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To compute the integrals in Eq. (26) we adopt the
numerical method described in Appendix B. As observed
in [50], the integration over the strain amplitude is
performed up to 4" to exclude the individually resolvable
powerful and rare bursts. The maximum strain amplitude /*
is determined by solving the equation

[Tan [Tl n=r )

This encodes the fact that when the burst rate is larger than
f, individual bursts are not resolved.

The total energy density in gravitational waves produced
by cosmic strings will be composed of overlapping signals
(h < h*) and nonoverlapping signals, namely bursts
(h > h*). The LIGO-Virgo stochastic search pipeline will
detect both types of signals. This has been demonstrated for
a stochastic background produced by binary neutron stars,
whose signals overlap, and binary black holes, whose
signals will arrive in a nonoverlapping fashion [61,62].
In this present cosmic string study this effect is negligible:

the predicted GW energy density, Qg@ does not grow

significantly (and Fig. 3, top, does not change noticeably)
when 7" — +oc0.
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FIG. 3. Top: GW energy density, Qg@( f), from cusps and
kinks predicted by the three loop distribution models. The string
tension Gu has been fixed to 1078, Bottom: maximum strain
amplitude ~#* used for the integration in Eq. (26).

Figure 3 (top) shows the spectra for the three models
under consideration, adding both the cusp and the kink
contributions and assuming Gu = 1078, The model 2
spectrum is about 10 times weaker than the spectrum of
model 1 over most of the frequency range. As shown in
Fig. 4 (top), the spectra are dominated by the contribution
of loops in the radiation era over most of the frequency
range, including the frequencies accessible to LIGO and
Virgo detectors (10-1000 Hz). The difference in normal-
izations of the loop distributions in the radiation era in
the two models, discussed in Sec. 11, is therefore the cause
for the difference in spectral amplitudes. Note also that at
low frequencies (~107° Hz), at which pulsar timing
observations are made, the matter era loops contribute
the most.

Figure 3 (top) also shows that the spectrum for model 3
has a significantly higher amplitude than those of models 1
and 2. Figure 4 shows that this spectrum is dominated by
the contribution of small loops which, as discussed in
Sec. II, are much more numerous in model 3.
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FIG. 4. Top: GW energy density, Qg@(f), from cusps for
model 1. We have separated the contributions from loops in the
radiation (z > 3366) and matter (z < 3366) eras. Additionally,
for loops in the matter era, we have separated the effect of loops
produced in the matter era from the ones produced in the
radiation era [Eqgs. (3), (4), and (6)]. Bottom: GW energy

density, Qg@ (f), from cusps for model 3. The effect of the three
loop size regimes is shown [Eqgs. (13), (14), and (15)] for the
matter and radiation eras.
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Figure 3 (bottom) shows the maximum value for the
strain amplitude to consider in the integration, h* as a
function of the frequency. At LIGO-Virgo frequencies (10—
1000 Hz) the spectrum originates from GWs with strain
amplitudes below ~107%,

The energy density spectra predicted by the models can
be compared with several observational results. First,
searches for the stochastic GW background using LIGO
and Virgo detectors have been performed, using the initial
generation detectors (science run S6, 2009-2010) [63] and
the first observation run (O1, 2015-2016) of the advanced
detectors [31]. Both searches reported frequency-
dependent upper limits on the energy density in GWs.
To translate these upper limits into constraints on cosmic
string parameters, we define the following likelihood
function:

. (28)

(M) . 2
InL(Gu, p) Z —(Y(f) - S;;V;()f Gu.p))

where Y(f;) and o(f;) are the measurement and the
associated uncertainty of the GW energy density in the

frequency bin f;, and Qg@ (fi; Gu, p) is the energy density
computed by a cosmic string model at the same frequency
bin f; and for some set of model parameters Gu and p.
We evaluate the likelihood function across the parameter
space (Gu, p) and compute the 95% confidence contours
for the initial LIGO-Virgo (S6, 41.5 < f < 169 Hz) [63]
and for the most recent Advanced LIGO (Ol,
20 < f <86 Hz) [31] stochastic background measure-
ments (assuming Bayesian formalism and flat priors in
the log parameter space). Since a stochastic background of
GWs has not been detected yet, these contours define the
excluded regions of the parameter space. We also compute
the projected design sensitivity for the Advanced LIGO and
Advanced Virgo detectors, using Eq. (28) with Y(f;) =0
and with the projected o(f;) for the detector network [64].

Another limit can be computed based on the pulsar
timing array (PTA) measurements of the pulse arrival times
of millisecond pulsars [29]. This measurement produces a
limit on the energy density at nanohertz frequencies—
specifically, at 95% confidence Q&N (f =2.8x 107 Hz) <
2.3x 10719, We directly compare the spectra predicted by
our models (at 2.8 x 10~ Hz) to this constraint.

Finally, indirect limits on the total (integrated over
frequency) energy density in GWs can be placed based
on the big-bang nucleosynthesis and cosmic microwave
background observations. The BBN model and observa-
tions of the abundances of the lightest nuclei can be used to
constrain the effective number of relativistic degrees of
freedom at the time of the BBN, N¢;. Under the assumption
that only photons and standard light neutrinos contribute to
the radiation energy density, Ny is equal to the effective
number of neutrinos, corrected for the residual heating of

the neutrino fluid due to electron-positron annihilation:
N ~3.046 [65]. Any deviation from this value can be
attributed to extra relativistic radiation, including poten-
tially GWs due to cosmic string kinks and cusps generated
prior to BBN. We therefore use the 95% confidence upper
limit Ng — 3.046 < 1.4, obtained by comparing the BBN
model and the abundances of deuterium and “He [27],
which translates into the following limit on the total energy
density in GWs:

10'° Hz

M —
OB (Grop) = [ " a (i Gup) <175 x 107

(29)

where the lower bound on the integrated frequency region
is determined by the size of the horizon at the time of BBN
[60]. In this calculation we only consider kinks and cusps
generated before BBN, which implies limiting the redshift
integral in Eq. (26) to z > 5.5 x 10°.

Similarly, presence of GWs at the time of photon
decoupling could alter the observed CMB and baryon
acoustic oscillation spectra. We apply a similar procedure
as in the BBN case, integrating over redshifts before the
photon decoupling (z > 1089) and over all frequencies
above 10~ Hz (horizon size at the time of decoupling) to
compute the total energy density of GWs at the time of
decoupling. We then compare this quantity to the posterior
distribution obtained in [28] to compute the 95% confidence
contours:

10'° Hz

PG p) = [ ar (s Gup) <37 107

(30)

For reference, Fig. 5 shows the energy density spectra
for models 1 and 3 using Gu = 1078, As expected, the
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FIG. 5. GW energy density, Qg@( f), from cusps for models
1 and 3. The spectra have been computed at the time of
photon decoupling (zcyp = 1100) and at the time of nucleo-
synthesis (zggny = 5.5 x 10%).
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FIG. 6. 95% confidence exclusion regions are shown for three loop distribution models: M = 1 (top left), M = 2 (top right), and
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CMB bounds [27,28], and from the PTA measurement (pulsar) [29]. Also shown is the projected design sensitivity of the Advanced
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contribution from the matter era loops is suppressed at the
time of the BBN or of photon decoupling, resulting in the
suppression of the spectra at low frequencies. To have
negligible systematic errors associated to the numerical
integration, we compute Eqgs. (29) and (30) using 200 and
250 logarithmically spaced frequency bins respectively.
Figure 6 shows the excluded regions in the parameter
spaces of the three models considered here, based on the
stochastic observational constraints discussed above.

IV. DISCUSSION

The constraints on the cosmic string tension Gu and
intercommutation probability p are shown in Fig. 6 for the
three loop models under consideration: M = 1 [8,32] (top
left), M = 2 [33] (top right), and M = 3 [34] (bottom left).

We recall that these three models were developed for
p =1 and, as explained earlier, for smaller intercommu-
tation probability, we used a 1/p dependence for the loop
distribution.

The bounds resulting from the burst search performed
on Ol data are the least constraining. For model 3 and
p = 1, the burst search constraint is Gy < 8.5 x 10710 at a
95% confidence level. For models 1 and 2, the burst search
can only access superstring models (p < 1) for which the
predicted event rate is larger.

Tighter constraints are obtained when probing the
stochastic background of GWs produced by cosmic strings.
For model 3, the parameter space studied here is almost
entirely excluded by the new constraint derived from the
LIGO stochastic O1 analysis. The LIGO stochastic analysis
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is sensitive to GWs produced in the radiation era. As
discussed in Sec. II, in the radiation era, the number of
small loops in models 1 and 2 is much smaller than for
model 3. When loops are large, the GWs are strongly
beamed and the resulting GW detection rate is greatly
reduced. As a consequence, experimental bounds using
models 1 and 2 are less constraining as can be seen in
Fig. 6. For model 1, topological strings (p = 1) are
constrained by Gu < 5 x 108 with the O1 LIGO stochas-
tic analysis. For model 2, the cosmic string simulation
predicts a smaller density of loops and the LIGO constraint
is therefore less strict.

In addition to LIGO results, Fig. 6 shows limits from
pulsar timing experiments, and indirect limits from BBN
and CMB data. These experimental results are comple-
mentary as they probe different regions of the loop
distributions. The CMB and LIGO stochastic bounds apply
for the most part to cosmological loops present in the
radiation era (z > 3300). The LIGO burst constraint,
although weaker, is sensitive to GWs produced in the
matter era (z < 3300) from loops which themselves were
formed in the radiation era. Constraints from pulsar timing
experiments are the most competitive. For topological
strings, we get Gu < 3.8 x 1072, Gu < 1.5 x 107! and
Gu < 5.7 x 107'? for models 1, 2, and 3 respectively.
However, at nanohertz frequencies, they only probe loops
formed in the matter era for very small redshifts corre-
sponding to galactic scales (z < 107).

The pulsar bound on string parameters will not improve
much in the future as the range of strain amplitudes,
107" <h <107 [see Figs. 3 (bottom) and 8 (right) in
Appendix B], allowed by loop models is already fully
explored. The indirect bounds from BBN and CMB data
will also be limited by the precision on the N parameter
which can be achieved. The sensitivity of Advanced LIGO
detectors, however, will further improve in the coming
years. In Fig. 6 we also report the upper limits the stochastic
analysis should achieve with an Advanced LIGO-Virgo
detector network working at design sensitivity (see also
[66,67]). These will probe most of the parameter space for
the three models, and, in particular for models 1 and 3, will
surpass all of the current bounds.
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APPENDIX A: A-CDM COSMOLOGY

In a A-CDM universe, the Hubble rate at redshift z is
given by
H(z) = HyH(2), (A1)

where

H(z) = /2 + Q1+ 27 + 2GR+ (A2)
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We use the latest values of the cosmological parameters
[68], Hy = 1007 kms™' Mpc™!, h = 0.678, Q,, = 0.308,
Qp =9.1476 x 1073, and Q, = 1 — Qy; — Q. At redshift
z in the radiation era, the quantity G(z) is directly related
to the effective number of degrees of freedom g,(z) and
the effective number of entropic degrees of freedom gg(z)
by [60]

4/3

G(z) = 9:(2)95(0)
) 9.(0)g5°(2)

Following [60] we model it by a piecewise constant
function whose value changes at the QCD phase transition
(T =200 MeV), and at electron-positron annihilation
(T =200 keV):

(A3)

1 for z < 10°,
0.83 for 10° < z <2 x 10'2,
0.39 for z > 2 x 10'2,

9(z) = (A4)

Expressions for cosmic time, proper distance, and proper
volume element in terms of redshift are given by

_ ?,(2) p _ /oo dz
I(Z) - HO Wlth (ﬂt(Z) - . H(Z/)(l + Z/) ’ (AS)
_o(2) . _ [ dd
r(z) = H, with  ¢,(z) = | HED) (A6)
_ov(2) : _ Angi(2)
dv(z) = H dz with ¢y(z) = 0T oHE (A7)
Asymptotically we have
@,(z < 1) ~0.9566, (A8)
1
. | P A9
Pz 1)~z (A10)
@,(z> 1) ~3.2086. (A11)

APPENDIX B: RATE OF GRAVITATIONAL-
WAVE BURSTS FROM COSMIC STRINGS

The detection of GWs from cosmic strings is conditioned
by the rate of burst events a cosmic string network
generates. In this appendix we outline the rate calculation
presented in detail in [32] in a form adapted for the three
models under consideration.

The expected rate of GW events, observed at frequency
f, emitted from a proper volume dV(z) at redshift z, in an

interval of amplitudes between A, and A, + dA,, and for
model M, is given by

R}

aV(2)dA, (B1)

I
(Aqu?f) :1—4-21/51 )(Aq’Z)Aq(Aq’Z»f)w

where A, is the fraction of GW events of amplitude A, that
are observable at frequency f and redshift z. Since cusps
emit GW bursts in a cone of solid angle dQ ~ 762, [where
0, is given in Eq. (20)] and kinks into a fan-shaped set of
directions in a solid angle dQ ~ 276,,, one finds

(2.2, f)

3(2-9)
) o1 -0y(a.1.0)

(B2)

Aq(Aq’Z’f) ~ (

where # = £(A,. z) is obtained by inverting Eq. (21).
The number of cusp/kink features per unit space-
time volume on loops with sizes between ¢ and £ + d¢
is given by
2
VM (¢, 2)de = SN 1(z))de (B3)
where N, is the number of cusps/kinks per oscillation

period. Using Eq. (21) to change variables from ¢ to A,
gives

dc
I/EIM)(Aq,Z)qu = y(qw(f(Aq,z),z)deAq
q
¢(A,, 2)
= I/EIM)(f(Aq, Z), Z)mqu. (B4)
q

Injecting the loop distribution of model M, FM),
Eq. (B1) becomes

RN 2N HPe(2)
dzdA, (A2, f) = (2-q)(1+2)A,1*(2)
” £(A;.2)
x Fl >< ) ,t(z))
X Ay (Ap 2 f). (B5)

Alternatively, the rate can also be parametrized by the strain
amplitude using Eq. (19):

*RM 2N HPoy(2)
dzdh (h.z.f) = (2-¢q)(1 +z)ht*(z)
£(hf%,z2)
x FM) <t(z) ,t(z))
x A, (hf4.2.f).

(B6)
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The rate of GWs given in Eq. (B6) is marginalized over
the strain amplitude and the redshift to compute the GW
stochastic background [see Eq. (26)]. The strain amplitude
range is limited by two physical conditions: firstly the
beaming angle must satisfy 6,, < 1, secondly, in all three
models, there is an upper bound for the loop size, -
These conditions straightforwardly impose [see Egs. (19)
and (21)] that hy;,(z) < h < hye(z), where

G,MH 0

hmin(z) = m ’

(B7)
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In turn, the condition 7,;,(z) < hya(z) fixes the upper
limit on the redshift, z,,,.. Finally, the overall GW rate is
obtained by calculating the double integral:

. . (M)
(M) Zmax Tmax (2) JZRq
R, = d dh h,z,f). B9
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FIG.7. GW event rate predicted by models M = 1 (top row), M = 2 (middle row), and M = 3 (bottom row) and averaged over either
h (left column) or 7 (right column). The string tension and the wave frequency are fixed to 1078 and to 100 Hz respectively. For models 1
and 2, we separated the contributions from loops in the radiation (z > 3366) and matter (z < 3366) eras. Additionally, for loops in the
matter era, we separated the effect of loops produced in the matter era from the ones produced in the radiation era [Egs. (3), (4), and (6)].
For model 3, the effect of the three loop size regimes is shown [Eqs. (13), (14), and (15)].
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For illustration, we fix f = 100 Hz and Gu = 10~® and
we average the GW rate for cusps over either / (left-hand
column of Fig. 7) or z (right-hand column of Fig. 7) for
models M = {1,2,3}. The contributions from loops in the
matter (blue curve) and radiation (red curve) eras are also
presented. For loops in the matter era, we separated the
effect of loops produced in the radiation era from loops
produced in the matter era.

We first observe that all models have the same general
dependence on redshift and strain amplitude: high-ampli-
tude GWs are produced in the matter era with a low rate
while weak GWs are produced in the radiation era with a
high rate. Models differ in the absolute rate of GWs they
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GW event rate predicted by model M = 1 for different frequencies and averaged over either / (left column) or z (right column).

predict: RUA(h=10"23)=1.1x10""Hz, 1.2 x 10~1° Hz
and 1.0 x 107 Hz for models 1, 2, and 3 respectively. As
noted in Sec. II, in model 3, small loops are copiously
present at all times. Indeed, for model 3, the small loop
contribution to the GW rate dominates for # > 10~* and
7 <1015, while for models 1 and 2 it is negligible.

In Fig. 8, the effect of the wave frequency f is studied
(M =1 only). Loops in the radiation era tend to produce
high-frequency GWs while low-frequency waves are emit-
ted in the matter era. The event rates presented in Fig. 8
condition the detectability of GWs from cosmic strings
using experimental data sets.
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