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ABSTRACT

We address the as yet unexplored issue of outflows induced by exponentially growing power sources, focusing on early supermassive
black holes (BHs). We assumed that these objects grow to 109 M� by z = 6 by Eddington-limited accretion and convert 5% of their
bolometric output into a wind. We first considered the case of energy-driven and momentum-driven outflows expanding in a region
where the gas and total mass densities are uniform and equal to the average values in the Universe at z > 6. We derived analytic
solutions for the evolution of the outflow: for an exponentially growing power with e-folding time tSal, we find that the late time
expansion of the outflow radius is also exponential, with e-folding time of 5tSal and 4tSal in the energy-driven and momentum-driven
limit, respectively. We then considered energy-driven outflows produced by quasi-stellar objects (QSOs) at the centre of early dark
matter halos of different masses and powered by BHs growing from different seeds. We followed the evolution of the source power
and of the gas and dark matter density profiles in the halos from the beginning of the accretion until z = 6. The final bubble radius
and velocity do not depend on the seed BH mass, but are instead smaller for larger halo masses. At z = 6, bubble radii in the range
50–180 kpc and velocities in the range 400–1000 km s−1 are expected for QSOs hosted by halos in the mass range 3 × 1011–1013 M�.
These radius and velocity scales compare well with those measured for the outflowing gas in the z = 6.4 QSO SDSS J1148+5251. By
the time the QSO is observed, we found that the total thermal energy injected within the bubble in the case of an energy-driven outflow
is Eth ∼ 5×1060 erg. This is in excellent agreement with the value of Eth = (6.2±1.7)×1060 erg measured through the detection of the
thermal Sunyaev-Zeldovich effect around a large population of luminous QSOs at lower redshifts. This suggests that QSO outflows
are closer to the energy-driven limit than to the momentum-driven limit. We investigated the stability of the expanding gas shell in the
case of an energy-driven supersonic outflow propagating within a dark matter halo with Mh = 3× 1011 M� at z = 6. We found that the
shell is Rayleigh-Taylor unstable already at early times and, by means of a simple model, we investigated the fate of the fragments
detaching from the shell. We found that these fragments should rapidly evaporate because of the extremely high temperature of the
hot gas bubble if this does not cool. Since the only effective cooling mechanism for such a gas is inverse Compton by the cosmic
microwave background (CMB) photons (IC-CMB), which is important only at z ≥ 6, we speculate that such shell fragments may be
observed only around high-z QSOs, where IC-CMB cooling of the bubble gas can prevent their evaporation.

Key words. black hole physics – quasars: supermassive black holes – shock waves – galaxies: high-redshift

1. Introduction

Active galactic nuclei (AGN) may drive powerful gas outflows
out to distances much greater than kpc. Observations have shown
that the outflowing gas may be in a broad range of ioniza-
tion states and may cover large solid angles. For instance, the
detection of blueshifted metal absorption lines in the X-ray
spectra of nearby AGN revealed the presence of ultra-fast out-
flows (UFOs; see e.g. Tombesi et al. 2012, 2013, and references
therein) produced within a few milli-pc of the central black hole
(BH). Ultra-fast outflows are made of plasma moving at 0.1c
on average, and up to ∼0.3c (Tombesi et al. 2015; Nardini et al.
2015). Although it is difficult to constrain the opening angle of
UFOs, in the powerful local quasi-stellar object (QSO) PDS456
the remarkable P Cygni profile of the FeXXVI Kα line indicates
the presence of a subrelativistic wind expanding almost spher-
ically. On much larger scales (∼kpc), outflows of less ionized
gas have been traced through observations of asymmetric emis-
sion lines in the optical regime, such as the [OIII]5007 Å line

(Brusa et al. 2015; Harrison et al. 2016; Shen 2016; Zakamska
et al. 2016). Outflows of neutral atomic and molecular gas
have also been observed. The neutral atomic component has
been probed by observations of the Na I D absorption doublet
(Krug et al. 2010) or by the [CII]158 µm and HI 21 cm fine struc-
ture emission lines (Maiolino et al. 2012; Morganti et al. 2016).
The molecular component is mostly probed by observations of
CO transitions (Feruglio et al. 2010; Cicone et al. 2014). Veloc-
ities higher than 1000 km s−1 are commonly observed in all of
these gas phases. The molecular component generally dominates
the total mass budget of the large-scale outflowing gas. The en-
ergy required to drive large-scale outflows in AGN is so large
that in most cases it can only be provided by nuclear activity
rather than by star formation in the host (Cicone et al. 2014).
In at least two QSOs, namely Mrk231 (Feruglio et al. 2015) and
IRAS F11119 (Tombesi et al. 2015), a UFO and a molecular out-
flow have both been observed. The comparison between the en-
ergy of the inner UFOs and that of the large-scale molecular out-
flows suggest that AGN outflows are closer to the energy-driven
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limit than to the momentum-driven limit (see Sect. 2); that is, the
UFOs are able to inflate a bubble of hot gas that does not cool
efficiently and whose thermal pressure can push layers of colder
gas to large distances. Very recently, further support for the exis-
tence of hot gas bubbles around AGN came from the detection of
the thermal Sunyaev-Zeldovich effect on the stacked far-infrared
spectra of large populations of z ∼ 2 QSOs (Ruan et al. 2015;
Crichton et al. 2016)

AGN-driven outflows are obviously best studied in nearby
objects, but they are observed in AGN at all redshifts
(Brusa et al. 2015; Zakamska et al. 2016), even beyond red-
shift 6 (Maiolino et al. 2012), i.e. in the most distant QSOs
known. A remarkable example is given by the famous QSO
SDSSJ1148+5251 (Fan et al. 2003), one of the first z > 6
QSOs discovered by the SDSS survey, where observations of
the [CII]158 µm line with the PdBI interferometer have revealed
the presence of large-scale gas outflows extending out to 30 kpc
from the QSO and moving with velocities of >1000 km s−1

(Cicone et al. 2015). This large-scale outflow extends well be-
yond the characteristic size of the host galaxies of z ∼ 6 QSOs
(∼1–3 kpc Wang et al. 2013; Venemans et al. 2017), and then ex-
pands on scales comparable with that of the hosting dark matter
halo, possibly affecting the QSO local environment.

The theory of QSO driven outflows has been pre-
sented in many works, either using an analytic/numerical ap-
proach (King 2010; King et al. 2011; Zubovas & King 2012;
Faucher-Giguère & Quataert 2012), detailed hydrodynamical
simulations (Nayakshin & Zubovas 2012; Costa et al. 2014), or
a combined approach linking simulations at different scales
through analytic recipes (Gaspari & Sa̧dowski 2017). A com-
mon assumption in most of these works is that the source is con-
stant in power and that the outflow expands within a dark matter
halo potential and gas density profile which are constant. In gen-
eral, despite the vast literature on outflows produced by astro-
physical sources (supernovae-, star-, AGN-driven winds), only
energy sources that are impulsive, constant, or evolve as power
laws have been considered. In this work we explore the issue
of outflows produced by exponentially growing power sources,
such as should be the case in early QSOs. In fact, to explain the
billion solar mass BHs observed in QSOs at z > 6 (Willott et al.
2010; De Rosa et al. 2014), i.e. when the Universe was less than
1 Gyr old, BHs must have grown exponentially by accreting con-
tinuously at the Eddington limit (but see e.g. Madau et al. 2014;
Volonteri et al. 2015; Pezzulli et al. 2016, for intermittent, super-
critical growth of early BHs). If a fixed fraction of the QSO
power is transferred to an inner UFO, then the power of this
wind must also grow exponentially. Although assuming continu-
ous and efficient BH accretion for several e-folding times is one
of the few ways of coping with the still unsolved issue of the
formation of the first supermassive BHs (SMBHs), we note here
that this is inconsistent with simulations of BH growth at high
Eddington ratios. Pre-heating instabilities that halt BH fueling
already arise at Eddington ratios of ∼0.01 in the case of spherical
accretion (Cowie et al. 1978). Hydrodynamic simulations in 2D
have shown that this also occurs when removing the constraint of
spherical accretion (Novak et al. 2011; Ciotti & Ostriker 2012).
At high Eddington ratios an additional instability effect is ex-
pected to take place, due to a recurrent thickening of the ac-
cretion disc and the consequent increase of its covering factor.
Because of these arguments, uninterrupted BH accretion is there-
fore unlikely, yet it can be regarded as a useful approximation of
the long-term behaviour of a more erratic growth. Finally, we
note that at high redshifts the mass growth of the hosting dark
matter halo and the change in the gas profile within the halo are

not negligible during the accretion time of the QSO, so we fol-
lowed them self-consistently during the outflow expansion, in
contrast to most previous works.

A concordance cosmology with H0 = 70 km s−1 Mpc−1,
Ωm = 0.3, ΩΛ = 0.7, in agreement within the errors with the
Planck 2015 results (Planck Collaboration XIII 2016), is used
throughout this paper.

2. Problem set-up and definitions
We consider the case of an accreting supermassive BH radiating
at a given fraction λ ≡ Lbol/LE of its Eddington luminosity LE =
4πGmpcM/σT = Mc2/tE = 1.26 × 1038M erg s−1, where M is
the BH mass in units of M� and tE = σT c/(4πGmp) = 0.45 Gyr
is the Eddington time.

If a fraction ε of the mass macc falling onto the BH is
converted into radiation, then Lbol = εṁaccc2, with ṁacc =
λLE/(εc2) = λM/(εtE). The BH growth rate is then Ṁ = (1 −
ε)ṁacc = (1 − ε)λM/(εtE), from which it follows that

M(t) = M0et/tSal , (1)

where

tSal =
ε

1 − ε
tE
λ

= 50 Myr
(

9ε
1 − ε

)
λ−1 (2)

is the Salpeter (e-folding) time, and M0 is the mass of the BH
“seed”. Under these assumptions, the bolometric QSO luminos-
ity grows as

Lbol(t) = λLE = λ
M(t)c2

tE
= Lbol,0et/tSal , (3)

where Lbol,0 = λc2M0/tE. It is assumed that a constant fraction
fw of the AGN bolometric luminosity powers a supersonic wind
pushing on the surrounding ambient medium. This fraction is
typically considered to be fw = 0.05 (Scannapieco & Oh 2004;
Lapi et al. 2005; Germain et al. 2009). The outflow is also as-
sumed to be almost spherical (i.e. a bubble) with covering fac-
tor Ω ≈ 4π. We then investigate the evolution of astrophysi-
cal bubbles produced by an exponentially growing input energy
source,

Lw(t) =
1
2

ṁwv
2
w = Lw,0 et/tSal = fwLbol,0 et/tSal , (4)

where ṁw and vw are the wind mass rate and velocity, respec-
tively.

Observations of ultra-fast outflows in the X-ray spectra of
QSOs (e.g. Tombesi et al. 2013) suggest that the gas outflow
rate is of the order of the gas accretion rate onto the BH, so
we assume ṁw ≈ ṁacc. We further assume that the QSO wind
is launched with constant velocity1. Therefore, the outflow rate
grows as

ṁw(t) = ṁw,0et/tSal , (5)

where

ṁw,0 =
λM0

εtE
= 2.2 × 10−4 M� yr−1 λ

(
0.1
ε

) (
M0

104 M�

)
· (6)

In turn, the ejected wind mass grows as

mw(t) =

∫ t

0
ṁwdt′ = ṁw,0tSal(et/tSal − 1). (7)

1 Under the above assumptions, Eq. (4) implies that 2 fwε(c/vw)2 = 1,
i.e. vw = 0.1c for fw = 0.05 and ε = 0.1 as assumed here, in agreement
with the velocities measured for UFOs.
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Fig. 1. Classic structure of a spherical outflow produced by a fast, su-
personic wind colliding into an ambient medium (see also Weaver et al.
1977; Dyson & Williams 1997; Costa et al. 2014). The flow is divided
into four main regions labelled a, b, c, d. Region a is occupied by the
QSO wind launched at a velocity vw and carrying a kinetic power Lw.
A reverse shock between regions a and b shocks and heats the QSO
wind. It is the cooling of the shocked wind in region b (the bubble)
that determines whether the outflow is energy-driven (no cooling) or
momentum-driven (instantaneous cooling). Region c is the thin shell of
shocked ambient gas in pressure equilibrium with the gas in region b
through a contact discontinuity. Region d shows the still unperturbed
ambient medium with density ρgas where the outflow expands.

3. Energy-driven vs. momentum-driven outflows
and outflow structure

The classic theory of astrophysical bubbles driven by fast winds
(see Weaver et al. 1977; and Ostriker & McKee 1988, for re-
views) shows that the structure of the outflow is characterized
by a forward and a reverse shock, and is divided into four main
regions (see Fig. 1). The forward shock propagates in the ambi-
ent medium (region d in Fig. 1), enhancing its density in a shell
(region c) that progressively sweeps up more gas. The outflowing
wind (region a) instead encounters the innermost reverse shock,
and is therefore heated. The region b of hot shocked wind is usu-
ally termed a “bubble”. The cooling properties of the shocked
wind define whether an outflow is energy- or momentum-driven.
In the limit in which this gas does not cool, all the energy origi-
nally provided by the wind is retained within the system, and we
refer to the outflow as “energy-driven”2. It is the thermal pres-
sure of the hot gas within the bubble that accelerates the shell of
gas into the ambient medium. On the contrary, if all thermal en-
ergy within the bubble is radiated away instantaneously, energy
is not conserved, whereas all the momentum carried by the wind
is transferred directly to the shell of shocked ambient gas. The
outflow is therefore referred to as “momentum-driven”, which
effectively corresponds to maximal cooling. Realistic outflows

2 Here we neglect the cooling of the gas within the shell. This would,
in any case, affect the estimates of the bubble radius and velocity by less
than 15% (Weaver et al. 1977).

obviously fall between these two limits. It is, however, instruc-
tive to treat them separately.

We follow an approach similar to that of Weaver et al.
(1977), who provided the basics for treating the structure and
evolution of bubbles inflated by fast stellar winds within a
medium of constant density ρgas. Their computations can be
generalized to astrophysical bubbles powered by other energy
sources. In the energy-driven case, the following equations can
be combined to obtain the full equation of motion of the expand-
ing shell:

Eth =
3
2

P
4π
3

R3 = 2πPR3, (8)

d
dt

[M(R)Ṙ] = 4πR2P, (9)

Ėth = Lw − 4πR2PṘ. (10)

Equation (8) shows the relation between thermal energy Eth and
pressure P for a monoatomic gas in a volume V = (4π/3)R3.

Equation (9) describes the evolution of the momentum of the
shell of swept-up gas (the left-hand side is the rate of change
of momentum of the shell and the right-hand side represents the
force acting on it).

Equation (10) is the energy equation of the system: the rate
at which the thermal energy of the hot gas in the bubble (left-
hand side) changes is equal to the kinetic luminosity of the wind
minus the rate at which the hot gas does work on the surrounding
medium. In the momentum-driven case, Eth = 0 and the pressure
P in Eq. (9) is given by the wind ram pressure

P = Lw/
(
2πvwR2

)
, (11)

where Lw and vw are the wind kinetic power and velocity, respec-
tively.

Weaver et al. (1977) considered the case of a constant source
of energy. Energy inputs evolving in time as power laws were
considered by e.g. Koo & McKee (1992). Here we consider
sources with exponentially growing luminosities.

In our equations we have assumed that the effects of the
pressure of the ambient gas and of gravity are both negligible.
We explore the effects of relaxing these assumptions in the next
sections.

4. QSO in a uniform density field

We first assume that the BH forms and grows, and hence the
outflow propagates, within a region with uniform density equal
to the mean matter density of the Universe. We recall that the
cosmic evolution of the baryon density is given by

ρb(z) = ρb,0(1 + z)3, (12)

where ρb,0 = 3H2
0Ωb,0/(8πG) is the mean baryon density at

z = 0. For H0 = 70 km s−1 Mpc−1 and Ωb,0 = 0.045,
ρb,0 = 4 × 10−31 g cm−3. At z = 6 the mean baryon density
is therefore ρgas ≡ ρb(6) ∼ 10−28 g cm−3. For an ambient gas
with uniform density ρgas, the mass of the shell of swept-up gas
Ms(R) =

∫ R
0 ρgas(R)dV is equal to (4π/3)R3ρgas.
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4.1. Energy-driven case

Following Dyson & Williams (1997), we combine Eqs. (8)–(10)
to obtain the following equation of motion of the shell:

15R2Ṙ3 + 12R3ṘR̈ + R4...
R =

3
2π

Lw(t)
ρgas
· (13)

This is a non-linear differential equation that admits more than
one solution, and where not all of the solutions can be obtained
by linear combination of the others. For an exponential input
energy source described by Eq. (4), the simplest (but unphysical,
see below) solution to Eq. (13) is analytic and takes the form

R(t) = R0 et/(5tSal), (14)

with

R0 =

(
375
56π

) 1
5

t
3
5
Sal

(
Lw,0
ρgas

) 1
5

(15)

= 28.5 kpc
(

9ε
1 − ε

) 3
5

λ−
2
5

(
fw

0.05

) 1
5
(

M0

104 M�

) 1
5
(

ρgas

10−28 g cm−3

)− 1
5

.

In Fig. 2 we show the time evolution of the bubble radius R(t) up
to the accretion time t9, defined as the time at which the BH has
grown to 109 M�, i.e. M(t9) ≡ 109 M�. This is the typical mass
observed for bright SDSS QSOs at z ∼ 6. For this computation
we assumed

fw = 0.05,
ε = 0.1,
λ = 1,
M0 = 104 M�.
The adopted seed mass M0 is an intermediate value within the
broad range predicted by different models. This range spans the
whole interval from ∼102 M�, as expected for the remnants of
POPIII stars (Madau & Rees 2001), to ∼104 M�, as expected
from the collapse of stellar clusters (Devecchi & Volonteri
2009), and even up to 106 M�, as postulated for large seeds
forming from the direct collapse of large gas clouds under
specific environmental conditions (Agarwal et al. 2014; see
also Volonteri & Bellovary 2012 for a review and Valiante et al.
2016 for a model of seed formation at different mass scales).
With the above assumptions the initial power of the wind is
Lw,0 = 6.3 × 1040 erg s−1, and t9 ∼ 580 Myr.

The simple solution given in Eq. (14) would imply that at t =
0 the radius of the bubble is R = 28.5 kpc, i.e. the bubble “jump
starts” on scales that are far larger than the sphere of influence of
the seed BH and even larger than its putative host galaxy. Since
R0 scales weakly with the seed mass (R0 ∝ M0.2

0 ), assuming a
stellar-sized seed with M0 = 102 M� would only reduce R0 by
a factor of 2.5. The pure exponential solution therefore appears
unphysical.

We therefore solved Eq. (13) numerically by imposing R →
0 (and v ≡ Ṙ → 0) for t → 0 and obtained a simple analytic ap-
proximation to the numerical solution by manipulating Eq. (14)
and subtracting its second-order Taylor expansion from the ex-
ponential term

R(t) '
(

8
11

) 1
5

R0

et/tSal − 1 −
t

tSal
−

1
2

(
t

tsal

)2
1
5

· (16)

As shown in Fig. 2, Eq. (16) represents an excellent approxi-
mation (within 5%) of the bubble radius over the entire accre-
tion history of the BH. At late times (t � tSal) this solution ap-
proaches the simple analytic solution given by Eq. (14). At early

Fig. 2. Time evolution of the radius of a hot gas bubble inflated by a
wind from an early SMBH accreting at its Eddington limit (energy-
driven case). The following parameters are assumed: fw = 0.05, λ = 1,
M0 = 104 M� (hence Lw,0 = 6.3 × 1040 erg s−1), ε = 0.1, ρgas =
10−28 g cm−3. The black solid curve shows the numerical solution ob-
tained for the equation of motion (Eq. (13)) assuming an exponentially
growing wind with Lw(t) = Lw,0et/tSal and assuming R, v → 0, 0 for
t → 0. The analytic approximation to the numerical solution (Eq. (16)),
is shown by the solid green line. The purely exponential (but unphys-
ical) solution given by Eq. (14) is shown by the black dotted curve.
The black dotted line shows the solution obtained for a constant en-
ergy source Lw(t) = Lw,0 (Eq. (17)). The vertical dotted lines mark the
Salpeter time tSal and the time t9 needed to grow the SMBH to 109 M�
as labelled. The bubble radius scales as t3/5 for t � tSal and et/(5tSal) for
t � tSal. The red points show the results of a low-resolution simulation
run with the hydrodynamical code RAMSES assuming the same in-
put parameters. The results of the simulation are in excellent agreement
with the numerical solution to Eq. (13).

times (t � tSal), the numerical solution approaches the analytic
solution that is valid for a constant source of power Lw(t) = Lw,0
(as assumed by Weaver et al. 1977 or Dyson & Williams 1997):

R(t) '
(

4
33

) 1
5

R0

(
t

tSal

) 3
5

∼ 0.65R0

(
t

tSal

) 3
5

· (17)

As a further check we ran a test low-resolution hydrodynami-
cal simulation in which a source embedded in a uniform den-
sity field injects energy and matter at an exponential rate. The
simulation was performed using a customized version of the
RAMSES code (Teyssier 2002) as described by Calura et al.
(2015). The initial conditions are represented by a uniform and
homogeneous distribution of gas characterized by a density of
10−28 g cm−3 and temperature 104 K (see Sect. 4.4).

The computational box has a volume of L3
box = (650 kpc)3

and is characterized by a maximum resolution of ∼130 pc. At
t = 0, a source located in the origin of the computational box
starts injecting energy at a rate given by Eq. (4), with Lw,0 =
6.3 × 1040 erg s−1 and matter at a rate given by Eq. (5), with
ṁw,0 ∼ 2.2 × 10−4 M� yr−1. In order to avoid the occur-
rence of diamond-shaped shock fronts which can sometimes be
present in similar conditions in Cartesian grid-based simulations

A69, page 4 of 17

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201730457&pdf_id=2


R. Gilli et al.: Exponentially growing bubbles around early supermassive black holes

Fig. 3. Effects of varying the initial seed BH mass M0 on the evolution
of the bubble radius following Eqs. (15) and (16) (energy-driven case).
All other relevant parameters are the same as assumed in Fig. 2. The
three green solid curves are computed for M0 = 102, 104, 106 M� as
labelled. The BH reaches a final mass of 109 M� at different times t9
(shown by the dotted lines), but the bubble radius at that time, R(t9), is
the same whatever the initial seed mass is. For reference, the magenta
line shows the time evolution of a bubble inflated by a constant wind
power of Lw = fwLE = 6.3 × 1045 erg s−1, corresponding to a 109 M�
BH radiating at its Eddington limit and with fw = 0.05. Because of
the scaling between BH mass and the normalization of the shell radius
(R0 ∝ M1/5

0 ; Eq. (15)), this curve has a (109/104)1/5 = 10 times higher
the normalization than the black dotted line shown in Fig. 2.

(Tasker et al. 2008), our source is non-point-like but distributed
over a spherical volume V = 4

3π∆R3, with ∆R = 200 pc. The
total thermal energy and mass injected by the source in the sur-
rounding environment per unit volume and in the time step ∆t
are ∆ε = ε̇∆ t and ∆ρ = ρ̇∆ t, respectively, where ρ̇ =

ṁw

V and
ε̇ =

Lw
V .

At each time step, a number of cells with the highest refine-
ment level are created at the position of the source. In the re-
mainder of the computational domain, the refinement strategy is
both geometry- and discontinuity-based. Outflow boundary con-
ditions are used. The simulation is adiabatic, i.e. the effects of
radiative cooling are assumed to be negligible. The effects of
gravity are also neglected. As shown in Fig. 2, the expansion
of the shell from the simulation is in excellent agreement with
the numerical solution to Eq. (13).

At late times, Eq. (16) is well approximated by Eq. (14) and
the growth of the bubble radius is purely exponential. Some in-
teresting properties can be inferred by looking at Eq. (14). For
instance, the e-folding time of the bubble radius is five times the
Salpeter time. Also, it can be shown that the bubble radius (and
velocity) at a given BH mass (e.g. 109 M�) does not depend on
the initial seed mass: for smaller seeds, it will simply take longer
to accrete that mass and blow the bubble to that radius. This is
visible in Fig. 3, where the effects of varying the seed BH mass
from M0 = 102 M� to 106 M� are shown. The bubble radius
when the BH has grown to 109 M� is R(t9) = 267 kpc whatever

Fig. 4. Time evolution of the bubble radius (green curve) and velocity
(blue curve) for an exponentially growing luminosity source powered
by an exponentially growing BH (black curve) for the energy-driven
case. The source parameters and vertical dotted lines are as in Fig. 2.
The velocity of the bubble reaches a minimum around a few Salpeter
times, after which the shell starts accelerating. Rayleigh-Taylor insta-
bilities arise at this stage (see Sect. 5).

is the initial seed mass. This value is three times smaller than the
radius reached in the same time span by a bubble inflated by a
constant wind power of Lw = fwLbol = fwLE = 6.3×1045 erg s−1,
corresponding to a 109 M� BH radiating at its Eddington limit
and with fw = 0.05. This is shown by the magenta curve in
Fig. 3: as expected, the normalization of this curve is a factor
of (109/104)1/5 = 10 higher than the black dotted line in Fig. 2,
which was computed for a 104 M� BH (again radiating at its
Eddington limit and with fw = 0.05). As a matter of fact, pre-
vious works on QSO outflows do not consider the increase in
the QSO luminosity and wind power as the BH grows, but rather
assume a constant release of energy.

By solving numerically Eq. (13) we also derived a solution
for the time evolution of the bubble velocity v ≡ Ṙ, which is com-
pared in Fig. 4 with the time evolution of the bubble radius and
BH growth. The numerical solution for the bubble velocity can
be approximated (within ∼6%) by the derivative of the analytic
approximation to the bubble radius given in Eq. (16):

v(t) '
8
55

R0

tSal

(
R0

R(t)

)4 (
et/tSal − 1 −

t
tSal

)
· (18)

From Eq. (18) it can be seen that at late times (t � tSal)
the bubble velocity grows exponentially according to v(t) ∼
R0/(5tSal) et/(5tSal), i.e. it approaches the derivative of Eq. (14).
Instead, at early times (t � tSal), the bubble velocity follows the
relation

v(t) '
(

4
33

) 1
5 3

5
R0

tSal

(
t

tSal

)− 2
5

, (19)
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i.e. we recover the v(t) ∝ t−2/5 dependence found by
Weaver et al. (1977) and Dyson & Williams (1997) for a con-
stant source of power (Eq. (19) can be obtained by taking the
derivative of Eq. (17)).

As shown in Fig. 4, the most notable feature in the veloc-
ity curve is that it reaches a minimum of ∼220 km s−1 at a
few Salpeter times, and then starts increasing exponentially. This
means that the shell undergoes an acceleration and it becomes
Rayleigh-Taylor unstable around a few Salpeter times, i.e. at
200–300 Myr after the BH starts accreting. The shell stability
is discussed in Sect. 5.

4.2. Momentum driven case (maximal cooling)

In momentum driven outflows, the shocked wind cools im-
mediately and the bubble (region b in Fig. 1) collapses, so
the wind ram pressure is directly pushing on the gas shell
(see e.g. Zubovas & King 2012; Costa et al. 2014). By com-
bining Eqs. (9) and (11) and recalling that the mass of the
shell M(R) = (4π/3)R3ρgas for a uniform gas density ρgas, we
obtain

d
dt

[
4π
3
ρgasR3Ṙ

]
=

2L0,w

vw
et/tSal . (20)

By integrating Eq. (20) twice in time and solving for R, we
obtain

R(t) = R0

(
et/ts − 1 −

t
ts

) 1
4

, (21)

where

R0 =

(
6Lw,0
πvwρgas

) 1
4

t
1
2
s (22)

= 10.5 kpc
(

9ε
1 − ε

) 1
2

λ−
1
2

(
fw

0.05

) 1
4
(

M0

104 M�

) 1
4
(

ρgas

10−28 g cm−3

)− 1
4

.

This solution is physically meaningful, as R→ 0 for t → 0.
At early times, t � ts, Eq. (21) reduces to

R(t) '
(

3Lw,0
πvwρgas

) 1
4

t
1
2 . (23)

The above asymptotic solution correctly recovers the R ∝ t
1
2 de-

pendence found by Steigman (1975) for momentum driven out-
flows in the case of constant power sources (at early times the
exponential term can indeed be approximated with a constant).
At late times, t � ts, the exponential term takes over and the
equation of motion collapses to

R(t) '
(

6Lw,0
πvwρgas

) 1
4

t
1
2
s et/(4ts). (24)

Equation (24) shows that the e-folding time of the radius of the
expanding shell is 4 times the Salpeter time, i.e. the shell expan-
sion is slower than that of the SMBH and of the power it releases.
The expansion of the shell is shown in Fig. 5, where its asymp-
totic behaviour is also highlighted. By taking the time derivative
of Eq. (21) we also derived an expression for the shell velocity
in the momentum driven regime as follows:

v(t) =
R0

4tSal

(
R0

R(t)

)3

(et/tSal − 1). (25)

Fig. 5. Time evolution of the shell radius for a momentum-driven out-
flow produced by an early SMBH accreting at its Eddington limit. Input
parameters are as in Fig. 2. The black curve shows the analytic solution
described by Eq. (21). The vertical dotted lines are as in Fig. 2. The two
asymptotic solutions, where the shell radius scales as t1/2 for t � tSal
and et/(4tSal) for t � tSal, are also shown as dotted lines.

In Fig. 6 (top and middle panels) we compare the time evo-
lution of the shell radius and velocity in the energy-driven
vs. momentum-driven scenarios: the shell radius in the energy
driven case is always larger – by about a factor of two – than
in the momentum driven case, apart from very late times when
the faster exponential growth of the momentum driven case takes
over. Similarly, the shell velocity in the energy driven regime is
always higher than in the momentum driven regime except at
very late times. It is worth stressing that for t & 1 Gyr the mass
ejected by the BH (growing as et/tSal ) will be larger than the mass
of the shell (which, for instance, grows as e0.75t/tSal in the momen-
tum driven regime). In such conditions our system of equations,
which is designed to describe the motion of a dense shell enclos-
ing an empty bubble, is no longer valid. In the bottom panel of
Fig. 6 we also show the behaviour of the shell acceleration in the
two regimes: in the energy driven limit, the acceleration crosses
zero at later times. We return to this in the stability analysis in
Sect. 5.

4.3. Effects of decreasing gas density because
of cosmological expansion

We discuss here the effects of the Hubble expansion on the evo-
lution of the bubble radius. Since we placed the accreting BH
within an unbound region, the net effect of cosmic expansion is
a reduction in the (proper) average background gas density. The
relation between cosmic time and redshift for a flat cosmological
model with ΩΛ , 0 can be written as (e.g. Longair 2008)

tU(z) =
2

3H0Ω
1/2
Λ

ln
(

1 + cos θ
sin θ

)
, (26)

where tan(θ) = (Ωm/ΩΛ)1/2(1 + z)3/2.
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Fig. 6. Comparison between the time evolution of the shell radius (top
panel), velocity (middle), and acceleration (bottom) for an outflow pro-
duced by an exponentially growing BH in the energy-driven (black
curves) and momentum-driven (red curves) limits. The source input pa-
rameters are as in Figs. 2 and 5. The ratio between the two radii is
plotted as a dashed curve in the top panel. The vertical dotted lines
are as in Fig. 2. At any given time, the energy-driven outflow is about
two times more extended and faster than the momentum-driven outflow
(apart from very late times, t > 1 Gyr, where the ejected wind mass be-
comes comparable with the shell mass and our treatment is inaccurate).

Equation (26) shows that at z = 6 the age of the Universe is
tU = 914 Myr and that for a total accretion time t9 of 575 Myr,
the epoch at which accretion is supposed to start (tU = 914–
575 = 339 Myr) corresponds to z ∼ 12.5.

From Eq. (12) it is then easy to see that the average baryon
density of the Universe decreases by a factor of ∼7 from z = 12.5
to z = 6. In the energy-driven case, the normalization of the shell
radius R0 scales as ρ−1/5

gas , so at early times the bubble radius can
be expected to be a factor of ∼70.2 (∼1.5) smaller than that shown
in Fig. 2. In the momentum-driven limit, where R0 ∝ ρ

−1/4
gas , the

bubble radius would decrease by a factor of ∼70.25 (∼1.6) at most
at early times.

4.4. Effects of the external pressure

In Sect. 3 we derived the equation of motion of the shell neglect-
ing the effects of the pressure of the ambient gas which in princi-
ple may slow down the expansion of the bubble significantly and
alter the physical properties of the shell. In particular, if the ex-
pansion velocity of the bubble is comparable to the sound speed
in the ambient gas, no shock will be generated and consequently
no shell of dense gas will form. In the redshift range considered
here (z = 6–12.5), i.e. before a full re-ionization of the IGM, we

can assume that the temperature of the IGM around a QSO is
T ≈ 2× 104 K at most if either the QSO radiation or that of stars
in its host or in nearby galaxies is heating the IGM through pho-
toionization (Ferrara et al. 2000; Mo et al. 2010; Kakiichi et al.
2016). The sound speed in the IGM, cs = (γkBT/µmp)1/2 will
then be ∼22 km s−1 at most (assuming γ = 5/3 and a mean
molecular weight per particle of µ = 0.59, valid for primor-
dial gas). This is much smaller than the minimum shell veloc-
ity computed in the previous section for the energy-driven and
the momentum-driven driven scenarios. The bubble expansion
is therefore always supersonic and, as opposed to the case of
a constant power source where the shell velocity decreases and
the ambient pressure exerts a significant resistance at late times
(Weaver et al. 1977), in the exponential case the bubble veloc-
ity grows at late times, making the effect of the ambient pres-
sure negligible. As discussed in Sect. 6, the effects of the ex-
ternal pressure are instead significant even for an exponentially
increasing source power if the QSO is placed at the centre of a
large dark matter halo.

4.5. Effects of gravity

In Sects. 3 and 4 we derived the equation of motion of the shell
neglecting the gravitational pull exerted on it by the total mass
Mt(<R) enclosed within the expanding shell radius. When in-
cluding gravity, the energy and momentum equations, Eqs. (9)
and (10), turn into

d
dt

[Ms(R)Ṙ] = 4πR2P − Fg, (27)

and

Ėth = Lw − 4πR2PṘ − FgṘ, (28)

respectively, where Fg =
GMs(R)Mt(<R)

R2 is the gravitational force
exerted by the total mass Mt(<R) enclosed within the radius of
the shell of swept-up gas on the shell mass itself Ms(R), and FgṘ
is the rate of work done to lift the shell out of the gravitational
potential. For a uniform density field Ms(R) = (4π/3)R3ρgas, and,
for sufficiently large radii where the BH attraction can be ne-
glected, Mt(< R) = (4π/3)R3(ρgas/ fgas), where fgas = ρgas/ρm is
the gas mass fraction of the density field. By combining Eq. (8)
with Eqs. (27) and (28), after some algebra we get the following
equation of motion of the shell:

15R2Ṙ3 + 12R3ṘR̈ + R4...
R + 12πG

ρgas

fgas
R4Ṙ =

3
2π

Lw(t)
ρgas
· (29)

The above simple generalization of Eq. (13) accounts for the ef-
fects of gravity on a gas shell expanding in a constant density
field. It is indeed identical to Eq. (13), but for the addition of the
gravitational term ∝R4Ṙ on the left-hand side.

We explored under which conditions the pull exerted by
gravity significantly slows down the shell expansion compared
to what was shown in Sect. 4. To make a comparison with the
original solutions of Weaver et al. (1977) and Dyson & Williams
(1997), we first considered a constant energy source Lw(t) =
Lw,0, which, in the absence of gravity, produces a bubble expand-
ing as R(t) ∝ t

3
5 . We then tried a power-law solution to Eq. (29)

of the form R(t) = R0tα, which leads to the relationship

R5
0t5α−3

[
15α3 + 12α2(α − 1) + α(α − 1)(α − 2)

+ 12απG
ρgas

fgas
t2
]

=
3

2π
Lw,0
ρgas
· (30)
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For α = 3
5 the above equation becomes

R5
0

[
231
125

+
36
5
πG

ρgas

fgas
t2
]

=
3

2π
Lw,0
ρgas

, (31)

which, for t → 0, returns R0 =

(
125

154π
Lw,0
ρgas

) 1
5
≡ Rearly,0, i.e. at early

times the solution of Weaver et al. (1977) applies:

Rearly(t) = Rearly,0 t
3
5 . (32)

Instead, for α = 1
5 the equation can be written as

R5
0

[
3

125
t−2 +

12
5
πG

ρgas

fgas

]
=

3
2π

Lw,0
ρgas

, (33)

which, for t → ∞, returns R0 =

(
5

8π2G
Lw,0 fgas

ρ2
gas

) 1
5
≡ Rlate,0, and the

shell equation of motion at late times becomes

Rlate(t) = Rlate,0 t
1
5 . (34)

Therefore, at late times, when the enclosed mass becomes suffi-
ciently large, gravity is effective, and the bubble radius R(t) ex-
pands at a lower rate (∝t

1
5 ) than in the standard no-gravity case

of Dyson & Williams (1997; ∝t
3
5 ).

A characteristic transition time tc between the two regimes
can be defined as the time where the two asymptotic limits on
the bubble radius described by Eqs. (32) and (34) cross each
other, i.e. Rearly(tc) = Rlate(tc). This returns

tc =

(
77

100π
fgas

ρgas

) 1
2

= 2.43 Gyr
(

fgas

0.16

) 1
2
(

ρgas

10−28 g cm−3

)− 1
2

· (35)

From Eq. (35) it is easy to see that gravity effects are negligible
for a bubble inflated by a QSO expanding in a region with den-
sity equal to the mean matter density of the Universe at z = 6
(ρgas = 10−28 g cm−3). Instead, if the expansion happens within
highly overdense regions, or at very early times when the Uni-
verse was smaller and denser, gravity effects may become rele-
vant. In Fig. 7 we show the dragging effect exerted by a density
field with ρgas = 10−25g cm−3 on the bubble radius produced by
a constant source with Lw(t) = Lw,0 = 6.3 × 1040 erg s−1 (the
full solution to Eq. (29) was obtained numerically). In this case,
tc ∼ 77 Myr, and the asymptotic behaviour of the bubble radius
both at early and late times can be appreciated.

We then considered the case of an exponentially growing
source of energy Lw(t) = Lw,0 et/tSal . Similarly to Eq. (13), even
Eq. (29) admits a simple analytic (exponential) solution of the
form R(t) = RG

0 et/(5tSal), which differs from that obtained in the
case of no gravity (Eq. (14)) only by its normalization. The re-
lation between the two normalizations RG

0 and R0 (Eq. (15)) is

RG
0 = R0

1 +
ρgas

ρG
gas

− 1
5

, (36)

where ρG
gas ≡

7
75πG t−2

Sal fgas. For ρgas � ρG
gas, RG

0 ∼ R0, and the ef-
fects of gravity are negligible. Assuming a universal gas fraction
of fgas = 0.16 and the same Salpeter time used in the previous
section (tSal = 50 Myr), we get ρG

gas = 3 × 10−26 g cm−3. There-
fore, in the case of a QSO placed within a medium with density
similar to the average at z = 6, ρgas = 10−28 g cm −3, the effects
of gravity can safely be neglected. We note that, because of the

Fig. 7. Time evolution of the bubble radius for a constant (magenta
curves) and exponentially growing (green curves) source in the energy-
driven limit. The solid (dashed) lines show the radius evolution consid-
ering (neglecting) the effects of gravity. Solid curves have been obtained
by numerically solving Eq. (29). The assumed parameters for the expo-
nential input energy source Lw(t) = Lw,0et/tSal are the same as those in
Fig. 2. The constant source has Lw(t) = Lw,0. The vertical dotted lines
are as in Fig. 2. The density of the ambient medium is assumed to be
ρgas = 10−25 g cm−3, i.e. about 1000 times the average of the Universe at
z = 6. The power-law asymptotic behaviour at early (R ∝ t3/5, magenta
dashed line) and at late (R ∝ t1/5, magenta dotted line) times can be ap-
preciated for the constant energy source. For the exponentially growing
case, such a density field reduces the size of the bubble radius by ∼25%
at late times.

weak dependence of the bubble radius on the density (R ≈ ρ−0.2
g ),

even by assuming a three dex higher background density, one
would get RG

0 ∼ 0.75R0; in other words, for an exponentially
growing source of power the gravity would reduce the bubble
radius by only 25% at late times (see the numerical solutions in
Fig. 7).

5. Shell stability

The basic structure of wind-driven bubbles was given in Sect. 2.
We now analyse the stability of the shells. For our terminology
we refer to to the ambient medium that has passed through the
outermost bubble shock as the “shell” (region c in Fig. 1). The
wind material that has passed through the reverse shock, where
the driving wind from the central BH and its accretion disc im-
pinges on the bubble, is called the shocked wind medium or sim-
ply the “bubble” (region b in Fig. 1). There are two main insta-
bilities:

1. The Rayleigh-Taylor instability, which has a classic growth
rate given by

√
2πa/λ, where a is the acceleration and λ is

the spatial scale, and where the classic instability pattern of
bubble and spikes occurs as a result of the instability. This is
highly disruptive for shells in the linear analysis.

2. The Vishniac instability (Vishniac 1983), which occurs for
thin shells bounded by thermal pressure on one side and ram
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Fig. 8. Time evolution of the gas density in the bubble ρbubble for the
energy-driven case (region b in Fig. 1). The source input parameters are
as in Fig. 2. The black curve shows the analytic solution described by
Eq. (37). The vertical dotted lines are as in Fig. 2. The two asymptotic
solutions, where the gas density scales as t−4/5 for t � tSal and e2t/(5tSal)

for t � tSal, are also shown as dotted lines.

pressure on the other side. If the shell is perturbed, the ram
pressure has an oblique component on it, whereas the ther-
mal pressure is always normal to the shell surface. As a re-
sult, material is transported along the shell causing it to os-
cillate and producing an “overstability”.

In the initial phases, i.e. at t < 100 Myr, when the bubble growth
is similar to that of a constant energy source, the decelerated
shell may indeed be prone to the Vishniac overstability (Pittard
2013; Krause & Diehl 2014). However, numerical results in the
non-linear regime have shown that these oscillations saturate and
do not lead to any real disruption (Mac Low & Norman 1993;
Michaut et al. 2012). We therefore only discuss the Rayleigh-
Taylor instability in the following, noting clearly that the final
non-linear state will have to be calculated by high-resolution
simulations.

Our case is different from the classic behaviour of wind-
blown bubbles as the gas density within the bubble ρbubble is
expected to increase with time once the exponential term domi-
nates, whereas the density of bubbles inflated by constant winds
is expected to decrease with time. For instance, for the stellar
winds studied by Weaver et al. (1977), ṁ = const., m ∝ t and
R ∝ t3/5, from which it follows that ρbubble ∝ m/R3 ∝ t−4/5.

To compute ρbubble we assume that the wind shock boundary
Rw (i.e. the boundary between region a and b in Fig. 1) is pro-
portional to the shell radius R so that the shells move together as
a piston with Rw = ηR with η a slowly varying constant of the
order of unity. We then obtain a simple formula for the bubble
density, assuming for simplicity that this is uniform across the
bubble:

ρbubble =
ṁw,0tSal(et/tSal − 1)

(4/3)πR(t)3(1 − η3)
, (37)

where the numerator (ejected wind mass) has been taken from
Eq. (7). The time evolution of R is given by Eq. (16).

Assuming η � 1, and considering Eqs. (14) and (17),
Eq. (37) reduces to ρlate

bubble ' ρoe
2
5

t
tSal at late times (t � tSal),

and to ρearly
bubble ' ρo(33/4)3/5(t/tSal)−4/5 at early times (t � tSal).

Here ρo = 3
4π

ṁw,0tSal

R3
0

.
The full behaviour of the bubble density and its asymptotic

limits are shown in Fig. 8. For the parameters assumed here, the
density in the bubble is always much lower than that in the shell
ρshell = (1 + M2)ρgas, where M is the Mach number. For in-
stance, the minimum shell velocity of ∼220 km s−1 in the energy-
driven case considered here (see central panel of Fig. 6) would
correspond to a minimum Mach number of ∼10 and hence to a
minimum shell density of ρshell ∼ 10−26 g cm−3. At early times,
when the shell is decelerating, the bubble density follows the
∝t−4/5 behaviour expected for winds outflowing at a constant
mass rate. In this regime, the shell is Rayleigh-Taylor stable. At
later times (t > 100 Myr), when the exponential term dominates,
the shell accelerates and is expected to be Rayleigh-Taylor un-
stable. As shown in Fig. 6 (bottom panel), in the energy-driven
limit, the shell acceleration crosses zero at t ∼ 2tSal, i.e. this is
the time where Rayleigh-Taylor instabilities start developing. In-
terestingly, for momentum-driven outflows, this instability time
is shorter as the acceleration crosses zero at about 1.4tSal. We
note that in the fully exponential regime the ejected mass grows
more rapidly than the bubble volume, producing an increasing
gas density within the bubble. However, only for accretion times
longer than 1 Gyr (i.e. BH masses �1010 M�) or large values
of η (η > 0.9, i.e. the QSO wind freely streaming up to hundred
kpc distances) ρbubble might be larger than ρshell; however, these
two situations appear unphysical. Furthermore, as specified in
the previous section, for t > 1 Gyr, the ejected mass becomes
comparable with the shell mass and our set of equations is no
longer valid.

6. QSO in a growing dark matter halo

We explore here the effects of placing the accreting BH within
a spherically symmetric massive dark matter halo. In particular,
we follow the evolution of the bubble as the dark matter halo
grows between z = 12.5 and z = 6 and so does its gas con-
tent. In fact, the mass of early dark matter halos can grow by
more than two orders of magnitude in this redshift range (see e.g.
Correa et al. 2015). Furthermore, the gas content of the halo is
expected to change its radial profile (e.g. Ferrara & Loeb 2013).
All these effects, which are generally neglected in simple an-
alytic models, regulate the expansion rate of the outflows pro-
duced by early QSOs.

The typical mass of the halos in which z ∼ 6 QSOs reside
is largely unknown. Based on abundance-matching arguments,
early SMBHs should live in 1013 M� halos if their duty cycle
is of the order of unity. On the other hand, for smaller duty cy-
cles, or if a large, hidden population of early obscured QSOs ex-
ists (which is likely, based on what is known at lower redshifts),
early SMBHs should be hosted by smaller, more abundant halos.
Furthermore, some simulations suggest that QSO feedback may
preferentially inhibit gas accretion in large halos, and that early
SMBHs at z ∼ 6 are hosted by halos with Mh ∼ 3 × 1011 M� on
average (Fanidakis et al. 2013).

To trace the evolution of massive DMHs at early times up to
the largest mass scales, we considered the results of the Millen-
nium XXL simulation (MXXL, Angulo et al. 2012). The MXXL
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Fig. 9. Time evolution of the halo mass (in units of 1010 M�, green
curve) and virial radius (in units of kpc; grey curve) as compared to
the evolution of the BH mass (in units of 104 M�; red curve) during the
QSO accretion history. By the time the SMBH has grown to 109 M�,
the halo mass and virial radius have grown by a factor of ∼150 and
∼10, respectively.

is indeed the only N-body simulation encompassing a suffi-
ciently large volume (∼70 Gpc3) to be able to follow the growth
of the rarest and most massive halos at any time.

Angulo et al. (2012) report an analytic fit to the average evo-
lution of the most massive halos from z = 6 to z = 0. We ex-
trapolated that fit back in time by considering the average halo
accretion rates as quoted in Angulo et al. (2012) and derived the
following expression for the time evolution of massive dark mat-
ter halos from z = 12.5 to z = 0: Mh(z) = Mh(0)e−0.783z, where
Mh(0) is the halo mass at redshift zero. It is then easy to see
that, on average, a halo of ∼1013 M� at z = 6 had a mass of
∼6 × 1010 M� at z = 12.5 and should evolve into a 1015 M�
halo at z = 0 (i.e. into a Coma-like massive galaxy cluster). We
define the halo mass and virial radius in the standard way, i.e.
Mh = (4/3)πR3

vir200ρcrit, where ρcrit = 3H2(z)/(8πG) is the crit-
ical density of the Universe. The evolution of the halo mass and
virial radius compared to the evolution of the BH mass are shown
in Fig. 9.

We assume that, at any redshift, the dark matter density in
the halo follows the Navarro-Frenk-White profile (Navarro et al.
1997) and that as the halo grows its concentration follows the
concentration-mass relation derived by Correa et al. (2015, see
their Eq. (20)). For the massive halos in the redshift range z =
6–12.5 considered here, the concentration parameter is nearly
constant, c ∼ 2.8.

For the gas within the halo, we consider the radial profile
reported by Ferrara & Loeb (2013), who extended the work by
Makino et al. (1998) on the profile of gas in hydrostatic equilib-
rium within halos with NFW dark matter density profiles, and
allowed for gas temperatures lower than the virial temperature
Tvir = (µmp/2kB) × (GMh/Rvir). Indeed, it has been suggested
that gas accreting onto dark matter halos may not be shock
heated to Tvir if the halo is smaller than a critical mass Mshock

Fig. 10. Density profiles of dark matter (black dashed curves) and gas
(solid blue curves) at z = 12.5 and z = 6 (as labelled) for a QSO hosting
halo growing to 1013 M� by z = 6. The gas density is up to five orders
of magnitude higher than in the uniform density field case explored in
Sect. 4.

(∼1012 M� at all redshifts; Dekel & Birnboim 2006). At high
redshifts most halos have masses below Mshock, hence gas ac-
cretion onto them might occur primarily through streams of gas
that remain cold, and a large fraction of cold gas may be even
present in larger halos (see e.g. Fig. 11 in Overzier 2016).

We investigated the energy driven case and modified
Eqs. (27) and (28) to account for the time evolution of the mass
and profile of the dark matter and gas. We first considered a QSO
within a halo whose mass reaches 1013 M� at z = 6, and assumed
that the ambient gas is always at Tgas = Tvir as the halo grows. In
Fig. 10 we show the halo DM and gas profiles at z = 12.5 and at
z = 6. The QSO outflow now has to sweep gas densities that are
up to five orders of magnitude higher than in the uniform density
field case explored in the previous sections.

We assumed for the accreting BH the same input param-
eters as in the previous sections (i.e. M0 = 104 M�, Lw0 =
6.3 × 1040 erg s−1). The expansion of the bubble radius was ob-
tained numerically and is shown by the dashed line in Fig. 11.
Based on the results obtained in the previous sections we are
now in a position to understand all the phases of the bubble ex-
pansion. At early times/small radii (e.g. <1 Myr, or <0.2 kpc)
the exponential source power can be approximated as a constant
and the gradient in the gas profile is mild (see Fig. 10); therefore,
the bubble radius expands following the classic t3/5 law valid for
constant sources within a uniform density field. At t ∼ 10 Myr,
the source power can still be approximated as a constant and the
mass enclosed within the bubble radius has become sufficiently
large to slow down the expansion of the shell of swept-up gas,
which now follows the t1/5 law found in Sect. 4.5. Finally, for
t & tSal, the exponential source power takes over gravity, and
the expansion of the bubble is also exponential. At t9 the bubble
radius is 60 kpc. That is, the outflow has reached scales com-
parable with those observed in the z = 6.4 QSO SDSS J1148
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Fig. 11. Time evolution of the bubble radius produced by a growing
SMBH in a dark matter halo growing to 1013 M� at z = 6 in the energy-
driven case (black curves). The dashed curve shows the evolution of the
bubble radius when only the gravitational pull of the halo is considered.
The solid curve also considers the external pressure Pext by the halo
gas. The mass and luminosity of the accreting SMBH are as in Fig. 2.
The evolution of the halo virial radius is also shown (grey curve). For
comparison, the evolution of the bubble radius in the case of a uniform
density field as assumed in Fig. 2 is also plotted (green curve). The
vertical dotted lines are as in Fig. 2.

(Cicone et al. 2015). As expected, the bubble size is smaller (by
a factor of ∼4–5) than what was found in the case of a uniform
density field since now the outflow is crossing a gas density that
is on average a few dex higher. As for the velocity of the bubble
expansion, this reaches v = 450 km s−1 at t = t9, whereas veloc-
ities up to 1000 km s−1 have been observed for SDSS J1148.

The computations above neglect the effects of the exter-
nal pressure on the bubble evolution, which, unlike the case
of a QSO placed in the field, are now expected to be rele-
vant. We then modified the momentum equation (Eq. (27)) by
adding on the left-hand side a term equal to −4πR2Pext, where
Pext = ρgaskBTgas/µmp. As shown by the solid curve in Fig. 11,
the external pressure reduces the bubble radius by a factor of
∼1.6 up to a few Salpeter times (∼1.2 at late times, in the fully
exponential regime of the QSO power).

For a given QSO power, the evolution of the bubble expan-
sion strongly depends on the halo mass in which the BH re-
sides. In the case of a very massive halo (M(t9) = 1013 M�),
the bubble reaches radii of ∼50 kpc by z = 6, with velocities of
∼400 km s−1. This is shown in Fig. 12 (left), where the compari-
son between the velocity of the bubble expansion and the sound
speed of the gas in the halo is also shown. For massive halos, the
bubble expansion is subsonic during the entire accretion history
of the BH. This means that the QSO wind is not able to create a
shock and then no shell of dense gas propagates outwards. In this
case the treatment provided by our equations can still be used
to approximately describe the expansion of the contact discon-
tinuity between the bubble and the ambient gas (Koo & McKee
1992). In smaller halos, the gas density encountered by the out-
flow is on average smaller, hence the outflow velocity is higher,

and the sound speed in the ambient gas is lower (cs ∝ M1/3
h ).

For halos with M(t9) ≤ 3 × 1011 M�, the expansion turns super-
sonic at all times (see Fig. 12 right) and our treatment provides
a careful description of the shell motion.

7. Discussion

7.1. Continuous vs. intermittent accretion

The basic assumption in our computations is that the outflow is
powered by a BH that has been accreting mass without inter-
ruption for many e-folding times, corresponding to ∼580 Myr,
in the case presented before. This is necessary to produce the
109 M� BHs observed in z = 6 QSOs if the accretion rate
is limited to the Eddington rate3 and if the radiative efficiency
is that of standard geometrically thin, optically thick Shakura-
Sunyaev accretion discs, i.e. ε ∼ 0.06–0.3. Recent works have
shown that in fact most QSOs at z = 6 may grow in this way
given their measured radiative efficiencies and Eddington ra-
tios (Trakhtenbrot et al. 2017). However, the likelihood of such a
long, uninterrupted accretion at high rates is highly debated. Hy-
drodynamical simulations (Ciotti & Ostriker 2007; Dubois et al.
2013) have shown that strong feedback effects occur already
above a fraction of the Eddington ratio (although this is based
on spherical rather than disc accretion models). These feedback
effects rapidly shut down the accretion flow, which can possi-
bly restart after a quiescence time longer than the burst of ac-
tivity. The accretion and shut-down episodes can continue for
many cycles, but it is clear that low duty cycles make the build-
up of early SMBHs extremely challenging. A possible solution
has been proposed by considering that when the accretion rate is
close to Eddington, the thin-disc solution no longer applies, and
the accretion should occur through radiatively inefficient “slim”
discs with ε < 0.05 (Madau et al. 2014; Volonteri et al. 2015).
We recall that the Soltan (1982) argument indicates that the bulk
of the BH growth in the Universe must occur through radiatively
efficient accretion (see also Yu & Tremaine 2002; Marconi et al.
2004). However, radiatively inefficient accretion can still power
sub-populations of AGN that provide little contribution to the
total mass density of local SMBHs, like e.g. QSOs at very high
redshifts. In this case, the e-folding time of the BH growth may
easily be much shorter than in the standard, radiatively effi-
cient case, whereas the radiative output would be only mildly
super-Eddington (Madau et al. 2014; Volonteri et al. 2015). As
an example, based on the results of Madau et al. (2014), a non-
spinning BH that is accreting at four times its Eddington rate
should have a radiative efficiency of ε ∼ 0.03 and a bolomet-
ric luminosity of Lbol ∼ 2.6LE. In this case, the Salpeter time
is a factor of 7 smaller than what we assumed for continuous
accretion, as is the duration of the accretion needed to grow a
104 M� seed to a 109 M� SMBH. Since the wind power is
assumed to be proportional to the radiative (bolometric) QSO
output, this is 2.6 times more powerful than what we assumed
for the continuous, Eddington-limited case. By recalling that in
the energy-driven limit, the normalization of the bubble radius
scales approximately as R ∝ L1/5

w,0 t3/5
Sal , where Lw,0 is the initial

wind power, we may expect that, in the case of Super-Eddington
accretion, the bubble radius is a factor of 2.6−1/5 × 73/5 ∼ 2.6
smaller. By considering that the bubble will keep expanding iner-
tially during the non-active phases, this factor is likely an upper

3 Defined as the critical accretion rate producing an Eddington lumi-
nosity for a radiatively efficient thin disc around a non-rotating BH, i.e.
ṁE = 17LE/c2.
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Fig. 12. Left column: time evolution of the bubble radius (upper panel) and velocity (lower panel) produced by a growing SMBH in a dark matter
halo growing to 1013 M� by z = 6 in the energy-driven case (black curves) as compared with the evolution of the halo virial radius and sound
speed of the halo gas, respectively (grey curves). For such a massive halo the outflow expansion is always subsonic. Right column: as in the left
column but for a smaller halo that grows to 3 × 1011 M� by z = 6. In this case the outflow expansion is always supersonic. The meaning of the
vertical dotted lines is as in the previous figures.

limit. We then conclude that intermittent super-Eddington ac-
cretion should produce bubble sizes comparable within a factor
of 2 to what has been discussed in the previous sections. Inter-
estingly, the low duty cycles implied by intermittent accretion
would imply that early SMBHs are much more abundant than
the active QSOs detected at z = 6, and then that they should be
hosted on average by smaller halos which may favour the devel-
opment of supersonic outflows (see next section).

7.2. Exploring the parameter space: outflow properties
as a function of halo mass, gas temperature,
and BH seed

Recent hydrodynamical cosmological simulations of early BH
formation suggest that part of the gas in the hosting halo may be
at temperatures significantly lower than Tvir when it is crossed by
the QSO outflow (Dubois et al. 2013). Cold gas (T < 105 K) in
the form of filaments accreted by the halo itself may indeed con-
stitute most of the gas mass in the halo. However, this cold gas is
expected to fill only a minor fraction of the halo volume, which
should instead be mostly occupied by a hot diffuse medium with
T ∼ Tvir. We recall that Tvir ∝ M2/3

h . For reference, for a halo
growing to 3 × 1011 M� (1013 M�) by z = 6, the virial tempera-
ture increases from ∼105 K (∼106 K) at z = 12.5 to ∼1.3×106 K
(∼1.3 × 107 K) at z = 6. We explored the effects of varying the
gas temperature in the halo allowing the parameter V ≡ Tgas/Tvir
to vary in the gas profile equations of Ferrara & Loeb (2013).
As expected, for T < Tvir the gas has higher central densities

and steeper profiles. We explored the gas temperature variations
in halos of different mass and the results are shown in Fig. 13
(left). The seed mass of the BH and all the other source param-
eters were kept as in the previous computations. We find that
the onset of the subsonic and supersonic regimes of the outflow
are nearly independent on the gas temperature. This can be un-
derstood by considering that, on the one hand, the sound speed
decreases with decreasing gas temperature, on the other hand,
the gas central density increases, slowing down the outflow ex-
pansion. For halos with masses Mh . 3 × 1011 M� the outflow
is always supersonic. As more massive halos are considered, the
outflow spends a larger fraction of time at subsonic velocities.
For Mh ≥ 5× 1012 M� the outflow is subsonic at any time above
tacc > 1 Myr (we simply refer to this as always subsonic). When
all the other parameters are fixed, the bubble radius and velocity
of supersonic outflows can reach very large values for T < Tvir.
As an example, for a halo with Mh = 3 × 1011 M� the bubble
radius and velocity at t9 (z = 6) are ∼1 Mpc and 6000 km s−1 for
T ∼ Tvir/2, to be compared with ∼200 kpc and ∼1000 km s−1

for T = Tvir
4. We also investigated what happens if the seed

BH mass is left free to vary in the range 103 to 106 M� in host-
ing halos whose mass may end up at z = 6 in a range between
1011 and 1013 M�. We do not push our computations to seed
masses smaller than 103 M� because this would mean starting

4 As noted by Ferrara & Loeb (2013), the central gas densities may
reach implausibly high values (and extremely steep profiles) for T �
Tvir. In our computations, this would also turn into implausibly high
values of v(t9) and R(t9), so we limited our computation to T ≥ Tvir/4.
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Fig. 13. Left: outflow regimes as a function of halo mass at z = 6 and
halo gas temperature normalized to the virial temperature. The energy-
driven limit is considered. The seed BH mass (104 M�) and all the other
AGN input parameters are kept as in the previous computations. The
transitions from supersonic to mixed (i.e. the outflow is part of the time
supersonic and part of the time subsonic), and from mixed to subsonic,
occur at Mh ∼ 3 × 1011 M� and Mh ∼ 5 × 1012 M�, respectively (red
curves), and are nearly independent on Tgas. Right: same as in the left
panel but as a function of halo mass at z = 6 and initial seed BH mass.
Here we assume Tgas = Tvir for simplicity.

the accretion at redshifts greater than z = 17, where i) our extrap-
olations for the evolution of the host halo mass are highly uncer-
tain and ii) the central densities of these early halos as modelled
here reach implausibly high values (see Ferrara & Loeb 2013).
For simplicity, we kept Tgas = Tvir in the following compu-
tations. Also, we kept all the input AGN parameters as in the
previous computations (ε = 0.1, λ = 1, fw = 0.05) so that the
QSO wind power scales linearly with the seed mass. The results
are shown in Fig. 13 (right). The supersonic-to-mixed and the
mixed-to-subsonic outflow transitions occur at increasing halo
masses as the seed BH mass increases because varying the seed
mass means varying the initial conditions for the outflow expan-
sion: larger seeds imply more powerful initial winds and a later
start of the accretion (i.e. at a lower redshift) when the halo mass
has grown and the central gas density is lower. This has the effect
of increasing the speed of the outflow, which then needs bigger
halos to be slowed down to subsonic velocities. As for the bubble
“final” radius and velocity at t9, the same conclusions reached in
Fig. 3 apply: as the Salpeter time does not depend on the seed
mass, the bubble radius and velocity only depend on the final
BH mass, which is fixed to 109 M�. Larger/smaller seeds simply
mean shorter/longer accretion times to reach the same BH mass
and bubble radii.

7.3. Detection of hot gas within QSO bubbles
through the thermal Sunyaev-Zeldovich effect

From an observational point of view, if would be difficult
to obtain a direct detection of the hot and tenuous gas fill-
ing the bubble, as this is expected to radiate inefficiently (e.g.
Faucher-Giguère & Quataert 2012; Costa et al. 2014; see also
next section). A promising technique is instead searching for sig-
natures of the inverse Compton effect produced by the hot elec-
trons in the bubble on the cosmic microwave background (CMB)
photons, i.e. the thermal Sunyaev-Zeldovich (tSZ) effect.

Recent works found evidence for the tSZ effect by
stacking far-IR and sub-mm data around large samples of
QSOs (e.g. Ruan et al. 2015; Crichton et al. 2016). In par-
ticular, Crichton et al. (2016) used data from both ACT and
Herschel-SPIRE to build the average far-IR spectral energy

distribution of SDSS QSOs in different redshift bins, from z =
0.5 to z = 3.5. They found a 3–4σ evidence that the average far-
IR SEDs of QSOs deviate from what is expected from pure dust
emission, and that these deviations can be explained through the
tSZ effect.

The spectral distortions produced by the tSZ effect are nor-
mally parameterized by the Compton y-parameter

y ≡

∫
neσT

kBTe

mec2 dl, (38)

where ne and Te are the density and temperature of the hot elec-
trons, respectively, and the integral is performed along the line
of sight.

Because of the limitations in the angular resolution of ACT
(FWHM = 1 arcmin, corresponding to a half-light radius of
250 kpc at the median redshift of their sample, z = 1.85),
Crichton et al. (2016) could only measure an integrated Comp-
ton parameter over the source solid angle, defined as

Y(z) ≡ d2
A(z)

∫
ydΩ =

σT

mec2

∫
PedV =

2
3
σT

mec2 Ee, (39)

where dA(z) is the angular diameter distance, i.e. the ratio be-
tween the object’s physical transverse size and its angular size;
Pe is the electron thermal pressure; and Ee the electron thermal
energy. For protons and electrons in thermal equilibrium the total
thermal energy in the ionized gas is then

Eth = (1 + µ−1
e )Ee =

3
2

(1 + µ−1
e )

mec2

σT
Y(z), (40)

where µe is the mean particle weight per electron (1.17
for primeval gas). Crichton et al. (2016) measured an average
amount of thermal energy per source of Eth = 6.2(±1.7) ×
1060 erg. This is about one dex higher than the thermal energy
of the gas heated by the gravitational collapse of their dark mat-
ter halos (having Mh . 5 × 1012 M�, as derived from clustering
measurements; Shen et al. 2013; Eftekharzadeh et al. 2015), and
was interpreted as evidence for thermal energy deposition from
QSO outflows in their circumgalactic media, i.e. as evidence for
large-scale QSO feedback.

Although we are focusing on higher-z QSOs, we are in the
position of checking the amount of thermal energy deposited in
our exponentially growing bubbles of hot gas at t9, i.e. the evo-
lutionary time where we expect to observe the source.

By considering that in energy-driven winds about half of
the wind kinetic energy goes into bubble thermal energy (e.g.
Weaver et al. 1977) we can integrate Eq. (4) deriving

Eth ≈
1
2

Ew(t) =
1
2

∫ t9

0
Lw(t)dt =

v2
w

4

∫ t9

0
ṁw(t)dt (41)

=
v2
w

4
ṁw,0tSal[et9/tSal − 1] ∼ 5 × 1060 erg.

This value is remarkably similar to that measured by
Crichton et al. (2016), hence suggesting that AGN outflows are
closer to the energy-driven limit than to the momentum-driven
limit. This conclusion is in agreement with the findings of
Tombesi et al. (2015) and Feruglio et al. (2015) based on the
comparison between the energy of the inner wind and that of the
large-scale molecular outflow measured in two nearby QSOs.
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7.4. Cooling of the hot gas in the bubble

The above computation was performed under the hypothesis that
the shocked wind within the bubble does not cool and the out-
flow is then in the fully energy-driven limit. We will explore here
under which conditions this assumption is satisfied. Assuming
that the QSO wind velocity vw is much higher than the veloc-
ity at which the reverse shock is moving, the post-shock wind
temperature, that is the bubble temperature Tb, is

Tb =
3
16

µmp

kB
v2
w ≈ 1.2 × 1010

(
µ

0.59

) (
vw

0.1c

)2
K. (42)

For such a hot gas, the only effective cooling mechanisms are
free-free (thermal Bremsstrahlung) emission, inverse Compton-
scattering, and, for sufficiently compact systems, pair produc-
tion. The timescale for free-free cooling can be estimated as
(Mo et al. 2010; Costa et al. 2014)

tff ≈ 8 × 105
( Tb

1010 K

)1/2 ( ne

10−3 cm−3

)−1
Myr, (43)

which is obviously much longer than the Hubble time for the
temperatures and densities (ne ∼ 10−5−10−7 cm−3) of our sys-
tems.

As the hot gas in the bubble is exposed to the radiation field
of the QSO, the high-energy electrons in the bubble can ex-
change energy with the QSO photons through Compton scat-
tering. If the temperature of the system is higher/lower than the
QSO Compton temperature (TC ∼ 2 × 104 K, e.g. Sazonov et al.
2005), which depends only on the QSO spectral shape, the gas
can be cooled/heated. The relevant timescale for Compton cool-
ing/heating can be written as

tC ≈ 102
(

R
1 kpc

)2 (
MBH

108 M�

)−1

λ−1 Tb

|Tb − TC|
Myr. (44)

For our system, Tb � TC and the bubble might cool because
of inverse Compton scattering. However, when putting in the
above equation the values of the bubble radius R(t), and BH mass
MBH(t) at any given accretion time, the timescales for Compton
cooling are from 30 to 1000 times larger than the flow time for
the whole halo mass range explored in the previous sections. We
therefore conclude that Compton scattering of the QSO photons
is an inefficient mechanism to cool down the bubble.

At high redshift, however, the CMB provides a large reser-
voir of photons available for Compton scattering because its
energy density scales as (1 + z)4. Since the CMB temperature
TCMB ∼ 2.73(1 + z) K � Tb, the hot electrons in the bubble
might cool efficiently by inverse Compton scattering on CMB
photons (IC-CMB). Following Mo et al. (2010), for the cosmol-
ogy adopted here and at z & 2, the cooling time for the IC-CMB
process can be approximated with

tIC−CMB/tU ∼ 134(1 + z)−5/2, (45)

where tU(z) is the age of the Universe at redshift z. By consid-
ering that tU(z) = tacc + tU(12.5) and inserting it in the above
equation, we find that tIC−CMB is always larger than tacc, but they
are of the same order for tacc & 100 Myr. This means that at high-
z the IC-CMB is an effective cooling mechanism for the hot gas
in the bubble. This may produce significant departures from the
pure energy-driven limit discussed above, but we defer a detailed
treatment of the outflow behaviour to future hydrodynamic sim-
ulations which include IC-CMB cooling.

We finally discuss the possibility that the high-temperature
plasma within the bubble (Tb ∼ 1010 K) may cool down
because of pair production. Indeed, if the system is suffi-
ciently compact, high-energy photons may produce electron-
positron pairs that can slow down the fast protons in the plasma
through Coulomb interactions, effectively cooling down the
bubble (Begelman et al. 1987). This would happen if the sys-
tem is optically thick to pair production, i.e. when the di-
mensionless compactness parameter l ≡ LbσT /Rmec3 � 1
(Lightman & Zdziarski 1987). Here Lb is the free-free luminos-
ity (see e.g. Eq. (B.1) in Faucher-Giguère & Quataert 2012) at
∼MeV energies of the thermal plasma in the bubble and R is the
bubble radius. For the values typical of our systems, l ∼ 10−13 at
any given accretion time, making pair production an inefficient
cooling mechanism.

7.5. Stability analysis and shell fragmentation

We provide here considerations on the stability and fragmenta-
tion of the gas shell pushed by the QSO. We consider the case
of a BH starting from a seed mass of 104 M� at z = 12.5 placed
within a dark matter halo growing to Mh = 3× 1011 M� at z = 6,
for which the outflow is always supersonic (Fig. 12 right).

As opposed to the case treated in Sects. 4 and 5 of a QSO
bubble expanding in the IGM where the effects of gravity are
negligible, for an outflow expanding within a dark matter halo
gravity combines with the acceleration of the expanding shell in
generating Rayleigh-Taylor (RT) instabilities. In particular, for
a fluid with a radial acceleration R̈, the growth rate of the per-
turbations at a given spatial scale λ is ΓRT =

√
2πg′/λ, where

g′ = R̈ + g is the apparent gravitational, or net radial, accelera-
tion of the system (Drazin 2002). The growth rate of the pertur-
bations is faster at the smallest scales, i.e. those comparable with
the shell thickness ∆R ∼ R/(3 + 3M2), where R is the bubble
radius andM is the outflow Mach number (Weaver et al. 1977).

For the case discussed here, g′ > 0 for tacc > 5 Myr, and
the e-folding time of the small-scale perturbation growth tRT ≡

1/ΓRT becomes shorter than tacc soon afterwards. Therefore, RT
instabilities have enough time to develop and alter the whole
structure of the expanding shell. The detailed structure and frag-
mentation history of the shell can be studied only with high-
resolution simulations. We assume here that the overall spheri-
cal structure of the shell is preserved even at late accretion times,
and hence its expansion history presented in the previous section
holds. The hydrodynamics simulations performed by Costa et al.
(2014) assuming a constant source of energy and mass show that,
after developing RT instabilities, the global structure of an ex-
panding shell in energy-driven QSO outflows is preserved even
at late times and can be described with good accuracy by simple
numerical and analytic methods.

At any given time, the first fragments (clouds) separating
from the expanding shell will be those whose sizes are similar
to the shell thickness ∆R. Once detached from the outflowing
shell, the clouds are subject to the gravitational field of the halo.
Because of the high contrast between the gas density within the
cloud ρcl and that of the hot tenuous gas within the bubble ρb
( χ ≡ ρcl/ρb ∼ 104−5), the ram pressure exerted by the hot gas
is not sufficient to slow down the cloud, which eventually falls
back towards the BH in a free fall-time τff = (vs +

√
v2

s + 2gR)/g,
where vs, R, and g are the shell velocity, the bubble radius and
the acceleration of gravity on the shell, respectively, at the time
of the cloud detachment tdet. If the free-fall time τff is shorter
than the cloud age τ ≡ t9 − tdet, by the time we observe the
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system the cloud has already fallen back to the BH, otherwise
it may be observed. For the system considered here, this means
that only clouds detaching from the shell at tdet > 186 Myr can
be observed. At these late times, the shell thickness varies only
between 2 and 3 kpc, so clouds with radii rcl = ∆R/2 ∼ 1.0–
1.5 kpc are expected. Given the gas density within the cloud
ρcl = ρshell = (1 +M2)ρgas ∼ 10−26 g cm−3, this corresponds to
gas masses of Mcl ∼ 1 − 2 × 106 M� per cloud. Also, each cloud
detaching at tdet > 186 Myr should have the following velocity
and radius by t9: vcl(t9) = vs(tdet)−gτ and Rcl = Rb + vsτ−gτ

2/2.
Clouds that detach from the shell at late times, should be seen
close to the shell itself and with large outflowing velocities (see
Fig. 14). Clouds that detach from the shell at times just after
186 Myr, should be seen close to the BH and with infalling ve-
locities. For the case considered here, the transition between the
regions populated by outflowing and infalling clouds occurs at
Rcl = 51 kpc, where clouds at zero velocities should be observed
(see Fig. 14).

Individual clouds are expected to suffer from radiative losses
and cool down following the cooling function (Cioffi & Shull
1991)

Λ =

{
2.49 × 10−27T 1/2

cl erg cm3 s−1 (free − free)
1.3 × 10−19ζT−1/2

cl erg cm3 s−1 (metals)
, (46)

where the first relation is valid for gas made only of hydrogen
and helium and the second is valid for a gas with 105 < T <
107 K and metallicity ζ relative to solar. The corresponding cool-
ing times τcool ∼ 1.5kBTcl/(nclΛ) are then

τcool ∼

 2.6
(

Tcl
106 K

)1/2
n−1

cl Myr (free − free)

0.05
(

Tcl
106 K

)3/2
(nclζ)−1 Myr (metals)

. (47)

For the system considered here, where Tcl = Tgas ∼ 0.3−1.0 ×
106 K (assuming Tgas = Tvir) and ncl ∼ 0.01 cm−3, it follows
that tcool � tacc only if ζ & 0.05, i.e. the clouds would cool
significantly by the time we can observe them only if a signif-
icant fraction of metals is already present in the ambient gas.
We speculate here that those clouds that detach early from the
shell and fall back towards the BH may both provide fuel for fur-
ther BH accretion, in analogy with chaotic cold accretion models
(Gaspari et al. 2017), and a reservoir of “cold”, T ∼ 104 K gas,
like the one probed by MUSE through the ubiquitous detection
of giant Lyman α halos extending for a few tens of kpc around
luminous QSOs at 3 < z < 4 (Borisova et al. 2016).

As the clouds move within the hot gas in the bubble they are
subject to Kelvin-Helmoltz (KH) instabilities, which can effec-
tively remove material from the surface of the clouds until their
disruption (see also Ferrara & Scannapieco 2016). The mass loss
is particularly relevant at scales λ ∼ rcl, for which the growth
timescale of the KH instability is (Murray et al. 1993)

τKH = λ
ρcl + ρb

(ρclρb)1/2vcl
≈
χ1/2rcl

vcl
(48)

in the limit of a high-density contrast between the density of the
cloud and that of the bubble, χ � 1, as applicable here.

Since the cloud loses mass at a rate Ṁcl ∼ 4πρclr3
cl/τKH, the

characteristic stripping time for the cloud mass is

τstrip =
Mcl

Ṁcl
=
τKH

3
, (49)

where Mcl = 4πρclr3
cl/3 is the mass of the cloud (Lin & Murray

2000).

Fig. 14. Schematic view (to scale) of the outflow structure around a
QSO at z = 6. Regions b, c, and d are as in Fig. 1. The host halo mass
was fixed to 3 × 1011 M�. As Rayleigh-Taylor instabilities develop, the
gas shell loses fragments (clouds) of the size of its thickness. Depending
on when a cloud detaches from the shell, it will be seen as an outflowing
or inflowing cloud, where “younger” clouds have larger distances from
the QSO and higher receding velocities. The length of each arrow is
proportional to the cloud velocity. The dashed curve at ∼50 kpc shows
the boundary where clouds are seen as infalling or outflowing. Clouds
that have detached from the shell at tacc < 186 Myr have already fallen
back to the BH by the time the system is observed (t9), and still, they
may accumulate and produce large reservoirs of cold gas around the
QSO.

For the observable clouds in the system discussed above, the
stripping time τstrip is of the same order of the cloud age at the
time of the observation. Therefore, individual clouds may sur-
vive the KH instabilities and be observed. This conclusion is re-
inforced by considering that the mass of those clouds that detach
from the shell soon after tdet, and hence that move at relatively
low velocities (∼100 km s−1), is close to the self-gravitating
critical mass required to remain stable against KH instabilities
Mcr ∼ (61/2πv3

cl)/(G
3/2χ2ρ1/2

b ) ∼ 7 × 106 M� (Murray et al.
1993). Because of the high temperature in the bubble, the clouds
are subject to significant evaporation (Cowie & McKee 1977;
Marcolini et al. 2005). The mass evaporation rate can be written
as

Ṁev =

{
1.36Ṁclσ

−5/8
0 if σ0 ≥ 1

Ṁcl if σ0 < 1
, (50)

where the dimensionless parameter σ0 is defined as

σ0 = 4.22 × 10−3
( Tb

106 K

)2

n−1
b

(
rcl

1 pc

)−1

, (51)

and

Ṁcl = 4.34 × 10−7
( Tb

106 K

)5/2 (
rcl

1 pc

)
M� yr−1. (52)
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In our case, σ0 � 1 and the evaporation time can be written as

τev =
Mcl

Ṁev

∼ 0.03
( Tb

1010 K

)−5/4 (
rcl

1 kpc

)11/8 (
χ

5000

)5/8 ( ncl

0.01

)3/8
Myr.

(53)

Therefore, all clouds should quickly evaporate if Tb ∼ 1010 K.
However, as discussed in the previous section, for bubbles pro-
duced by high-z QSOs, IC-CMB cooling would be effective
in bringing the plasma to lower temperatures. For Tb ∼ a few
×107 K, the evaporation time would become as long as the cloud
age at t9. Therefore, an intriguing prediction of this simple model
is that a distribution of clouds around QSOs like the one shown
in Fig. 14 can be only observed in systems at z ∼ 6 and beyond.
We defer a detailed treatment of the shell fragmentation and for-
mation of gas clouds to future high-resolution hydrodynamical
simulations.

8. Conclusions

We investigated the physics and time evolution of large-scale
outflows produced by early QSOs powered by exponentially
growing BHs. We assumed that these systems grow to MBH =
109 M� by z = 6 by accreting at the Eddington limit and convert-
ing a fixed fraction of their bolometric output into a wind. This
means that the outflow source power is also growing exponen-
tially. We first considered the cases of energy- and momentum-
driven outflows expanding in a region where the gas and total
mass densities are uniform and equal to the average values in
the Universe at z ≥ 6. We then extended our computations to
the case of QSOs placed at the centre of early dark matter halos
of different masses and starting from different seed BH masses.
We made considerations on the energetics of the outflow, on the
cooling of the hot gas in the QSO-inflated bubble, and on the sta-
bility and structure of the expanding gas shell. Our main results
can be summarized as follows:

• For a SMBH/QSO growing in mass/power with an e-folding
(Salpeter) time tSal, the late time expansion of the bubble ra-
dius is also exponential, with an e-folding time of 5tSal and
4tSal for an energy-driven and a momentum-driven outflow,
respectively. In the case of a QSO expanding within a uni-
form density field we provided analytic solutions to the time
evolution of the bubble radius.

• For a QSO outflow expanding within a field where the gas
and total mass densities are uniform and equal to the aver-
age field values at z > 6, the expansion of the bubble is only
affected by the gas density, whereas the gravitational drag
exerted by dark matter is negligible. The latter is instead rel-
evant for outflows produced by QSOs at the centre of large
dark matter halos.

• We considered energy-driven outflows produced by BHs
growing from seeds with a mass range of 103−106 M� and
placed within growing dark matter halos spanning a mass
range of 3 × 1011−1013 M� at z = 6. We followed the evo-
lution of the source power and of the gas and dark matter
density profile in the halos from the beginning of the accre-
tion until z = 6. For a given final BH mass (109 M� in our
case), the bubble radius and velocity at z = 6 do not de-
pend on the initial seed mass: a bubble inflated by a smaller
(larger) seed simply takes more (less) time to grow to the

same final value R(t9). The final bubble radius and velocity
are instead smaller for larger halo masses. At z = 6, bub-
ble radii in the range 50–180 kpc and velocities in the range
400–1000 km s−1 are expected for QSOs hosted by halos in
the mass range 3× 1011−1013 M�. These radius and velocity
scales compare well with those measured for the outflowing
gas in the well-known z = 6.4 QSO SDSS J1148+5251.

• We assumed that the gas in the halo is at the virial tempera-
ture. For large enough halos, where the gas temperature and
sound speed are higher, the expansion of the bubble may be-
come subsonic in a given time interval. We find that for halos
with Mh ≤ 3 × 1011 M� at z = 6, the outflow is always
supersonic. The fraction of time spent at subsonic veloci-
ties increases for larger masses, until it is always subsonic
for Mh ≥ 5 × 1012 M� at z = 6. We also explored the ef-
fects of assuming a lower ambient gas temperature, down to
Tvir/4. We found that the halo mass thresholds for fully sub-
sonic and fully supersonic outflows do not strongly depend
on the assumed gas temperature and corresponding density
profile. For lower temperatures and steeper profiles, the bub-
ble radii and velocities can reach values up to 1 Mpc and a
few ×1000 km s−1, respectively.

• In the case of an energy-driven outflow, we computed a to-
tal thermal energy of ∼5 × 1060 erg contained in the bubble
around the QSO. This number is in excellent agreement with
the value of (6.2 ± 1.7) × 1060 erg per QSO as derived from
a large sample of QSOs through the detection of the ther-
mal Sunyaev-Zeldovich effect in their stacked far-IR spectra.
This suggests that QSO outflows are closer to the energy-
driven limit than to the momentum-driven limit.

• We investigated the stability of the expanding gas shell in
the case of an energy-driven supersonic outflow propagat-
ing within a dark matter halo. We found that the shell is
Rayleigh-Taylor unstable already at t > 5 Myr and, by means
of a simple model, we investigated the fate of the fragments
detaching from the shell. We found that these fragments
should rapidly evaporate because of the extremely high tem-
perature of the hot gas bubble, unless this cools effectively.
Since the only effective cooling mechanism for such a gas is
inverse Compton by the CMB photons (IC-CMB), which is
important only at z ≥ 6, we speculate that such shell frag-
ments can be observed only around high-z QSOs, where IC-
CMB cooling of the bubble gas can prevent their evapora-
tion.

• We finally propose that those shell fragments that have
already fallen back towards the centre of the dark matter halo
by the time we observe the QSO may accumulate and consti-
tute a reservoir of relatively cold gas (T ∼ 104 K) on scales
of up to a few tens of kpc. This mechanism could explain the
ubiquitous presence of such a gas observed by MUSE around
z ∼ 3.5 QSOs.
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