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ABSTRACT  

Estimating the outer scale profile, L0(h) in the context of current very large and future extremely large telescopes is 
crucial, as it impacts the on-line estimation of turbulence parameters (Cn2(h), r0, θ0 and τ0) and the performance of Wide 
Field Adaptive Optics (WFAO) systems. We describe an on-line technique that estimates L0(h) using AO loop data 
available at the facility instruments. It constructs the cross-correlation functions of the slopes of two or more wavefront 
sensors, which are fitted to linear combinations of theoretical responses for individual layers with different altitudes and 
outer scale values. 
We analyze some restrictions found in the estimation process, which are general to any measurement technique. The 
insensitivity of the instrument to large values of outer scale is one of them, as the telescope becomes blind to outer scales 
larger than its diameter. Another problem is the contradiction between the length of data and the stationarity assumption 
of the turbulence (turbulence parameters may change during the data acquisition time).  
Our method effectively deals with problems such as noise estimation, asymmetric correlation functions and wavefront 
propagation effects. It is shown that the latter cannot be neglected in high resolution AO systems or strong turbulence at 
high altitudes. The method is applied to the Gemini South MCAO system (GeMS) that comprises five wavefront sensors 
and two DMs. Statistical values of L0(h) at Cerro Pachón from data acquired with GeMS during three years are shown, 
where some interesting resemblance to other independent results in the literature are shown. 

1. INTRODUCTION  
Existing work on L0 estimation have shown that strong disagreements on the way it is estimated, the results, and its 
importance in AO areas such as PSF-R, tomography and turbulence profiling. One common approach to estimate the 
outer scale (L0) is to assume it as a global parameter and some work has been done towards developing models for its 
behaviour in altitude, i.e. L0(h) [1,2].  

In this article, we intend to contribute to the knowledge about this parameter by analysing a significant amount of data 
collected at the Gemini South MCAO system (GeMS) [3] during three years of campaigns and also developing a 
technique to estimate the outer scale profile, L0(h).  

1.1 Estimating the global L0(h)  

A possible approach to estimate the global outer scale is to compute the autocorrelation of slopes using WFS data from 
atmosphere probing. The shape of these reference functions are related to the outer scale of the turbulence beneath the 
sodium layer.  

A problem with this approach, common to any optical system with pupils (baselines) significantly smaller than the 
largest turbulence eddy, is that the techniques are not sensitive to them (see Fig. 1). Here, autocorrelation cuts are plotted 
for different outer scale values, that is: L0 = {1, 5, 10, 20, 30, 40, 50} m. Notice that for large values of L0, the function 
become asymptotically the same. The rule of thumb is that a system is capable of correctly estimating L0s for sizes no 
larger than three to four times the size of the pupil or baseline. 
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Figure 1.  Simulated response functions (autocorrelations of slopes) for GeMS. Top: slices of normalized responses for L0 = 

{1, 5, 10, 20, 30, 40, 50} m. Bottom: 3D representation of response function for outer scales of 1 and 50m. 

Furthermore, we have found that in the strict sense, there is no such thing as a “global” outer scale, since the response 
function is the result of combining slopes from two or more layers with not necessarily the same L0, i.e. a profile or 
L0(h). This is not novel as previous reports and models have already identified this turbulence feature [1,2,4,5]. 

Figure 2 illustrates this turbulence feature by presenting two common cases found in responses from GeMS telemetry 
data. The first one (top) is a nearly single-mode response that can be represented by a single theoretical autocorrelation 
function. The second (bottom) is a more complex response where no single outer scale can represent it. In fact, by using 
fitting techniques, the most likely situation is that the response from the on-sky data is the result of at least two functions, 
each with its own outer scale, i.e. a two-mode response. Later in the article, we will see that this example is even richer 
in terms of the number of layers than can constitute it. 

The complexity that arises when trying to identify the different outer scale components in the atmospheric volume is 
common to any technique based on optical instruments, such as 1D or 2D SLODAR-based sensors [6] or other based 
solely on tip-tilt measurements [1].  

1.2 Estimation of noise in slopes 

Furthermore, an additional problem appears in autocorrelation methods when trying to estimate the noise out of the 
responses (see Fig.2 below), which is a crucial step in the response fitting. 

Spatial noise matches perfectly in autocorrelation maps, generating peaks that would generate an under-estimation of the 
outer scales, i.e. extremely narrow responses (those corresponding to small L0 values) become similar to noise 
autocorrelations. Hence, a reliable method of noise estimation is necessary in order to extract its distorting effects on the 
fitting of responses based on the autocorrelation of slopes. This is the case in methods that fit theoretical autocorrelation 
functions to those from on-sky data that generally leave out the central correlation map component (see Fig. 3). 
Unfortunately, we have found that unacceptable errors can occur when the probed turbulence is constructed out of more 
than one layer with different outer scales. This is clearly the 2-mode case in Fig.2. 

 

L0 = 50m

L0 = 1m

L0 = 50mL0 = 1m
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generation of this basis (after normalizing for turbulence strength). Adding a second dimension corresponding to altitude 
is not that evident. The reasons why the basis for fitting has to be a function of altitude as well, are: 

• Cross-correlation responses vary in altitude [6] and their asymmetry increases at higher altitudes. Also, the
fratricide effect caused by sodium scattering in LGS (e,g, GeMS) generate further asymmetries even at the
ground response function.

• It has also been shown [12,13] that propagation effects from higher layers are significant for subapertures
diameters smaller than 0.2m. Errors as high as 30% are possible in the tip and tilt variances propagated from a
layer at 10Km. In this case, the weak turbulence assumption does not hold and Fresnel propagation must be
assumed. This effect also calls for a differentiation of correlation functions in altitude as the degree of
diffraction will depend on the propagation distance. For GeMS (0.5m subaperture diameter), this effect is
negligible.

Figure 5 shows two simulated response functions for a layer at the ground and at 10 Km using GeMS configuration 
parameters. Notice the difference in shape and asymmetry that can also vary over time due to effects such as dome 
seeing and, WFS dead detector pixels. 

Figure 5. Simulated cross-correlation functions. Left: asymmetries at the ground due to fratricide masking; Right: asymmetry 
at higher altitude due to the finite nature of pupil and anisotropic overlapping. 

It is obvious that trying to represent such behavior with analytical models would be extremely difficult, so in the next 
section we present our more practical approach that uses a limited number of response functions for different altitude 
and outer scales (mode basis) to solve this fitting problem. 

2.1 The reference functions 

The method consists in solving the inverse problem of identifying the parameters of each layer by fitting pre-calculated 
response functions to the one measured via telemetry. To do this, a two-dimensional array (mode basis) is constructed. It 
contains responses for NH different altitudes and NL different outer scale values. We call these “reference” functions Cref

(L0, h) and they are normalized to have the same Cn
2(h) value. The figure below, simulated for GeMS, shows six cases 

for altitudes of 0, 5 and 10 Km and for outer scales of 2 and 50 meters. Notice that for higher altitudes, the position of 
the functions not only shifts along the baseline connecting two WFSs, but in the case of larger outer scales, it also 
changes in shape. Two differences are apparent: an asymmetry along the baseline and a sliding down a slope for the 
higher altitudes and larger L0. We think that the latter effects are more easily grabbed by simulated functions rather than 
trying to represent them by analytical functions. 

10Km0 Km

L0 = 2m

5.1Km 10.3 Km

0 Km

5.1 Km 10.3Km0 Km

L0 = 50m

5.1 Km
10.3 Km0 Km Cref(50,5.1)

Figure 6.  Simulated reference functions for three altitudes (horizontal) and two extreme values of outer scale (vertical) 
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2.2 Selection of altitudes and outer scales 

For GeMS we choose altitude layers separated by 343.7 m, which is a fifth of the separation given by the subaperture 
diameter at the ground for the WFS combination that gives the best resolution in altitude [7]. In our case we have limited 
NH to 50 layers, which gives a range between 0 and 17.2 Km. 

The selection of outer scales is more complex. As shown in Fig. 7, the change in the response of the reference functions 
substantially decreases as they get larger. Notice that for values near 50 m the broadening is marginal. This suggests that 
an array of reference functions corresponding to a logarithmic distribution of L0  give a better representation of the 
changes for a limited number of these functions. For GeMS we have chosen L0: {1, 2, 3, 4, 6, 8, 11, 16, 22, 32, 50, 100}. 
Notice that even with a logarithmic distribution of L0, the curves still get closer together as one approaches the higher 
end of the range. 

Figure 7. Cross section of reference functions for L0 : {1, 2, 3, 4, 6, 8, 11, 16, 22, 32, 50, 100}. The difference in the shape 
are marginal in the higher end of the range 

The array of discrete values for L0 and h would generate significant values in the fitting if the minimum were searched 
for only this set of functions. A first step considers the search of the best fit by scanning only these discrete values, 
however, a second stage in the optimization relaxes this restriction transforming the problem into a continuous one by 
looking for functions that are a linear combination of neighbors (interpolation). Figure 8 shows this process, where Cref 

(L0, h) is calculated as: 
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where α and β range are the weightings applied to the functions in the discrete grid defined in the [0, 1] range. 

L0 = 100m

L0 = 1m
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Figure 8. Interpolation of reference functions to transform the discrete search into a continuous one. 

2.3 The fitting problem 

The solution to the inverse problem can be mathematically expressed as the minimization of the fitting error given by: 
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where Cmeas is the correlation function computed from telemetry data and ωi (i ={1,…, NZ}) are the weightings for each 
of the NZ layers considered in the fitting. The choice of NZ is given by the number of atmospheric layers that can be 
effectively estimated, given the number independent elements in Cmeas. For GeMS we have found that NZ = 5 represents 
the maximum number of distinguishable layers in the total set containing more than 1,000 samples, acquired during three 
years of campaigns. 

In order to reduce the processing time, only a portion of the reference functions are used. Figure 9 shows the window 
where the fitting is carried out. Pixels outside this area either have no physical meaning (they correspond to extremely 
negative altitudes) or their signal to noise ratio is too low. The latter is caused by a small overlapping between different 
WFSs (very high altitudes). Notice that some pixels corresponding to negative altitude correlations are included in the 
area. This is because due to the turbulence spatial coherence, the convolved layer extends beyond a single pixel.  

Figure 9.  Area used for fitting (yellow window). On-sky data from May 22, 2013, 02:41:12 

Once the correlation function of the measured slopes is constructed (Cmeas), the search for the best fitting is carried out. 
Figure 10 illustrates this process. 

Using a search algorithm known as trust-region-reflective [14,15] the best values for L0, h and ω are obtained. The 
values of α and β are respectively slaved to L0 and h. The optimization technique is particularly suited for this problem 
as it can handle the minimization of quadratic functions subject to bounds on some of the variables. In the case of ω, a 
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non-negativity restriction must be met. For h and L0, lower and upper bounds exist. The altitude spans from 0 Km to the 
maximum detectable range which is equivalent to the 17Km given by the overlapping of the WFS at high altitudes. For 
the outer scale, minimum and maximum values of 1 m and 100 m has been defined.  

The measured response function (Cmeas) is shown on the upper left panel. The fitting search looks for a combination of 
layers that fit this function. The upper-right panel shows the result of the search for NZ = 5, where the fitting is separated 
in their basis constituents. The table lists the parameters found for every layer which when combined and subtracted to 
Cmeas give the minimum fitting error defined by equation (6). 

                  

             
Figure 10. Fitting of reference function to measured cross-correlation function. On-sky data from May 22, 2013, 02:41:12 

The table provides the turbulence profile via the weights (ωi
*) of the 5 basis modes found. By knowing the values of L0 

for each layer, more accurate atmosphere parameters (Cn
2(h), θ0, τ0, r0 and PSF-FWHM), can also be estimated.  

The three surfaces in the bottom-left panel correspond to: i) the measured cross-correlation for the 4 possible baselines 
between the WFS at the corners of the LGS asterism (left); ii) the weighted sum of the 5 reference functions found in the 
fitting (center); and iii) the difference between the left and center surfaces (right). 

2.4 Case with two extreme L0 values at the ground   

An interesting case is when two layers with different outer scale values co-exist at very similar heights. This is the case 
for the profile shown in Fig. 12. A strong layer with 50m outer scale is merged with another having an outer scale of just 
1m. Notice that this situation can be better seen in the autocorrelation function, where a shoulder in the skirt of the auto-
correlation function appears. 

 

Cross-correlation 
from slopes

Interpolated reference 
functions

layers

1 2 3 4 5

L0=34.1m
z=321m
ω=0.56

L0=28.5m
h=9.7km
ω=0.26

fitting 
error

fitting
measured

Fitting parameters

Layer h (m) ω L0 (m)

5 13,420 0.06 22.7

4 9,743 0.26 28.5

3 3,295 0.04 5.1

2 672 0.08 8.8

1 321 0.56 34.5
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Figure 11.  Top: turbulence profile for the case of study (fractional). Bottom: measured (left), fitted (center) and fitting error (right). 

The yellow box corresponds to the area used for fitting. On-sky data from May 22 2013, 02:41:12 

 

The method works extremely well under these circumstances, with a clear distinction of both layers in the estimated 
profile. 

 
Figure 12.  Case of two layers close to the ground with different outer scale values. The right panel shows the autocorrelation 
function where a shoulder suggesting the existence of more than one value of L0. On-sky data from Apr 18, 2013, 06:05:50. 
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3. RESULTS FOR L0(h) FROM GeMS TELEMETRY  
A significant amount of telemetry data collected with GeMS during three years of campaigns (2012 thru 2014) has been 
processed to estimate the profile of the outer scale, L0(h). The results obtained for 1124 samples are presented in the Fig. 
13, where the profile is divided in slabs of 2Km, except for the two divisions closer to the ground. The abundant data 
available in the first 2 Km allowed us to further divide this segment into two slabs 1Km each.  

An average of 24.0 m and a median of 17.5 m were estimated for the complete set of samples. However, we think that 
these values are misleading and should not be used for two reasons: i) the estimation range has been limited at 50 m due 
to the telescope blindness for larger values of L0; ii) in many altitude segments, multimode histograms are found, make a 
single scalar parameter meaningless. For instance, the bar plot on the left (histogram of the first 1 Km slab), clearly 
detects at least two modes at both extremes (1m and 50m). 

In any case, the profile has many characteristics common to other previously reported profiles obtained in independent 
campaigns [1,2], where the maximum values for L0 are obtained for altitudes between 1 and 2 Km and the smallest are 
located between 2 and 4 Km. 

         
Figure 13.  Profile of outer scale for the three years’ data (right panel, diamonds). The profile has been divided in slabs of 1 

and 2 Km, as shown in the right panel (thanks to the abundancy of data at lower heights). In many altitude segments, 
multimode histograms are detected. The bar plot on the left panel shows two modes at the extremes of the histogram range (1 

and 50 meters) for the lowest segment. 
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4. CONCLUSIONS 
Significant errors are found in the estimation of large values of L0, i.e. greater that the telescope diameter. However, as 
these estimations are meant to be used by the telescope instruments, the deviations from the real values are less relevant 
as the corrections cannot reach them either. Future giant telescopes will require a precise estimation of this parameter for 
larger outer scales (L0 > 30m), but their larger aperture and high resolution wavefront sensors will allow to increase the 
range of the accurately estimated values of L0. 

Further work includes the error analysis of the method via simulation. In particular, we have found that having 
uncorrelated slopes (time-wise) to construct the correlation functions is a must, and decimation in the storage process 
seems a good solution to provide the profiler with temporally independent slopes in reasonable data chunks. It is obvious 
that the longer the data sequence the better for the accuracy of the profiler; however, it remains to be determined what is 
the longest sequence that can be processed without breaking the stationarity assumption of the turbulence statistics. 
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