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ABSTRACT

In the past 15 yr, the triaxial Schwarzschild orbit-superposition code developed by van den Bosch and van de Ven in Leiden has been
widely applied to study the dynamics of galaxies. Recently, a bug was reported in the orbit calculation of this code, specifically in the
mirroring procedure that is used to speed up the computation. We have fixed the incorrect mirroring in the DYNAMITE code, which is
the publicly-released successor of the Leiden triaxial Schwarzschild code. In this study, we provide a thorough quantification of how
this bug has affected the results of dynamical analyses performed with this code. We compare results obtained with the original and
corrected versions of DYNAMITE, and discuss the differences in the phase-space distribution of a single orbit and in the global stellar
orbit distribution, in the mass estimate of the central black hole in the highly triaxial galaxy PGC 46832, and in the measurement
of intrinsic shape and enclosed mass for more than 50 galaxies. Focusing on the typical scientific applications of the Schwarzschild
method, in all our tests we find that differences are negligible with respect to the statistical and systematic uncertainties. We conclude
that previous results with the Leiden triaxial Schwarzschild code are not significantly affected by the incorrect mirroring.

Key words. galaxies: kinematics and dynamics – galaxies: structure – quasars: supermassive black holes

1. Introduction

Dynamical modelling is a powerful technique to study the evo-
lution of galaxies. Traditionally this approach was restricted
to spherical and axisymmetric models with analytic distribu-
tion functions depending on the integrals of motion E and Lz
(e.g., Nagai & Miyamoto 1976; Satoh 1980; Qian et al. 1995;
Magorrian et al. 1998). Observational evidence and numerical
investigations showed that such models do not capture the full
solution space (e.g., Binney 1982). A popular alternative is to
use the Jeans (1922) equations which connect the velocity dis-
persions to the mass density and gravitational potential, how-
ever without the assurance that the resulting models have a
non-negative distribution function (Cappellari 2008, 2020).

Schwarzschild (1979) sidestepped explicit reliance on the
integrals of motion or on the Jeans equations by numerically
solving the problem of populating the large variety of orbits
in an assumed potential in such a way that it reproduces the
mass density. As the orbits and the number of stars on it are

known, the distribution of stars over position and velocity is
then known everywhere in the model. The orbit occupation num-
bers are therefore the equivalent of the phase-space distribu-
tion function f (x, v) ≥ 0 that is the solution to the collisionless
Boltzmann equation. Elliptical galaxies can broadly be described
by cored triaxial density distributions. Schwarzschild (1982)
demonstrated that these triaxial density distributions can be in
dynamical equilibrium, even when the figure of the system is
allowed to rotate slowly. Merritt & Fridman (1996) constructed
triaxial systems with central density cusps in this way.

Since this early work, Schwarzschild’s orbit superposition
method has been extended to include kinematic data (e.g.,
Richstone & Tremaine 1984; Rix et al. 1997; van der Marel et al.
1998; Cretton et al. 2000), and has been applied to spherical,
axisymmetric and triaxial models with a dark halo and a central
density cusp plus supermassive black hole. Rather than depro-
jecting the observed galaxy properties, the comparison with the
numerical model is done in the observed plane, by calculating
the line-of-sight integrated properties for each orbit, including,
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e.g., the effect of finite detector pixels, seeing convolution and
internal extinction. When only the surface density is given, the
solutions are non-unique (e.g., Rybicki 1987; Gerhard & Binney
1996). Adding kinematic constraints shrinks the range of solu-
tions, which are computed for a range of assumed black hole
masses or halo profiles. The resulting distribution of stars in phase
space in many cases reveals significant structure, which reflects
the different components in the observed galaxy. This decompo-
sition is not done ad-hoc on, e.g., the surface brightness profile,
but is done in phase space, constrained by all the observables, and
allows exploring the formation history of the galaxy. Alternatives
to Schwarzschild’s method include the made-to-measure models
of Syer & Tremaine (1996), de Lorenzi et al. (2008), Bovy et al.
(2018).

In the past two decades, the Schwarzschild method has been
applied to multiple galaxies, initially in axisymmetric geometry
and more recently also in triaxial geometry, to study their internal
stellar structure (e.g., Thomas et al. 2007; Cappellari et al.
2007; van de Ven et al. 2008; Feldmeier-Krause et al. 2017;
Poci et al. 2019; Jin et al. 2020; Santucci et al. 2022; Pilawa et al.
2022), to determine their dark matter (DM) content (e.g.,
Thomas et al. 2007; Cappellari et al. 2013; Poci et al. 2017;
Santucci et al. 2022), to weigh their central massive black
holes (e.g., van der Marel et al. 1998; Verolme et al. 2002;
Gebhardt et al. 2003; Valluri et al. 2004; Gebhardt & Thomas
2009; Krajnović et al. 2009, 2018; Walsh et al. 2012; Rusli et al.
2013; Thater et al. 2017, 2019, 2022; Ahn et al. 2018;
Mehrgan et al. 2019; Liepold et al. 2020; den Brok et al. 2021;
Roberts et al. 2021; Pilawa et al. 2022) and to identify accreted
galactic components (e.g., Zhu et al. 2020, 2022; Poci et al.
2021).

Independent implementations of the triaxial Schwarzschild
method include van den Bosch et al. (2008), Vasiliev & Valluri
(2020) and Neureiter et al. (2021). These typically use numer-
ically computed orbit libraries on the order of 105 orbits. The
linear combination of these orbits is found which best rep-
resents the observed kinematics and luminosity of the galaxy
under study. Each of the modelling steps requires a care-
ful handling of state-of-the-art data and the use of high-
performance computing to facilitate expensive calculations. In
order to minimise the computational costs, the Schwarzschild
code by van den Bosch et al. (2008) exploits the symmetries of
the assumed galaxy potential. In a stationary, non-rotating, triax-
ial potential, the orbital properties are computed in one octant of
phase-space, and then the remaining seven octants are filled by
mirroring the orbits.

Recently, Quenneville et al. (2022) pointed out that the triax-
ial Schwarzschild code released by van den Bosch et al. (2008)
contained a bug whereby some orbit types were mirrored incor-
rectly. They derived the correct mirroring scheme, and tested the
effect of this correction on models of the galaxy NGC 1453, find-
ing significant changes to the χ2 distribution and best-fit parame-
ters. This raised some concern about previously published results
that were obtained with the code by van den Bosch et al. (2008).
In this work, we quantify the effect of the bug on a variety
of scientific applications. We formed a collaborative team in
which many members ran independent tests to obtain an unbi-
ased, qualitative analysis.

The corrected code is available as DYNAMITE1

(Jethwa et al. 2020). This is the publicly released successor to
the van den Bosch et al. (2008) code. The DYNAMITE frame-

1 https://github.com/dynamics-of-stellar-systems/
dynamite

work provides a modern Python library with well-documented
application programming interface and new functionality on
top of the Schwarzschild code by van den Bosch et al. (2008).
For example, DYNAMITE can accept kinematic inputs from
the BAYES-LOSVD software (Falcón-Barroso & Martig 2021),
which models the line-of-sight velocity distribution using
a flexible, histogrammed description; this approach may be
more suitable for complex distributions than the widely-used
Gauss-Hermite expansions. DYNAMITE also supports various
options for solving for orbit-weight solving, including the
quadratic-programming approach extolled in Vasiliev & Valluri
(2020).

This paper is organised as follows. In Sect. 2 we discuss the
details of the bug and its correction. In Sect 3 we show the effect
of the bug-fix on several physical parameters for a representative
galaxy sample. In Sect. 4 we quantify the effect of the bug-fix for
a recently published black hole mass measurement in the galaxy
PGC 046832 (den Brok et al. 2021). The inferred global orbits
distribution is discussed in Sect. 5. In Sect. 6 we conclude that
previously reported results are not significantly affected by the
mirroring bug, and we present an outlook to on-going research
with dynamical modelling.

2. A detailed description of the orbit mirroring bug

Stationary, non-rotating, triaxial potentials are symmetric with
respect to the three principal axes. Due to this eight-fold sym-
metry, in the Schwarzschild code all orbital properties of regu-
lar orbits only need to be calculated in one octant and can be
mirrored to the other seven. This procedure makes it possible to
quickly obtain orbits starting from all octants, while only com-
puting directly orbits that originate in one, thereby saving com-
putational time.

Regular orbits obey a point inversion symmetry in the shape
of the orbit. Initial conditions are chosen in one octant and then
integrated to obtain an orbit. This orbit is then mirrored in the
other seven octants; if the orbit already had point symmetry then
it is simply sampled more densely. However, although the spa-
tial mirroring is always carried out identically for all orbit types,
the velocity components need to be treated separately, due to the
different conserved quantities associated with each orbit and the
need to preserve them when the effective orientation of the orbit
is flipped. Families of orbits are distinguished by which compo-
nent of angular momentum, if any, they conserve. If there is no
net (orbit-averaged) angular momentum conservation, or the net
angular momentum is zero, then the orbit is a regular box orbit,
so the signs of the mirrored velocity components just follow the
signs of the coordinates. If the angular momentum component
associated with the long axis is conserved, then it is a long-axis
tube (LAT) orbit, and so in each octant the signs of vy and vz must
be adjusted such that Lx remains unchanged, where

Lx = yvz − zvy. (1)

Similar considerations must be made for short-axis tube (SAT)
orbits, which conserve Lz (sometimes a distinction is also made
between inner- and outer-long-axis tube orbits, but this is not
needed for the mirroring procedure). These sign changes are
summarised in Table 1. In the incorrect mirroring scheme, four
out of eight velocity components of short and long-axis tube
orbits had a flipped sign, meaning that the resulting mirrored
orbits did not all correspond to the same (regular) orbit, and con-
sequently should not have shared the same weight.

We analysed hundreds of individual orbits under the
correct and incorrect mirroring scheme, calculated for two
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Table 1. Corrected orbit mirroring scheme.

# Octant Short-axis tube Long-axis tube Box

1 (x, y, z) (vx, vy, vz) (vx, vy, vz) (vx, vy, vz)
2 (−x, y, z) (vx,−vy,−uz) (−vx, vy, vz) (−vx, vy, vz)
3 (x,−y, z) (−vx, vy,−uz) (−ux, vy,−vz) (vx,−vy, vz)
4 (x, y,−z) (vx, vy,−vz) (−ux,−vy, vz) (vx, vy,−vz)
5 (−x,−y, z) (−vx,−vy, vz) (ux, vy,−vz) (−vx,−vy, vz)
6 (−x, y,−z) (vx,−vy, uz) (ux,−vy, vz) (−vx, vy,−vz)
7 (x,−y,−z) (−vx, vy, uz) (vx,−vy,−vz) (vx,−vy,−vz)
8 (−x,−y,−z) (−vx,−vy,−vz) (−vx,−vy,−vz) (−vx,−vy,−vz)

Notes. For each mirror, the velocity components are listed, and the change in sign is clearly indicated: components marked in bold are those that
have been corrected with the bugfix described in this paper. This table is adapted from Quenneville et al. (2022). Intermediate-axis tube orbits are
not included, as they are not present in realistic models.

different galaxy potentials: a triaxial potential and a potential
in the axisymmetric limit. The triaxial potential uses the lumi-
nosity model of PGC 046832 by den Brok et al. (2021) and the
potential in the axisymmetric limit was derived from the lumi-
nosity model of the simulated Auriga galaxy halo 6, which was
published in Zhu et al. (2020). The second potential is close to
axisymmetric as the galaxy disk dominates, but triaxiality is
allowed in the model. The results of the triaxial potential are
explained in the main text, while we describe the axisymmetric
case in Appendix A.

Figures 1 and 2 show the impact of the incorrect orbit mirror-
ing for a single orbit. We choose a typical short-axis tube (SAT)
orbit in the model with triaxial potential2. As shown in Table 1,
for SAT orbits, four out of eight octants had a vz velocity com-
ponent with an incorrect sign. The top left panel of Fig. 1 shows
that the total angular momentum of these four incorrectly mir-
rored orbits (red line) was not equal to that of the base orbit
(grey line). After the correction (blue dotted line), this problem
is solved.

Although the total angular momentum of mirrored orbits
must be equal to that of the base orbit, individual components of
the angular momentum may or may not change under mirroring.
For a SAT orbit, which circulates around the z axis, we expect all
mirrored versions to have the same Lz as the base orbit. The top
right panel of Fig. 1 shows that this is true both for the original
and corrected codes. This is in accordance with Table 1: since
only vz was incorrect for SAT orbits, the z component of the
angular momentum stays unchanged by the bugfix. The other
two components can change under mirroring, but the changes
must be consistent with unchanged Lz and Ltot. This varies by
octant: for the second mirror, for example (top row of all pan-
els), Lx is flipped relative to the base orbit while Ly is unchanged.
In order to preserve Ltot the mirroring should only ever induce
sign-changes in components of the angular momentum. This is
because, while Ltot is invariant with respect to sign-flips in the
individual angular momentum components Li, it is not invari-
ant with respect to arbitrary sign-flips in the individual velocity
components vi. This can be seen from the formula

L2
tot = ‖x‖2‖u‖2 − (x · u)2, (2)

which implies that Ltot is preserved only if the combinations
(xLx, yLy, zLz) each have the same overall sign-flip. The short-

2 We show the same plots for a short-axis tube orbit in the close to
axisymmetric potential in Figs. A.1 and A.2, and for a long-axis tube
orbit in the same triaxial potential in Figs. A.3 and A.4.

period oscillations in the ‘nofix’ versions of Lx and Ly are con-
sequences of the incorrect mirroring, the exact cause of which is
unknown but which is probably due to Lx and Ly no longer being
constrained by the overall conservation of Ltot.

In Fig. 2, we show the trajectories of the same SAT orbit as in
Fig. 1. The trajectories were integrated for 200 times the orbital
period, and we sample 50 000 particles from it with equal time
steps. We project the orbit with inclination angles of 15◦ (near
face-on), 45◦ and 75◦ (near edge-on). For all cases, we fixed φ
(rotation of orbits around the intrinsic minor axis) to be 0◦ and
ψ (rotation of projected orbits with respect to the Y ′ axis in the
sky plane) to be 90◦. So only the inclination θ (rotation of orbits
around the intrinsic major axis) is changing. The projected mean
velocity and velocity dispersion maps of the orbit when consid-
ering the correct (‘bugfix’) and incorrect (‘nofix’) mirroring are
shown for comparison in Fig. 2; the spatial distribution of the
orbit does not depend on the mirroring of the velocity compo-
nents, thus we only show it once.

Figure 2 shows that (for this orbit) the relative error in
mean velocity and velocity dispersion can reach ∼40% in some
regions, consistent with the findings of Quenneville et al. (2022).
Note however that the regions with large difference are mostly
those with very low surface density of the particle. The changes
are usually small (.10%) in regions of the orbit space where
the star spends most of its life, and this is true for all projec-
tions. We do note that for some orbits and some viewing angles
there are larger deviations between the two models for very small
radii, where the surface density is higher. We think that these are
driven by low velocities in the kinematics. Comparing different
projections, we see that the largest errors occur for an intermedi-
ate inclination of 45◦. This is somewhat surprising for this SAT
orbit where only vz has changed: the naive expectation would be
that the face-on view shows the largest error, decreasing mono-
tonically to the edge-on view. This naive logic fails to account
for the fact that vz flips sign frequently throughout this orbit. For
the face-on case, the incorrect sign introduced by the bug is on
average cancelled out by the repeated sign-flips of the orbit. For
the exactly face-on and edge-on cases, we have confirmed that
this orbit shows no change in its kinematic-maps after the bug-
fix.

Having inspected one single orbit here, it is important to
remember that Schwarzschild models are typically built from
thousands of orbits. We therefore investigate in the following
section, whether this change of mean velocity and velocity dis-
persion within a single orbit also introduces significant changes
in the inferred best-fit parameters of the Schwarzschild models
that use several thousands of orbits.
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Fig. 1. Impact of the incorrect orbit mirroring for a single orbit. We show a typical short-axis tube orbit derived in the triaxial potential by
den Brok et al. (2021). The four panels show the evolution of Ltot (top left), Lz (top right), Lx (bottom left) and Ly (bottom right). The original orbit,
correct (‘bug-fix’) and incorrect (‘nofix’) mirrors are shown by gray, blue, and red colours, respectively. We only show the four mirroring cases
(out of eight) that are changed compared to the original code (see Table 1). In one panel, rows from top to bottom represent the 2nd, 3rd, 6th, and
7th mirrors, respectively. We show the orbit for only 25 (out of 200) revolutions to avoid crowding. The time of one orbital period is ∼0.06 Gyr.

3. Enclosed mass and shape parameters

Although the construction of triaxial Schwarzschild models is
computationally expensive, it has become feasible to study the
dynamics of large galaxy samples (Zhu et al. 2018a; Jin et al.
2020; Santucci et al. 2022). In order to investigate potential sys-
tematic biases due to the incorrect mirroring, we collected data
from several galaxy surveys and ran the triaxial Schwarzschild
code with the correct and incorrect mirroring scheme. While the
previous studies had heterogeneous model setups (i.e. different
numbers of orbits, different MGE assumptions), we ensured that
each individual galaxy was run in the same original setup for the
correct and incorrect mirroring. Our analysis shows no signifi-
cant discrepancies in the inferred enclosed mass and in the shape
parameters of the studied galaxies. Furthermore, differences in

the stellar orbit distribution caused by the incorrect mirroring
are negligible compared to other systematics.

Unless otherwise stated, all models in this section are
run with six free parameters: the stellar mass-to-light ratio
M∗/L, intrinsic stellar axis-length ratios p (long-to-short) and
q (intermediate-to-short), the stellar projected-to-intrinsic scale-
length ratio u, dark matter virial mass M200, and the dark matter
concentration c. The shape of the dark matter halo is assumed to
be spherical as currently implemented in DYNAMITE.

3.1. The sample

Our studied galaxy sample is a combination of 25 passive
galaxies from the SAMI survey Data Release 3 (Croom et al.
2021), 18 early-type galaxies (ETGs) from the ATLAS3D
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Fig. 2. Impact of the incorrect orbit mirroring for a single orbit. We show a typical short-axis tube derived in the triaxial potential by den Brok et al.
(2021). Columns from left to right show the orbit trajectories, the line-of-sight mean velocity V with the correct (‘bug-fix’) and incorrect mirroring
(‘nofix’) and the relative error between the incorrect and correct mirroring schemes ∆V/V , the velocity dispersion σwith the correct (‘bug-fix’) and
incorrect mirroring (‘nofix’) and the relative error. Rows from top to bottom refer to different inclination angles of 15◦, 45◦ and 75◦, respectively.
The changes in the mean velocity and velocity dispersion are up to ∼40% in some regions of the orbit space, but they are usually .10% in regions
where the star spends most of its life.

survey (Cappellari et al. 2011) and 12 ETGs and late-type galax-
ies (LTGs) from the Fornax3D survey (Sarzi et al. 2018). We
added six additional galaxies from miscellaneous other works:
FCC 47 (Fahrion et al. 2019, Thater et al., in prep.), ESO286-
G022 (Poci & Smith 2022), PGC 046832 (den Brok et al. 2021)
and Auriga simulated galaxy halo 6 at inclinations 40◦, 60◦ and
80◦ (Zhu et al. 2020). The six additional galaxies were run with
the corrected and uncorrected mirroring following the specifica-
tions in the respective publications.

Our SAMI galaxies are a subset of the sample by
Santucci et al. (2022) who used the van den Bosch et al. (2008)
triaxial Schwarzschild code to study the inner orbital struc-
ture and mass distribution of 161 passive galaxies. We want to
emphasize that in the published work by Santucci et al. (2022)
the triaxial Schwarzschild code with corrected mirroring is used.
For this study, we randomly chose a subset of 25 galaxies from
these galaxies with kinematic data signal-to-noise S/N > 15 and
best-fit model reduced χ2 < 3.0. These criteria are adopted to
avoid getting strong parameter biases due to galaxies with weak
kinematic constraints or poor fit quality. We then used the same
DYNAMITE setup for the dynamical models as in Santucci et al.
(2022) but with correct and incorrect mirroring.

The subset of the ATLAS3D galaxy sample considered here
was modelled with the goal to study the inner orbital structure
in massive galaxies (Thater et al., in prep.) and the nature of
counter-rotating galaxies (Jethwa et al., in prep.). We obtained
the photometric data (Scott et al. 2013) and up to h4 kinematic
maps (Cappellari et al. 2011) directly from the ATLAS3D web-
page3. The Schwarzschild models were run in the same setup
as described in Santucci et al. (2022) using an orbit library of

3 https://www-astro.physics.ox.ac.uk/atlas3d

21 × 10 × 7 for both tube and box orbits with a dithering of 53.
We fixed the dark matter concentration c with the M200 − c rela-
tion by Dutton & Macciò (2014) to get a better handle on the
degeneracy between the stellar mass-to-light ratio M∗/L and the
dark matter distribution. The ATLAS3D kinematics do not have
the spatial resolution to constrain the central black hole mass
MBH, therefore we fixed its mass using the published effective
velocity dispersion σe (Cappellari et al. 2013) and the empirical
MBH − σe relation by van den Bosch (2016). All models were
run with the same setup for the correct and incorrect mirroring.

Finally, six ETGs and six LTGs come from the Fornax3D sur-
vey and were modelled to understand the effect of the cluster envi-
ronment on the growth of cold disks (Ding et al., in prep.). We
obtained the kinematics from Iodice et al. (2019). The Fornax3D
galaxies have very high-quality kinematic data: high spatial reso-
lution; a high quality of V , σ, h3 and h4 and large kinematic data
coverage (out to at least 2Re). The sample includes galaxies with
morphology from highly disk-dominated to triaxial bulge domi-
nated. Similar to the ATLAS3D galaxies, the black hole mass was
fixed using the MBH − σe relation by van den Bosch (2016) and
the dark matter concentration was fixed via the M200 − c relation.
We sampled the orbits with 55×11×11 for both box and non-box
orbits with dithering 53.

Thus, we were able to directly compare the two different
code versions over more than 50 galaxies of very diverse mor-
phology, data quality and coverage, as well as Schwarzschild
model complexity (orbit library size, fitted parameters). From
a grid search of our dynamical models, we derived the best-fit
parameters for each of our galaxies for the correct and incor-
rect mirroring. We investigated the recovered viewing angles for
all 61 galaxies. Because a single survey does not sample well
all viewing angles, we consider three different surveys in this
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Fig. 3. Comparison of enclosed mass properties of our galaxy samples separated in total mass within one effective radius Mtot(<Re) (left panel)
and stellar mass-to-light ratio M∗/L (right panel) for correct (‘bugfix’) and incorrect (‘nofix’) orbit mirroring. The galaxy sample is a subset
of Fornax3D LTGs and ETGs (green squares), SAMI passive galaxies (purple stars) and ATLAS3D ETGs (orange circles). Also added as black
diamonds are the massive lensed ETG ESO286-G022 by Poci & Smith (2022), FCC 47 by Fahrion et al. (2019) and Thater et al. (in prep.), PGC
046832 by den Brok et al. (2021), which is also discussed in Sect. 4, and the three simulated LTGs by Zhu et al. (2020), which are discussed in
Sect. 5. The dashed line shows the 1-1 line between the different versions. Both the derived total and stellar mass are not significantly affected by
the incorrect mirroring of the orbits. Differences between the versions are within the reported statistical uncertainties of the dynamical modelling.
Uncertainties were calculated by including all models within

√
2Nkin of the best-fit model.
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Fig. 4. Comparison of inferred galaxy intrinsic shape parameters for our modelled galaxies. The galaxy sample is divided into Fornax3D LTGs
and ETGs (squares), SAMI passive galaxies (stars) and ATLAS3D ETGs (circles). Also added as diamonds are the massive lensed ETG ESO286-
G022 by Poci & Smith (2022), FCC 47 by Fahrion et al. (2019) and Thater et al. (in prep.), PGC 046832 by den Brok et al. (2021), which is also
discussed in Sect. 4, and the three simulated LTGs by Zhu et al. (2020), which are discussed in Sect. 5. Both the intrinsic intermediate-to-major
axis ratio p (left panel) and minor-to-major axis ratio q (right panel) show no significant change for the majority of the galaxies. There is no clear
trend of increasing discrepancy with galaxy morphology or triaxiality T ≡ (1− p2)/(1− q2). Uncertainties were calculated by including all models
within

√
2Nkin of the best-fit model.

study. The full set of galaxies samples well the different viewing
angles: The galaxies have θ (rotation of orbits around the intrin-
sic major axis) ranging from 40◦ and 90◦, φ (rotation of orbits
around the intrinsic minor axis) between 20◦ and 90◦, and all
galaxies have ψ of about 90◦.

3.2. Comparison of correct and incorrect mirroring

In Figs. B.1–B.3 we show the derived kinematics for a galaxy
from each of the considered surveys. These maps provide a direct

comparison between the stellar kinematics obtained when using
the correct and incorrect mirroring, and show that the differences
induced by the incorrect mirroring are usually much smaller
than differences between the models and the data. In Figs. 3
and 4 we show a comparison of the enclosed mass properties and
galaxy shapes, respectively, for the full sample. The enclosed
mass within one effective radius (Re) is very close to the 1–1 line
for each of our galaxies, and thus extremely robust regarding the
bug-fix. This robustness is independent of galaxy morphology,
inclination or triaxiality. We want to stress here how remarkably
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Table 2. Quantitative comparison of derived parameters with correct and incorrect mirroring.

Survey Ngal

〈 (M/L)bugfix

(M/L)nofix

〉 〈 pbugfix

pnofix

〉 〈 qbugfix

qnofix

〉
Fornax3D 12 0.832 ± 0.333 0.994 ± 0.017 0.988 ± 0.153
ATLAS3D 18 1.009 ± 0.039 0.992 ± 0.026 0.997 ± 0.035
SAMI 25 1.034 ± 0.088 1.012 ± 0.019 0.999 ± 0.086
Nearly oblate (T ≤ 0.1) 31 1.030 ± 0.193 1.003 ± 0.015 0.999 ± 0.038
Triaxial (0.1 < T < 0.7) 25 0.997 ± 0.060 0.997 ± 0.026 1.000 ± 0.021
Nearly prolate (T ≥ 0.7) 5 1.017 ± 0.019 0.973 ± 0.044 1.002 ± 0.040
All 61 1.010 ± 0.093 1.001 ± 0.022 0.998 ± 0.032

Notes. For each survey, listed in the first column, we list the number of galaxies (Ngal) we considered and the mean ratios between best-fit
parameters obtained before and after the bugfix for M/L and for the p and q intrinsic shape parameters. In “all” we also consider the additional
galaxies that do not belong to the surveys. Most of these ratios are close to unity, suggesting that very little has changed in the recovered parameters
after fixing the mirroring bug.

consistent the enclosed mass measurements are, although we are
using very different galaxy data sets.

A similar behaviour is seen for the stellar mass-to-light ratio
M∗/L, albeit with a larger scatter due to its degeneracy with
dark matter. This degeneracy is strong for ATLAS3D galaxies as
the kinematics typically only cover about one Re and therefore
we find the largest uncertainties for these galaxies. The M∗/L
derived with the incorrect mirroring scheme is within 10% of the
M∗/L with the correct mirroring, thus consistent within the M∗/L
uncertainty. We conclude that both enclosed mass and M∗/L are
very robust towards the incorrect mirroring. This is strong evi-
dence that previous dynamical mass measurements are not sig-
nificantly affected by the mirroring bug.

In Fig. 4, we show a comparison of the galaxy intrinsic
shape parameters: the intrinsic intermediate-to-major axis ratio
p = b/a, and the intrinsic minor-to-major axis ratio q = c/a.
These parameters are much more difficult to constrain in dynam-
ical models than the enclosed mass. Nevertheless, our compari-
son shows that p and q are robust against the incorrect mirroring.
Almost all measurements are consistent within their uncertain-
ties. Discrepancies are again independent of galaxy morphology,
inclination or triaxiality parameter T = (1 − p2)/(1 − q2). As p
and q enter T via their squares, the discrepancy in the derived T
values shows more scatter than in either individual axis-ratio, but
again there is no clear trend with galaxy properties. Some galax-
ies are more driven to a prolate shape, others more oblate, while
others did not change. From this comparison, we conclude that
galaxy intrinsic shapes in previous results likely do not suffer
from systematic biases. We point out that intrinsic shape param-
eters depend on the quality of the data, and larger discrepancies
are found for kinematic data with S/N < 20.

Table 2 summarises the results presented in Figs. 3 and 4.
For each survey, we list in the table the mean ratios between
best-fit parameters obtained before and after the bugfix for the
mass to light ratio and for the p and q intrinsic shape parameters.
In order to obtain these ratios we used the astropy package
stats.biweight which is based on the method described in
Beers et al. (1990). Most of these ratios have a deviation from
unity of less than 5%, showing that the mirroring bug has not
significantly affected the best-fit parameters. The only case in
which a larger discrepancy (∼17%) is found regards the M∗/L
parameter for the Fornax3D galaxies. This discrepancy is driven
by four of the 12 galaxies with very low M∗/L because they are
dark matter dominated.

4. A black hole mass estimate in a triaxial galaxy

den Brok et al. (2021) used the triaxial code of
van den Bosch et al. (2008) in its original version to model
the VLT/MUSE observations of PGC 046832. PGC 046832 is
the brightest cluster galaxy in one of the sub-clusters of the
Shapley Supercluster, at a distance of ∼200 Mpc. Because of its
complex structure, this galaxy poses a challenge for modellers,
requiring several inversions in the direction of its angular
momentum and a radial change in triaxiality.

The dynamical modeling by den Brok et al. (2021) showed
that a) the black hole mass determined with the triaxial
Schwarzschild models was lower than the one determined using
axisymmetric models and that b) the intrinsic shape of the galaxy
changes from almost prolate in the centre to almost oblate in the
outer parts. Here we show that correcting the orbit mirroring in
the triaxial Schwarzschild code by van den Bosch et al. (2008)
does not lead to a detection of the central supermassive black
hole and only marginally changes the best-fit viewing angles.
We also show the stellar orbit distribution (see also Sect. 5) of
PGC 046832 in Fig. C.1. Changes in these plots compared to
den Brok et al. (2021) are not significant.

4.1. Black hole mass

To determine the direct influence of the orbit mirroring correc-
tion on the black hole mass of PGC 046832, we assume the same
viewing angles as used by den Brok et al. (2021) and the same
dark matter halo mass. We re-run the Schwarzschild models in
the exact same setup as in den Brok et al. (2021), but addition-
ally supplement the grid with points at M/L between 2.9 and 3.0,
as the χ2 contours imply a 4% lower M/L.

We show the χ2 contours in Fig. 5, where the contours
from the correctly mirrored code are given in blue , and those
from the incorrectly mirrored code in red. The red contours
correspond to the black contours in Fig. 10 of den Brok et al.
(2021). The correction of the orbit mirroring bug does not lead
to a black hole detection. The derived M/L decreases by 4%,
but this range is consistent within the 3σ confidence inter-
val of the measurement. The blue contours are also notice-
ably more round than the red contours, indicating a change
in the χ2 distribution. When inspecting the model kinematic
maps of the best-fitting models, we did not notice any strong
differences.
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Fig. 5. Contours describing the χ2 surfaces at different black hole
masses MBH and mass to light ratios M/L. Red contours show the χ2

surface using the original version of the Schwarzschild code, and were
previously presented in den Brok et al. (2021). Blue contours show the
χ2 surface after correcting the mirroring bug in the code. Grey dots
show the locations at which models were calculated. The thick con-
tours contain models within

√
2Nkin of the best-fit model. The con-

tours do not close for lower-mass black holes and we thus obtain an
upper limit. The sphere of influence of a 109 M� black hole is about
0.05 arcsec which is well below the spatial resolution of the data (see-
ing FWHM ≈ 0.67 arcsec).

4.2. Viewing angles

den Brok et al. (2021) assumed that the density of the galaxy
could be modelled as a sum of aligned concentric Gaussians with
different axis ratios pi and qi and scale lengths σi. This assump-
tion allows an analytic deprojection of the observed light distri-
bution given a set of viewing angles. Viewing angles therefore
affect the gravitational potential in which orbits are calculated,
and thus can be dynamically constrained. den Brok et al. (2021)
used Schwarzschild models to constrain the viewing angles as
(θ, φ,Ψ) = (61.0+3.8

−1.8,−59.4+4.8
−2.4,74.9+1.0

−1.2) in degrees.
We re-run Schwarzschild models with the same assumptions

as in den Brok et al. (2021), i.e. fixed black hole mass and 3 dif-
ferent masses for the DM halo, to recreate the grid shown in their
Fig. 6. We also explored the parameter space with a free DM
halo mass and black hole mass using the same Gaussian sam-
pling approach used in that paper. For the best-fit viewing angles
we find (θ, φ,Ψ) = (60.2+3.2

−2.5,−61.9+3.9
−1.5,75.9+0.1

−1.2), consistent with
those obtained with the previous version of the code.

The deprojection of the MGE using these new viewing
angles does not lead to a significantly different intrinsic shape.
After correcting the mirroring bug, a preference towards a mas-
sive black hole with mass log(MBH/M�) . 8 is still predicted
by the fits. This does not mean that the new models shows no
changes at all; the mass of the dark matter halo, expressed as
a dimensionless scaling of the MGE mass, is higher than before
(2027+286

−591 versus 1477+385
−638), whereas the stellar M/L is somewhat

lower (3.080.08
−0.08 versus 3.18+0.04

−0.09). The total galaxy mass within
the radii that can be constrained by the kinematics is however
consistent as was also found for other galaxies in Fig. 3. The
changes on these quantities are likely caused by the intrinsic
degeneracy between dark matter and stellar M/L, and the lim-
ited kinematic field-of-view that cannot constrain the dark matter
very well.

4.3. Other black hole mass measurements

Few black hole mass measurements have been derived with the
triaxial Schwarzschild code by van den Bosch et al. (2008). It
has been applied to the two mildly triaxial fast-rotating early-
type galaxies M32 and NGC 3379 (van den Bosch & de Zeeuw
2010), the moderately triaxial early-type galaxy NGC 3998
(Walsh et al. 2012), the nuclear star cluster in the Milky Way
(Feldmeier-Krause et al. 2017) and the ultra-compact dwarf
galaxy M59-UCD3 (Ahn et al. 2018). Some of these studies
resulted in black hole mass measurements that were inconsistent
with other methods. Our investigation suggests that this inconsis-
tency is not driven by the incorrect mirroring bug, but by other
systematics, e.g. radially varying versus constant mass-to-light
ratio (Thater et al. 2017, 2019, 2022), the inclusion of dark mat-
ter into the models (Gebhardt & Thomas 2009; Rusli et al. 2013;
Thater et al. 2022) or other assumptions of the modelling tech-
niques. Furthermore, the incorrect mirroring bug is not present in
the Leiden version of the axisymmetric Schwarzschild code that
was used to derive several black hole mass measurements (e.g.,
Krajnović et al. 2009, 2018; Thater et al. 2017, 2019, 2022, and
the axisymmetric measurement in den Brok et al. 2021) . Cross-
checks between the different code versions are extremely valu-
able to find systematic differences and mistakes in the codes.

5. Stellar orbit distribution

In addition to constraints on the gravitational potential, a useful
result of Schwarzschild modelling is the stellar orbit distribu-
tion. This distribution is often shown in the space of circular-
ity, λz = Lz/(r × Vc), i.e. the orbit angular momentum Lz nor-
malised by the angular momentum of a circular orbit with the
same binding energy (Zhu et al. 2018b). This means that |λz| = 1
represents highly-rotating short-axis tube orbits (circular orbits),
while λz = 0 represents mostly dynamically hot box or radial
orbits. The circularity distribution has been used in the past to
disentangle dynamical cold, warm and hot components and learn
about the accretion history of nearby galaxies (e.g., Zhu et al.
2018b, 2020, 2022; Fahrion et al. 2019; Poci et al. 2019).

We construct triaxial Schwarzschild models for three mock
late-type galaxies, created from the same simulation Auriga
halo 6, but with inclination angles of 40◦, 60◦ and 80◦,
respectively. The advantage of using mock galaxies is that we
know the underlying true orbit distribution. The creation of
the mock data and dynamical models were performed in the
same setup described in Zhu et al. (2020), but using the triaxial
Schwarzschild code version with correct and incorrect mirroring.

Figure 6 illustrates the stellar orbit distributions in radius r
vs. circularity λz of the three mock galaxies derived by our
models with the correct and incorrect mirroring. For each mock
galaxy, we only use the best-fitting model. Their orbit distribu-
tions are compared to the true orbit distribution from the sim-
ulation. The darker colour indicates a higher phase space den-
sity. Being LTGs, the mock galaxies are dominated by a dynam-
ical cold component (λz = 1) which is accompanied by a central
hot component, the bulge of the galaxy. The proportion of cold
and hot components is well reproduced for both the correct and
incorrect mirroring. Differences caused by the incorrect mirror-
ing are small compared to the systematic errors of the model (as
inferred by departures from the ground truth), and independent
of the inclination angle. The side panels in Fig. 6 confirm that the
trends in the orbit fractions are almost the same for the correct
and incorrect mirroring.
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Fig. 6. Stellar orbit distribution in intrinsic
radius r vs. circularity λz ≡ Lz/(r × Vc) for
mock spiral galaxies with inclination angles of
40◦, 60◦ and 80◦ from top to bottom. Top panel:
true stellar orbit distribution from the simula-
tion. In the following three rows, the left pan-
els are for models with incorrect mirroring, the
right panels are for models with correct mir-
roring. The side panels compare the λz distri-
bution for all the orbits at r < 15 kpc. The
orbit distributions from the models with correct
and incorrect mirroring are nearly identical, and
they both present some difference with respect
to the true distribution. The differences caused
by the incorrect mirroring are negligible com-
pared to the other systematic errors.

Although the line-of-sight mean velocity (V) and velocity dis-
persion (σ) maps of each single orbit change with the incorrect
mirroring in the code, we find that the orbit distributions in the r
vs. λz plane of the best-fitting models do not noticeably change.
This is because, as shown in Fig. 2, for each orbit larger differ-
ences inσ occur in the areas with low density. In areas with larger
surface density (where orbit contributes more light to the model)
the difference in σ is small. Our model is a combination of many
orbits. For orbits with certain (V , σ) maps an alternative combi-
nation of orbits with similar (V , σ) maps might be found in the
library calculated with the incorrect code version, although not
orbits with exactly the same combination of integrals of motion
(E, Lz, I3). When fitting to the kinematic maps, the two version of
models may pick different orbits regarding to their E, Lz, I3, but
prefer orbits with similar (V , σ), thus similar λz.

These results are not only true for the three mock galax-
ies. The stellar orbit distributions in the r vs. λz plane for all
the galaxies we have remodelled using the correct mirroring in
Sect. 3 are very similar to those obtained using the non-corrected
code.

6. Conclusion and future work

Recently, Quenneville et al. (2022) reported a bug in the original
triaxial Schwarzschild code published by van den Bosch et al.
(2008) where some orbits had been incorrectly mirrored.
After correcting the mirroring in our open-source triaxial
Schwarzschild code (DYNAMITE, Jethwa et al. 2020), we care-
fully checked for systematic changes regarding the estimate of
a black hole mass, enclosed mass, intrinsic shape and the stellar
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orbit distribution. We noticed small effects in the shape of the
χ2 distribution, but the best-fit parameters with the correct and
incorrect mirroring were in almost all cases consistent within
their uncertainties. We did not see any noticeable trends with
galaxy morphology, inclination angle or triaxiality.

den Brok et al. (2021) used the original triaxial
Schwarzschild code to derive the black hole mass in PGC
046832 and found significant discrepancies between the results
from the triaxial Schwarzschild code and axisymmetric dynami-
cal methods. We have re-analysed the galaxy with the corrected
triaxial Schwarzschild code, but obtained consistent results with
den Brok et al. (2021).

We can therefore conclude that the incorrect mirroring did
not systematically bias previous results obtained with the triaxial
Schwarzschild code by van den Bosch et al. (2008).

Several other developments are planned for DYNAMITE in
the near future. We will implement the orbit-colouring tech-
nique to incorporate stellar population information (Poci et al.
2019; Zhu et al. 2020) and offer more sophisticated parame-
ter search algorithms (Gration & Wilkinson 2019). Finally, we
recognise the need for a more thorough treatment of uncer-
tainties for orbit-based modelling. An important step in this
direction has been made in Lipka & Thomas (2021), who pre-
sented a novel technique to optimise the amount of regulariza-
tion used for orbit-weight solving, which can have a significant
impact on constraints on physical parameters such as galaxy
mass. How to account for uncertainties on the orbit-weights
themselves is an open question which has been largely ignored
due to the difficulty of assigning meaningful uncertainties in the
high-dimensional and degenerate space of orbit-weights, how-
ever, getting a handle on these uncertainties is vital if we wish to
associate clumpiness in an orbit-distribution to the presence of
merged galactic components. Addressing these concerns is the
focus of our future research.
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Appendix A: Impact of incorrect orbit mirroring for
a model with close to axisymmetric potential

We consider here the effects of the correct and incorrect mirror-
ing scheme for a galactic potential in the axisymmetric limit,
derived from the luminosity model of the simulated Auriga

galaxy halo 6 Zhu et al. (2020). Figures A.1 and A.2 show the
impact of the incorrect orbit mirroring for a single orbit, in an
analogous way to what is shown in Fig. 1 and 2 in Section 2.

To further explore the more complex triaxial case shown in
Section 2, we show in Fig. A.3 and A.4 the impact of the mirror-
ing on a long-axis tube orbit.

Fig. A.1. Similar to Fig. 1 but for a short-axis tube orbit in a model with axisymmetric potential. The orbit is shown for 9 (out of 200) revolutions.
The time of one orbital period is ∼ 0.44 Gyr.
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Fig. A.2. Similar to Fig. 2 but for a short-axis tube orbit in a model with axisymmetric potential. This orbit has a large weight in the model that is
discussed in section 5.

Fig. A.3. Similar to Fig. 1 but for an outer long-axis tube orbit in the model with triaxial potential. The orbit is shown for 40 (out of 200) revolutions.
The time of one orbital period is ∼ 0.018 Gyr.
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Fig. A.4. Similar to Fig. 2 but for an outer long-axis tube orbit in the model with triaxial potential.
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Appendix B: Stellar kinematic maps for a few
example cases

In Figures B.1 and B.2, we show the kinematic maps obtained
with DYNAMITE using the correct and incorrect orbit mirror-

ing for a galaxy from each of the different surveys discussed in
Section 3. It is clear that differences between the models with
correct and incorrect mirroring are smaller than the differences
between best-fit model and data.

Fig. B.1. Kinematic maps for the SAMI galaxy 9403800123. From left to right the columns show the flux, velocity, velocity dispersions and h3 and
h4 Gauss-Hermite moments. From top to bottom the rows show the original data, the DYNAMITE model with correct mirroring, the DYNAMITE
model with incorrect mirroring, the residuals between data and the correct DYNAMITE model divided by the kinematic uncertainties, and the
relative difference between the models with correct and incorrect mirroring divided by the kinematic uncertainties.
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Fig. B.2. Kinematic maps for the ATLAS3D galaxy NGC 4365. From left to right the columns show the flux, velocity, velocity dispersions
and h3 and h4 Gauss-Hermite moments. From top to bottom the rows show the original data, the DYNAMITE model with correct mirroring, the
DYNAMITE model with incorrect mirroring, the residuals between data and the correct DYNAMITE model divided by the kinematic uncertainties,
and the relative difference between the models with correct and incorrect mirroring divided by the kinematic uncertainties.
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Fig. B.3. Kinematic maps for the Fornax3D galaxy FCC 179. From left to right the columns show the flux, velocity, velocity dispersions and h3 and
h4 Gauss-Hermite moments. From top to bottom the rows show the original data, the DYNAMITE model with correct mirroring, the DYNAMITE
model with incorrect mirroring, the residuals between data and the correct DYNAMITE model divided by the kinematic uncertainties, and the
relative difference between the models with correct and incorrect mirroring divided by the kinematic uncertainties.
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Appendix C: Orbit distribution of PGC 046832

In Fig. C.1 we show the stellar orbit distribution obtained for the
best-fit model of PGC 046832, when using a Schwarzschild code
with correct orbit mirroring.
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Fig. C.1. Average orbital circularity of tube orbits as a function of radius for all models consistent with the best fit model of PGC 046832 (discussed
in Section 4). Darker colours imply a higher density of orbits. The dashed lines separate hot orbits, warm orbits and cold orbits.
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