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Fig. 19. Estimates of the effective number of parameters for 100 realisations of a cosmic shear (left) and a joint cosmic shear+GGL (right) data
vector. The estimators defined in Eqs. (44)–(46) are shown in blue, red, and orange, respectively. The dashed lines mark the average over the
realisations. The black line marks the effective number of parameters inferred from the fit of a χ2-distribution to a histogram of χ2

min (cf. Eq. (47)).

Table 4. Estimates of the effective number of model parameters.

No. of pars. Cosmic shear All WL

estimate µ σ αp µ σ αp

NΘ 12 – 22.6 18 – 32.8
NΘ,var 3.0 0.5 −4.0 7.4 1.3 −4.3
NΘ,like 5.4 1.3 3.2 10.7 1.8 7.2
NΘ,post 3.5 0.6 −2.3 7.6 1.1 −3.9
None 0 – −12.6 0 – −29.4
NΘ,eff 4.5 0.8 0.4 9.1 1.3 1.6
From 〈χ2〉 4.5 0.6 0.4 8.7 0.4 0.2

Notes. Rows correspond to the total number of parameters varied in the
analysis, NΘ, the three estimators for the effective number of parameters
given in Eqs. (44)–(46), and the assumption of no parameters varied.
We also show our adopted estimator of NΘ,eff = (NΘ,like + NΘ,post)/2 and
the effective number of parameters as inferred from the mean of the
sampling distribution of minimum χ2-values (as in Fig. 18). Columns
denote the central value µ, the standard deviation σ, and the quality of
match to the χ2

min sampling distribution, αp (cf. Eq. (47)).

with absolute values of αp between 2 and ∼4, and the traditional
NΘ with αp ≈ 23 and 33 for cosmic shear and the combined
weak lensing signals, respectively, are strongly disfavoured. The
latter performs even slightly worse than assuming no free param-
eters at all. However, it should be noted that the NΘ,eff is quite
noisy if determined from a single maximum likelihood estimate,
so that combining at least a few realisations (from mocks or the
posterior predictive distribution) is recommended.

It is interesting to note that the effective number of con-
strained parameters, defined as the equivalent dimension of a
linear, unconstrained parameter space, is 4.5 for cosmic shear
and approximately 9 for cosmic shear and GGL combined. The
classic approach to goodness of fit, employing NΘ to calculate
the reduced χ2, thus yields a conservative test statistic if model
under-fitting is the primary concern. This means that previous
cosmological analyses with similarly structured model parame-
ter spaces tended to report reduced χ2 values whose expectation
was slightly larger than unity. The change due to using NΘ,eff is
mild for our fiducial KiDS-1000 setup (e.g., 7% in the reduced
χ2 for cosmic shear only), but could become important for a
smaller data vector, for instance if data compression is applied.

6.4. Reporting parameter constraints

In cosmology it is widely accepted to adopt the Bayesian
paradigm for inference and provide the posterior distribution,

usually in the form of samples, as the final deliverable of an
experiment. Nonetheless, point estimates of some notion of best-
fit parameter value are indispensable to report headline results
or compare with other experiments at a high level. Moreover,
researchers are often interested in the recovery of a ‘true’ under-
lying value of model parameters. This is perhaps most obvious
in the validation of an analysis pipeline – we seek to demonstrate
that we faithfully recover the input parameters of the mock data.

Usually, point estimates are extracted from the one-
dimensional marginal distributions of the parameters (as this
low-dimensional distribution is well sampled), typically the
mode, median, or mean combined with a credible interval that
encompasses a defined fraction of the highest marginal posterior
density. While these point estimates are unambiguous in their
Bayesian interpretation, they do not necessarily peak at, or even
cover within a given credible interval, the true parameter value22.
In our case this is a consequence of a high-dimensional parame-
ter space with multiple, non-linear near-degeneracies, in addition
to a wide prior with complex shape. Figure 20 displays a per-
tinent example: the strong, banana-shaped degeneracy between
Ωm and σ8 present in the posterior of cosmic shear analyses.

We therefore seek to employ a complementary point estimate
that more accurately reports the global best fit to the data at hand.
The estimate itself is simply the set of parameter values at the
maximum (multivariate) posterior, denoted by MAP (maximum
a posteriori):
ΘMAP = argmaxΘPr(Θ|d), (48)
where argmax returns the argument of a function at which it
attains its maximum. The posterior maximisation advocated in
Sect. 6.3 for determining the goodness of fit also provides a pre-
cise MAP estimate. In practice, we find good recovery of the
global maximum by taking the largest posterior returned by a
suite of tens of optimisation runs, each started at the position of
a different posterior sample with high probability mass.

The decision-theoretical optimal uncertainty estimate for the
MAP is the credible region Hα defined by the highest poste-
rior density (Robert 2001; see also Price et al. 2021 for another
recent application in cosmology)
Hα = {Θ : Pr(Θ|d) > cα}, (49)
for some threshold cα, depending on α, the posterior mass
enclosed withinHα:∫
Θ∈Hα

dNΘΘ Pr(Θ|d) = α. (50)

22 Pathological examples with arbitrarily low marginal posterior density
at the position of the maximum of the joint posterior are straightforward
to construct.
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Fig. 20. Illustration of 1σ credible intervals (CI) used to report param-
eter constraints, for a subset of two parameters for an exemplary mock
joint analysis of GGL and cosmic shear with a noiseless data vector. The
standard marginal highest posterior density (M-HPD) CIs are shown in
blue. The marginal posterior mode is shifted with respect to the true
input parameter values (black dashed lines), whereas the maximum a
posteriori (MAP) estimate (orange star) tracks the truth well. The CI we
associate with the MAP is constructed via the PJ-HPD method (red),
using the samples with the highest posterior density (red points). Other
posterior samples are shown as blue points, with point size proportional
to their posterior mass. Top and right panels: height of the points and of
the MAP indicate their posterior density with arbitrary scaling.

For our purposes, the definition Eq. (49) is not practical, how-
ever. We wish to use a credible interval for the MAP estimate
that can be easily compared to established uncertainty estimates,
such as the standard deviation of posterior samples or the highest
posterior density in the marginal distribution of a given parame-
ter (denoted by M-HPD hereafter). While straightforward in one
dimension, this is not the case for the high-dimensional parame-
ter spaces we are considering here. For example, while the notion
of 1σ credible intervals readily translates to α ≈ 0.68 in one
dimension, this is not the case for higher dimensions, where α
rapidly decreases with increasing number of dimensions.

We propose a hybrid credible interval estimator that is based
on the joint, multi-dimensional highest posterior density region,
but projected onto the marginal posterior of the parameter under
consideration (PJ-HPD henceforth, for projected joint highest
posterior density). For each parameter i, define the credible inter-
val as the highest posterior density region that encompasses a
fraction α of its marginal posterior mass:

H
marg.
i = {Θ : Pr(Θ|d) > ci}, (51)

such that∫
Θi∈H

marg.
i

dΘi Pr(Θi|d) = α, (52)

where Pr(Θi|d) is the posterior of Θi marginalised over all other
parameters of the model. In general, this does not correspond
to the region of the highest marginal posterior. The PJ-HPD
estimate is guaranteed to include the MAP (since by definition

MAP lies within the highest posterior density region) and read-
ily allows for the comparison of the credible intervals between
analyses with a different dimension of parameter space. It is intu-
itive in that the PJ-HPD reduces to the standard M-HPD credible
interval in one dimension. Moreover, in the case of a multivariate
Gaussian posterior, the PJ-HPD credible interval coincides with
the marginal 1σ interval.

To compute our PJ-HPD credible intervals, we take the pos-
terior samples

{
Θ̂n

}
for n = 1, 2, . . . from nested sampling chains

or MCMC and sort them in decreasing order of their associ-
ated posterior density, that is Pr(Θ̂n+1|d) < Pr(Θ̂n|d). Stepping
through this list, and for each parameter Θi under considera-
tion, we record the interval of parameter values

[
Θ̂i,a; Θ̂i,b

]
that

encompasses all parameter values in the posterior samples up to
that point in the list, so Θ̂i,a ≤ Θ̂i,n ≤ Θ̂i,b for all n. Then we mea-
sure the posterior mass within this interval in the marginal dis-

tribution of the parameter,
∫ Θ̂i,b

Θ̂i,a
dΘi Pr(Θi|d). The iteration stops

when the posterior mass in the marginal distribution reaches the
desired level α (i.e. usually 68% or 95%) upon which the corre-
sponding parameter interval is reported as the PJ-HPD credible
interval23. In practice, due to the sparse sampling of the highest-
density posterior regions, we linearly interpolate the interval
boundaries between the samples just before and after the stop-
ping criterion is reached.

This approach is illustrated in Fig. 20 where we show the
marginal posterior distributions for the parameters Ωm and σ8
out of a total of 18 model parameters sampled in a mock GGL
and weak lensing analysis using a noiseless data vector. The one-
dimensional marginal posterior modes do not coincide with the
input cosmology, whereas the MAP estimate recovers it well
(any residual deviation is due to the limited numerical accuracy
of the optimisation). While the one-dimensional marginal pos-
teriors have only moderate skewness, the input parameter values
and the MAP estimate lie outside the 68% M-HPD credible inter-
val for both Ωm and σ8. In contrast, the PJ-HPD credible interval
represents a projection of the highest-density region of the full
multivariate posterior that encompasses the MAP.

As the PJ-HPD interval extends to regions of the marginal
posterior with lower posterior mass, the resulting constraints are
generally slightly less tight than the standard M-HPD credible
interval, especially if the posterior deviates strongly from a nor-
mal distribution. Moreover, as the PJ-HPD interval is determined
from typically tens rather than thousands of posterior samples,
its boundaries also scatter more. We find a scatter of order 10%
of the 1σ limits for a multivariate Gaussian that has the same
dimension and is sampled with the same number of points as the
posteriors in our analysis.

We adopt the MAP+PJ-HPD approach for reporting con-
straints in the KiDS-1000 analysis alongside the standard
marginal posterior mode and associated M-HPD, and employ it
as the main criterion for validating our inference pipeline; see
Sect. 7. It should be emphasised that any differences between
these two credible intervals are not an indication of bias in the
parameter they report; rather, this occurs if the posterior that they
are applied to deviates from multivariate normality.

Finally, we note that posterior sampling techniques have
an inherent limit on the accuracy of parameter constraints,

23 We note that the PJ-HPD approach will not necessarily return a sim-
ply connected credible interval in the case of a multimodal posterior,
nor do we expect it to yield meaningful credible intervals in pathologi-
cal cases. However, such outcomes should serve as a stark warning not
to summarise the inference process via a point estimate in the first place.
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dependent on the number of samples drawn. For settings that
our computing resources can deliver in reasonable time (always
yielding well in excess of 104 posterior samples), we find this
limit to be ∼0.1σ in the key parameter S 8, corresponding to the
scatter of best-fit values between repeat runs of otherwise iden-
tical setups. This floor sets a stopping criterion for validation, as
well as for the mitigation of systematic effects in our data (as
reported in Giblin et al. 2021).

7. Validation of the likelihood analysis pipeline

We proceed to validate our inference pipeline by running it on
simulated, noiseless data vectors generated from the same mod-
elling pipeline as used in the inference. The absence of noise
guarantees that the likelihood peaks exactly at the parameter
combination chosen to generate the data vector and is there-
fore used to demonstrate recovery of the true underlying model
parameters. Since we centre our fiducial set of model parame-
ters at the peak of any of the informative Gaussian priors, we also
expect the posterior to peak at the input parameter values. As dis-
cussed in Sect. 6.4, this will in general not hold for marginal pos-
terior distributions, so we consider the multivariate maximum a
posteriori (MAP) estimate.

Runs with noisy data vectors, which have a zero-mean multi-
variate Gaussian noise realisation drawn with the full covariance
added, resemble more closely the processing of the real data. We
repeat our validation tests with ensembles of noisy data but find
our conclusions identical to the noiseless case. We also create
data vectors that systematically deviate from the ideal model in
order to assess biases in parameter constraints caused by effects
not accounted for in the model. The results of these runs are
discussed in the sections where the effect under consideration is
covered.

In Fig. 21 we show one- and two-dimensional marginal pos-
teriors of a subset of the 20 sampling parameters that are signif-
icantly constrained, alongside projections of the MAP. We also
include Ωm and σ8 as derived parameters. The MAP recovers
the input values of all parameters shown in the figure to better
than 1.7%. The combination of clustering and weak lensing sig-
nals partially lifts the typical degeneracy between Ωm and σ8
for weak lensing-only constraints, through the small clustering
errors on Ωm. This benefits the marginal posterior of the key
parameter S 8 as well since in our analysis setup it is still sig-
nificantly correlated with Ωm. The joint analysis also leads to
visibly tighter and more symmetric marginal posteriors for the
linear bias parameters, whereas improvements on the constraints
on intrinsic alignments, baryon feedback, and the calibration of
the redshift distributions remain marginal.

Figure 22 and Table 5 provide a more quantitative overview
of the S 8 constraints for the various probe combinations and
analysis setups that we consider (identified by their ID). All
credible intervals are extracted from a histogram of the posterior
samples smoothed with Gaussian kernel density estimation, with
the variance determined by Silverman’s rule (Silverman 1986).
Both M-HPD and PJ-HPD credible intervals are provided; we
use the former to compare S 8 constraints with previous mea-
surements (see below) and recommend the latter to assess the
recovery of the input S 8.

The 1σ M-HPD credible interval for cosmic shear alone is
20% smaller than the KV450 constraint, while the fiducial joint
analysis halves the statistical uncertainty on S 8 with respect to
KV450 (which corresponds to 29% smaller errors than the cor-
responding BOSS+KV450 constraints by Tröster et al. 2020a).
The marginal 1σ credible intervals shrink by 10% (18%) for

Ωm over BOSS+KV450 (BOSS alone), and by 31% (40%) for
AIA over BOSS+KV450 (KV450 alone). The precision on lin-
ear and non-linear galaxy bias parameters increases by roughly
30% on most parameters with respect to BOSS only, but most
of the added constraining power was already achieved in the
Tröster et al. (2020a) analysis, and non-linear bias constraints
are still too weak for informative conclusions on galaxy physics.

The constraints on the key parameters S 8 and Ωm are high-
lighted in Fig. 23 and put into context with earlier analyses based
on 450 deg2 of KiDS data (Wright et al. 2020a; Tröster et al.
2020a). Both the cosmic shear-only and joint analysis cases are
shown, for the reference setup with IDs 7 and 1, respectively. It is
evident that in the latter case the tension with Planck results will
increase if the best-fit remains close to the Tröster et al. (2020a)
values, with the S 8 marginal constraints now on par with those
originating from the CMB.

Naively, one might expect the KiDS-only parameter errors
to decrease by a factor

√
2 because the KiDS-1000 survey area

has doubled with respect to earlier KiDS analyses. However,
this does not take into account the highly non-linear parameter
dependencies, updated priors, or covariance contributions that
do not scale inversely with area, in particular the multiplicative
shear bias uncertainty. Most importantly in the cosmic shear case
though, for our choices of two-point statistic and scales included
in the analysis S 8 is not an optimal summary parameter of the
constraining power of the data, as significant correlations with
Ωm remain (see Fig. 23). While a power-law index of 0.5 in the
S 8 definition was close to optimal for the ξ± data analysed in
KV450, we find that larger values of ∼0.6 for the index capture
the degeneracy between Ωm and σ8 better for band powers (this
is explored further in Asgari et al. 2021a). The gain in constrain-
ing power for an adjusted definition of S 8 is larger and consis-
tent with the naive

√
2 expectation, indicating that the systematic

error treatment and the analysis choices have actually evolved in
tandem with the statistical power of KiDS-1000.

It is evident that GGL does not add significant constraints to
either clustering or cosmic shear, and its addition to their com-
bination has no effect at all on S 8 (cf. Fig. 22 and Table 5, IDs 1
and 4–8). This somewhat sobering finding is caused by the dilu-
tion of constraining power due to almost doubling the number of
parameters when adding GGL to cosmic shear (by introducing
galaxy bias), and due to the more than an order of magnitude
larger sky area available for clustering measurements. Accord-
ingly, no palpable difference is seen when cutting the GGL data
vector to our conservative, fiducial setup that removes highly
non-linear scales and when removing bin combinations with a
large fraction of source galaxies in front of lenses (IDs 2,3; see
Sects. 2.2 and 3.3). We use the more progressive GGL setting
that includes scales with k . 1 h Mpc−1 (Bands 1–7) for other
comparisons to increase chances to detect any issues with the
GGL model during validation (hence referred to as the refer-
ence). We also refrain from showing GGL-only results as we find
that Multinest struggles to explore the resulting highly degen-
erate 18-dimensional posterior, producing unreliable results.

Since we exclude bin combinations with strong overlap of
sources and lenses, there is also no self-calibration of intrinsic
alignments so that marginal AIA constraints are the same for the
joint analysis and cosmic shear alone; see Fig. 21. On the real
data the addition of GGL to cosmic shear and clustering does
lead to a tightening of the marginal AIA posterior by 17%, but the
marginal posterior maximum also shifts by 12% (Heymans et al.
2021). Both real and mock analysis agree that GGL does not
significant constraining power to the galaxy bias parameters
either.
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Fig. 21. Marginal posterior distributions for a selection of parameters that are significantly constrained by the data, including the derived parameters
Ωm andσ8. Shown are one-dimensional marginals along the diagonal and two-dimensional marginal 1σ and 2σ credible regions elsewhere. Results
are for the reference setup using a noiseless mock data vector of galaxy clustering (GC; red), cosmic shear (CS; green), and the combination of
clustering and the weak lensing probes (‘3 × 2 pt’; blue). Input parameter values are indicated by the black dashed lines, which are excellently
recovered by the MAP estimate (red crosses).

Choosing either an analytic or mock-derived covariance
(based on 5000 realisations), with a simple rectangular footprint
and uniformly distributed galaxies (Buceros; see Sect. 4.2 for
details about the mock setup) or else the realistic survey mask
and depth variations (Egretta), has no significant impact on any
of the marginal parameter constraints (cf. IDs 9–12)24; see also
Krause et al. (2017) for analogous conclusions drawn for the
DES Year-1 analysis. This highlights that, despite the significant

24 For these analyses we kept the δz parameter fixed at 0 to speed up the
runs and did not include the uncertainty due to multiplicative shear bias
calibration to highlight the differences in the cosmological covariance
contributions.

patterns of deviations between the covariance approaches and
modelling choices analysed in Sect. 5.3, the weak lensing error
modelling is robust at the level of constraining power by KiDS-
1000 (or indeed the full KiDS survey, which will add another
35% of area). It will be interesting to explore in future work how
the limitations identified in the covariance model affect next-
generation surveys that cover substantial fractions of the sky, bal-
ancing overall tighter accuracy requirements due to the increased
constraining power with a reduced sensitivity to survey bound-
aries as coverage becomes more contiguous.

The S 8 constraints are also stable under changes from an
uncorrelated prior on the source redshift distribution shifts δz,
to the correlated prior in Fig. 7, as well as under the choice of
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Fig. 22. S 8 constraints (1σ) for different compositions of the GGL data
vector in the joint analysis (blue), probe combinations (red), different
covariance models (green), and different prior assumptions (orange).
Standard marginal (M-)HPD credible intervals are shown as dot-dashed
lines; PJ-HPD intervals as solid lines. The grey dashed line indicates the
input value of S 8. The corresponding interval widths, as well as expla-
nations of the case labels, are given in Table 5. The M-HPD intervals are
generally shifted to S 8 values lower than the input; see text and Sect. 6.4
for a discussion.

parametrisation of the normalisation of the matter power spec-
trum, where we compare ln As with S 8 (cf. IDs 13–16). Our
choice of using S 8 directly as the sampling parameter with
an associated wide top-hat prior leads to more conservative
marginal S 8 constraints, with the 1σ interval extended by 19%
mostly towards lower values. We also consider an additional
parameter ηIA that allows for extra freedom in the redshift scal-
ing of the IA signals (cf. Eq. (16)), imposing a wide top-hat prior
in the range ±5. For a cosmic shear-only analysis this has negli-
gible impact on the cosmological parameter constraints, widen-
ing the marginal S 8 posterior by 3%.

Figure 22 illustrates that the standard M-HPD credible inter-
vals are all skewed towards lower values of S 8 than the input.
The displacement is stronger for probe combinations that have
weaker constraints on S 8 and leave more pronounced degenera-
cies in their posterior, which is the case for GGL in combina-
tion with either clustering or cosmic shear (IDs 4 and 6). As
a consequence, the input S 8 values lies outside the 1σ interval
for the cosmic shear+GGL case while the shift is mild in the
cosmic shear only (ID 7) and joint clustering and weak lensing
cases (e.g., ID 1). The PJ-HPD credible intervals encompass the
input value by design (however, it can be right at the interval

Table 5. Validation tests and resulting S 8 marginal credible intervals.

ID Setup M-HPD PJ-HPD

1 3 × 2 pt, reference 0.037 0.038
2 3 × 2 pt, no GGL overlap 0.037 0.038
3 3 × 2 pt, fiducial 0.037 0.037
4 CS+GGL, reference 0.056 0.062
5 CS+GC, reference 0.036 0.039
6 GGL+GC, reference 0.079 0.108
7 CS, reference 0.061 0.061
8 GC, reference 0.090 0.111
9 CS+GGL, analytic, Buceros 0.054 0.072
10 CS+GGL, analytic, Egretta 0.056 0.062
11 CS+GGL, mocks, Buceros 0.054 0.057
12 CS+GGL, mocks, Egretta 0.057 0.066
13 CS+GGL, S 8 prior, corr δz 0.056 0.062
14 CS+GGL, S 8 prior, uncorr δz 0.057 0.074
15 CS+GGL, ln As prior, corr δz 0.047 0.054
16 CS+GGL, ln As prior, uncorr δz 0.045 0.047

Notes. Setups correspond to those shown in Fig. 22. The reference
includes a more progressive selection of scales in the GGL data vec-
tor (Bands 1−7) than our fiducial analysis. GC corresponds to galaxy
clustering, CS to cosmic shear, and ‘3 × 2 pt’ to the combination of
all probes. Analytic/mocks and Buceros/Egretta indicates analytic and
simulated covariances with simple or more realistic survey and sample
properties. The choice of an (un)correlated prior on the source redshift
distribution shifts is labelled as (un)corr δz. GGL signals with strong
overlap of the lens and source redshift distributions have been removed
in the ‘no GGL overlap’ case. We note that setup 4 is identical to 13.
The two rightmost columns give the width of the 1σ credible intervals
(CI) for the standard M-HPD credible interval and the PJ-HPD method,
i.e. twice the standard deviation if the posterior was Gaussian.

boundary, or just beyond due to numerical inaccuracy; cf. ID 16)
and are generally less displaced but also wider than the M-HPD
intervals. This increase in width is minor in the well-constrained
cases (negligible for cosmic shear only and 3% for the joint anal-
ysis), but significant in the probe combinations with strong shifts
(e.g., 11% for cosmic shear+GGL). Larger fluctuations in the
PJ-HPD intervals widths are also discernible, for instance for
the runs with different covariance models (IDs 9–12) where the
standard approach yields nearly identical constraints.

We note that, for an assessment of consistency with Planck
constraints, the Planck likelihood will need to be sampled in
S 8 as well. The impact of the choice of sampling parameter
and the displacement of one-dimensional marginal constraints
away from the underlying best-fit value highlight that discrepan-
cies between probes should be interpreted with care if quantified
solely in the marginal distributions, as is widespread practice.
Tension is assessed most meaningfully in the shared parameter
space of the full posterior distributions, but this can be chal-
lenging in practice. Therefore, we still assess tension via the
marginal distributions of S 8, but only for probe combinations
for which we find projection effects to be negligible. A detailed
discussion of tension assessment is provided in Heymans et al.
(2021). Bayesian approaches to performing consistency tests in
large parameter spaces exist (Köhlinger et al. 2019) and have
been applied to the internal consistency of KiDS-1000 cosmic
shear (Asgari et al. 2021a). We advocate the use of a summary
measure of tension that minimises the sensitivity to prior choices
(see e.g., Handley & Lemos 2019b; Lemos et al. 2020).

We find no measurable difference between M-HPD and PJ-
HPD S 8 credible intervals for Planck (as expected since the
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Fig. 23. Predicted KiDS-1000 constraints (reference setup, IDs 1 and 7) on the key cosmological parameters Ωm and S 8 in relation to previous
KiDS results (Wright et al. 2020a; Tröster et al. 2020a) and the Planck Collaboration VI (2020) primary CMB constraints, as indicated in the
legends. Left panel: results for cosmic shear only; right panel: those for the joint analysis of BOSS clustering, galaxy-galaxy lensing between
BOSS/2dFLenS and KiDS-1000, and cosmic shear. The star in each panel marks the fiducial cosmology assumed for the forecast. Axis scales
differ between the two panels.

cosmological posterior is close to Gaussian), and small shifts
for KV450 in line with the results of Fig. 22, so that the pre-
viously reported S 8 tension between these probes remains valid.
The marginal S 8 posterior for KiDS-1000 cosmic shear only and
for the joint analysis of clustering and weak lensing peaks close
to the input and is well approximated by a Gaussian (cf. Fig. 23),
so direct comparison with Planck is possible for this case as well.

8. Summary and conclusions

In this work we presented the methodology for a joint analy-
sis of spectroscopic galaxy clustering from BOSS and of weak
gravitational lensing from the fourth data release of the Kilo-
Degree Survey (KiDS-1000). This includes a detailed investi-
gation of the analysis choices from the galaxy catalogue level
onwards to cosmological inference, taking into account the tight-
ening of requirements due to the doubled survey area with
respect to earlier KiDS cosmological analyses. We summarise
here the major updates since the cosmic shear analysis by
(KV450, Hildebrandt et al. 2020) and the BOSS+KV450 anal-
ysis by Tröster et al. (2020a).

Galaxy-galaxy lensing (GGL), the cross-correlation between
lens galaxy positions and source galaxy ellipticities, is now
incorporated into the joint analysis, using lens galaxies from
both the BOSS and 2dFLenS surveys, which cover 85% of
the KiDS-1000 area. However, we found that it adds negligi-
ble amounts of cosmological constraining power in KiDS-1000
mainly because of an order of magnitude larger survey area
available for clustering. Nonetheless, we identified a number of

issues that will come to the fore in analyses where clustering,
cosmic shear, and GGL are measured over the same footprint:
our hybrid matter-galaxy power spectrum model blends pertur-
bative and non-perturbative approaches customary in clustering
and weak lensing, respectively, but a satisfactory solution for the
deeply non-linear regime remains to be found (Sect. 2.2); mag-
nification bias is strongest in the GGL signals and requires ded-
icated simulations if lens samples deviate from pure flux-limit
selection (Appendix B); and widely used idealisations in covari-
ance models related to survey geometry fail most prominently in
the GGL part (Sect. 5.3).

Weak lensing signals are consistently modelled using band
powers derived from correlation function measurements that
make them insensitive to survey geometry (Sects. 2.4 and 2.5).
As opposed to earlier KiDS studies, we now fully incorpo-
rate mode mixing in the modelling of both signals and covari-
ances, but we find that on scales that we can model accurately
(` ∈ [100, 1500]) the recovery of the underlying angular power
spectra is highly accurate. The limiting systematic in the cosmo-
logical modelling is the knowledge of the highly non-linear mat-
ter power spectrum (Sect. 2.1), where current fit formulae and
emulators disagree at the few per-cent level (cf. the comparison
in Euclid Collaboration 2019).

The main source of uncertainty in the modelling of weak
lensing, however, remains the intrinsic alignment of galaxies
(Sect. 2.4). Direct observations of the effect in galaxy samples
typically used for weak lensing do not yet exist, and our physical
understanding of alignment mechanisms is still too poor to create
predictive ab-initio simulations. In the absence of clear guidance
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we are thus required to strike a balance between a simple model
that risks not capturing the complexity in the data and a flexible
model that risks providing catch-all parameters in the likelihood
analysis among which other residual systematics, notably those
related to the source redshift distributions, can hide.

Recent advances in selecting source galaxy samples
whose redshift distribution can be more reliably calibrated
(Wright et al. 2020b) have been adopted and the correspond-
ing calibration uncertainties fully propagated into the likelihood
analysis (Sect. 3.3). We also clarify how the multiplicative shear
bias calibration affects estimators and derived survey character-
istics critical for covariance calculation (Appendix C), and we
take a more nuanced approach in quantifying and propagating
the uncertainty in this calibration (Sect. 3.4).

We build a dedicated suite of more than 20 000 mocks to
perform an unprecedentedly detailed assessment of our ana-
lytic covariance models (Sects. 4 and 5). KiDS-1000 cosmo-
logical constraints are demonstrated to remain unchanged when
using an analytic or mock-based covariance (Sect. 7). We show
that the analytic model is capable of capturing the impact of
survey geometry and spatial variations in survey depth well
and identify the mixed noise-sample variance contribution as
the main culprit behind residual differences. We confirm recent
work by Heydenreich et al. (2020) in showing that variable depth
biases two-point weak lensing statistics at the few per-cent level
(Sect. 4.3), which has negligible impact for KiDS-1000, but will
challenge widespread analysis approaches that rely on spatial
homogeneity of the galaxy sample in future applications.

We explicitly map the complex prior space of cosmic shear
cosmological analyses (Sect. 6.1), which serves to explain the
significant prior dependence of results (e.g., Joudaki et al. 2020).
That said, the key parameter S 8 is robust to different choices of
prior, especially the upper tail of its marginal posterior which
directly impacts on tension measurements with Planck. In con-
trast to previous analyses, we directly sample in S 8, which
allows us to impose a wide top-hat, and thus safely uninfor-
mative, prior. We employ our mock suite to demonstrate that
the weak lensing band power likelihood is consistent with being
Gaussian (whereas there is evidence for non-Gaussianity for cor-
relation functions on large scales) and that the χ2 goodness of fit
sampling distribution is indeed χ2-distributed to good approxi-
mation (Sects. 6.2 and 6.3). However, significant deviations from
the textbook approach are seen for the degrees of freedom, or
equivalently the effective number of model parameters, and we
discuss and advocate alternative estimators.

It is demonstrated that the KiDS-1000 likelihood analysis
pipeline recovers the input parameters of a mock data vector with
per-cent level accuracy (Sect. 7), using a dedicated maximum a
posteriori (MAP) estimate of the multivariate posterior density.
Experiments have hitherto typically reported the marginal mean
or mode of the S 8 posterior, which we show to be significantly
shifted towards lower values from the truth, beyond 1σ for some
probe combinations. This is not indicative of any biases in the
inference process, but simply a consequence of a large param-
eter space with multiple non-linear degeneracies and complex
prior volume. Tension assessment in S 8 between experiments
should therefore proceed with caution if based on its marginal
posterior. We develop an alternative technique that produces a
credible interval from the multivariate highest posterior density
(PJ-HPD) which is guaranteed to encompass the MAP estimate
(Sect. 6.4).

With the fiducial KiDS-1000 analysis setup, we can expect
cosmic shear-only S 8 constraints that are 20% tighter than
KV450, and joint clustering and weak lensing constraints that

improve in S 8 by 29% over the previous KiDS+BOSS analy-
sis (Sect. 7). These changes undersell the true gain in statis-
tical power somewhat because, as opposed to the correlation
function-based analysis in KV450, S 8 does not precisely cap-
ture the direction transverse to the typical weak lensing Ωm−σ8
degeneracy any more.

The key scientific question in the KiDS-1000 analysis is
the tentative discrepancy in the amplitude of the matter den-
sity fluctuation power spectrum seen between low-redshift large-
scale structure probes and the cosmic microwave background as
observed by Planck. Barring the caveats with regards to the inter-
pretation of marginal S 8 constraints and the remaining uncer-
tainties in the modelling of galaxy astrophysics, we confirm our
cosmic shear and GGL analysis pipeline to be robust and find
no known systematic effect in the cosmological and astrophys-
ical modelling or the analysis methodology that would bias S 8
by more than 0.1σ, which is also the numerical accuracy limit
for parameter constraints extracted from our sampled posteriors.
Together with the expected boost in constraining power, KiDS-
1000 thus has the potential to give us a clear steer in the direction
of statistical fluke, unknown systematic, or new physics as the
most likely explanation for the tension. It should be noted that
all methodology investigations presented here were performed
while the real shear catalogues were still blinded.

The on-going efforts in maximising the cosmological infor-
mation and fidelity for the current generation of large-scale
structure surveys will feed directly into the forthcoming array of
even more ambitious projects. New surveys that will start within
the coming three or so years include the ESA Euclid mission25

(Laureijs et al. 2011), the Vera C. Rubin Observatory LSST26

(LSST Dark Energy Science Collaboration 2012), as well as the
DESI27 (DESI Collaboration 2016), 4MOST28 (Richard et al.
2019), and PFS29 (Takada et al. 2014) surveys. The combination
of spectroscopic ‘lens’ galaxy samples with ‘source’ samples
used for weak lensing in overlapping sky regions, as pursued
in this work, will remain an important approach to exploiting
these data sets. The tighter accuracy requirements in step with
the vastly increased raw constraining power, the greater depth
of observations, and the sheer number of galaxies observed will
pose a multitude of challenges in the analysis methodology that
are yet to be tackled.
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Appendix A: Additional tables related to signal
modelling

Table A.1. Choice of fiducial model parameters.

Parameter Symbol Value

CDM density ωc 0.13
Baryon density ωb 0.0225
Scalar spectral amp. ln(1010 As) 2.72
Scalar spectral index ns 0.97
Hubble constant (scaled) h 0.7
Neutrino mass sum

∑
mν 0.06 eV

Curvature density parameter ΩK 0
Matter density parameter Ωm 0.31
Baryon density parameter Ωb 0.046
Dark energy density parameter ΩΛ 0.69
Density fluctuation amp. σ8 0.733
Weak lensing amp. parameter S 8 0.746
Linear galaxy bias b1 {2.1, 2.3}
Quadratic galaxy bias b2 {0.2, 0.5}
Non-local galaxy bias γ−3 {0.9, 0.1}
Virial velocity parameter avir {3.8, 3.0}
Luminosity function slope αmag {1.8, 2.6}
Intrinsic alignment (IA) amp. AIA 0.8
IA redshift dependence ηIA 0
Baryon feedback amp. Abary 2.6
Redshift offset δz {0, 0, 0, 0, 0}

Notes. The first section contains the primordial ΛCDM parameters,
the second a selection of derived cosmological parameters. The third
section lists astrophysical model parameters, with pairs of fiducial val-
ues for the two lens bins L1 and L2 in curly brackets. The fourth section
comprises the parameters varied in the inference related to measurement
systematics (one per source galaxy sample).

Table A.2. Fit coefficients gmn
α,i of the approximate galaxy-matter power

spectrum model; cf. Eq. (5).

α i Polynomial order m n
0 0 0 1 1 0 0 2 1 1 2 0

2 0.56 −0.96 −2.55 0.34 2.08 2.05
b2 1 5.03 −2.71 −5.52 0.89 5.78 3.90

0 −0.45 −2.21 −5.69 0.24 1.49 4.12
2 −0.03 −0.01 0.88 0.02 0.09 −1.03

γ2 1 3.45 −0.34 1.69 0.05 −0.19 −2.47
0 0.26 −1.86 −3.68 0.51 1.50 2.39
2 −0.01 0.00 0.81 0.01 0.11 −1.01

γ−3 1 3.43 −0.32 1.17 0.01 −0.06 −2.06
0 −1.81 −1.56 −3.08 0.49 1.50 1.93

In Table A.1 the fiducial parameter values for our analyses
are shown. Unless stated otherwise, these are adopted through-
out. They generally follow the rounded best-fit values from the
Tröster et al. (2020a) analysis of BOSS and KV450. For weakly
constrained parameters we instead choose the centre values of
the flat priors adopted to avoid undue skewness in the prior vol-
ume. Magnification parameters are determined as described in
Appendix B. In addition to the parameters defined in the main
body of the paper, we list the curvature density parameter ΩK,

the baryon density parameter Ωb, and the dark energy density
parameter ΩΛ. Table A.2 shows the best-fit coefficients for the
galaxy-matter power spectrum fit function (Eq. (5)) introduced
in Sect. 2.2.

Appendix B: Magnification bias

Gravitational lensing not only modifies the ellipticities of galaxy
images but also their apparent size and, therefore, their mea-
sured flux. Since the definition of galaxy samples almost uni-
versally involves flux-dependent quantities, the selection func-
tion acquires a dependency on the foreground large-scale struc-
ture and thus on cosmology. This magnification bias is a second-
order effect for gravitational shear measurements in our source
samples which may need to be accounted for in future weak
lensing surveys but which we can safely neglect in KiDS
(Schmidt et al. 2009; Krause & Hirata 2010; Deshpande et al.
2020). However, it is not a priori clear that magnification bias is
negligible in our lens samples, especially since it directly mod-
ulates the observable, that is the number counts of galaxies (see
e.g., Duncan et al. 2014; Unruh et al. 2020; Thiele et al. 2020 for
studies of the impact of magnification bias).

If the samples are purely flux-limited, magnification bias is
readily modelled as a balance of the local dilution/focussing of
solid angle and the modification of apparent magnitudes above
or below the flux limit (Bartelmann & Schneider 2001), result-
ing in expressions of the form given in Eq. (29). The only addi-
tional information required is the logarithmic slope of the sam-
ple’s luminosity function at its faint end, αmag. However, like
other lens samples used for large-scale structure inference jointly
with weak lensing (e.g., Rozo et al. 2016), the two BOSS sam-
ples employed in the KiDS-1000 analysis were derived from
a complex multi-band selection function, making closed-form
analytic modelling impossible (cf. Hildebrandt 2016).

In a separate publication (von Wietersheim et al., in prep.)
we develop a simulation-assisted method to determine an effec-
tive luminosity function slope for our BOSS samples that can
be used in the standard expressions. Here, we summarise the
salient points (for details see van den Busch et al. 2020): we
recreate the LOWZ and CMASS selections in the MICE2 galaxy
mocks (Fosalba et al. 2015a,b; Crocce et al. 2015) over an octant
of the sky. Two variants of the BOSS DR12 low- and high-
redshift samples are then derived, one with the selection applied
to observed fluxes that include magnification, and one with the
selection based on the hypothetical fluxes if no magnification
was present. From this we can directly measure αmag via the
slope of the linearised relation between the change in galaxy
number counts between the magnified and unmagnified cata-
logues and the weak lensing convergence of these objects. The
result is compared to the slope of the magnitude count of the
same mock samples near where the counts begin to drop off, and
we identify a magnitude range within which the slope measure-
ments agree within the noise.

We find that for both the low- and high-redshift samples i-
band counts yield the best match, driven by the i-band cut of the
original CMASS sample which also substantially contributes to
L1. The latter measurement is repeated on the real BOSS cata-
logues, using the same band and magnitude range as identified
in the mock. This results in

αL1
mag = 1.80 ± 0.15 ; αL2

mag = 2.62 ± 0.28, (B.1)

where the errors are the standard deviations of the magnitude
counts among the bins selected for the slope measurements.
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Fig. B.1. Magnification bias contribution relative to galaxy clustering
(top panel) and the galaxy-galaxy lensing signal (bottom panel) for the
redshift bin combinations indicated in the legends (cf. Table 2). Shown
are angular power spectrum models assuming linear galaxy bias using
the values from Table A.1.

Rather than pure statistical noise, these errors therefore have
contributions from the limited accuracy of the assumption that
the BOSS-selected samples have a simple power-law scaling in
the magnitude range that we consider.

We propagate these αmag measurements into angular power
spectrum predictions for clustering and galaxy-galaxy signals;
see Fig. B.1. In both lens bins the magnification contributions
(dominated by the magnification-clustering cross-correlation)
are at the 0.6% level and therefore negligible. The magnification-
shear correlation constitutes a few-per cent contribution to the
galaxy-galaxy lensing signal and is larger for the high-redshift
source bins. This result prompts us to include the latter con-
tributions into our modelling, as further described in Sect. 2.5,
but they are too small to justify additional freedom in the GGL
model, so that we keep the αmag parameters fixed at their best-fit
values (Eq. (B.1)) in the analysis.

Appendix C: Propagation of multiplicative shear
calibration

In this appendix we show how the multiplicative shear cali-
bration propagates into the correlation function estimators, the
sample redshift distributions, and the sample properties that are
inputs for the analytic covariance calculation. We work in the
weak shear limit where γ � 1, and will model our shear estima-
tor, the observed ellipticity εobs, as

εobs = (1 + m)[ε + γ], (C.1)

working in the absence of additive biases such as PSF contam-
ination. Here the unsheared ellipticity ε is uncorrelated with γ
(i.e. there are no intrinsic alignments), and is a combination
of the true intrinsic ellipticity ε int and random measurement
noise. As noise increases in the imaging, galaxy shapes become
increasingly round and our ability to recover the underlying
shear decreases, independently of the shear estimation method

used. We express this inherent fundamental noise bias in terms
of a multiplicative shear calibration correction m that can be seen
as both a correction that provides an unbiased shear estimator,
and also a weight, reflecting that some galaxies carry little shear
information. Regarding this latter point, using the term ‘Respon-
sivity’ or ‘Sensitivity’ to describe (1 + m) is useful (see e.g.,
Huff & Mandelbaum 2017; Sheldon & Huff 2017; Zuntz et al.
2018) as this term quantifies how responsive, or sensitive, the
observed galaxy is to an induced shear. Unfortunately we cannot
measure m precisely for each galaxy and can only determine an
estimate m̂, where

m̂ = m + η. (C.2)

Here, η is a noise term that has zero mean. It can potentially
have a very significant variance such that one should not attempt
to de-bias εobs individually for each galaxy because of the non-
linear propagation of the noise in m̂.

We note in passing that our multiplicative shear bias cali-
bration takes the impact of variable survey depth on shear mea-
surement into account because m̂ is a function of the signal-
to-noise and size of the galaxy image, simulated for a range
of different seeings (see Giblin et al. 2021 for details). While
we do not take into account that in a poor-seeing, low-depth
region the fraction of blended galaxies will be higher than aver-
age, Kannawadi et al. (2019) showed the calibration to be robust
to changes in galaxy background density and thus the levels
of blending well within the derived calibration uncertainty. We
therefore do not expect the coupling of blending-induced shear
bias with variable depth to make a significant impact on the
parameter constraints, as artificially changing the blend fraction
across the whole simulated survey changes m̂ by an insignificant
amount.

C.1. Shear correlation function estimator

The typical starting point for measuring cosmic shear are the
two-point correlation function estimators ξ̂± that we could ide-
ally write as

ξ̂±(θ) =

∑
i j wiw j (εobs

it εobs
jt ± ε

obs
i× ε

obs
j× ) ∆i j(θ)∑

i j wiw j (1 + m̂i)(1 + m̂ j) ∆i j(θ)
, (C.3)

where wi is a survey-defined weight that has been assigned to
galaxy i, and the sum is taken over all galaxies i and j. We have
also introduced the selector function ∆i j(θ), which is unity if the
angular separation between galaxies i and j lies within a bin cen-
tred on θ, and zero otherwise. The tangential and cross compo-
nents of the ellipticity (and analogously for the shear) are given
by εt + iε× = −εe−2iϕ, where ϕ is the polar angle of the separation
vector between the galaxy pair under consideration.

Ignoring contributions from intrinsic galaxy alignments, we
can expand this estimator using Eq. (C.1) as

ξ̂±(θ) =

∑
i j WiW j (εitε jt ± εi×ε j×) ∆i j(θ)∑

i j ŴiŴ j ∆i j(θ)
(C.4)

+

∑
i j WiW j (γitγ jt ± γi×γ j×) ∆i j(θ)∑

i j ŴiŴ j ∆i j(θ)
,

where Wi := wi(1 + mi) and Ŵi := wi(1 + m̂i). The first term
introduces shape noise into our analysis (which we explore in
Appendix C.3). The second term is the true weighted cosmic
shear signal that we wish to extract, where we can see that our
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weighted source galaxy distribution now includes the Respon-
sivity, correctly down-weighting galaxies that are unresponsive
to shear (as these typically have negative values for m).

In practice, Eq. (C.3) is not the actual estimator that we
employ, as we assume that the weights and responses are uncor-
related, which is a good approximation, such that the denomina-
tor becomes

K(θ) :=
∑

i∈I, j∈J

ŴiŴ j ∆i j(θ) (C.5)

≈
(
1 + 〈m〉I

) (
1 + 〈m〉J

) ∑
i∈I, j∈J

wi w j ∆i j(θ),

where we have made the samples over which the summations
run explicit, and where 〈m〉I denotes the average of m̂ over all
galaxies in sample I. In taking this sum we reduce the impact of
noise in our calibration correction and recover the average noise-
bias for the population. This correction can however lead to the
misconception that K(θ) is only to calibrate the average value of
the shear for the galaxy sample. It is, however, also taking into
account the effective down-weighting of unresponsive galaxies
that is an inherent part of the shear estimator εobs.

C.2. Redshift distribution

From Eq. (C.4) we can see that source galaxies used in the cos-
mic shear measurement are weighted by W, which is a combi-
nation of the survey-defined weight w and the shear sensitivity
1 + m. An estimate of the effective redshift distribution of this
source sample is therefore given by

nS(z) =

∑
i Ŵi ni(z)∑

i Ŵi

=

∑
i wi(1 + mi + ηi) ni(z)∑

i wi(1 + mi + ηi)
, (C.6)

where ni(z) is the probability distribution of true redshifts for
an individual galaxy i. We note that in Eq. (C.6) we have made
the common approximation that the redshift PDF of a union
of galaxy sub-samples is the weighted sum of the sub-sample
PDFs. We use Ŵ in Eq. (C.6) as only the noisy weight is accessi-
ble from observations. However, as the m-noise η has zero mean,
this term does not impact the redshift estimation. If m is uncor-
related with redshift z then this term will cancel in the estimate.
As m is correlated with size and magnitude, however, it is likely
to correlate with z and therefore it is necessary to include it as
part of the weight in the effective redshift distribution.

For the DES Year 1 analysis, Eq. (C.6) corresponds to their
weighted stack of individual galaxy PDFs estimated using bpz
(Hoyle et al. 2018; see also Sheldon & Huff 2017). In KiDS-
1000, we determine the true redshift zµ per cell µ in the self-
organising map (SOM; see Sect. 3.3) and construct an effective
redshift distribution for the full source sample as

nS(z) =

∑
µ nµ(z)

∑
i∈µ Ŵi∑

i Ŵi

, (C.7)

where the sum
∑

i∈µ runs over all galaxies i in SOM-cell µ, and
nµ(z) = δD(z− zµ), where δD denotes the Dirac delta-distribution.
We construct a multiplicative shear calibration estimate m
per galaxy by applying ‘Method A’ from Fenech Conti et al.
(2017) to the image simulations of Kannawadi et al. (2019).
This involves fitting m as a function of signal-to-noise and
size (see for example Fig. 9 in Fenech Conti et al. 2017).
Fenech Conti et al. (2017) find the accuracy of these m-per
galaxy estimates to be lower than the m-per sample estimates that

we adopt in our fiducial analysis. They are, however, sufficient
to determine the impact of including the Responsivity in our red-
shift estimates. We find the difference to be negligible between
the redshift distribution calculated with Eq. (C.7) when incorpo-
rating the Responsivity, or when setting m = 0. This is because
m is typically small for the self-calibrating lensfit approach that
KiDS takes, but this need not be the case, such as for metacali-
bration approaches.

C.3. Shape noise estimates

Shape noise, quantified via σε , is often defined in the literature
as ‘the intrinsic ellipticity dispersion’ and is a crucial ingredient
into the analytical covariance calculation. The definition needs to
be reconsidered for the case of a weighted and calibrated ellip-
ticity distribution. Schneider et al. (2002b) derive the analytical
covariance for ξ±. In their Eq. (13), σε is defined as〈
εobs

it εobs
jt + εobs

i× ε
obs
j×

〉
= σ2

ε δi j + ξ+(|θi − θ j|), (C.8)

where θi denotes the angular position vector of galaxy i. This
means that the effective σε for our shear correlation function
estimator is equal to ξ̂+(θ = 0) in a universe with vanishing grav-
itational shear (for zero lag, δi j = 1 in Eq. (C.8)). Applying this
condition to Eq. (C.3), the shape noise can therefore be estimated
from our weighted and calibrated ellipticity distribution as

σ2
ε = K−1(0)

∑
i

w2
i

[
(εobs

i1 )2 + (εobs
i2 )2

]
, (C.9)

where we have approximated the intrinsic ellipticity dispersion
by the observed ellipticity dispersion as |γ| � 1, that is Wε ≈
wεobs. In evaluating K(0) we use the limit ∆i j(0) = δi j. The vari-
ances of the ellipticities are calculated after the additive bias cor-
rection has been applied (as discussed in Giblin et al. 2021).

C.4. Effective galaxy pair count and number density

Since sample variance contributions are independent of how
densely the shear field is sampled, we can restrict ourselves to
the shape noise contribution to the correlation function covari-
ance. This term is readily isolated by once again considering the
case of vanishing gravitational shear. In this limit the covariances
of ξ+ and ξ− are identical and only have a diagonal contribu-
tion. Schneider et al. (2002b) derived a general expression for
this covariance term, which we can adapt to our estimator (C.3)
as follows:

CovG,sn
[
ξ+(θ); ξ+(θ)

]
= CovG,sn

[
ξ−(θ); ξ−(θ)

]
= K−2(θ)

∑
i jkl

WiW jWkWl ∆i j(θ) ∆kl(θ)

×
〈
εitε jtεktεlt + εitε jtεk×εl× + εi×ε j×εktεlt + εi×ε j×εk×εl×

〉
=

σ4
ε

K2(θ)

∑
i j

W2
i W2

j ∆i j(θ). (C.10)

We note that off-diagonal terms correlating ξ± at different angu-
lar separations vanish, and that CovG,sn

[
ξ+(θ); ξ−(θ)

]
= 0. In

the absence of weighting and calibration this expression reduces
to the intuitive form CovG,sn

[
ξ±(θ); ξ±(θ)

]
= σ4

ε/Npair(θ), where
Npair(θ) is the number of pairs among the galaxy samples cor-
related and within the survey footprint with a separation that
falls into the bin centred on θ. Retaining this expression, we
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can define an effective number of galaxy pairs in the presence
of weights and calibration as

Npair(θ) :=
K2(θ)∑

i j W2
i W2

j ∆i j(θ)
≈

K2(θ)∑
i j Ŵ2

i Ŵ2
j ∆i j(θ)

, (C.11)

such that the calibration correction carries through correctly into
the covariance matrix when we measure this effective number of
pairs directly from the data. While the first equality in Eq. (C.11)
is exact, the second one replaces the unobservable noiseless W
with the observable quantity Ŵ and is in practice used on the
data. The effective number density then follows by setting ∆i j ≡

1, that is by calculating all galaxy pairs in the survey, and using
the relation N total

pair = A2
eff

n2
eff,S to obtain:

neff,S =
1

Aeff

(
∑

i Ŵi)2∑
i W2

i

≈
1

Aeff

(
∑

i Ŵi)2∑
i Ŵ2

i

, (C.12)

where Aeff is the effective survey area further discussed in
Appendix E. Again, the second equality is an approximative
expression that is applied to the data. The expressions above gen-
eralise to the tomographic case in a straightforward manner.

The results for σε , Npair, and neff derived here reduce to
the expressions used in previous analyses (Heymans et al. 2012;
Kuijken et al. 2015) for unit Responsivity. The changes in these
quantities due to multiplicative shear calibration are small in
our analysis, again because m is typically small for the self-
calibrating lensfit approach that KiDS takes.

C.5. Tangential shear case

We repeat the steps above for the case of galaxy-galaxy lensing,
using the tangential shear estimator of Eq. (38). Requiring
that the noise term in the diagonal elements of the covari-
ance of this estimator is rendered as CovG,sn

[
〈γt〉 (θ); 〈γt〉 (θ)

]
=

σ2
ε/(2NGGL

pair ), one obtains

NGGL
pair (θ) :=

(∑
i∈R, j∈S wiŴ j ∆i j(θ)

)2

N2
rnd

(∑
i∈L, j∈S w2

i W2
j ∆i j(θ)

) , (C.13)

where S , L, and R denote the source, lens, and random cata-
logue, respectively. We again set ∆i j ≡ 1 and identify neff,S
as given by Eq. (C.12) in the resulting expression. Assuming
NGGL,total

pair = A2
eff

neff,Sneff,L, we arrive at the following equation
for the effective number density of lens galaxies:

neff,L =
1

Aeff

(∑
i∈R wi

)2

N2
rnd

(∑
i∈L w2

i

) =
1

Aeff

(∑
i∈L wi

)2(∑
i∈L w2

i

) , (C.14)

so the expression is fully analogous to the one for neff,S.

Appendix D: Analysis of covariance models

This section covers additional topics in covariance modelling;
see Sect. 5 for an overview. The construction of the analytic
model employed here is detailed in Appendix E.

D.1. Clustering – weak lensing cross-variance

To demonstrate that the clustering and weak lensing signals are
uncorrelated and thus statistically independent (in the Gaussian
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Fig. D.1. Correlation coefficient matrix for the angular galaxy cluster-
ing correlation function w, the galaxy-galaxy lensing band power Cnε ,
and the cosmic shear band power CE calculated over the full BOSS
and KiDS-1000 footprints. The upper triangle shows the correlation
matrix as calculated from the mocks; the lower triangle indicates cor-
relation coefficients above ±5%. The black rectangles highlight the
cross-correlations between galaxy clustering and weak lensing statis-
tics. These are negligible, with few elements fluctuating above the 5%
threshold.

likelihood approximation), we create 4000 mock realisations
with the full BOSS footprint, KiDS, and their overlap. We do not
simulate 2dFLenS lens galaxies as the additional GGL measure-
ment outside the area from which clustering was obtained only
acts to further reduce correlations. The current Flask imple-
mentation does not allow us to incorporate line-of-sight modes
so that we cannot model the redshift-space correlation function.
However, since weak lensing only depends on transverse modes
of the density distribution, it is sufficient to consider the pro-
jected angular correlation function,

w(i j)(θ) =

∫ ∞

0

d` `
2π

J0(`θ) C(i j)
gg (`), (D.1)

where Cgg is the angular galaxy power spectrum. The correlation
function is measured with the standard Landy-Szalay estimator
(Landy & Szalay 1993), along with our fiducial band power esti-
mates for the weak lensing signals.

Figure D.1 shows the resulting correlation matrix. Cross-
correlations between the clustering correlation functions and
any of the weak lensing signals only very rarely exceeds 0.05,
and this is largely due to residual noise in the mock covari-
ance. We can therefore safely assume that the clustering and
weak lensing parts of the data vector are independent. This trend
is driven by the fact that only 3% of the BOSS survey area
overlaps with KiDS and thus with the weak lensing measure-
ments. Joint clustering and weak lensing measurements over the
same sky area do produce significant cross-correlations (e.g.,
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Krause & Eifler 2017; Krause et al. 2017) and therefore demand
for a more homogeneous approach to summary statistics and
their covariance than taken in this work.

D.2. Correlation function covariance

It is instructive to study the covariance models of the weak lens-
ing correlation functions as an intermediate step to calculating
band power covariance and as a view that isolates any deviations
that are localised in configuration space. We compare analytic
and mock covariances in the Buceros (simple rectangular survey
geometry, uniform galaxy distributions), Cygnus (realistic sur-
vey footprints, uniform galaxy distributions), and Egretta (real-
istic footprint and spatially varying galaxy distributions) cases
for tangential shear and the cosmic shear correlation functions
ξ± measured in nine angular bins spread equidistantly in the
log between 0.5 arcmin and 300 arcmin (i.e. the same scheme
as used in KV450). In these comparisons the GGL estimator
was applied to the mock catalogues with 100 times more ran-
dom points than lens galaxies in order to suppress any residual
contributions of terms that the random correction of 〈γt〉 removes
(see Appendix E for details).

Figure D.2 shows the ratio of the square root of the diago-
nal elements of the mock and analytic covariances for the three
survey configurations. Off-diagonals in the form of correlation
coefficients are shown in Fig. D.3 for the most realistic Egretta
case (the Fourier space analogues of these plots are Figs. 13
and 14). We generally find very good agreement between the
mocks and the analytic approach in all cases. Significant devia-
tions are limited to the largest-scale data point in ξ± and to scales
larger than 10 arcmin for GGL, with the mock standard devi-
ations up to 20% larger. This under-prediction by the analytic
model is because its Gaussian sample variance terms ignore sur-
vey boundary effects which enhance them by up to a factor two
when switching from a simple rectangular footprint to the realis-
tic KiDS survey geometry (Buceros to Cygnus)30. Variable depth
effects (Cygnus to Egretta) have negligible impact on the cosmic
shear covariance beyond modifications to the galaxy pair counts,
but cause a small additional increase in the GGL covariance.

To gain a better understanding of which covariance terms
drive certain discrepancies, we create two special cases that are
readily realised in both the analytic and simulation approaches.
First, we remove all shear signals, which leaves us with only
noise terms and, in the GGL case, with mixed terms that com-
bine clustering with shape noise (referred to as the ‘no-shear’
case). Secondly, we set σε = 0 which removes all terms con-
taining shape noise but keeps all Gaussian and non-Gaussian
sample variance contributions, plus GGL mixed terms involv-
ing clustering shot noise (referred to as the ‘signal-only’ case).
As discussed in Sect. 5.3, we do not expect the non-Gaussian
covariance terms to match quantitatively between mock and ana-
lytic model. Hence, instead of directly comparing the two in the
signal-only case, we investigate how well the two approaches
agree in the changes between the different survey configurations.

30 There is a further complication not included in the analytic model
in that the GGL correlations include lenses beyond the limits of the
source sample footprint. We employ the lens survey area in the analytic
calculation of the sample variance terms, but the effective survey area
is somewhat reduced because sources with gravitational shear estimates
are not available over the full lens survey area. We estimate this to lead
to a 2−3% under-prediction by the analytic model of the GGL standard
deviation on large scales, which can therefore not be the main reason
behind the discrepancies seen.
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Fig. D.2. Relative difference between the square root of the diagonals of
the mock and analytic covariances of the weak lensing correlation func-
tions, i.e. the real-space analogue of Fig. 13. Top two rows: GGL signals,
centre three rows: ξ+, and bottom three rows: ξ−, with bin combinations
indicated in the panels. Three cases are shown: spatially uniform galaxy
samples in a simple survey footprint (Buceros, green), spatially uniform
galaxy samples in the realistic footprints (Cygnus, blue), and spatially
varying samples in the realistic footprints (Egretta, red). GGL signals
that are not used in the analysis have been greyed out.

The no-shear case in Fig. D.4 demonstrates excellent agree-
ment in the cosmic shear noise terms; using the galaxy pair
counts of the measurements in the analytic covariance correctly
accounts for survey geometry and variable depth. The large-scale
deviations are however still present in the GGL covariance and
are caused by the residual mixed noise-sample variance con-
tribution that in our model disregards survey boundary effects.
These mixed terms, together with the Gaussian sample variance
term which is of similar size (cf. Fig. 10), also drive the devia-
tions seen in Fig. D.2. We note in passing that using Eq. (C.13)
for the calculation of the GGL noise is critical for the high accu-
racy shown here. A naive simple pair count of lens and source
galaxy pairs leads to 25% difference in the standard deviations
on small angular scales when the source and lens bins have sub-
stantial overlap.

For the interpretation of the signal-only case in Fig. D.5 it is
helpful to bear in mind that the only contributing analytic covari-
ance term that is sensitive to survey geometry is the super-sample
covariance (SSC). As SSC is suppressed in GGL, the analytic
model predicts no geometry dependency, which the mock result
suggests is plausible above ca 10 arcmin. Below however, non-
Gaussian contributions are seen to cause excess covariance in the
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Fig. D.3. Comparison of the correlation coeffi-
cients in the weak lensing correlation function
covariance between the mocks (lower left) and
analytic approach (upper right) in the Egretta
setup. As indicated in the labels, large blocks
correspond to the correlation functions 〈γt〉, ξ+,
and ξ−, while small blocks correspond to the
tomographic bin combinations.

Egretta case, but it remains unclear to what degree this effect is
influenced by the lognormal and linear galaxy bias assumptions,
as well as the resolution limit, in our simulations. As regards the
cosmic shear signals, mocks and analytic model generally agree
fairly well in that the signal-only covariance is suppressed in the
Egretta relative to the Buceros case31, while on large scales dis-
crepancies occur, again due to the neglect of survey geometry
effects in the Gaussian sample variance. It is interesting to note
that even in the signal-only case the differences in the standard
deviation between analytic and mock covariances never exceed
30%.

Patterns in the correlation structure away from the diagonal
are well represented in the analytic covariance, with some small
deviations discernible that, analogously to the Fourier space
case, occur in terms dominated by Gaussian covariance contri-
butions, but interestingly with a reversed sign, that is for cor-
relation functions the analytic correlation coefficients are larger
than their mock counterparts (compare Figs. D.3 and 14). For
completeness, we also plot the relative difference between the
Egretta and Buceros cases for the full covariance in Fig. D.6
(the analogue of Fig. 12). This figure confirms that the analytic
covariance model overall performs very well in recovering the

31 While having the same total area, the Egretta footprint is spread out
over a larger fraction of the sky, primarily due the separation between
KiDS-N and KiDS-S. Therefore, the Egretta footprint is able to accom-
modate larger modes of the large-scale matter density distribution,
thereby decreasing super-sample covariance.

relevant effects of survey geometry and spatial variations. The
small residual discrepancies, primarily on large angular scales,
mirror those discussed in Fig. D.2.

D.3. Band power covariance

Here we provide additional band power covariance comparison
plots that further illustrate the fidelity and importance of indi-
vidual contributions to the covariance model: Fig. D.7 compares
the mock and analytic approaches in the no-shear case; Fig. D.8
shows the relative difference between the Egretta and Buceros
setups in the signal-only case. The observed trends are in line
with the configuration space covariances. The noise terms agree
well, whereas the idealised mixed sample variance-noise terms
in the analytic model fail to capture survey geometry effects on
large scales in the GGL covariance. While the analytic model
suggests minimal impact on sample variance in GGL due to sur-
vey geometry and/or variable survey depth, the mocks yield a
10−20% excess standard deviation switching from Buceros to
Egretta, but it is not clear if this is physical or due to limitations
in the mock creation. The trend is reversed for cosmic shear,
driven by SSC. Mocks and analytic prediction agree on the scale
dependence of this effect, with the latter slightly over-predicting
its magnitude.

Figure D.9 highlights the differences in correlation coeffi-
cients between the mock and analytic covariance in the Egretta
case. For the vast majority of coefficients the differences are con-
sistent with scatter due to the finite number of mock realisations.
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Fig. D.4. Same as Fig. D.2, but with all weak lensing signals removed
from both the analytic and mock covariances, i.e. only noise and sample
variance due to clustering contribute.

Systematic differences lie in the very thin tails, mostly at the pos-
itive end, indicating a larger mock value. These typically occur
in the cross-variance between cosmic shear and GGL and are
dominated by the mixed term.
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Fig. D.5. Relative difference between the square root of the diagonals
in the Egretta (realistic mask and depth variations) and Buceros (rectan-
gular mask, uniform depth) covariances of the weak lensing correlation
functions, with all shape noise contributions removed (σε = 0). Red
(blue) symbols show results for the mock (analytic) covariance. Bands
around the mock data points indicate the standard error determined from
a jackknife estimate of variance. Top two rows: GGL signals, centre
three rows: ξ+, and bottom three rows: ξ−, with bin combinations indi-
cated in the panels.
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Fig. D.6. Same as Fig. D.5, but for the full covariance with all cosmo-
logical contributions included.
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Fig. D.7. Same as Fig. 13, but with all weak lensing signals removed
from both the analytic and mock covariances, i.e. only noise and sample
variance due to clustering contribute.
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Fig. D.8. Same as Fig. 12, but with all shape noise contributions to the
analytic and mock covariances removed (σε = 0).
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Fig. D.9. Relative difference between the correlation coefficients of the
mock and analytic covariances of the weak lensing band power signals.
Bottom: histogram of the relative differences marking values beyond
±6%(±3%) in dark (light) red and blue. Top: band power correlation
matrix with elements coloured according to the value of the difference
using the same scheme as in the matrix above.
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Appendix E: Analytic covariance model

Here we provide a detailed description of our analytic covari-
ance model. This model is used for the cosmic shear and
galaxy-galaxy lensing (GGL) signals only, while the cluster-
ing covariance is obtained from the public mocks provided by
BOSS. With our own mocks we demonstrate that the cross-
variance between the clustering and lensing observables can
safely be neglected. For completeness we include the ana-
lytic expressions for angular clustering as well. We calcu-
late real-space correlation function covariances first, and then
obtain the band power covariance from these expressions anal-
ogously to how the signals are derived. While in principle it
is possible to go directly from angular power spectrum mod-
els to band powers following Eqs. (25) and (32), we choose
this approach for two reasons: first, we already have validated
correlation function covariance software in hand from previ-
ous KiDS cosmology analyses (Hildebrandt et al. 2017, 2020;
van Uitert et al. 2018), and secondly, it is easier to incorpo-
rate survey effects in real space, such as measured galaxy pair
counts.

E.1. Gaussian real-space covariance

We begin with the Gaussian covariance, which corresponds to
the full contribution if the underlying gravitational lensing con-
vergence and galaxy number density fields were Gaussian. It
consists of a sample variance term (‘sva’), the sampling error
due to observing a finite volume of the Universe, shape noise or
shot noise (‘sn’), as we observe galaxies as point processes sam-
pling the underlying fields, and a mixed term (‘mix’). We opt to
derive the real-space sample variance expression from its Fourier
counterpart as proposed by Joachimi et al. (2008), leading to

CovG,sva

[
Ξ(i j)
µ (θ̄1); Ξ(kl)

ν (θ̄2)
]

=
1

2πAmax,µν

∫ ∞

0
d` ` Kµ(`θ̄1)Kν(`θ̄2)

×
{
C(ik)(`)C( jl)(`) + C(il)(`)C( jk)(`)

}
,

(E.1)

where we introduced a unified notation for correlation functions
with the correspondence {w, 〈γt〉 , ξ+, ξ−} ↔ {Ξ0,Ξ2,Ξ0,Ξ4}. The
subscripts denote the type of integration kernel that is applicable,
with ξ+ and the angular clustering correlation function w sharing
the same kernel. The kernels are defined as

Kµ(`θ̄i) :=
2

θ2
u,i − θ

2
l,i

∫ θu,i

θl,i

dθ′ θ′Jµ(`θ′) =
2(

θ2
u,i − θ

2
l,i

)
`2

×


[xJ1(x)]`θu,i

`θl,i
µ = 0

[−xJ1(x) − 2J0(x)]`θu,i

`θl,i
µ = 2[(

x − 8
x

)
J1(x) − 8J2(x)

]`θu,i

`θl,i
µ = 4

, (E.2)

where the Jµ are cylindrical Bessel functions of the first kind.
As opposed to earlier works, we have explicitly averaged over
the angular bin centred on θ̄i in which Ξµ is measured, delim-
ited by

[
θl,i; θu,i

]
. The type of angular power spectrum C(i j)(`) to

be used in the integrand of Eq. (E.1) is determined by its tomo-
graphic bins i and j: if both are lens bins, it is a clustering power
spectrum; if both are source bins, it is a cosmic shear power
spectrum; else one uses a position-shear cross power spectrum.
For a more explicit notation in this regard see Joachimi & Bridle
(2010). The power spectra are determined under the extended
Limber approximation from the full non-linear matter power

spectrum evaluated at our fiducial choice of parameters. The
power spectra are calculated using the non-linear prescription by
Takahashi et al. (2012) as AGN feedback effects have negligible
impact on the covariance in the regime where sample variance
contributions are significant (see also Schneider et al. 2020).
Lensing signals generally include intrinsic alignment contribu-
tions in the Gaussian terms, but they have been switched off
for this study to simplify the comparison with the mocks that
do not feature intrinsic alignments. We assume an effective lin-
ear galaxy bias and choose the fiducial values of b1 for this
purpose as the corrections due to the non-linear bias terms are
small.

Following the derivation in van Uitert et al. (2018), we nor-
malise the covariance term by Amax,µν = max(Aeff,µ, Aeff,ν), that
is the effective survey area applicable to the signal in the case
of auto-correlations and the larger effective area when cross-
correlating signals measured over different parts of the sky.
The areas to be used are the full BOSS footprint for cluster-
ing, the full KiDS-1000 area for cosmic shear, and the overlap
area for GGL; see Table 1 for numerical values. The effec-
tive survey area is not a quantity defined from first princi-
ples and ultimately depends on the chosen resolution at which
the survey footprint is considered. We measure the effective
area from a binary Healpix mask with Nside = 4096. Hence,
mask features of less than arcminute size will not reduce Aeff .
Since we use this area in neff as well (see Eq. (C.12)), star
masks and other small-scale features are interpreted as dilut-
ing the number density of galaxies rather than the survey
area. This is in line with the covariance modelling assumptions
as long as these small-scale features are below the scales at
which the cosmological signal is measured. We have also com-
puted a cosmic shear covariance based on an Nside = 2048
mask, but found no measurable difference on S 8 best fits or its
errors.

The pure noise term only contributes to the diagonals of auto-
correlations and is given by (Schneider et al. 2002b)

CovG,sn

[
Ξ

(i j)
µ (θ̄1); Ξ(kl)

ν (θ̄2)
]

= δθ̄1 θ̄2

(
δikδ jl + δilδ jk

) T sn
µν

N(i j)
pair(θ̄1)

,

(E.3)

where δi j denotes a Kronecker delta, and where N(i j)
pair is given by

Eqs. (C.11) and (C.13). We defined

T sn
µν :=


σ4
ε/2 µ = ν = 0 or µ = ν = 4 (cosmic shear)

σ2
ε/2 µ = ν = 2 (GGL)
1 µ = ν = 0 (clustering)
0 µ , ν

, (E.4)

where σε is the total dispersion of the complex observed galaxy
ellipticity (with contributions from the intrinsic ellipticities of
galaxies and measurement noise) that is in practice measured via
Eq. (C.9). It was furthermore assumed that the noise in galaxy
clustering follows a Poisson distribution. The mixed term reads

CovG,mix

[
Ξ

(i j)
µ (θ̄1); Ξ(kl)

ν (θ̄2)
]

= δ jl

Tmix
j

2πn( j)
eff

Amax,µν

×

∫ ∞

0
d` ` Kµ(`θ̄1)

× Kν(`θ̄2) C(ik)(`) + 4 perm.,
(E.5)
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Fig. E.1. Noise contributions to a GGL tangential shear
correlation function measurement for BOSS lenses in the
KiDS-1000 overlap (L1) and KiDS high-redshift sources
(S5). Shown is the standard deviation as a function of angular
separation, normalised by the analytic expectation for uni-
formly distributed galaxies and neglecting survey boundaries
(blue). The noise term as implemented by Eq. (E.3) is shown
in orange. It is in excellent agreement with the sample vari-
ance obtained from a measurement with randomised source
galaxy shapes and lens galaxy positions, i.e. removing all
sample variance contributions (purple). Decreasing the over-
sampling factor of the random catalogue from our default of
Nrnd = 100 to only five results in an increased noise level
(brown). We also show the signals when only randomising
shapes (red) and when additionally not subtracting the GGL
signal around random points in the lens sample (green).

where we defined

Tmix
j :=

{
σ2
ε/2 j ∈ S1−S5
1 j ∈ L1−L2 (E.6)

for our lens (L) and source (S) bins, respectively. Figure E.1
illustrates the noise contributions to the variance of an exemplary
GGL tangential shear signal (L1–S5). Sample variance contri-
butions are switched off selectively by randomising the orienta-
tions of source galaxy shapes and/or the positions of lens galaxy
positions.

First, the measured sample variance is offset by 13% over the
expectation for uniformly distributed galaxies in the absence of
any survey boundaries for which N(i j)

pair(θi) = π(θ2
u,i−θ

2
l,i)Aeffn(i)

eff
n( j)

eff

is inserted into Eq. (E.3). This is an example of the aforemen-
tioned importance of the choice of effective survey area. We used
the BOSS area in the calculation which is larger than the source
area due to the more aggressive masking in weak lensing sur-
veys, thereby underestimating the true noise even on small scales
where survey boundaries are irrelevant. Our noise term model
closely follows the measured GGL standard deviation without
any sample variance (i.e. randomised lenses and sources). An
oversampling factor of 100 of the random catalogue is sufficient
to suppress any additional noise contributions, which we there-
fore use as our default.

Only randomising the sources preserves a mixed term in the
resulting variance, namely a combination of shape noise and
angular clustering signal; cf. Eq. (E.5). Figure E.1 shows that this
term dominates noise components on large scales, so that ideali-
sations in the modelling of this term will limit the accuracy of the
analytic model, as can be seen in Fig. D.4. Moreover, the figure
demonstrates that the subtraction of the GGL signal around ran-
dom lens points in the estimator (Eq. (38)) is crucial to suppress
additive noise contributions that scale with shape noise and the
survey footprint of the lens sample, which would otherwise sub-
stantially increase errors on large scales (see the detailed discus-
sion in Singh et al. 2017). Equation (E.3) was previously shown
to be an excellent fit to the noise term of cosmic shear signals;
see Fig. D.4 and Troxel et al. (2018b).

The ostensibly simplest component, the Gaussian sample
variance contribution, currently limits the accuracy of this model
(see Appendix D). It dominates on the largest scales where the

finite extent of the survey footprint affects the sample variance
substantially and breaks the assumption of isotropy; see also
the discussion in Blake et al. (2020). Equations (E.1) and (E.5)
acquire their simple form by neglecting survey boundaries alto-
gether. In future, these effects, as well as variations in sur-
vey depth, will be easier to account for in a configuration
space approach; see Kilbinger & Schneider (2004), Hikage et al.
(2019).

E.2. Non-Gaussian real-space contributions

Since the galaxy density and weak lensing convergence distri-
butions are highly non-Gaussian on small scales, the covariance
picks up additional terms via the connected four-point function
of these fields. These are conveniently split into matter trispec-
trum contributions from modes within the survey footprint and
those that link in-survey modes to those with wavelengths larger
than the survey which act to rescale the mean of the field inside
the survey. The former are given by (Takada & Jain 2004)

CovNG

[
Ξ

(i j)
µ (θ̄1); Ξ(kl)

ν (θ̄2)
]

=
1

4π2Amax,µν

∫ ∞

0
d`1 `1 Kµ(`1θ̄1)

×

∫ ∞

0
d`2 `2 Kν(`2θ̄2)

×

∫ π

0

dϕ`
π

T (i jkl)(`1, `2,−`1,−`2),

(E.7)

where ϕ` is the angle between `1 and `2. The angular trispectrum
is calculated by integrating along the line of sight over the matter
trispectrum, Tm, yielding

T (i jkl)(`1, `2, `3, `4) =

∫ χhor

0
dχ

W (i)
a (χ) W ( j)

b (χ) W (k)
c (χ) W (l)

d (χ)

f 6
K(χ)

× Tm

(
`1

fK(χ)
,
`2

fK(χ)
,
`3

fK(χ)
,
`4

fK(χ)

)
(E.8)

under Limber’s approximation. The type of kernel Wa,b,c,d is cho-
sen according to the probes Ξ under consideration from among
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Eq. (15) for weak lensing and the comoving distance distribution
of lens samples plus an expression for galaxy bias for clustering.

The super-sample covariance (SSC) term reads
(Takada & Hu 2013)

CovSSC

[
Ξ

(i j)
µ (θ̄1); Ξ(kl)

ν (θ̄2)
]

=
1

4π2

∫ ∞

0
d`1 `1 Kµ(`1θ̄1)

×

∫ ∞

0
d`2 `2 Kν(`2θ̄2)

×

∫ χhor

0
dχ

W (i)
a (χ) W ( j)

b (χ) W (k)
c (χ) W (l)

d (χ)

f 6
K(χ)

×
∂Pm

[
`1/ fK(χ)

]
∂δb

∂Pm
[
`2/ fK(χ)

]
∂δb

σ2
bg,µν(χ),

(E.9)

where the derivatives denote the response of the matter power
spectrum to a change in the density contrast of the background
δb, which is defined as the average density contrast within
the volume of the survey. Here, we defined the variance of
background matter fluctuations within the observability masks
relevant to the two probes under consideration (indicated by
super-/subscripts µ and ν),

σ2
bg,µν(χ) =

1
Aeff,µ Aeff,ν

∑
`

Pm,lin

(
`

fK(χ)

)∑
m

aµ
`m aν∗`m, (E.10)

where the linear matter power spectrum has been used as only
linear scales affect the background fluctuations. As surveys
now cover substantial fractions of the sky, we drop the flat-
sky approximation in this term and express the cross-power
of the survey masks via their spherical harmonic coefficients
aµ,ν
`m . These are determined from the same binary Healpix

masks used to calculate the effective survey area. For probes
covering the same sky area the summation over m simpli-
fies to the isotropic power spectrum of the mask. We do not
include contributions caused by super-survey tidal fields, which
are expected to have little impact on our scales of interest
but could attain similar levels as the (small) NG contribution
(Barreira et al. 2018b).

To evaluate the matter trispectrum and the matter power
spectrum response to the background we opt for a halo model
formalism, closely following Takada & Hu (2013), Li et al.
(2014); see also Krause & Eifler (2017) for a similar implemen-
tation. We refer the reader to these works for a quantitative
description and only summarise the relevant modelling choices
here, which are unchanged with respect to earlier KiDS cos-
mology analyses (Hildebrandt et al. 2017, 2020; van Uitert et al.
2018). Our halo model is based on the halo mass function and
halo bias of Tinker et al. (2010). It assumes a Navarro et al.
(1996) halo profile with the concentration-mass relation by
Duffy et al. (2008) and employs the analytical form of the

profile’s Fourier transform by Scoccimarro et al. (2001). While
implemented, some of the particularly computationally expen-
sive 2-halo terms in the matter trispectrum have been switched
off for most practical covariance calculations because they
only make negligible contributions to the non-Gaussian covari-
ance, which has little impact on the overall statistical errors to
begin with. The logarithmic matter power spectrum response
is reduced by two for both clustering (de Putter et al. 2012;
Takada & Hu 2013) and GGL (Singh et al. 2017) signals as their
estimators are normalised to the mean galaxy densities within
the survey footprint rather than the global mean density through
the use of random catalogues. An effective linear bias is used
to translate from polyspectra of matter to those involving galaxy
density contrast, and we choose the fiducial values of b1 for this
purpose.

E.3. Covariance of band powers

Together with the covariance term sourced through uncertainty
in the multiplicative bias correction (Eq. (37)), the expressions
above constitute the full covariance for angular large-scale struc-
ture correlation functions. Various useful two-point statistics can
be derived from the correlation functions, which capitalises on
the insensitivity of the latter to the often complex survey geome-
try. Since the relations are linear, simple error propagation allows
us to derive corresponding relations between the covariances of
these two-point statistics. For the case of band powers, employ-
ing Eqs. (39) and (40) leads to

Cov
[
C

(i j)
E/B,m; C(kl)

E/B,n

]
=

π2

NmNn

∑
a,b

∆θa θa T (θa) ∆θb θb T (θb)

×
{
gm

+ (θa) gn
+(θb) Cov

[
ξ

(i j)
+ (θa); ξ(kl)

+ (θb)
]

+ gm
− (θa) gn

−(θb) Cov
[
ξ

(i j)
− (θa); ξ(kl)

− (θb)
]

± gm
+ (θa) gn

−(θb) Cov
[
ξ

(i j)
+ (θa); ξ(kl)

− (θb)
]

±gm
− (θa) gn

+(θb) Cov
[
ξ

(i j)
− (θa); ξ(kl)

+ (θb)
]}

(E.11)

for cosmic shear, and

Cov
[
C

(i j)
nε,m; C(kl)

nε,n

]
=

4π2

NmNn

∑
a,b

∆θa θa T (θa) ∆θb θb T (θb)

× hm(θa) hn(θb) Cov
[
〈γt〉

(i j) (θa); 〈γt〉
(kl) (θb)

]
,

(E.12)

for GGL. The cross-variances between these signals, and expres-
sions involving clustering (not used in this work), are obtained
analogously. The angular binning is the same as that of the cor-
relation functions, which is described in Sect. 3.6.
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