general functional (14), in the case with the viewing angle 0◦.

Parameters αg βg γg δg εg ζg ιg

g1 1001.3894 −0.061735 −381.64942 8282.077258 −40 453.436 66 860.08872 −34 974.1536
g2 2003.6451 −0.166612 −737.3402 16 310.0596 −80 127.1436 132 803.23932 −69 584.31533

Notes. Using KERRBB results, it is possible to find similar equations for the cases with the disk inclination angle > 0◦.

Fig. 5. Emission peak of the KERRBB spectrum in the same position
for different values of the black hole mass M, accretion rate Ṁ and
spin a which shows that there is a family of solutions. Consider spec-
trum A (thick solid blue line): if M increases at constant Ṁ and spin,
spectrum B is obtained. Now, if the spin increases, but M and Ṁ are
constant, spectrum C is obtained because a larger spin corresponds to a
larger efficiency. Finally, if Ṁ decreases, spectrum D is obtained, which
is almost exactly equal to the initial spectrum A (they differ slightly in
the high-frequency, exponential part).

The overlapping of two models can be done because, as shown
in Fig. 4 the accretion rate and the spin move the spectrum peak
in different directions.

Since the KERRBB spectrum moves on the Log ν, Log νLν
plane according to Eqs. (12) and (13), we can scale the spectrum
from stellar to SMBH masses with fixed spin and θ. This pro-
cedure can be done if the emission processes from an accretion
disk around a stellar black hole and a SMBH are the same. In our
case, in both systems the emission is assumed to be a multicolor
blackbody. Figure 6 shows an example of our procedure: starting
from a stellar black hole mass (thin solid blue line), the spectrum
can be shifted in frequency and luminosity by quantities related
to the initial and the final mass:

νfin

νin
=

[
Ṁfin

Ṁin

]1/4 √ Min

Mfin

νLνfin

νLνin

=
Ṁfin

Ṁin
. (15)

In this way, it is possible to describe the accretion disk
emission data related to SMBHs with KERRBB. In Appendix
A, Eqs. (15) are expressed as a function only of the black
hole mass. This is possible if the Eddington ratio is the same
(Eq. (A.1)).

Fig. 6. Scaling mass and accretion rate from a stellar black hole to a
SMBH. The initial KERRBB model (thin solid blue line) is first shifted
in frequency by changing the mass value then in luminosity (and fre-
quency) by changing the accretion disk value according to Eqs. (15).
In this way, it is possible to describe the accretion disk emission data
related to SMBHs with KERRBB. The initial and the final spectra have
the same Eddington ratio L/LEdd = 0.053. In Appendix A, Eqs. (15) are
expressed as a function only of the black hole mass by considering that
the Eddington ratio of the initial and the final models must be equal.
The low-frequency part of the spectra is not shown in order to have a
clearer figure.

4. Family of KERRBB solutions

Knowing the two observables νp and νpLνp , we can iden-
tify a family of solutions with M, Ṁ, a and θ linked by
Eqs. (12) and (13). In specific cases, it is possible to have inde-
pendent information on some of these parameters. For instance,
for blazars we know that θ = 0◦. In this case, if we know the spin
we can estimate both M and Ṁ. If instead we have information
on the mass, we can estimate a and Ṁ.

Figure 7 illustrates how a, M and Ṁ are related in the case
of θ = 0◦ for a disk emission peaking at Log νp ≈ 15.05 and
Log νpLνp ≈ 44.86. This figure shows the allowed solutions as a
curve in the Ṁ–M plane. Each point of this curve is associated
with a single spin value, as shown by the color-coding. This is
the basis to observationally constrain the physical parameters of
a blazar disk, as detailed in Sect. 5.

4.1. Constraining the black hole spin

Let us assume that we are observing νp and νpLνp . If we have
an independent estimate of the black hole mass with its uncer-
tainty (e.g., through the virial method), we can constrain spin
and accretion rate of the system. Figure 7 shows Ṁ and a can be
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Table 3. Data of Fig. 7 KERRBB solutions for a disk with Log νp ≈

15.05 and Log νpLνp ≈ 44.86.

Spin a η Log MBH Log Ṁ

−1 0.038 8.63 0.39
−0.8 0.040 8.66 0.36
−0.6 0.043 8.68 0.34
−0.4 0.047 8.71 0.32
−0.2 0.051 8.74 0.30
0 0.057 8.78 0.27
0.2 0.064 8.82 0.24
0.4 0.075 8.87 0.22
0.6 0.091 8.93 0.19
0.8 0.122 9.02 0.15
0.9 0.156 9.08 0.13
0.998 0.321 9.18 0.09
0.9999 0.382 9.20 0.08

Notes. Masses are in units of solar masses and accretion rate in units of
solar masses per year.

Fig. 7. KERRBB solutions for a spectrum with Log νp ≈ 15.05 and
Log νpLνp ≈ 44.86 (Table 3). Black hole spins are constrained using an
independent black hole mass estimate Log MBH,ind = 9.1 ± 0.1. In this
case, the range of the allowed black hole spins is a = 0.93+0.07

−0.17.

found. The vertical stripe corresponds to the independent mass
estimate (with its uncertainty). This intercepts the curve of solu-
tions and identifies a range of possible Ṁ and spins. Clearly,
the narrower the range of black hole masses, the more precise
the Ṁ and a estimates. When no independent mass estimate is
available, a rough limit can be given by assuming that the disk
luminosity is sub-Eddington: this yields a lower limit on M and
a, and an upper limit on Ṁ.

4.2. Constraining the black hole mass

Parallel to the previous subsection, let us now suppose that we
have an independent estimate on the black hole spin and its
uncertainties. Figure 7 shows that this range corresponds to a
section of the solution curve, allowing one to find a correspond-
ing range of M and Ṁ. Differently from the black hole mass
estimates, which are easily applicable and widely used, deriving
the spin is more difficult. However, there is a general consen-
sus that relativistic jets are generated by tapping the rotational
energy of black holes with large spins. In the next section we will

use this property to derive the black hole masses and accretion
rates of two blazars.

5. Application to blazars

To apply our method, we choose a class of sources for which we
know the inclination and for which we believe that their black
holes are rapidly spinning. As explained above, this allows us to
constrain their masses and accretion rates.

We selected the blazar S5 0014+813 (z = 3.366), already
studied by Kuhr et al. (1981, 1983); Ghisellini et al. (2009)
and Sbarrato et al. (2016); the blazar SDSS J013127.34-032100.1
(z = 5.18), already studied by Yi et al. (2014) and Ghisellini et al.
(2015); and the blazars SDSS J074625.87+254902.1 and SDSS
J161341.06+341247.8, both from the Fermi-LAT and SDSS cat-
alogs (Shen et al. 2011; Shaw et al. 2012). Their high redshifts
shift the accretion disk peak in an observable frequency range,
namely in the optical band.

In the SED fitting process, we assume a disk inclination
angle of θ = 0◦ appropriate for blazars: if a larger angle is used
(but still <5◦), the results do not change significantly. We did not
consider the frequencies higher than the Lyman α line (Log ν =
15.4) because a prominent absorption feature is usually present
due to intervening clouds absorbing hydrogen Lyman alpha pho-
tons at wavelengths <1216 Å. Also, we did not account for IR
data points (Log ν < 14.5) probably related to the emission of a
dusty torus and/or a nonthermal emission (i.e. synchrotron).

Figure 8 shows the SED-fit of the four blazars along with the
Lyman α line position (orange line). The SED-fitting solutions
for the black hole mass MKerr and accretion rate ṀKerr are shown
in Fig. 9. The relative SS solutions are shown with blue dots.
Figure 10 shows the Eddington ratio of the sources as a function
of the black hole spin.

5.1. S5 0014+813

The SS mass and accretion rate are Log MSS = 9.96 and ṀSS =
182.9 M� yr−1, with the spectrum peak in the same position:
Sbarrato et al. (2016) gave a confidence range of Log MBH =
9.87− 10, using a SS model. Assuming a black hole spin a ∼< 0.8
(a ∼> 0.8), the KERRBB mass (accretion rate) is smaller (larger)
than the SS value. If the black hole has a spin a = 0.9, the
mass will be Log M0.9 = 10.04; if is maximally spinning (a =
0.9982), the mass will be Log M0.9982 = 10.14. The accretion
rate Ṁ0.9 = 153.3 M� yr−1 and Ṁ0.9982 = 106.4 M� yr−1. In the
SED-fitting process we did not account for the photometric point
at Log ν ∼ 15.4 (Fig. 8, left panel), probably contaminated by the
Lyman α line. Through the SED fitting process, we found that for
all spin values, the Eddington ratio of the source is `Edd ∼

> 0.95
(Fig. 10), in contrast with LN89 and the Eddington ratio limit for
thin disks. For this reason, a different model must be used given
the high accretion rates (e.g. slim disk).

5.2. SDSS J013127.34-032100.1

The SS mass and accretion rate are Log MSS = 9.91 and ṀSS =
47.8 M� yr−1, with the spectrum peak in the same position:
Ghisellini et al. (2015) found a range of Log MBH = 9.95–10.11
using a SS model. If the black hole has a spin a = 0.9, the mass
will be Log M0.9 = 9.99; if maximally spinning (a = 0.9982),
the mass will be Log M0.9982 = 10.09. The accretion rate Ṁ0.9 =
40 M� yr−1 and Log Ṁ0.9982 = 27.8 M� yr−1. Yi et al. (2014) esti-
mated the virial mass of the blazar using MgII line: they found
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Fig. 8. Top left panel: SED of the blazar S5 0014+813 along with a KERRBB model (blue line). The model has νp ≈ 15.33 and νpLνp ≈ 47.92.
The SS mass is Log MSS = 9.96; the KERRBB mass limits, corresponding to a = −1 and a = 0.9999, are Log MKerr = 9.59 − 10.16. In the SED
fitting process we did not account for the data point at Log ν ∼ 15.4, probably contaminated by the Lyman α line. Top right panel: SED of the
blazar SDSS J013127.34-032100.1 along with a KERRBB model (blue line). The solid blue line has νp ≈ 15.21 and νpLνp ≈ 47.34. The relative SS
mass is Log MSS = 9.91; the KERRBB mass limits, corresponding to a = −1 and a = 0.9999 are Log MKerr = 9.54 − 10.11. The solid black line is
the continuum extrapolated from Yi et al. (2014). Bottom left panel: SED of the blazar SDSS J074625.87+254902.1 along with a KERRBB model
(blue line). The model has νp ≈ 15.38 and νpLνp ≈ 46.31. The SS mass is Log MSS = 9.07; the KERRBB mass limits, corresponding to a = −1
and a = 0.9999, are Log MKerr = 8.70 − 9.26. The solid black line is the continuum extrapolated from the SDSS catalog. Bottom right panel: SED
of the blazar SDSS J161341.06+341247.8 along with a KERRBB model (blue line). The model has νp ≈ 15.22 and νpLνp ≈ 46.46. The SS mass
is Log MSS = 9.45; the KERRBB mass limits, corresponding to a = −1 and a = 0.9999, are Log MKerr = 9.08 − 9.65. The solid black line is the
continuum extrapolated from the SDSS catalog. In all panels, the orange vertical line highlights the Lyman α line position; we did not consider the
frequencies higher than this line for our fit. The IR data (Log ν < 14.5) are probably related to the emission of a dusty torus and/or a nonthermal
emission (i.e., synchrotron) and we did not account for them for the fit.

Fig. 9. KERRBB fit solutions of the four blazars. The SS solutions for the same spectrum peak position (blue dots) correspond to the KERRBB
solutions with a ∼ 0.8 (see Table 4 for the peak position and other parameters). KERRBB black hole mass (accretion rate) is larger (smaller) than
the SS value for a ∼> 0.8.
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Table 4. Results from the fit of four blazars.

Source name νp νpLνp M0.9 M0.9982 Ṁ0.9 Ṁ0.9982 `Edd,0.9 `Edd,0.9982
[1] [2] [3] [4] [5] [6] [7] [8] [9]

S5 0014+813 15.33 47.92 10.04 10.14 153.3 106.4 0.99 1.12
SDSS J013127.34-032100.1 15.21 47.34 9.99 10.09 40 27.8 0.29 0.33
SDSS J074625.87+254902.1 15.38 46.31 9.15 9.25 3.8 2.6 0.19 0.21
SDSS J161341.06+341247.8 15.22 46.46 9.53 9.64 5.3 3.7 0.11 0.12

Notes. Columns are: [1] name of the source; [2] Log of the spectrum peak frequency in units of Hz; [3] Log of the spectrum peak luminosity
in units of erg s−1; [4,5] Log of the KERRBB BH mass related to a = 0.9 and a = 0.9982 in units of solar masses; [6,7] Log of the KERRBB
accretion rate related to a = 0.9 and a = 0.9982 in units of M� yr−1; [8,9] the Eddington ratio related to a = 0.9 and a = 0.9982. Following LN89,
the Eddington ratio is above or near the limit of the thin disk reliability for only two sources (`Edd < 0.3→ Fig. 10).

Fig. 10. KERRBB Eddington ratio of the sources as a function of
the black hole spin (θ = 0◦). The dotted line represents the thin disk
Eddington ratio limit following LN89. According to this limit, the
results could be trustworthy for only two sources because of the thin
nature of the disk.

2.7+0.5
−0.4 × 109 M� (Log Mvir = 9.43+0.08

−0.07) with systematic uncer-
tainty of ∼0.4–0.5 dex. That estimate is smaller than the value
found in this work, but compatible if one considers the large sys-
tematic uncertainty on the virial mass. Regarding the Eddington
ratio, it is always `Edd < 0.59 and, following LN89, it is easy to
see in Fig. 10 that this source is close the limit of the thin disk
reliability; as for S5 0014+813, a further check with a different
model is necessary.

5.3. SDSS J074625.87+254902.1

The SS mass and accretion rate are Log MSS = 9.07 and ṀSS =
4.5 M� yr−1, with the spectrum peak in the same position.
If the black hole has a spin a = 0.9, the mass will be Log
M0.9 = 9.15; if maximally spinning (a = 0.9982), the mass will
be Log M0.9982 = 9.25. The accretion rate Ṁ0.9 = 3.8 M� yr−1

and Log Ṁ0.9982 = 2.6 M� yr−1. From the Shen et al. (2011) cat-
alog, the virial mass of the black hole is found from the CIV line:
MBH = 9.59±0.16, with systematic uncertainty of ∼0.4–0.5 dex.
This estimate is larger than our result, but compatible if one
considers the large systematic uncertainty on the virial mass.
The Eddington ratio is always `Edd < 0.38; following the LN89
Eddington ratio limit, one can find that for a < 0.25 the thin disk
approximation is no longer valid (Fig. 10).

5.4. SDSS J161341.06+341247.8

The SS mass and accretion rate are Log MSS = 9.45 and ṀSS =
6.3 M� yr−1, with the spectrum peak in the same position.

If the black hole has a spin a = 0.9, the mass will be Log
M0.9 = 9.53; if maximally spinning (a = 0.9982), the mass
will be Log M0.9982 = 9.64. The accretion rate will be Ṁ0.9 =
5.3 M� yr−1 and Log Ṁ0.9982 = 3.7 M� yr−1. From the Shen
et al. (2011) catalog, the virial mass of the black hole is found
from the MgII line: MBH = 9.69 ± 0.02 with systematic uncer-
tainty of ∼0.4–0.5 dex. This estimate is slightly larger than our
result. The Eddington ratio is always `Edd < 0.23, in agreement
with LN89.

6. Summary and conclusions

In this work, we studied the radiation and emission pattern from
an accretion disk around a spinning black hole. We built an ana-
lytic approximation of the numerical model KERRBB (Li et al.
2005), developed for X-ray binaries and accounting for all the
relativistic effects. With this approach we managed to extend its
use to SMBHs. Then we applied our analytic method to four
well-known high-redshift blazars in order to derive a new esti-
mate of their black hole mass and accretion rate. We hope that
this method will allow an easy use of a relativistic and rather
complete accretion disk model.

6.1. Accretion disk emission pattern

In Sect. 3, we studied how the observed luminosity Lobs
d of the

accretion disk depends on the viewing angle and the BH spin.
We obtained a phenomenological function f (θ, a) in Eq. (8) that
closely approximates the variation of the observed luminosity at
different θ and a values. The availability of an analytic expres-
sion for the bolometric luminosity related to a spinning black
hole can be extremely useful in the analysis of the disk emission
features. The pattern can be visualized in Fig. 2 which shows the
following:

– A larger spin implies a larger bolometric luminosity. The
increase of luminosity and the strength of the relativistic
effects on the pattern are more pronounced for a ∼> 0.8.

– At a fixed viewing angle, there is a KERRBB model equiv-
alent to a SS one with the same parameters (mass and
accretion rate). At θ = 0◦, the equivalent KERRBB has
spin a ∼ 0.8. In fact, in order to emit the same luminos-
ity, the KERRBB emission must have a larger efficiency,
hence a larger BH spin value. In this way, the two models are
equivalent around θ = 0◦ but, at larger viewing angles, the
KERRBB model is brighter because of the strong relativistic
effects.

– Relativistic effects modifies the pattern at different viewing
angles: the simple cos θ–law (followed by the SS model) is
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no longer valid, mostly due to light-bending. Hence the max-
imum observed luminosity is no longer at θ = 0◦ but at larger
viewing angles for larger spin values (see Table 1).

– The relativistic KERRBB disk emission pattern could be a
useful tool for studying the disk’s surrounding environment
(Broad Line Region, dusty torus) which absorbs a fraction
of the disk luminosity. In this way it is possible to constrain
some of the AGN properties (Campitiello et al., in prep.).

6.2. Scale relations and family of solutions

Both the SS and KERRBB models rely upon the assumption
of a geometrically thin and optically thick disk. Therefore, the
KERRBB disk emission scales with black hole mass and accre-
tion rate as in the SS case (Calderone et al. 2013). This is used to
scale the KERRBB spectrum from a stellar to a SMBH. Using
KERRBB results, we derived Eqs. (12) and (13) to express peak
frequency and luminosity of the spectrum as a function of a, M,
Ṁ and θ. As illustrated in Fig. 5, for any given viewing angle, the
same spectrum can be reproduced by a family of solutions with
different values of the parameters. Since the spin values are lim-
ited in the range [−1, 0.9999], we expect to find limited ranges
also for M and Ṁ.

In general, we have four free parameters and two observables
(νp and νpLνp ). In specific cases, we have some reliable indica-
tions about the viewing angle. Therefore, if we independently
know one of the three remaining parameters, we can estimate
the other two.

6.3. Application to data: mass and spin estimate

In Sect. 5 we used KERRBB to fit four blazars (S5 0014+813,
SDSS J013127.34–032100.1, SDSS J074625.87+254902.1,
SDSS J161341.06+341247.8). Their blazar nature guarantees
a very small viewing angle. Furthermore, we can confidently
assume a large value of the spin of their black holes. Hence, we
estimated the SMBH mass considering a = 0.9 and a = 0.9982.
Figure 8 shows the SED of the two blazars and the model,
while Fig. 9 shows how M and Ṁ change as a function of the
spin for the entire spin range listed in Table 4. We obtained
Log MBH ∼ 10.05 and 10.14 (S5 0014+813, for a = 0.9 and
0.9982 respectively), Log MBH ∼ 9.98 and 10.09 (for SDSS
J0131–0321), Log MBH ∼ 9.15 and 9.25 (for SDSS J0746+2549),
Log MBH ∼ 9.53 and 9.64 (for SDSS J1613+3412).

These sources have different Eddington ratios for a ≥
0.9, from ∼1 to ∼0.11 (Table 4): the KERRBB solutions
related to S5 0014+813, SDSS J013127.34-032100.1 and SDSS
J074625.87+254902.1 (only for a < 0.25) are in contrast with
the assumption of LN89 regarding the thin nature of the disk.
This suggests that the disk might be slim or thick and it is nec-
essary to check these sources with different models that account
for the modification due to the vertical structure and the high
accretion rates. Instead the results related to the source SDSS
J161341.06+341247.8 are more trustworthy. We conclude that,
although the sources are near or below the Eddington limit, the
KERRBB model can be used to obtain a good fit of the data.
Also, even if this model is incomplete and inappropriate for
extreme luminous sources (and/or for certain spin values), it can
be used as a means to understand the nature of the disk; in other
words, if a source has `Edd > 0.3 (calculated with KERRBB),
this suggests that the thin disk approximation is not valid and
one should use a slim/thick disk model (e.g., SLIMBB, Polish
doughnuts; Sadowski et al. 2011; Straub et al. 2011; Wielgus
et al. 2016).

In principle, we could use our method to find the BH spin
once a reliable estimate of the BH mass is available. Currently,
the virial BH masses have an average uncertainty of 0.4–0.5 dex,
which leads only to a poor constraint on a. However, when more
precise BH mass estimates are available, the method will provide
robust spin estimates and thus new insights into BH physics.
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Appendix A: Shifting equations

Equations (15) describe the relations that allow us to rescale the
initial spectrum with mass Min and Ṁin to a new spectrum with
final Mfin and Ṁfin, with a fixed black hole spin. If, in the trans-
formation, the Eddington ratio ` = L/LEdd remains the same, the
equations become functions only of the black hole mass. In fact,
we can write

Lin = ηṀinc2 Lfin = ηṀfinc2

LEdd,in = CMin LEdd,fin = CMfin

where C = 6.32 · 104 erg s−1 g−1. With `Edd = ηṀc2/CM, if we
assume the same Eddington ratio `in = `fin, the relation between
Ṁ and M can be found and it leads to

νp,fin

νp,in
=

[
Min

Mfin

]1/4 νLνp,fin

νLνp,in

=
Mfin

Min
. (A.1)

Appendix B: KERRBB Observed luminosity

In Sect. 3.1, we showed that an analytic expression that approx-
imates the observed frequency integrated luminosity of an
accretion disk around a rotating black hole can be written as

Lobs
Kerr(a, θ) = A cos θ[1 − (sin θ)C]B[1 − E(sin θ)F]D Ld, (B.1)

where Ld = η(a)Ṁc2 is the total disk luminosity. All the param-
eters A, B, C, D, E, F are functions only of the black hole spin a,
like the radiative efficiency η(a). In order to find the expression
for the observed luminosity, for a given value of a, a set of view-
ing angles θ has been chosen (from 0◦ to 85◦), and the integrals
over frequency of the KERRBB spectra have been computed.
We fitted the KERRBB spectra and found the empirical expres-
sion (B.1). Figure B.2 shows the bolometric luminosities of the
KERRBB spectra as a function of the viewing angle, for spin
a = −1, −0.6, 0.6 and 0.998 (red dots), and the fitting func-
tion (B.1) (blue line). We note the different behaviors: in the
cases a = −1, −0.6 and 0.6, the bolometric luminosity between
the cases 0◦ and 85◦ decreases by a factor of ∼ 7, 6.6 and 4.4,
respectively2. In the case with a = 0.998, the strong relativis-
tic effects cause the luminosity to reach a maximum value at
∼ 64◦ (see Table 1), and then make it drop at larger viewing
angles. The cases with 0◦ and 85◦ have almost the same lumi-
nosity (see also Figure 3), contrary to the small-spin cases. We
note how the residuals are always on the order of ∼ 0.01%, hence
function (B.1) represents a very good approximation.

Figure B.3 shows the parameters A, B, C, D, E and F for
different values of the spin in order to find their dependence on
it. As shown in Sect. 3.1, the common fitting equation (blue line)
can be written as

F (a) = α + βx1 + γx2
1 + δx3

1 + εx4
1 + ιx5

1 + κx6
1

x1 = log(1 − a). (B.2)

The values of α, β, γ, δ, ε, ι, κ are listed Table B.1. we note
how the residuals are always on the order of 1% (or less), except
for F (on the order of ∼ 10%). These large uncertainties could be
reduced using more than six parameters for the fit, but we found
it unnecessary for the aim of this work.

2 In the case with no relativistic effects (i.e., SS), there would have
been a factor of ∼ 11.5 between the cases 0◦ and 85◦.

Fig. B.1. KERRBB disk bolometric luminosity as a function of the
viewing angle of the disk, fitted by the best function (Eq. (B.1), blue
lines) and the polynomial function (Eq. (B.3), red lines) for different
spin values. Dots represent the KERRBB results with Ṁ = 1018 g/s. By
increasing the spin, the differences between the two functions grow.

B.1. Polynomial approximation of the observed disk
luminosity

Once a, Ṁ and θ are fixed, Eq. (B.1) needs 37 parameters for the
description of the observed frequency integrated disk luminosity
Lobs

Kerr with an accuracy of ∼<1%. Another approximation for Lobs
Kerr

can be expressed with the following polynomial function:

LogLobs
Kerr,2(a, θ) = Log[Ṁc2] +

3∑
i=0

ai(αi + βiθ + γiθ
2). (B.3)

The 12 parameters of this function are given in Table B.2.
The function is valid for a ∈ [−1 : 0.998] and θ ∈ [0◦ : 80◦].
The accuracy of this polynomial approximation is ∼10%, less
accurate than Eq. (B.1) (differences growing with spin, larger
for θ ∼> 70◦), but still good enough to obtain the bolometric disk
luminosity for a wide range of spins and angles (Fig. B.1). How-
ever, because of its accuracy, this approximation does not allow
the user to study the emission pattern precisely, as Eq. (B.1) does
(see Fig. 2).

Appendix C: Relations between mass, accretion
rate and spin

As shown before, the corrected equations for the KERRBB peak
frequency and luminosity are Eqs. (12) and (13). By fitting the
variation of the spectrum peak position at different spin values
and fixed θ = 0◦, functions g1(a, θ = 0◦) and g2(a, θ = 0◦) have
been expressed as a functional given by Eq. (14). As pointed out
before, the frequency νp and the luminosity νpLνp are degener-
ate in mass, accretion rate and spin (if the viewing angle θ is
fixed); the same KERRBB spectrum (i.e., the emission peak in
the same position) can be fitted by a family of solutions by chang-
ing the black hole mass, accretion rate and spin in the proper
way (see Fig. 5). It is important to note that when the disk view-
ing angle θ is fixed, the quantities M, Ṁ and a are connected
to each other: knowing the value of one of them fixes the val-
ues of the other two. Given a peak position [νp, νpLνp ], using
Eqs. (12) and (13), the relations between the black hole mass
M the accretion rate Ṁ and the black hole spin a can be found
easily. Figure C.1 (left panel) shows the relation between the
accretion rate Ṁ and the black hole spin a: it is easy to see that
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Fig. B.2. KERRBB disk bolometric luminosity (in units of erg/s) as a function of the viewing angle of the disk, in the cases with a = −1, a = −0.6,
a = 0.6 and a = 0.998, with Ṁ = 1018 g/s. The fitting function (blue line) has the general form of (8) with different values for the parameters, in
the different cases. We note the different behaviors: in the cases a = −1, −0.6 and 0.6, the bolometric luminosity, between the cases 0◦ and 85◦,
decreases by a factor of ∼7, 6.6 and 4.4, respectively. In the case with a = 0.998, the luminosity reaches a maximum value at ∼64◦ (see Table 1)
then drops at larger viewing angles.

Fig. B.3. Parameters A, B, C, D, E and F of Eq. (8) as a function of the black hole spin a. The fitting function (blue line) has the general form of
Eq. (9). We note how the residuals are always on the order of 1% (or less), except for F (on the order of ∼10%). These relatively large residuals for
F could be reduced using more than six parameters for the fit, but we found it unnecessary for the aim of this work. Red bars are associated with
the uncertainties on the parameter values from the fit of the bolometric luminosity at different viewing angles (Fig. B.2.)
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Table B.1. Parameter values of Eq. (9) [or equivalently (B.2)]: the latter expression describes the dependence on the black hole spin of the Kerr
disk bolometric luminosity Eq. (8) [or equivalently (B.1)].

Par of Eq. (B.2) α β γ δ ε ι κ

Log A 0.21595 ± 0.00065 0.09107 ± 0.00237 −0.05037 ± 0.00657 −0.02739 ± 0.00402 −0.00361 ± 0.00063 0 0
B −0.20229 ± 0.00039 0.17538 ± 0.00169 −0.14390 ± 0.00657 −0.14534 ± 0.00858 −0.04544 ± 0.00358 −0.00480 ± 0.00045 0
C 1.92161 ± 0.00273 0.27712 ± 0.01259 0.67368 ± 0.04704 0.81327 ± 0.13254 0.48946 ± 0.12580 0.13591 ± 0.04499 0.01373 ± 0.00527
D 0.12120 ± 0.00024 −0.07852 ± 0.00110 0.08995 ± 0.00432 0.12746 ± 0.00569 0.04556 ± 0.00238 0.00510 ± 0.00030 0
E 0.95973 ± 0.00080 −0.02003 ± 0.00288 0.09341 ± 0.01218 0.16775 ± 0.02872 0.11440 ± 0.02475 0.03367 ± 0.00842 0.00351 ± 0.00096
F 6.62190 ± 0.02892 −3.84845 ± 0.09932 −3.11662 ± 0.41485 −3.61394 ± 0.60905 −1.54083 ± 0.26548 −0.19834 ± 0.03454 0

Notes. The uncertainty on each parameter value is from the fit of the bolometric luminosity at different viewing angles.

Table B.2. Parameter values of Eq. (B.3), which represents a less
accurate (∼10%) but still good approximation of Lobs

Kerr.

i αi βi γi

0 −1.054 0.00443 −0.000132
1 0.159 0.000559 −3.63e-6
2 0.148 −0.000929 4.08e-5
3 0.145 −0.00155 5.47e-5

by increasing the spin (i.e., increasing the radiative efficiency η),
the accretion rate must decrease in order to keep the same peak
luminosity. The right panel shows the relation between the black
hole mass M and the spin a: by increasing the spin, the black
hole mass must increase as well. Figure 5 is useful to explain this
feature: by increasing the spin value, the spectrum peak moves
to higher frequencies and luminosities, hence by increasing the
mass value and decreasing the accretion rate, the peak moves
to lower frequencies and luminosities (i.e. to the initial posi-
tion). We note that the KERRBB mass (accretion rate) is larger
(smaller) than the SS value only for spin values a ∼> 0.8.

Fig. C.1. Top panel: relation between the accretion rate Ṁ and the spin
a: different lines are related to different values of peak luminosity νpLνp .
Bottom panel: relation between the black hole mass M and the spin a:
different lines are related to different couples of peak frequency and
luminosity νp − νpLνp . For every line, the spectrum peak νp – νpLνp and
the viewing angle θ = 0◦ remain fixed. The SS solutions (horizontal dot-
ted lines) with the same peak frequency and luminosity correspond to
the KERRBB model with a ∼ 0.8 (vertical dotted line). Since the spec-
trum peak moves to higher frequencies and luminosities by increasing
the spin value (see Fig. 5), the mass and the accretion rate must increase
and decrease, respectively, in order to keep the spectrum peak in the
same position.
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