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Abstract. We present a joint likelihood analysis of the halo power spectrum and bispectrum in
real space. We take advantage of a large set of numerical simulations and of an even larger set of halo
mock catalogs to provide a robust estimate of the covariance properties. We derive constraints on
bias and cosmological parameters assuming a theoretical model from perturbation theory at one-loop
for the power spectrum and tree-level for the bispectrum. By means of the Deviance Information
Criterion, we select a reference bias model dependent on seven parameters that can describe the data
up to kmax,P = 0.3hMpc−1 for the power spectrum and kmax,B = 0.09hMpc−1 for the bispectrum at
redshift z = 1. This model is able to accurately recover three selected cosmological parameters even
for the rather extreme total simulation volume of 1000h−3 Gpc3. With the same tools, we study how
relations among bias parameters can improve the fit while reducing the parameter space. In addition,
we compare common approximations to the covariance matrix against the full covariance estimated
from the mocks, and quantify the (non-negligible) effect of ignoring the cross-covariance between the
two statistics. Finally, we explore different selection criteria for the triangular configurations to include
in the analysis, showing that excluding nearly equilateral triangles rather than simply imposing a fixed
maximum kmax,B on all triangle sides can lead to a better exploitation of the information contained
in the bispectrum.
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experiments

1Corresponding author.

ar
X

iv
:2

10
8.

03
20

4v
2 

 [
as

tr
o-

ph
.C

O
] 

 2
2 

N
ov

 2
02

1

mailto:andrea.oddo@sissa.it
mailto:federico.rizzo@inaf.it
mailto:emiliano.sefusatti@inaf.it
mailto:porciani@astro.uni-bonn.de
mailto:pierluigi.monaco@inaf.it


Contents

1 Introduction 1

2 Data 3
2.1 N-body simulations and measurements 3
2.2 Mock halo catalogs and covariance 4

3 Model inference 5
3.1 Theoretical model 5
3.2 Fourier-space grid effects 9
3.3 Bias relations 11
3.4 Likelihood function 11
3.5 Likelihood evaluation 12
3.6 Goodness of fit and model selection 13

4 Results 14
4.1 Selecting the fiducial model 14
4.2 Analysis with the reference model 16
4.3 Testing bias relations 19
4.4 Effects of binning approximations 19
4.5 Covariance approximations 22
4.6 Triangle selection criteria 24
4.7 Inference of cosmological parameters 25

5 Conclusions 28

A Approximations for the bin-averaged theoretical predictions 31
A.1 Power spectrum 31
A.2 Bispectrum 31

1 Introduction

In the next few years, galaxy redshift surveys will probe the large-scale structure (LSS) over very big
volumes, with the foremost objective of determining the origin of the accelerated expansion of the
Universe [1–3].

The two-point correlation function (2PCF) in configuration space and the galaxy power spectrum
in Fourier space constitute the main probes of the large-scale galaxy distribution, as they contain
the bulk of the information on cosmological parameters. Current surveys, however, provide as well
precise measurements of higher-order correlation functions [4–8]. The galaxy 3-point correlation
function and the galaxy bispectrum are the lowest-order statistics quantifying the non-Gaussianity
of the distribution of galaxies in the LSS and are expected to improve or strengthen any analysis
solely based on 2-point correlators [9–23], particularly in the context of beyond-the-standard-model
cosmologies as non-Gaussian initial conditions [24–35] or modified gravity/dark energy [36–40].

With these motivations, but also as a natural test for the modelling of the galaxy power spectrum,
a large number of works sought to improve the theoretical description, in perturbation theory (PT),
of the galaxy bispectrum [23, 35, 41–61]. Only a handful of these works, however, explored the
application of such models to a proper likelihood analysis of halo/galaxy catalogs from numerical
simulations [20, 23, 35, 46, 58, 60]. Among these, reference [46] considered a test of the one-loop
model for the real-space power spectrum and a tree-level model for the bispectrum for several halo
catalogs with varying mass and redshifts, where the inclusion of non-local bias corrections was found to
be crucial to obtain a coherent description for both statistics. Reference [23] extended the perturbative
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description to include one-loop corrections to the tree-level galaxy bispectrum model in real space.
Presenting a joint analysis of power spectrum and bispectrum for several halo and galaxy catalogs, the
authors showed that the inclusion of one-loop contributions increases significantly the range of validity
of the predictions, roughly from 0.17hMpc−1 to 0.3hMpc−1 for an effective volume of 6h−3 Gpc3,
for redshifts between 0 and 1, with no strong dependence on redshift in this range. The real-space
predictions at one-loop for the power spectrum and tree-level for the bispectrum are tested instead
in the context of non-Gaussian initial conditions in [35]. The recent work presented in [60], limited
to the analysis of matter statistics, explores the combination of power spectrum, bispectrum, and
trispectrum in redshift space, highlighting how the last could give a potentially relevant contribution
to constraining cosmological parameters, such as the growth rate and the fluctuations amplitude. The
theoretical predictions for the higher-order correlators are, in this case, based on a phenomenological
model fitted to N-body simulations, and are expected to extend somehow beyond the reach of the
tree-level predictions in PT.

Reference [58] focused on the analysis of the halo bispectrum in real space based on a tree-
level model, but explored model-selection techniques along with several possible sources of systematic
errors in the likelihood analysis. In order to do so, the authors took advantage of a large set of 298
simulations (the Minerva set, first presented in [62]) corresponding to a total volume of roughly
1000h−3 Gpc3, paired with an even larger set of 10 000 halo mock catalogs obtained for the same box
and cosmology with the Pinocchio code [63–65]. In fact, an inherent difficulty in the bispectrum
analysis comes from the signal being distributed over a large number of triangular configurations.
Making unbiased inferences thus requires the robust estimation of a large covariance matrix, often
obtained numerically, using a large set of mock catalogs or N-body simulations [5, 7, 9, 10, 13, 66].
Alternatives are represented by different approaches involving the compression of the bispectrum
information into a small number of data points [12, 67, 68].

The present work is the natural continuation of [58] (hereafter Paper I). Here we investigate
the consequences of several assumptions that can be made on the joint likelihood analysis of the
galaxy power spectrum and bispectrum in real space, and their effects on the constraints of bias and
cosmological parameters. We also apply the Bayesian model selection methods considered there to
evaluate theoretically or numerically derived relations among the bias parameters that can reduce the
parameter space and speed-up the likelihood evaluation. We make use of the same set of Minerva
simulations, allowing, due to the small sample variance, not only an assessment of systematic errors in
the theoretical model, but also an evaluation of the effects related to technical details of the likelihood
analysis. In addition, we estimate the full covariance, including cross-correlations between power
spectrum and bispectrum, from measurements of the Pinocchio mocks.

We fit the data with a one-loop PT model for the power spectrum similar to those tested in the
blinded challenge presented in [69] (here limited to real space), including a counterterm to account for
the dynamics of short-scale perturbations [70–72], higher-derivative bias [73–76] and the infrared (IR)
resummation procedure to describe the non-linear evolution of the BAO features [51, 77]. Finally, we
also consider a possible scale-dependent correction to the constant shot-noise contribution induced
by halo exclusion [78, 79]. For the bispectrum we limit the prediction to the tree-level contribution,
testing the possible effect of including higher-derivative bias and IR resummation.

We explore the consequences of an improper treatment of discretization effects in the theoret-
ical predictions on the estimate of the parameters, and study different criteria for the selection of
the triangular configurations of the bispectrum. In addition, we investigate the effect of common
approximations to the covariance matrix. Finally, we present the results of a full likelihood analysis
of the combination of the galaxy power spectrum and bispectrum in real space where cosmological
parameters are allowed to vary, using the full simulation volume.

This paper is organised as follows. We introduce all numerical data in section 2 and the theoretical
model and the likelihood functions in section 3. Our results are discussed in section 4. Finally, we
present our conclusions in section 5.

– 2 –



2 Data

2.1 N-body simulations and measurements

We make use of the same Minerva set of 298 N-body simulations adopted in Paper I and first
presented in [62]. Each run evolves 10003 dark-matter particles in a periodic cubic box of side
L = 1500h−1 Mpc, and assumes a flat ΛCDM cosmology characterised by the Hubble parameter h =
0.695, the total matter and baryonic relative densities Ωm = 0.285 and Ωb = 0.046, the spectral index
ns = 0.9632 and σ8 = 0.828. The whole set corresponds to a total volume of roughly 1000h−3 Gpc3.

We focus on the matter and dark-matter halo distributions at redshift z = 1, as this value is
of particular relevance for upcoming spectroscopic galaxy surveys such as Euclid [2] or DESI (Dark
Energy Spectroscopic Instrument) [80] 1. The halo population we consider has a minimum mass
of M ' 1.12 × 1013 h−1 M�, equivalent to 42 dark-matter particles and a mean number density of
n̄ = 2.13× 10−4 h3 Mpc−3.

Measurements of matter and halo power spectra are obtained from the estimator

P̂ (k) ≡ 1

NP (k)L3

∑

q∈k
|δq|2 , (2.1)

where the Fourier-space density δq is the result of fourth-order interpolation and the interlacing
technique described in [81], and kf ≡ 2π/L is the fundamental wavenumber of the simulation box2.
The sum runs over all discrete vectors q in a bin of size ∆k, i.e. with k −∆k/2 ≤ |q| < k + ∆k/2,
and NP (k) =

∑
q∈k 1 represents their total number. The bispectrum estimator is defined as

B̂(k1, k2, k3) ≡ 1

NB(k1, k2, k3)L3

∑

q1∈k1

∑

q2∈k2

∑

q3∈k3

δK(q123)δq1δq2δq3 , (2.6)

where δK(k) denotes the Kronecker delta function (equal to 1 for k = 0 and 0 otherwise) and
qi1...in ≡ qi1 + · · ·+ qin . The normalisation factor

NB(k1, k2, k3) ≡
∑

q1∈k1

∑

q2∈k2

∑

q3∈k3

δK(q123) , (2.7)

corresponds to the total number of wavenumber triplets (q1,q2,q3) forming closed triangles that
lie in the “triangle bin” defined by the triplet (k1, k2, k3), with the ki’s being the bin centers, and
where each bin has a width ∆k. In the rest of the paper we refer to the triplets (q1,q2,q3) formed
by wavevectors on the original density grid as “fundamental triangles” to distinguish them from the
“triangle bin” (k1, k2, k3). The implementation for the bispectrum estimator is described in [82].

Following the notation adopted in Paper I, we denote with s = ∆k/kf the k-bin size and with
c the center of the first bin, both in units of the fundamental frequency. We focus on the power
spectrum and bispectrum measurements with the binning scheme given by (s, c) = (2, 2.5). Imposing

1Since we consider only one value for the redshift, if not otherwise stated, we drop any time dependence in all
equations for compactness.

2We adopt the following convention for the discrete Fourier transform

δk ≡
∫
V

d3x

(2π)3
e−ik·x δ(x) , (2.2)

with the inverse given by the series

δ(x) ≡ k3
f

∑
k

eik·x δk . (2.3)

With this convention, the definitions for the power spectrum and the bispectrum are, respectively

〈δk1
δk2
〉 ≡ (2π)3δD(k12)P (k1) (2.4)

and
〈δk1

δk2
δk3
〉 ≡ (2π)3δD(k123)B(k1,k2,k3) . (2.5)
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Figure 1. The upper panels show the mean of the measurements of the halo power spectrum (left) and
bispectrum (right) extracted from the N-body simulations; the dashed lines represent the Poisson prediction
for the shot-noise contributions of the corresponding statistics. The lower panels show the relative standard
error on the mean of the power spectrum (left) and the bispectrum (right); the dashed lines show the relative
contribution of the Poisson prediction of the shot-noise to the total statistics. In the panels for the bispectrum
measurements, we show triangles with increasing values of the sides subject to the constraint k1 ≥ k2 ≥ k3,
with gray vertical lines marking the last configuration sharing the corresponding value of k1.

a maximum wavenumber kmax = 0.09hMpc−1, the range of validity (also known as the reach) for the
tree-level model found in Paper I for the whole Minerva data-set, an s = 2 binning leads to a total
of 170 triangle bins.

The left panels of figure 1 show the total halo power spectrum (i.e. including shot-noise), averaged
over the full set of 298 N-body simulations (top panel) and the relative error on the mean (bottom
panel). Measurements of the cross halo-matter power spectrum (not shown) have also been performed
and used for cross-checks and independent estimates of some of the model parameters. The right
panels of figure 1 show instead the average total halo bispectrum (top panel) and the relative error
on the mean (bottom panel). We show all triangle bins with increasing values for the sides subject
to the constraint k1 ≥ k2 ≥ k3. The gray vertical lines and the numbers mark those configurations
where the value of k1 changes.

We should notice that the statistical uncertainty on the halo power spectrum is below the percent
level even at the largest scales considered, while for the bispectrum it is below the 10 percent level for
most of the triangles considered, and in some cases is even sub-percent. It is natural to expect that
systematic errors related to the approximations assumed by the N-body solver might then be larger
and relevant. We refer the reader to [61] for a study of how systematic errors affect the determination
of the reach of PT models on the matter power spectrum and bispectrum. Based on that work, we
expect systematics to affect to some extent the determination of the bias and cosmological parameters,
but we assume their effect to be overall negligible. For this reason, we are not accounting for them in
our results.

2.2 Mock halo catalogs and covariance

In addition to the Minerva set of N-body simulations, we also employ a much larger set of 10 000 mock
halo catalogs, generated with the code Pinocchio [63–65] using the same box size and background
cosmology as in the N-body simulations. The version of Pinocchio used here [65] relies on a set
of criteria, based on ellipsoidal collapse, to group particles into halos, and takes advantage of third-
order Lagrangian perturbation theory to displace dark matter halos to their position at z = 1. The
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capability of the Pinocchio code to reproduce the covariance properties of the 2-point correlation
function, power spectrum, and bispectrum has been established in a series of papers [83–85].

We use the mock halo catalogs to estimate the covariance matrix for the joint power spectrum
and bispectrum measurements. For both the power spectrum and bispectrum, the leading Gaussian
contribution to the covariance matrix depends on the amplitude of the total halo power spectrum.
Therefore, we require the total halo power spectrum of the mock catalogs to match the one of the
N-body simulations at large scales, by adjusting the mass threshold in the Pinocchio mocks. This
is done in order to minimize the systematic differences between the covariance matrices extracted
from the mocks and the ones from the N-body simulations, and thus to allow for an assessment of
the goodness of the fit of the theoretical models we study. The relative difference between the power
spectrum variance from the simulation and the one recovered from the Pinocchio mocks is within a
few percent while for the bispectrum variance the difference is at the 5% level (see Paper I for further
details).

In a fitting problem with Np free parameters, approximating the Nb × Nb covariance matrix C
of the data with the sample covariance C̃ measured from a finite number Nm of mock catalogs leads
to spuriously enlarged errors for the model parameters. According to [86, 87], the actual parameter
covariance is multiplied by the factor

f = 1 +
(Nm −Nb − 2)(Nb −Np)

(Nm −Nb − 1)(Nm −Nb − 4)
. (2.8)

In our case, setting Nm = 10 000, a maximum of Nb = 233, and assuming Np = 10, gives f = 1.023.
We thus expect that our error estimates for the model parameters are accurate to percent level.

Figure 2 shows the correlation matrix

rij =
C̃ij√
C̃iiC̃jj

(2.9)

for the power spectrum and bispectrum measurements estimated from the set of 10 000 mock halo
catalogs. Specifically, the upper left and the lower right quadrants show the correlations of power
spectrum and bispectrum respectively, with maximum wavenumbers kmax,P = 0.53hMpc−1 for the
power spectrum and kmax,B = 0.09hMpc−1 for the bispectrum; the other two quadrants show the
cross-correlations between power spectrum and bispectrum measurements. Off-diagonal correlations
in the power spectrum are of the order of a few percent, and tend to increase up to 15-20 % at smaller
scales due to the relative importance of non-linearities and of the shot-noise in that regime. In the
bispectrum, off-diagonal correlations reach 10-20 %, while cross-correlations between power spectrum
and bispectrum can reach 30-40% for those triangular configurations where, as one can expect, one
of the sides coincides with the power spectrum bin. Therefore, neglecting these correlations could
in principle lead to inconsistent results in a likelihood analysis. We explore the effects of possible
approximations to this covariance matrix on parameters determination in section 4.5.

3 Model inference

3.1 Theoretical model

The theoretical model we consider for the galaxy/halo power spectrum is essentially equivalent to
the one employed for the recent analyses of the BOSS data in [88, 89] and tested in the challenge
paper [90], albeit limited to real space. This assumes for the matter power spectrum the one-loop
expression in Standard Perturbation Theory (SPT) (see, e.g.[91]) with the addition of a counterterm
contribution accounting for the dynamics of short-scale perturbations as proposed in the Effective
Field Theory of the Large Scale Structure (EFTofLSS) [72]. The galaxy power spectrum expression
includes galaxy bias one-loop corrections, arising from local and non-local bias operators, and taking
into account bias renormalization (see [76] for a recent review). The bispectrum model is limited to
the tree-level expression, the leading contribution in SPT. In addition, we account for the damping
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Figure 2. Correlation matrix for the power spectrum and bispectrum measurements of the mock halo catalogs
generated with the code Pinocchio. The upper-left quadrant shows the power spectrum correlations between
the measurements in the 63 Fourier bins from kmin,P ' 0.0063hMpc−1 to kmax,P ' 0.53hMpc−1; the lower-
left quadrant shows the bispectrum correlations between the measurements in the 170 triangle bins from
kmin,B ' 0.0063hMpc−1 to kmax,B ' 0.09hMpc−1. The other two quadrants show the cross-correlations
between the power spectrum and the bispectrum measurements.

of the oscillatory features in the power spectrum and the bispectrum following the IR resummation
approach of [51, 77, 92]. In the following, we write explicitly the expressions we assume for both the
power spectrum and the bispectrum.

We consider the bias expansion for the galaxy overdensity δg given by

δg = b1δ +
b2
2
δ2 + bG2G2 + bΓ3Γ3 + b∇2δ∇2δ + ε+ εδδ, (3.1)

where δ is the matter overdensity, while G2 and Γ3 are the relevant non-local operators, up to third
order, that can be written as a function of the gravitational and velocity potentials Φ and Φv as

G2 ≡
[
(∂i∂jΦ)2 − (∇2Φ)2

]
(3.2)

Γ3 ≡ G2(Φ)− G2(Φv). (3.3)

The bias expansion in eq. (3.1) includes as well the ∇2δ higher-derivative operator [74] (that could
be particularly relevant for massive halos [54, 93]), while ε and εδδ are stochastic contributions to the
galaxy density field [94–96]. We are not considering those third order operators that only provide
scale-independent corrections contributing to the renormalization of linear bias [44, 57, 97].
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The expression for the one-loop galaxy power spectrum in real space can be written as the sum
of the SPT model plus contributions due to the higher-derivative bias corrections, the counterterm of
the matter power spectrum, and stochasticity

Pgg(k) = PSPT(k) + Ph.d.(k) + Pct(k) + Pstoch(k). (3.4)

The SPT model is explicitly given by

PSPT(k)(k) = b21 PL(k) + 2

∫
d3q [K2(q,k− q)]

2
PL(q)PL(|k− q|) +

+ 6 b1 PL(k)

∫
d3qK3(k,q,−q)PL(q) . (3.5)

with PL(k) being the linear matter power spectrum, and the Kn kernels defined (in analogy to the
redshift-space kernels Zn adopted, e.g., in [91]) as

K2(k1,k2) = b1F2(k1,k2) +
b2
2

+ bG2
S(k1,k2) (3.6)

K3(k1,k2,k3) = b1F3(k1,k2,k3) +
b2
3

[F2(k1,k2) + cyc.] +

+
2

3
bG2 [S(k1,k23)F2(k2,k3) + cyc.]− 4

21
bΓ3 [S(k1,k23)S(k2,k3) + cyc.] , (3.7)

where

F2(k1,k2) =
5

7
+

1

2

(
k1

k2
+
k2

k1

)
k̂1 · k̂2 +

2

7

(
k̂1 · k̂2

)2

, (3.8)

is the usual second-order kernel of the matter expansion in the Eistein-de Sitter approximation, while

S(k1,k2) =
(
k̂1 · k̂2

)2

− 1, (3.9)

provides the tidal term at second order. We refer the reader to, e.g., [98] for an explicit expression of
the third order kernel F3(k1,k2,k3) of the matter density SPT solution. The higher-derivative bias
corrections lead to the galaxy power spectrum contribution

Ph.d.(k) = −2b1b∇2δk
2PL(k) (3.10)

while the EFT counterterm leads to

Pct(k) = −2b21c
2
sk

2PL(k) , (3.11)

with c2s representing the effective sound speed of the matter fluid. Finally, we write the stochastic
contribution as

Pstoch(k) =
(
1 + αP + εk2k2

)
n̄−1 (3.12)

where the two free parameters αP and εk2 describe, respectively, constant and scale-dependent correc-
tions to the Poisson shot-noise term n̄−1. The integrals include loop-corrections to the matter power
spectrum ∆Pm1−loop(k), as well as other contributions coming from the galaxy bias expansion.

We can expand equation (3.4) to obtain

Pgg(k) = b21Pmm(k) + b1b2Pb1b2(k) + b1bG2
Pb1bG2

(k) + b1bΓ3
Pb1bΓ3

(k) + b22Pb2b2(k) +

+ b2bG2
Pb2bG2

(k) + b2G2
PbG2

bG2
(k)− 2b1b∇2δk

2PL(k) +
(
1 + αP + εk2k2

)
n̄−1, (3.13)

where
Pmm(k) = PL(k) + ∆Pm1−loop(k)− 2c2sk

2PL(k) (3.14)
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is the one-loop model for the matter power spectrum, and where we have introduced the individual
contributions

∆Pm1−loop(k) = 2

∫
d3q [F2(q,k− q)]

2
PL(q)PL(|k− q|) +

+6PL(k)

∫
d3qF3(k,q,−q)PL(q) , (3.15)

Pb1b2(k) = 2

∫
d3qF2(q,k− q)PL(q)PL(|k− q|) , (3.16)

Pb1bG2
(k) = 4

∫
d3qF2(q,k− q)S(q,k− q)PL(q)PL(|k− q|) +

+8PL(k)

∫
d3qF2(k,−q)S(q,k− q)PL(q) , (3.17)

Pb1bΓ3
(k) = −16

7
PL(k)

∫
d3qS(q,k− q)S(k,q)PL(q) , (3.18)

Pb2b2(k) =
1

2

∫
d3qPL(q)PL(|k− q|)− 1

2

∫
P 2

L(q)d3q , (3.19)

Pb2bG2
(k) = 2

∫
d3qS(q,k− q)PL(q)PL(|k− q|) , (3.20)

PbG2
bG2

(k) = 2

∫
d3qS2(q,k− q)PL(q)PL(|k− q|) . (3.21)

The constant subtracted to Pb2b2(k) in equation (3.19) ensures that all loop-corrections converge to
zero in the large-scale limit, and allows for the renormalization of the constant shot-noise parameter
αP . Notice that, whenever this model is used without any additional information on its parameters,
the EFT counterterm and the higher-derivative contribution are perfectly degenerate. When this is
the case, we can define the combination

c̃0 = b21c
2
s + b1b∇2δ , (3.22)

reducing the dimensionality of the parameter space.
We account for the smoothing of the acoustic features due to the bulk flow by implementing the

IR resummation [77, 92] in the power spectrum model. The starting point to this is to split the linear
power spectrum into a smooth, no-wiggle part Pnw(k), capturing the broadband shape of the power
spectrum, and a wiggly part Pw(k), describing the baryon acoustic oscillations,

PL(k) = Pnw(k) + Pw(k) . (3.23)

We obtain this split by applying the 1D Gaussian filter method described in the appendix of [99].

Following [77], the wiggly part is then suppressed by a damping factor, e−k
2Σ2

, with

Σ2 =
1

6π2

∫ kS

0

dq Pnw(q)

[
1− j0

(
q

kosc

)
+ 2j2

(
q

kosc

)]
, (3.24)

where the jn(x) are the spherical Bessel functions, kosc is the BAO wavenumber, with 1/kosc '
103h−1 Mpc for the Minerva cosmology, and kS = 0.2hMpc−1 is an arbitrary cut-off scale that
separates the short and long modes; note that Σ2 is only weakly dependent on the choice of kS (see
[77]). The leading order galaxy power spectrum in real space reads then

PLO(k) = b21

[
Pnw(k) + e−k

2Σ2

Pw(k)
]
. (3.25)

Finally, all loop corrections are computed replacing PL(k) with the leading-order power spectrum for
the matter perturbations (obtained by setting b1 = 1 in eq. 3.25) in eqs. (3.15)-(3.21). These are
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then multiplied by the respective bias parameters, and finally summed to obtain the IR-resummed
loop correction ∆P 1−loop

IR . This leads to the next-to-leading order galaxy power spectrum

PNLO(k) = b21

[
Pnw(k) + e−k

2Σ2 (
1 + k2Σ2

)
Pw(k)

]
+ ∆P 1−loop

IR (k). (3.26)

The tree-level galaxy bispectrum in real space can be written as

Bggg(k1,k2,k3) = BSPT(k1,k2,k3) +Bh.d.(k1,k2,k3) +Bstoch(k1, k2, k3) , (3.27)

where

BSPT(k1,k2,k3) = 2 b21K2(k1,k2)PL(k1)PL(k2) + cyc.

= 2b21

[
b1F2(k1,k2) +

b2
2

+ bG2
S(k1,k2)

]
PL(k1)PL(k2) + cyc. , (3.28)

while the contributions coming from the higher-derivative operator in the bias expansion (limited to
the correction to linear bias) are given by

Bh.d.(k1,k2,k3) = − 2b21b∇2(k2
1 + k2

2 + k3
3)F2(k1,k2)PL(k1)PL(k2) + cyc.

− b1b∇2(k2
1 + k2

2) [b2 + 2bG2
S(k1,k2)]PL(k1)PL(k2) + cyc. . (3.29)

Although these contributions are often included only in one-loop corrections [57], we still decide to
include them because, since they depend on the same b∇2δ appearing also in the power spectrum
model, they can potentially break the degeneracy between the higher-derivative bias and the effective
sound speed in the EFT counterterm. Other higher-derivative contributions could be included in
the bispectrum model due to further operators (see e.g. [23]). However, as shown in Paper I, the
bispectrum model at tree-level is able to describe our measurements in terms of the parameters b1,
b2, and bG2

at the scales we consider. Therefore, while including for the moment the contributions in
eq. 3.29, we neglect possible contributions from these extra higher-derivative operators.

Finally, the stochastic contribution to the galaxy bispectrum is given by

Bstoch(k1, k2, k3) =
1 + α1

n̄
b21 [PL(k1) + PL(k2) + PL(k3)] +

1 + α2

n̄2
, (3.30)

with α1 and α2 representing corrections to the Poisson prediction.
As with the power spectrum, we perform here the IR resummation by replacing any instance

of the linear matter power spectrum PL(k) with its IR-resummed counterpart, the leading order
power spectrum PLO(k). Notice that, with respect to e.g. [51], for simplicity we do not subtract the

contribution proportional to e−2k2Σ2

P 2
w, since it is negligible at the scales we consider.

3.2 Fourier-space grid effects

While the theoretical models for matter or halo correlators are functions of Fourier wavevectors defined
over an infinite volume, measurements from N-body simulations in boxes with periodic boundary
conditions are not. Therefore, care must be taken when comparing the two, especially in our case
where statistical uncertainties are significantly small due to the large volume available.

The most consistent approach requires to average exactly the theoretical model over each Fourier
bin. In the power spectrum case this amounts to compute

P bin
gg (k) =

1

NP (k)

∑

q∈k
P th
gg (q), (3.31)

where in practice we replaced the term |δq|2/L3 with its expected theoretical mean Pgg(q) in the ex-
pression for the power spectrum estimator (2.1). In this way the theory is evaluated on the wavenum-
bers available on the discrete grid characterising the simulation we want to compare with. Similarly
for the bispectrum model, we replace δq1

δq2
δq3

/L3 with Bggg(q1,q2,q3) to obtain

Bbin
ggg(k1, k2, k3) =

1

NB(k1, k2, k3)

∑

q1∈k1

∑

q2∈k2

∑

q3∈k3

δK(q123)Bth
ggg(q1,q2,q3). (3.32)
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Clearly this approach is numerically demanding, particularly in a likelihood analysis that requires
this evaluation at each step of the Markov chain. One common alternative is to evaluate the theoretical
model at “effective” values of the Fourier wavenumbers, often computed as averages over the bin, both
for the power spectrum and the bispectrum. For the power spectrum this definition is unambiguous
and unique for any bin of center k,

keff(k) =
1

NP (k)

∑

q∈k
|q|, (3.33)

and allows for a fast evaluation of the theoretical model as

P eff
gg (k) = P th

gg (keff). (3.34)

However, for the bispectrum the definition for average Fourier wavenumbers is not unique. Among
a couple of possible choices tested in Paper I, the one performing best is the one defined on sorted
Fourier wavevectors and defined as follows

keff,l(k1, k2, k3) =
1

NB(k1, k2, k3)

∑

q1∈k1

∑

q2∈k2

∑

q3∈k3

δK(q123) max(q1, q2, q3)

keff,m(k1, k2, k3) =
1

NB(k1, k2, k3)

∑

q1∈k1

∑

q2∈k2

∑

q3∈k3

δK(q123) med(q1, q2, q3)

keff,s(k1, k2, k3) =
1

NB(k1, k2, k3)

∑

q1∈k1

∑

q2∈k2

∑

q3∈k3

δK(q123) min(q1, q2, q3). (3.35)

In real space, the effective wavenumbers provide a fast evaluation of the theoretical prediction as

Beff
ggg(k1, k2, k3) = Bth

ggg (keff,l, keff,m, keff,s) . (3.36)

We also consider, as an additional approach, an extension to the effective wavenumbers prescrip-
tion based on a Taylor expansion of the theoretical model. For the power spectrum we can write, for
instance,

Pbin(k) =
1

NP (k)

∑

q∈k

∞∑

n=0

1

n!
P (n)(keff)(q − keff)n ' P (keff) +

1

2
P ′′(keff)µ2(k) ≡ Pexp(k) (3.37)

where the Taylor series has been truncated to include up to the second-order term and where

µ2(k) ≡ 1

NP (k)

∑

q∈k
(q − keff)2 . (3.38)

We refer to this approach as an “expansion” to the effective approach. Details of its implementation
to the bispectrum tree-level predictions can be found in Appendix A.

Differences between these approximations and the bin-average of the theoretical model are typi-
cally larger for small values of the wavenumbers, and in the bispectrum case, particularly pronounced
for squeezed triangular configurations. In general, a larger bin width also leads to a worse agreement
with the case involving the full bin-average.

An alternative approach to account for grid effects employs the same expressions in eqs. (3.31)
and (3.32), but where the sums over Fourier wavevectors are replaced by integrals (see [23] for a fast
implementation for the bispectrum). However, we do not consider this approach in our analysis, since
this introduces systematic errors comparable to the statistical uncertainties of our datasets on a wide
range of scales, as well to the systematics of the effective wavenumbers approach, see Appendix A.
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3.3 Bias relations

In our analysis we consider some relations between the bias parameters in order to reduce the di-
mensionality of the parameter space. These relations are helpful in the analysis of the real-space
power spectrum alone since large degeneracies between bG2

and bΓ3
make the determination of both

bias and cosmological parameters difficult. As shown in section 4.7, this is less of a problem in the
joint fit of power spectrum and bispectrum, since the latter provides useful constraints on bG2

. Still,
reducing the dimensionality of the bias parameter space can in general provide tighter constraints on
the cosmological parameters, as long as it does not introduce systematic errors relevant for the level
of statistical uncertainty that characterises our measurements.

We test the following relations between bias parameters with joint fits of power spectrum and
bispectrum:

• the relation b2(b1, bG2
) from [100], given by

b2 = 0.412− 2.143 b1 + 0.929 b21 + 0.008 b31 +
4

3
bG2 ; (3.39)

this is a fitting formula from measurements in separate universe simulations, obtained for values
of b1 in the range (1, 10); notice that the 4/3 bG2

term in the equation accounts for the different
definition of the bias expansion adopted in [100];

• the relation bG2(b1) from [101],

bG2
= 0.524− 0.547 b1 + 0.046 b21 , (3.40)

obtained as a quadratic fit to the excursion set prediction of the tidal bias in [102];

• the relation bΓ3
(b1, bG2

) derived in [57, 101] assuming conserved evolution of the galaxies after
formation (co-evolution), that in our basis becomes

bΓ3
= −1

6
(b1 − 1)− 3

2
bG2

. (3.41)

While this is not a comprehensive list of all possible relations proposed in the literature, they
represent a starting point of possible relations to explore. We do not consider the local-Lagrangian
relation between bG2

and b1 [103, 104] since different studies have shown its limits [105, 106]; moreover,
in the bispectrum-only analysis of Paper I, it is shown to lead to systematic errors in the constraints
on the bias parameters, at least when the full simulation volume is considered.

All these bias relations have been derived and studied in the context of distributions of dark mat-
ter halos. While their validity is expected to extend as well, to some degree, to galaxy measurements
(see, e.g. [107, 108]), we will leave the quantitative exploration of such topic to future work.

3.4 Likelihood function

As for the analysis in Paper I, we fit all power spectrum and bispectrum measurements from the
Minerva simulations together, assuming that they are independent. This means that the total log-
likelihood we use to sample the parameter space is given by

logLtot(θ) =
∑

α

logLα(θ|Xα), (3.42)

where the subscript α runs over all realizations, θ is the parameters vector, and Xα is the dataset of
realization α. The dataset Xα represents either the data vector for the power spectrum, the one for the
bispectrum, or the combination of the two. For the individual logLα, we use two different likelihood
functions, depending on the type of covariance used. When the covariance is chosen as the sample
covariance of the measurements from the mock catalogs, we assume the Sellentin & Heavens likelihood
[109] to account for the residual uncertainties in the numerical estimation of the precision matrix due to
the finite number of mocks. In the case of a theoretical prediction for the covariance (diagonal assuming
Gaussianity), we assume the usual Gaussian likelihood. In both cases, the individual likelihood Lα
can be written as a function of the chi-square of the model for each single realization α. This allows
for a fast evaluation of the likelihood when only bias parameters are varied.
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Parameter Prior (uniform)
b1 [0.9, 3.5]
b2 [0, 4]
bG2

[−4, 4]
bΓ3

[−10, 10]
c̃0 [h−2 Mpc2] [−100, 100]
b∇2δ [h−2 Mpc2] [−100, 100]
εk2 [h−2 Mpc2] [−10, 10]
αP [−1, 1]
α1 [−1, 1]
α2 [−1, 1]
As/A

fid
s [0.0004, 4.]

h [0.4, 1.]
Ωmh

2 [0.07224, 0.2224]

Table 1. Uniform prior intervals of the model parameters.

3.5 Likelihood evaluation

We perform two types of analyses: in the first, the cosmological parameters are fixed to the values
used to run the N-body simulations and we perform tests of the different implementations and ap-
proximations of the theoretical model; in the second, we also vary three cosmological parameters in
order to assess if possible model systematics can bias the recovered cosmological information.

When the cosmological parameters are fixed, the parameter space is given by the set of 10
parameters {b1, b2, bG2

, bΓ3
, c2s, b∇2δ, αP , α1, α2, εk2}. We refer to this choice as the “maximal model”,

since we explore the possibility of reducing the number of parameters by setting some of them to
zero, or by imposing the relations described in section 3.3. The priors on these parameters are
assumed to be uniform, and are given in table 1. In addition, we consider varying the power spectrum
amplitude parameter As, the Hubble parameter h, and the relative matter density parameter ωm =
Ωmh

2. Including these cosmological parameters, and in particular As, introduces degeneracies that
can hamper the estimation of the posterior with Monte Carlo Markov Chains (MCMC). For this
reason, we define the relative amplitude parameter A ≡ As/A

fid
s . Any n-th order operator O scales

proportionally to An/2. In order to reduce the degeneracies between the bias parameters and the
amplitude of the scalar perturbations, we redefine the coefficients bO as follows:

b̃1 = A1/2 b1, b̃2 = Ab2, b̃G2
= AbG2

, b̃Γ3
= A3/2 bΓ3

, (3.43)

adopting the same uniform priors. We keep the tilt of the scalar power spectrum ns and the baryon
content Ωb fixed, as these parameters are very well constrained by CMB experiments.

We evaluate posterior distributions by means of MCMC using the code emcee [110]. With fixed
cosmological parameters, we evaluate the posterior distribution by simulating 100 dependent walkers;
moves are performed using the affine invariant “stretch move” ensemble method from [111] with
parallelization, as described in [110]. We run chains for a number of steps equal to min(50 000, 100τ),
where τ is the integrated autocorrelation time. With our setup, we can run chains of this type in
approximately 5 minutes on a single core of a laptop. When we include cosmological parameters, we
evaluate the posterior distribution by simulating independent chains; moves are performed using a
Metropolis-Hastings sampler with steps defined by a Gaussian proposal function, with the parameters
covariance determined iteratively running chains a few times. MCMC simulations are run until
convergence defined by the Gelman-Rubin diagnostic [112], assuming a precision ε = 0.05 and a
confidence percentile of 95%. The change in sampling method is due to the longer running times
when including cosmological parameters. At each step, we call the Boltzmann solver CAMB [113] to
compute the linear power spectrum, we compute loop corrections to the power spectrum using a
custom implementation based on the FAST-PT code [114], and perform our IR-resummation routine.
Grid effects for both power spectrum and bispectrum are accounted for by adopting the approximated
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Figure 3. Average of the ratios between the cross halo-matter power spectrum and the matter power spectrum
over the full set of Minerva simulations. The red line is the best fit of the data up to kmax = 0.023hMpc−1

with a constant function; the solid green line is the best fit of the data up to kmax = 0.044hMpc−1 with a
constant plus a k2-dependent term. The green dashed line shows the best-fit value for b1 with this second fit
function. Shaded regions show the errors on the best-fit values for b1.

approach outlined in appendix A. This allows us to have a likelihood evaluation (and thus one MCMC
step) in ∼ 1.5 s, and therefore to reach convergence in a relatively short time, of the order of 10 hours
(running each independent chain on a separate core at the same time). Marginalized one-dimensional
and two-dimensional posterior distributions are shown in triangle density plots generated through the
code GetDist [115].

3.6 Goodness of fit and model selection

As a way to compare the quality of the fits we perform, we compute the posterior predictive p-value
ppp and the posterior-averaged reduced chi-square 〈χ2

ν〉post. For details on the particular choice of
these diagnostics, we redirect the reader to Paper I; for the purposes of the present work, it suffices
to say that we consider a value of ppp ≥ 0.95 to signal a failure of the model in reproducing a good
fit to the data. We compare instead 〈χ2

ν〉post to the corresponding 95 percent (upper) confidence limit
associated to a number of degrees of freedom equal to the total number of data points fitted: when
〈χ2
ν〉post is greater than this value, the model fails to describe the data.

However, our main goal is to extract unbiased values of the fitted parameters. For the cosmo-
logical sector, the systematic shift can be easily quantified by comparing the results of the fit to the
input values used in the N-body simulations. Conversely, this procedure cannot be followed for the
bias parameters as we do not know their values a priori. For the sake of understanding whether
our analysis leads to biased estimates for the bias sector, we thus attempt to measure b1 from the
ratio between the halo-matter cross-power spectrum Phm(k) and the matter auto-power spectrum
Pmm(k). In order to obtain an estimate of b1 which is independent of our likelihood pipeline, we
fit the large-scale behaviour of the ratio Phm(k)/Pmm(k) assuming for the cross-power spectrum the
model

Phm(k) = (b1 + ck2)Pmm(k) (3.44)

where c is a constant and the k2-correction is a way to partially account for non-linearities detectable
even at the largest scales, see figure 3. In what follows, we refer to the estimate of b1 derived assuming
this model as b×1 . Using chi-square minimization, we find b×1 = 2.7081 ± 0.0012, which we use as a
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reference value3 to draw conclusions about the unbiasedness of the posterior distributions extracted
from the MCMC runs discussed in section 4. In practice, we use b×1 as if it was the true value for b1.

A note is in order concerning this test. Eq. (3.44) is not equivalent to the full one-loop expression
in perturbation theory, given the bias expansion in eq. (3.1). While the two models share the same
large-scale limit, they describe non-linearities in different ways, which could lead to a slightly different
value of the linear bias. For this reason, we will not conclude that the results of our main analysis
are biased unless they lie more than two standard deviations away from the best-fitting value for b×1 .
Note that our estimate for b×1 is only used to measure the bias of our fits and does not enter our
fitting procedure as a prior.

An alternative approach in order to test for the consistency of our results with Phm(k) would
be to include the cross-power spectrum in the data vector for the likelihood analysis (see, e.g. [101]).
However, this would require the full covariance for all correlators, including all cross-covariances, and
in our case this is not available.

For the comparison between different models and different assumptions on the bias parameters,
we take advantage of the Deviance Information Criterion (DIC) computed from the MCMC simula-
tions as a model-selection statistic. Again, we refer the reader to Paper I for a brief introduction to
the DIC and a description of our implementation.

4 Results

We now present the results of our analysis of the halo power spectrum and bispectrum measure-
ments using, unless otherwise stated, the full volume of the combined Minerva simulations of about
1000h−3 Gpc3. We stress that, while clearly out of reach for even future surveys, such large volume
is still useful to explore and quantify systematic errors from both the model and the methodology.

4.1 Selecting the fiducial model

We first perform a joint analysis of power spectrum and bispectrum adopting the models in equations
(3.13) and (3.27) as a function of 10 free parameters: 5 bias coefficients, one EFT counterterm, two
stochastic parameters for the power spectrum, and two for the bispectrum. This is what we introduced
as the maximal model. Figure 4 shows the corresponding 1D and 2D marginalized posteriors with
different values of the maximum wavenumber for the power spectrum, kmax,P = 0.15, 0.20, 0.25 and
0.30hMpc−1, while for the bispectrum we consider the fixed maximum wavenumber of kmax,B =
0.09hMpc−1, this being the reach for the tree-level bispectrum model as shown in Paper I. In the
rest of this paper, unless otherwise stated, we keep kmax,B fixed to this value. The recovered value of
b1 is consistent, well within the 95% credibility regions, with the reference value from the cross-power
spectrum b×1 , shown with its own uncertainty by the vertical gray band. We observe that the credible
regions for the parameters bΓ3 , c2s, αP , and εk2 shrink as a function of kmax,P. Notice how these
parameters do not appear in the bispectrum model, and thus are constrained by the power spectrum
alone, so that their constraints improve with larger kmax,P. On the other hand, the constraints on
the parameters b2, bG2

, b∇2δ, α1, and α2 do not improve as a function of kmax,P. The two shot-noise
parameters are in fact only present in the bispectrum model (and as such their constraints do not
improve with increasing kmax,P, since kmax,B is kept fixed), while the others appear in the models for
both power spectrum and bispectrum, suggesting that they are mostly constrained by the bispectrum.

Just like in the bispectrum-only analysis of Paper I, α2 is completely unconstrained inside the
prior, and α1 is consistent with zero at 1σ level. Moreover, while the bispectrum appears to be able
to partially break the degeneracy between b∇2δ and c2s, b∇2δ is still consistent with zero. Finally, also
the k2 correction to the power spectrum stochasticity is consistent with zero within the 95 percent
credibility regions, although only for kmax,P = 0.15hMpc−1. All of the other parameters are either
required by the data, or significantly different from zero.

3It is worth stressing that a different fit for b×1 was used in Paper I, where we fit a constant linear bias coefficient to
the ratio Phm(k)/Pmm(k) up to kmax = 0.023hMpc−1. This leads to a best-fit value almost 3σ away from (and thus
inconsistent with) our reference b×1 . In any case, due to the larger relative uncertainties in Paper I, the posteriors of
the bispectrum-only analysis are compatible with both values in the same range of validity of the model.
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Figure 4. 1D and 2D marginalized posteriors for the parameters of the maximal model, obtained through a
joint analysis of the halo power spectrum and bispectrum in real space measured from the full set of N-body
simulations. The value for kmax,B is fixed to be kmax,B = 0.09hMpc−1, while the value of kmax,P is varied; here
we show four different values of kmax,P = 0.15hMpc−1, 0.20hMpc−1, 0.25hMpc−1, 0.30hMpc−1 respectively
in blue, red, green, and orange. The gray band shows the value of b1 measured from the halo-matter cross-
power spectrum, along with its error bar.

In order to explore the possibility of a smaller parameter space, we use the DIC to assess the per-
formances of a number of different reductions of the maximal model where a subset of the parameters
is set to zero. Figure 5 shows the results of the comparison of the following cases:

• the maximal model, M10, with all 10 parameters left free to vary;

• the maximal model, M9, where b∇2δ has been set to zero;

• the maximal model, M8, where both b∇2δ and α2 have been set to zero;

• the maximal model, M7,a, where b∇2δ, α2 and εk2 have been set to zero;
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• the maximal model, M7,b, where b∇2δ, α1 and α2 have been set to zero.

In the left panel, we show the difference in DIC between each model and the maximal model as a
function of the kmax of the power spectrum (kmax,B being fixed at 0.09hMpc−1). The right panel
shows the number of effective parameters pV constrained by each model, defined as half of the posterior
variance of the deviance D = −2 logLtot [116], again as a function of kmax,P.

The large degeneracy between the higher-derivative bias b∇2δ and the EFT counterterm ampli-
tude c2s is such that setting b∇2δ = 0 allows for a large reduction of the DIC by ∼ 15 at all values
of kmax considered. For this reason, in all subsequent analysis we set b∇2δ = 0, and thus ignore
the higher-derivative bias correction in the bispectrum model, while in the power spectrum model it
remains as degenerate with the EFT counterterm. In the following, we consider the combination in
eq. (3.22). Setting α2 to zero does not improve by much the DIC, however, since α2 is unconstrained
and prior dominated, it allows for the number of effective parameters pV to be consistent with the
number of model parameters.

A further reduction to a seven-parameters model can be achieved by setting either α1 or εk2 to
zero, in addition to b∇2δ = α2 = 0. While α1 = 0 decreases the DIC by ∼ 5 at all values of kmax,P

considered, setting εk2 = 0 leads to a comparable improvement only for kmax,P < 0.2hMpc−1, but this
improvement is rapidly lost for larger Fourier modes. In fact, at small scales the k2 stochastic term
turns out to be relevant, perhaps accounting as well for additional corrections beyond the one-loop
model we assumed.

In what follows we considerM7,b as the reference bias model, being the one defined by the seven
parameters

θreference = {b1, b2, bG2
, bΓ3

, c̃0, αP , εk2}, (4.1)

with b∇2δ, α1, and α2 set to zero in the bispectrum model. For this case the number of effective
parameters shown in the right panel of figure 5 matches the number of free parameters over the entire
kmax,P interval explored.

4.2 Analysis with the reference model

Figure 6 shows the results obtained fitting the reference model to the power spectrum data and to the
combination of power spectrum and bispectrum data. The left column of panels shows the mean of
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Figure 6. Comparison between the fit of the halo power spectrum and the joint fit of the halo power spectrum
and bispectrum measured from the N-body simulations. The left panels show the posterior mean (solid lines),
and central 68 and 95 percent ranges (darker and lighter shaded areas respectively) of the model parameters
as a function of kmax ≡ kmax,P. The bispectrum data range is fixed by kmax,B = 0.09hMpc−1. The vertical
dashed line highlights the reference scale of kmax,P = 0.30hMpc−1 for which we display contour plots for
the joint posterior density of parameter pairs in the lower-right panel. Here, darker and lighter shaded areas
represent the 68 and 95 percent joint credibility regions, respectively. The narrow gray bands indicate the
constraints on the linear-bias parameter derived from the halo-matter cross power spectrum. Two goodness-
of-fit diagnostics are displayed in the top-right panel as function of kmax: the reduced χ2 statistic averaged
over the posterior (top inset) and the ppp (bottom inset). As a reference, the dashed curves in the top inset
indicate the upper one-sided 95 percent confidence limit in a frequentist χ2 test (note that the number of
datapoints included in the fit varies with kmax).

the posteriors of the model parameters as a function of kmax,P (kmax,B is again set to 0.09hMpc−1).
Darker shaded regions correspond to the central 68 and 95 percent ranges.

The two outcomes are in general agreement, for the most part because of the large uncertainties
characterising the posteriors from the power spectrum-only analysis. When fitting the power spectrum
alone, we notice that some of the priors turn out to be informative, with b2 being unconstrained from
below, and with εk2 being basically unconstrained at small values of kmax,P, where the k-dependent
stochastic contribution is expected to be negligible. Moreover, the recovered value of b1 mildly runs
as a function of kmax,P, but this feature is not present in the joint analysis. In any case, the posteriors
of b1 in the two fits are in general agreement with each other, and they also agree with the value
of b×1 from the cross halo-matter power spectrum, albeit at 2σ in the case of the joint-fit. However,
considering the method used to fit b×1 (see section 3.6), we do not deem this deviation to be significant.
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Figure 7. Top: mean residuals, normalized to the standard error on the mean, between the power spectrum
measured from the N-body simulations and the posterior-averaged theoretical model from a power spectrum-
only fit (blue) and from a joint fit (red), with kmax,P = 0.30hMpc−1 and kmax,B = 0.09hMpc−1. Bottom:
same as the top panel, but for the bispectrum measurements; empty squares show the same quantity for the
posterior-averaged theoretical model for a bispectrum-only fit with kmax,B = 0.09hMpc−1.

The top-right panels show the goodness-of-fit for the power spectrum only (in blue) and for
the combination of power spectrum and bispectrum (in red). Both the posterior-averaged reduced
chi-square and the ppp agree in assessing that the power spectrum model provides a good fit to the
data up to kmax,P ∼ 0.30hMpc−1, while in the case of the joint fit the model seems to provide a good
fit of the data even beyond that. By direct inspection of the total posterior-averaged chi-squares,
compared to the one of a bispectrum-only fit at kmax,B = 0.09hMpc−1, we suspect that this apparent
inconsistency is likely due to the large number of triangles in the bispectrum, that reduce the relative
weight of the power spectrum in the evaluation of the joint fit.

The bottom-right panels show 1D and 2D marginalized posteriors for the power spectrum-only
fit and for the joint fit, with kmax,P = 0.30hMpc−1. A number of results are worth noticing. The
addition of the bispectrum tightens the constraints on b1 by a factor of ∼ 3.4, and is able to break the
degeneracies between b2 and bG2

, and between bG2
and bΓ3

, thus providing a significant improvement
in constraining higher-order bias parameters. The constraints on the effective counterterm c̃0 are
shrunk by almost a factor of two, while the ones on αP and εk2 by almost a factor of 3.5.

Figure 7 shows the comparison between the model from the MCMC fit and the measured data
of power spectrum and bispectrum. We compute the posterior-averaged models for both correlators,
and then plot the mean residuals with the data, normalized by the standard deviation. The blue
markers show points where the model is computed from the posterior of a power spectrum-only fit,
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while the red markers indicate that the model is computed as the average over the posterior of a joint
fit of power spectrum and bispectrum; for the fits in this plot, we choose kmax,P = 0.30hMpc−1 and
kmax,B = 0.09hMpc−1. In the plot showing the residuals for the bispectrum, we mark with empty
squares the residuals computed with a posterior-averaged model from a bispectrum-only fit. The two
cases relative to the power spectrum are consistent up to the kmax,P of the fit, which is as well close
to the maximum Fourier wavenumber up to which the model is expected to work. As shown by the
residuals in the lower panel of figure 7, a bispectrum model determined as the posterior-average of
a power spectrum-only fit is visibly not able to reproduce the bispectrum data; notice however that
the model from the joint fit is largely consistent with the model from a bispectrum-only fit. Since
we average the models over the posterior of the MCMC runs, and the posterior from the joint fit is
consistent with the posterior from the power spectrum-only fit, we suspect that the observed deviation
is due to the additional information provided by the bispectrum on nonlinear bias.

4.3 Testing bias relations

We now turn to the performances of the bias relations in eq.s (3.39), (3.40), and (3.41). We take
our reference model as a starting point and impose each of these relations to reduce to six the
number of free parameters. We assume that all relevant halo bias coefficients are physical parameters,
consistently describing nonlinear corrections in both the power spectrum and bispectrum, as opposed
to simple nuisance parameters. Therefore, any valid physical relation among them should not, in
principle, introduce any significant deviation in their recovered values. The results are shown in
figure 8. In general, all relations appear to fail, to some extent, in reproducing the values of the
parameters obtained with the reference model. We should remember that this test takes advantage
of the full simulation volume, well beyond the typical size even of future redshift surveys. It is
interesting to notice how the bΓ3

(b1, bG2
) relation (3.41) introduces a notable dependence on kmax,P

in the posteriors for parameters like b1 and b2. On the other hand, the bG2(b1) relation (3.40) is
recovering correctly the expected value of b1, but leading to differences as large as 30% on parameters
as b2. These inconsistencies appear even more significant in the 2D marginalised posteriors in the
bottom right inset obtained for kmax,P = 0.3hMpc−1.

In order to assess the relevance of the systematic errors induced by the bias relations in a more
realistic context, we repeat the same analysis for a smaller effective volume of Veff = 6h−3 Gpc3. The
effective volume of the full Minerva dataset is given by (e.g. [117])

V N−body
eff (k) =

[
n̄Phh(k)

1 + n̄Phh(k)

]2

VN−body, (4.2)

where VN−body = 298 × (1.5h−1 Gpc)3 ' 1000h−3 Gpc3. We then choose the reference kr =

0.1hMpc−1, and then compute the factor η = V N−body
eff (kr)/6h

−3 Gpc3, that we use to rescale the
covariance matrix. Finally, we rerun the analysis with the rescaled covariance matrix. The results
are shown in figure 9. Notice that, in this case, the goodness-of-fit statistics we have defined cannot
be used anymore to determine the range of validity of the model, because of the artificial rescaling of
the covariance. For this reason, we simply assume the range of validity to be kmax,P = 0.30hMpc−1.
With this smaller effective volume, all bias relations are consistent with the reference analysis and
they all provide tighter constraints on one or more parameters, with the b2(b1, bG2

) fitting function,
in particular, leading to the smaller uncertainty on the linear bias b1.

In order to further compare the performance of the bias relations considered, we compute the
difference in DIC with respect to the reference analysis, still using the smaller effective volume of
6h−3 Gpc3, and show them in figure 10. In the range of validity of the model, all bias relations are
favoured with respect to the reference model with the eq. (3.40) providing the largest improvement
(largest negative difference ∆DIC) over the whole range in kmax. The bΓ3

(b1, bG2
) relation (3.41),

instead, appears to improve the fit only at the largest scales.

4.4 Effects of binning approximations

We now study how different ways to account for Fourier-space grid effects in the theoretical models
impact parameter posteriors. Our reference case is the full bin-average of the theoretical predictions of
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Figure 8. Same as figure 6, but comparing the fit performed with the fiducial model to models where different
relations between bias parameters are assumed; in blue the reference case of the fiducial model, in red the
case where equation (3.39) is assumed, in green the case where we set equation (3.40), and in orange the case
with equation (3.41).

both the power spectrum and the bispectrum, eq.s (3.31) and (3.32), which we compare to two, more
efficient alternatives. We refer to the first as the “effective wavenumbers” approach, eq.s (3.34) and
(3.36), where the theoretical predictions are evaluated on the average Fourier wavenumbers, and to the
second, based on a Taylor expansion about the effective method approximation, as the “expansion”
approach, eq.s (A.4) and (A.9), both truncated to include up to second-order terms.

The comparison, which considers the full volume of all Minerva simulations, is shown in figure
11. Even in this rather challenging test, the results for the expansion method (in green) are essentially
indistinguishable from the results assuming the exact binning (in blue, but exactly underneath the
green areas). The effective approach shows instead some significant discrepancies: the posterior of
the linear bias b1 is clearly inconsistent with the value measured from the cross-to-matter ratio at all
values of kmax,P, and moreover significant tensions are present for most of the parameters, particularly
at larger scales. The 2D marginalized posteriors also show these strong deviations, with the b2 − bG2

contours being completely inconsistent in the two cases.
These differences are evident because of the large volume considered and the corresponding

small statistical uncertainties in both the power spectrum and the bispectrum. Still, such effects are
typically larger for higher-order multipoles in redshift space and it is interesting to explore alternative,
efficient methods to deal with Fourier-space discreteness. The expansion method allows us to compute
an excellent approximation of the full bin-average of theoretical predictions in a time of the same order
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Figure 9. Same as figure 8, but for an effective volume of 6h−3 Gpc3.
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between bias parameters, as a function of kmax, for an effective volume of 6h−3 Gpc3.
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Figure 11. Same as figure 6, but now comparing different methods to evaluate the theoretical models for
the power spectrum and the bispectrum. In blue, the reference case with the bin-average of the theoretical
prediction, in red the case where the models are evaluated at effective wavenumbers, and in green the case
where the expansion method, described in appendix A, is used. Blue lines and contours coincide almost
exactly with the green ones.

of magnitude needed for an evaluation with the effective method: we use it in section 4.7 to run the
MCMC simulations where the parameter space includes cosmological parameters, since in this case
the exact binning approach for the bispectrum would be impracticable.

4.5 Covariance approximations

So far, all results assumed the covariance matrix for power spectrum and bispectrum, including the
cross-covariance, estimated from the full set of 10 000 Pinocchio mocks. Such a large number of
mocks is very often not available and it is necessary to resort to various approximations for the data
covariance properties. We consider specifically three different cases in addition to our reference full
covariance. In the first we exclude the cross-covariance between power spectrum and bispectrum,
retaining the full individual covariance matrices for both statistics. The other two cases both consider
the approximation that reduces the covariance matrix to its diagonal, requiring simply an estimate of
the variance of power spectrum and bispectrum. In one case, this is estimated numerically from the
mocks (and denoted as mock variance) while in the other we compute its Gaussian prediction from
the power spectrum nonlinear, theoretical model assuming the bias parameters given by the best-fit
values of the reference analysis (theoretical variance).

The comparison is shown in figure 12. All approximations are consistent with the reference case
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Figure 12. Same as figure 6, but now comparing different approximation to the covariance matrix. In blue,
the reference case with the full mock covariance; in red, the case where cross-correlations between power
spectrum and bispectrum are set to zero; in green, the case where only the mock variance is used; in orange,
the case where a theoretical Gaussian covariance is assumed.

starting from the mildly non-linear regime, kmax,P & 0.15hMpc−1. At larger scales, we notice some
differences between the reference case and all approximations, including the one excluding only the
cross-covariance. This suggests that this contribution has some impact in the recovery of unbiased
estimates of the model parameters, at least at the 1σ level. This is also consistent with the fact that
these cross-correlations are expected to be quite large, with some of them being of the order of 40%.
We remind the reader that the single-parameter posteriors are shown as a function of kmax ≡ kmax,P,
denoting the power spectrum range only, while for the bispectrum we fixed kmax,B = 0.09hMpc−1. It
is possible that if both statistics covered the same range of scales these effects would appear at larger
values of k.

Looking at goodness-of-fit metrics, the covariance approximations determined from the mocks,
including the case of the sole variance, provide estimates of the range of validity of the model quite
close to our reference case. The theoretical Gaussian variance, however, does not provide a good fit
at any of the scales shown in the plot. Since the reduced chi-square is nearly constant as a function of
kmax, one possible explanation might be that the Gaussian approximation provides a bad estimate of
the full bispectrum variance. Indeed, by direct comparison, we observe that the theoretical Gaussian
variance is a few percent lower with respect to the Pinocchio variance, and that differences reach 20%
for some squeezed triangles, even at relatively large scales. It is possible that for such configurations
the non-Gaussian contributions can be particularly large, but we leave this to future investigations.
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Figure 13. Mean residuals, normalized to the standard error on the mean, of all the measured bispectrum
bins, assuming the posterior-averaged tree-level model of the reference analysis, kmax,P = 0.30hMpc−1,
kmax,B = 0.09hMpc−1. In each panel, we fix the value of k1 and show all triangle bins according to their
value of k2 and k3. As a reference, the gray triangles in each panel represent the border of allowed fundamental
triangles with |q1| = k1. Tiles in the upper-right corner represent triangles closer to equilateral (k1 ' k2 ' k3),
those in the lower corner represent collinear triangles (k1 ' 2k2 ' 2k3) while those in the upper-left corner
represent squeezed triangles (k3 � k1). A bluer color shows a better agreement between model and data,
while a redder color shows a worse fit. We cutoff the scale at 5σ.

4.6 Triangle selection criteria

In the power spectrum case, the range of validity of a given theoretical model is usually simply
determined in terms of the largest wavenumber, kmax,P, where the model provides a good fit to the
data. In the bispectrum case, each value of kmax,B corresponds to a subset of triangles and we can
expect a given theoretical model to perform more or less well on these configurations characterised
by the same largest side but different shapes.

This is illustrated in figure 13, where we show the mean residuals, normalized to the standard
error on the mean, of all the measured bispectrum bins up to the maximum wavenumber k1,max =
0.174hMpc−1, assuming a posterior-averaged model from the reference joint fit. Each panel shows
a subset of triangles characterised by the same value for the largest side k1, shown as a function of
the ratios k2/k1 and k3/k1 so that at the top-left we have squeezed configurations, at the top-right
equilateral configurations, while at the bottom we have collinear, isosceles triangles (k1 ' 2 k2 ' 2 k3).

– 24 –



So far we assumed for all our analysis a kmax,B = 0.09hMpc−1. Including the whole subset of triangles
with the next value of the largest side k1 > kmax,B leads to the failure of the model to correctly describe
the additional data, but we can expect this to happen first for nearly equilateral configurations, while
a good fit can still be recovered for generic collinear configurations, i.e. with k1 ' k2 + k3.

We want to check if different selection criteria based on other parameters than the sole kmax,B

could lead to sensibly improved constraints on the model parameters. To this end we consider the
following two triangle selection criteria:

• we choose only triangles satisfying the condition k1 + k3 ≤ k̃ for a fixed value of k̃, and study
parameter constraints as a function of k1;

• we choose only triangles satisfying the condition k1 + k2 ≤ k̃ for a fixed value of k̃, and study
parameter constraints as a function of k1;

Both choices, that always assume k1 ≥ k2 ≥ k3, allow to remove from the analysis nearly equilateral
triangle bins, while keeping a subset of triangles with a different shape, as we include smaller scales
by increasing k1. This means that, when compared to the usual analysis, these selections lead to
a smaller total number of triangles for the same value of k1 = kmax,B, but, at the same time, they
should provide a good fit for larger values of kmax,B.

Figure 14 shows (in blue) the results of the analysis of the bispectrum alone as a function
of kmax,B as usually performed, compared with the same analysis where an additional condition is
imposed to the combination k1 +k3, reducing the total number of triangles. In particular we consider
k1+k3 ≤ 0.14hMpc−1 (red) and k1+k3 ≤ 0.18hMpc−1 (green). We notice that the stricter condition
k1 + k3 ≤ 0.14hMpc−1 allows the inclusion of only a few more configurations w.r.t. those included
in the standard result for kmax = 0.09hMpc−1. In fact, for kmax > 0.13hMpc−1 the posteriors do
not change as no additional configuration can satisfy the condition and the quality of the fit remains
acceptable for all the selected triangles. Comparing these results at kmax = 0.14hMpc−1 with the
usual ones at kmax = 0.09hMpc−1 we find a non-negligible improvement on the parameters constraints
of almost 50%. Imposing the condition on the sum k1+k3 with the larger value k1+k3 ≤ 0.18hMpc−1

allows for too many triangles not properly described by the model to be included, leading quickly to
significant systematic errors on the recovered parameters.

In figure 15 we consider instead a condition on the sum k1 + k2. In this case, both k1 + k2 <
0.14hMpc−1 and k1 + k2 < 0.18hMpc−1 do not allow for any additional configurations for kmax >
0.12hMpc−1 and in both cases we retrieve constraints on b1 consistent with the expected value b×1 .
However, only the looser condition k1 + k2 < 0.18hMpc−1 provides better constraints, of about 30%,
than the standard case with kmax = 0.09hMpc−1.

We expect the introduction of selection criteria of this kind to be particularly relevant for con-
straining non-Gaussian initial conditions of the local type, where the signal peaks in the squeezed
configurations [27]. We limit ourselves to remark, here, that the improvement, even when small, is
obtained at no additional cost.

4.7 Inference of cosmological parameters

We finally present the results for the joint fit of the halo power spectrum and bispectrum in real space
aimed at recovering unbiased estimates of the cosmological parameters. We use here the total volume
of the Minerva simulations. The theoretical model coincides with the reference model depending on
the seven bias and shot-noise parameters in eq. (4.1). In this case, however, also the three cosmological
parameters As, h, and ωm are let free to vary within a range specified by uniform priors (see table 1).
Notice that, in practice, the bias parameters that we vary are the ones defined in eq. (3.43) (but we
show the original ones in the figure). This alleviates the strong degeneracy between e.g. b1 and As,
and thus speeds up the convergence of the MCMC runs. All parameters are varied consistently at
each step of the MCMC runs, the theoretical model is recomputed fully, and Fourier-grid effects are
accounted for by means of the expansion method described in appendix A. The covariance matrix is
again the one estimated from the Pinocchio mocks.

Figure 16 shows the parameter constraints on the model parameters for four different values of
kmax,P = 0.15, 0.20, 0.25, 0.30hMpc−1 (for the bispectrum, we still set kmax,B = 0.09hMpc−1). The
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Figure 14. Comparison between the fits to the bispectrum-only data shown as a function of the largest
wavenumber kmax included (blue) against the same analysis performed over data sets satisfying an additional
condition of the maximum value of the combination k1 +k3. We consider in particular k1 +k3 ≤ 0.14hMpc−1

(red) and k1 + k3 ≤ 0.18hMpc−1 (green). The 2D contour plots in this case correspond to different values
of kmax defined as the largest values ensuring consistent results. They are marked with vertical lines of the
corresponding colors in the left and top-right panels. In the contour plot, the number of triangles is 170, 222,
215 for the blue, red and green contours respectively.

posteriors for the cosmological parameters are nicely consistent with the input values used to run the
N-body simulations, marked with gray lines, and the one for the linear bias b1 again agrees with the
value measured from the cross halo-matter power spectrum. This agreement is clearly visible in the 2D
marginalized posteriors as well. Moreover, all the other parameters are still perfectly consistent with
the values extracted from the reference analysis with fixed cosmological parameters. It is also worth
noticing how, regardless of the degeneracies that might be present between bias and cosmological
parameters, the posteriors for the bias parameters are still stable as a function of kmax,P. Similar
conclusions can also be drawn for the parameter c̃0 and for the stochastic parameters.

In figure 17, we compare the constraints obtained fitting the power spectrum only (up to kmax,P =
0.30hMpc−1) and performing a joint fit of the power spectrum and the bispectrum (for the latter we
use kmax,B = 0.09hMpc−1). The fiducial model discussed in section 4.2 is fitted to the data but, once
again, we let the cosmological parameters As, h, and ωm vary. Strong parameter degeneracies are
present in the power spectrum-only fit and the Markov chains do not satisfy the formal convergence
criterion we use even after very many steps. Therefore, it is possible that the size of the blue constraints
in the figure are underestimated, although we suspect not by much (based on multiple MCMC chains).
The inclusion of the bispectrum to the analysis, even at large scales, tightens the constraints on the
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Figure 15. Same as fig. 14 but with the additional condition on the combination k1 + k2. We consider
k1 + k2 ≤ 0.14hMpc−1 (red) and k1 + k2 ≤ 0.18hMpc−1 (green). This time, in the contour plot, the number
of triangles is 170, 121, 236 for the blue, red and green contours respectively.

cosmological parameters: constraints on As are reduced by a factor 3.3, while the ones on h and ωm
by a factor of roughly 2.

The data set we have analysed does not capture the full complexity of a galaxy redshift survey.
Our setup, based on simulations within periodic boxes, at fixed redshift, and in real space, still lacks
a proper modelling (in the observables, and possibly in the covariances) of non-linearities arising from
redshift-space distortions, and of mode-coupling effects due to the survey window function. To an
extent, this might result in a minor improvement on the constraints of the model parameters when
the bispectrum is included in a realistic data analysis. However, given the unprecedentedly large
volume we considered (1000h−3 Gpc3, almost twice the volume analysed in the challenge paper of
[69]), our results form a very stringent test of halo bias models, as well as a strong consistency check
between perturbative models and the non-linear dynamics simulated by N-body solvers. They also
provide strong evidence that the perturbative bias treatment and the counterterms do not distort the
posterior distribution of the cosmological parameters, at least in real-space. We thus conclude that a
joint likelihood analysis of the power spectrum and the bispectrum should be able to provide unbiased
estimates for the cosmological parameters, including information on the accelerated expansion of the
Universe.
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Figure 16. Triangle plot showing the 1D and 2D marginalized posteriors of the parameters of the fiducial
model, where also three cosmological parameters are varied, from a joint fit of the halo power spectrum and bis-
pectrum measured from the N-body simulations, for different values of kmax,P = 0.15, 0.20, 0.25, 0.30hMpc−1

(in blue, red, green, and orange respectively). Gray lines show the linear bias measured from the cross power
spectrum and the input values of the cosmological parameters.

5 Conclusions

We presented a joint likelihood analysis of the real-space halo power spectrum and bispectrum ex-
tracted from 298 N-body simulations covering a total volume of roughly 1000h−3 Gpc3. We compared
the data to a perturbative model at one-loop for the power spectrum and at tree-level for the bispec-
trum. The model implementation, limited here to real space, is essentially the same that has been
recently applied to the analysis of the BOSS data in [88]. In order to estimate the full non-linear
covariance matrix for both observables along with their cross-covariance, we used measurements from
10 000 mock halo catalogs generated with the Pinocchio code. We can summarize the main results
of our analysis as follows.

• Using Bayesian model selection, we identify the optimal set of free parameters that can be
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Figure 17. Triangle plot showing the 1D and 2D marginalized posteriors of the cosmological parameters
inferred through a likelihood analysis of power spectrum (blue) and power spectrum and bispectrum (red)
using the fiducial model. In this plot, we marginalize over all bias and stochastic parameters in order to
highlight the impact that the inclusion of the bispectrum to the analysis has on the inference of cosmological
parameters. For the power spectrum we set kmax,P = 0.30hMpc−1, while we set kmax,B = 0.09hMpc−1 for
the bispectrum. Gray lines show the input values of the cosmological parameters.

constrained by the data (with a fixed background cosmological model), namely four bias pa-
rameters, one counterterm parameter, and two stochastic corrections to the power spectrum
model.

• The theoretical model for the power spectrum nicely fits our numerical data up to kmax,P ∼
0.3hMpc−1. Considering the power spectrum along with the bispectrum (up to kmax,B =
0.09hMpc−1), the fit provides unbiased estimates of the linear bias parameter b1 with sub-
percent precision, as well as a good fit to the data as estimated both in terms of the χ2 and ppp
diagnostics – even when the full data set is considered.

• We explore the possibility of reducing the dimensionality of parameter space by assuming that
not all the bias parameters are independent, as suggested by several numerical and theoretical
studies. In all cases, fitting the simplified models to the full data set gives biased estimates
of the parameters. However, when the probed volume is reduced to match those that will be
covered by the upcoming surveys (6h−3 Gpc3), all the fits based on the bias relations provide
consistent values of the free parameters with smaller uncertainties than the default case. In
particular, the DIC indicates that the data are best described by the bG2(b1) relation proposed
by [101].

• We investigate different methods to account for the discrete nature of measurements of Fourier-
space correlators in the binning of the theoretical predictions. We find that, when the larger
volume is considered, the evaluation of the model at a single effective triangle per bin leads to
strongly biased parameter constraints. We propose a new method, discussed in appendix A, and
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we show that it is able to provide constraints consistent with our reference results (obtained by
averaging exactly the model over the Fourier wavenumbers in each bin).

• We test several approximations to the covariance matrix. We find that neglecting the cross-
correlations between power spectrum and bispectrum slightly biases the constraints on the
model parameters. In addition, we show that the Gaussian (diagonal) approximation to the
covariance matrix underestimates the errors by up to 20% on some triangular configurations,
and fails to provide a proper estimate of the goodness-of-fit of the theoretical model.

• We explore different selection criteria to reduce the number of triangular configurations for the
analysis of the bispectrum. We find that a selection of the triangular configurations accounting as
well for their shape, rather than only the largest wavenumber kmax,B, can lead to an improvement
in the parameters constraints by up to 50%.

• Finally, we perform a likelihood analysis in which also three cosmological parameters are var-
ied. In this case, we use the power spectrum and the bispectrum data extracted from the
full simulation suite. The constraints on the cosmological parameters obtained with our de-
fault 7-parameter model are nicely consistent with the input values of the simulations, up to
kmax,P = 0.3hMpc−1. Moreover, compared to a power spectrum-only analysis, the constraints
on cosmological parameters in a joint analysis shrink significantly, by a factor of ∼ 3 for the
amplitude of scalar perturbations As and by a factor of ∼ 2 for the Hubble parameter h and the
relative abundance of matter ωm. This major achievement demonstrates the feasibility of using
perturbative models with free parameters in order to extract information on the underlying
cosmological parameters from the joint analysis of the power spectrum and the bispectrum.

As already mentioned in the introduction, the likelihood analysis of three-point statistics is
still a relatively poorly explored subject (particularly in order to set constraints on the cosmological
parameters). While the ideal data set considered here does not have the complexity of a galaxy
redshift survey, its large total simulation volume (combined with the 10,000 mock catalogs), allowed
us to investigate the impact of several assumptions which are routinely made in this kind of studies.
Upcoming observations will require a better quantification and control over possible systematic errors
both in the theoretical modelling as in the methodology. For these reasons, we think that our work
is a step towards more rigorous and thorough analysis of spectroscopic redshift surveys.
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A Approximations for the bin-averaged theoretical predictions

A.1 Power spectrum

Within a Fourier bin, the theoretical model for the power spectrum can be expanded in Taylor series
around some wavenumber q0 included in the same bin as

P (q) =

∞∑

n=0

1

n!
P (n)(q0)(q − q0)n, (A.1)

so that its bin-average can be written as

Pbin(k) =
1

NP (k)

∑

q∈k

∞∑

n=0

1

n!
P (n)(q0)(q − q0)n =

1

NP (k)

∞∑

n=0

1

n!
P (n)(q0)

∑

q∈k
(q − q0)n . (A.2)

By defining the quantities

µn(k) =
1

NP (k)

∑

q∈k
(q − q0)n, (A.3)

we can write the bin-average of the power spectrum as

Pbin(k) =
∞∑

n=0

1

n!
P (n)(q0)µn(k) . (A.4)

This expression does not involve the evaluation of the power spectrum and its derivatives at each
value of q = |q|, and the quantities µn(k) can be pre-computed.

If we choose for q0 the effective wavenumber keff defined in eq. (3.33), the generic µn(k) reduces
to the central n-th moment of the discrete distribution of Fourier wavenumbers in the bin. The zero-
th order term in the infinite expansion eq. (A.4), reduces to the standard effective power spectrum
of eq. (3.34), since µ0(k) = 1. The first order contribution vanishes since µ1(k) = 0. The first,
non-vanishing correction to the zero-th order term is then given by the second-derivative term, with
µ2(k) being the variance of the distribution of Fourier wavenumbers inside the bin. Therefore, we can
approximate the bin-averaged power spectrum, truncating the expansion to include up to the second
order, as

P
(2)
bin(k) ' P (keff) +

1

2
P ′′(keff)µ2(k). (A.5)

In order to have a well-behaved, continuous n-th derivative, it is required that the starting
power spectrum is interpolated with at least an (n + 1)-th order spline. This means that a cubic
spline interpolation of the theoretical model of the power spectrum is sufficient for our purposes.
The quantities keff and µ2(k) are evaluated only once, and therefore the computational cost of this
approach is of the same order of the usual effective approach, while providing a great improvement
in accuracy. This is shown in the left panel of figure 18, where the relative difference with the fully
bin-averaged power spectrum is compared with the one of the effective prediction. As a reference,
we also compare it with the integral approximation of the exact bin-average, and with the relative
statistical uncertainty of our dataset.

A.2 Bispectrum

In the case of the bispectrum, due to its shape-dependence, the Taylor expansion approach is model
dependent. For this reason, in the following it is more convenient to assume explicitly the structure of
the tree-level model, eq. (3.28), that we adopted for the galaxy bispectrum. Introducing the generic

kernel K̃, we can write the model in the form

B(q1,q2,q3) = K̃(q1,q2)PL(q1)PL(q2) + cyc. . (A.6)
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Figure 18. Left panel: relative difference between the bin-averaged theoretical model of the halo power
spectrum and the model evaluated at the effective wavenumbers keff (in blue), the model evaluated using eq.
(A.5) based on a Taylor expansion about keff (in green), and the model averaged approximating the discrete
sums with continuous integrals (in red); in gray, the relative standard error on the mean (estimated from the
mocks) of the full dataset of 298 N-body simulations. Right panel: same comparison for the bispectrum case.

We also make use of the following notation for averages over the triangular bin with sides (k1, k2, k3)

〈f(q1,q2,q3)〉4 ≡
1

NB(k1, k2, k3)

∑

q1∈k1

∑

q2∈k2

∑

q3∈k3

δK(q123)f(q1,q2,q3) . (A.7)

Then, inside the triangle bin, we can expand the product of the power spectra in Taylor series around
the sorted effective wavenumbers defined in eq.s (3.35)

PL(ql)PL(qm) =

∞∑

u=0

∞∑

v=0

1

u! v!
P

(u)
L (keff,l)P

(v)
L (keff,m)(ql − keff,l)

u(qm − keff,m)v, (A.8)

where (q1,q2,q3) are relabeled as (ql,qm,qs) (ordered from the longest to the shortest), and the full
expression for the bin-average of the bispectrum model becomes

Bbin(k1, k2, k3) =

∞∑

u=0

∞∑

v=0

1

u! v!
P

(u)
L (keff,l)P

(v)
L (keff,m)

〈
K̃(ql,qm)(ql − keff,l)

u(qm − keff,m)v
〉
4

+ cyc.

(A.9)
At zero-th order, we have that the approximation to the full bin-average of the bispectrum is simply

B
(0)
bin(k1, k2, k3) '

〈
K̃(ql,qm)

〉
4
PL(keff,l)PL(keff,m) + cyc. . (A.10)

Notice that this expression does not reduce to the bispectrum evaluated at effective wavenumbers,
since it includes the exact bin-average of the kernel. At higher order, new terms appear, where the
bin-average now applies to the product of the kernel with powers of Fourier wavenumbers. Truncating
the full expansion, retaining terms up to u + v = 2, this approximation requires to precompute 18
averages for each kernel, in addition to the three effective wavenumbers.

The shot-noise contribution does not require the computation of any extra term, since the aver-
ages appearing are already computed for the constant kernel relative to the quadratic bias operator,

Bbin
shot−noise(k1, k2, k3) ' 1 + α1

n̄
b21

[
PL(keff,l) +

1

2
P ′′L (keff,l)

〈
(ql − keff,l)

2
〉
4

]
+cyc.+

1 + α2

n̄2
. (A.11)
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As shown in the right panel of figure 18, this method provides generally a better accuracy (of at
least one order of magnitude) compared to the standard effective method with sorted wavenumbers
and to the integral approximation of the exact bin-average.
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