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Abstract. We perform a maximum likelihood kinematic analysis of the two dynamically re-
laxed galaxy clusters MACS J1206.2-0847 at z = 0.44 and RXC J2248.7-4431 at z = 0.35
to determine the total mass profile in modified gravity models, using a modified version of
the MAMPOSSt code of Mamon, Biviano and Boué. Our work is based on the kinematic
and lensing mass profiles derived using the data from the Cluster Lensing And Supernova
survey with Hubble (hereafter CLASH) and the spectroscopic follow-up with the Very Large
Telescope (hereafter CLASH-VLT). We assume a spherical Navarro-Frenk-White (NFW here-
after) profile in order to obtain a constraint on the fifth force interaction range λ for models in
which the dependence of this parameter on the enviroment is negligible at the scale considered
(i.e. λ = const) and fixing the fifth force strength to the value predicted in f(R) gravity. We
then use information from lensing analysis to put a prior on the other NFW free parameters.
In the case of MACSJ 1206 the joint kinematic+lensing analysis leads to an upper limit on
the effective interaction range λ ≤ 1.61Mpc at ∆χ2 = 2.71 on the marginalized distribution.
For RXJ 2248 instead a possible tension with the ΛCDM model appears when adding lensing
information, with a lower limit λ ≥ 0.14Mpc at ∆χ2 = 2.71. This is consequence of the
slight difference between the lensing and kinematic data, appearing in GR for this cluster,
that could in principle be explained in terms of modifications of gravity. We discuss the im-
pact of systematics and the limits of our analysis as well as future improvements of the results
obtained. This work has interesting implications in view of upcoming and future large imag-
ing and spectroscopic surveys, that will deliver lensing and kinematic mass reconstruction for
a large number of galaxy clusters.
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1 Introduction

The discovery of the late-time accelerated expansion of the Universe (refs. [1, 2]) at the turn
of the XX century has posed one of the most challenging problems in modern physics. The
current cosmological concordance model, or ΛCDM model, correctly predicts the observed
expansion history but requires the introduction of a cosmological constant Λ, an additional
term in the Einstein equations that has no natural explanation in the framework of standard
physics. In the last decade several alternatives have been proposed to explain the origin of the
acceleration; a possible solution is to modify the theory of General Relativity (GR hereafter)
on large scales by introducing new degrees of freedom which can reproduce the same effect
of a cosmological constant (see e.g. refs. [3, 4]) and at the same time propagate a new force.
Even when considering theories where the predicted expansion history is identical to that
of the ΛCDM model, the evolution of the perturbations can be significantly different from
ΛCDM.

General departures from GR change the relations between the gravitational potentials
Φ and Ψ in the linearly perturbed Friedmann-Lemaitre-Robertson-Walker metric and the
fluctuations of the matter density field both at linear and non-linear level (ref. [5]). We
can generally parametrize these deviations in terms of two dimensionless functions η(k, a),
Y (k, a) (see e.g. ref. [6]) or their combination, which can be constrained with a broad range
of observational probes, such as Cosmic Microwave Background anisotropies (refs. [7–9]),
Barionic Acoustic Oscillations (e.g. ref. [10]), redshift space distortions (e.g. ref. [6, 11]),
galaxy clusters (e.g. refs. [12–14]). In particular, the analysis of ref. [9], further confirmed by
ref. [15], seems to indicate a tension in the amount of clustering with the concordance model
when CMB data are combined with low-redshift probes (galaxy weak lensing and redshift
space distortions) that could be explained in terms of modified gravity.

Since GR is tested at high precision at Solar System scales (see e.g. ref. [16] and
references therein), modified gravity (hereafter MG) models must match the standard theory
of gravity in this regime. Solar System constraints on modification of gravity ca be accounted
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for a screening mechanism which suppresses the modifications restoring GR in high density
enviroments (see e.g. ref [17] for a review). Alternatively, local gravity constraints can be
escaped by assuming that baryons are decoupled (ref. [18]).

Among the modified gravity models, a very large class is represented by the Horndeski
lagrangian (ref. [19]), the most general theory of massless gravity and a single scalar field
with second-order equations of motion. In the quasi-static regime, i.e. when the wave nature
of the scalar degree of freedom can be neglected, the extra force carried by the scalar field
manifests itself as a Yukawa correction to the Newtonian potential, characterized by two pa-
rameters, a strength Q and a range λ. Aim of this paper is to constrain these parameters by
employing reconstruction of the mass profiles of galaxy clusters with kinematic analysis and
strong+weak lensing analysis. To simplify our task we apply the method to a sub-class of
Horndeski models, the so-called f(R) models, in which case it turns out that 2Q2 = 1/3 and
also that the lensing dynamics is not distorted. In these models the role of the additional de-
gree of freedom is played by f,R = df/dR that acts as a scalar field with a characteristic mass
mfR = 1/λ. The new force is suppressed in high density regions by a non-linear mechanism
that quenches deviations from GR, as required by consistency with the current observations,
known as chameleon screening (ref. [20]).

We aim then at constraining the interaction range λ by performing a joint kinematics and
lensing analysis of the galaxy clusters, MACS J1206.2-0847 (hereafter MACS 1206) at redshift
z = 0.44 and RXC J2248.7-4431 (hereafter RXJ 2248) at z = 0.35, which have been analysed
in detail as part of the Cluster Lensing And Supernova survey with Hubble (CLASH, ref.
[21]) and the spectroscopic follow-up with the Very Large Telescope (CLASH-VLT, ref. [22])
programs. We determine the dynamic mass profiles in f(R) gravity under the assumptions of
spherical symmetry and dynamical relaxation of the clusters by using the MAMPOSSt code
of ref. [23], in which we included a parametric expression of the gravitational potential valid
for generic MG models. This expression is obtained by imposing a NFW profile (ref. [24])
for the matter density perturbation. With a Maximum Likelihood approach we constrain the
free parameters in our analysis, namely the scale radius rs, the radius r200 (a proxy for the
virial radius), the parameter describing the velocity anisotropy profile β(r) and the interaction
range λ. We assume a constant value for the scalaron mass mfR = 1/λ, which means we are
neglecting the change in mfR due to the environmental density. This can be translated as
dealing with models where the screening mechanism takes place at scales much smaller than
the cluster size (e.g. few kpc), but also with models for which the screening is so effective
that maintains the field mass nearly constant to the value inside the overdensity. In this case,
the results we obtain on λ refer to an effective "screened" f,R, which is much smaller than
the background field (ref. [25]). We further combine the MAMPOSSt Likelihood with the
posterior probability distribution of the NFW parameters rs and r200 obtained by the joint
strong+weak lensing analysis of ref. [26] in order to improve our results on λ.

The paper is organized as follows: in Sect. 2 we discuss the general parametrization of
the metric potentials in modified gravity, the application on the f(R) class of MG models.
In Sect 3 we present the MAMPOSSt method and the modifications we made to the code.
Sect. 4 is dedicated to describe the properties of the two analysed galaxy clusters. In Sect.
5 we show our results, which are further discussed in Sect. 6, where we also draw our main
conclusions. Throughout this paper we assume a flat ΛCDM universe with Ωm = 0.3 for the
matter density parameter and H0 = 70 km s−1Mpc−1 for the present-day Hubble constant
to convert observed angular scales into physical scales.
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2 Theoretical framework

2.1 General parametrization

The spacetime structure of a galaxy cluster is well described by a linear perturbation of the
Friedmann Lemaitre Robertson Walker (FLRW hereafter) metric, which in spherical coordi-
nates is given by:

ds2 = a2(τ)

{(
1 + 2

Φ

c2

)
dτ2 −

(
1− 2

Ψ

c2

)
[dχ2 + f2

K(χ)dΩ2]

}
, (2.1)

where we adopted the conformal Newtonian gauge choice (see ref. [27]). Although we assume
Φ,Ψ � 1, we do not restrict the value of the matter perturbations. Φ and Ψ are the scalar
Bardeen potentials defined in ref. [28], a(τ) is the expansion factor, which is a function of the
conformal time τ . fK(χ) is a function of the curvature K and the radial comoving coordinate
χ, with fK(χ) = χ for a flat background universe with K = 0.

In General Relativity Φ = Ψ ≡ ΦN , where ΦN is the usual Newtonian potential obeying
the Poisson equation (in Fourier space):

k2ΦN = −3

2
Ωm(t)δmH

2. (2.2)

In the expression above k = kcom/a is the physical wavenumber, Ωm(t) is the time dependent
matter density parameter, H is the Hubble parameter, δm = (ρm−ρbg)/ρbg the matter density
constrast, where ρbg is the background matter density at that time. Here we have already
assumed spherical symmetry, i.e. ΦN = ΦN (k), δm = δm(k). In a general modifed gravity
scenario, Φ is no longer equal to Ψ, and the Poisson equation should be changed as (see e.g.
refs. [29], [30]):

k2Φ = −3

2
Y (k, a)Ωm(t)δmH

2, (2.3)

k2(Φ + Ψ) = −3

2
Y (k, a) [1 + η(k, a)] Ωm(t)δmH

2. (2.4)

Here Y (k, a) is the effective gravitational constant and η(k, a) = Ψ/Φ is the anisotropic stress,
both equal to unity in standard gravity. As shown in ref. [29], we can write these quantities
in terms of five parameters introduced in ref. [30]:

Y (k, a) = h1

(
1 + k2h5

1 + k2h3

)
, η(k, a) = h2

(
1 + k2h4

1 + k2h5

)
. (2.5)

Here, h1...h5 are functions of time only and can be considered constant for small redshift
ranges, as the one spanned by our clusters. It’s useful to define Q2 = (h5 − h3)/2h3 and
Q̂2 = (h4 − h3)/2h3 such that:

Y η = h1h2

(
1 +

2Q̂2k2

m2 + k2

)
, Y = h1

(
1 +

2Q2k2

m2 + k2

)
, (2.6)

which are in the form of Yukawa potentials with strength Q̂2 and Q2 respectively and char-
acteristic mass m2 = 1/h3. Scale-independent standard gravity is recovered for m→∞ and
h1, h2 → 1.
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Inserting the Navarro-Frenk-White density profile of ref. [31] in the RHS of (2.3) and
taking the anti-Fourier transform, the expression for the time-time Bardeen potential in real
space could be written as

Φ(r) = h1

[
G

∫ r

r0

dx

x2
M(x) + 2Q2φmg(r)

]
. (2.7)

The first term in eq. (2.7) is the Newtonian potential ΦN ; inside the integral, M(x) is the
standard-gravity NFW mass profile:

M(r) = M200

[
log(1 + r/rs)− r/rs(1 + r/rs)

−1
]
× [log(1 + c)− c/(1 + c)]−1 , (2.8)

described by the scale radius rs and the parameter r200 which is the radius of a sphere
enclosing an overdensity 200 times the critical density at the cluster redshift; M200 is the
mass at r200 and c = r200/rs is the concentration. The second term includes the contribution
of GR departures and it is given by:

φmg(r) =
2πGρ0

r
r3
s

{
e−m(rs+r) [Ei(mrs)− Ei(m(rs + r))]

−e−m(rs+r)Ei [−m(rs + r)] + em(rs−r)Ei(−mrs)
}
, (2.9)

where ρ0 is the normalization of the NFW density profile and is a function of the parameters
rs, r200; m is the characteristic mass defined above. As m→ 0, it can be shown numerically
that the additional contribution φmg(r) tends to be equal to ΦN (r) for a given r.

Combining eq. (2.3) and eq. (2.4), we obtain a similar expression for the space-space
potential Ψ:

Ψ(r) = h1h2

[
G

∫ r

r0

dx

x2
M(x) + 2Q̂2φmg(r)

]
. (2.10)

The effect of modifications of gravity is thus completely determined by the choice of the
parameters h1, h2, Q, Q̂,m. In the general case they are totally independent from each other,
but, as we will see in the next paragraph, fixing a particular model allows us to establish
relations among these parameters, reducing the number of degrees of freedom.

Since in a galaxy cluster the typical velocities of the galaxies are non-relativistic (∼
103 km/s << c), in the weak field limit the motion of the galaxies is determined only by the
time-time component of the metric. As follows from the geodesics equation, the acceleration
experienced by a non-relativistic particle is sourced by the gradient of Φ:

d2~x

dt2
= −∇Φ. (2.11)

It is thus possible to infer the Bardeen potential Φ by the dynamical analysis of the observed
galaxies in a cluster. The combination of Ψ and Φ can instead be determined through gravi-
tational lensing observations. Indeed, photons perceive the gravitational potential due to the
contribution of both time-time and space-space metric components. As in ref. [13], we define
at leading order in Ψ,Φ a lensing potential Φlens = (Ψ + Φ)/2, which is related to the lensing
mass density profile through the Poisson equation

∇2Φlens = 4πGρlens . (2.12)

Hence, gravitational lensing analysis of a galaxy cluster gives the sum of the Bardeen poten-
tials plus negligible corrections.

– 4 –



2.2 f(R) gravity

One of the simplest and most investigated alternatives to General Relativity (GR) is the class
of scalar-tensor theories known as f(R) gravity proposed by ref. [32], in which the Einstein-
Hilbert action is modified by adding a general non-linear function of the Ricci curvature scalar
R. In the Jordan frame the total action (in units c = 1) reads:

S =
1

16πG

∫ √
−g[R+ f(R)]d4x+ Sm[Ψm, gµν ], (2.13)

where Sm is the action of the matter field Ψm. Note that for f(R) = const ≡ −2Λ we recover
GR in presence of a cosmological constant.

Variation of eq. (2.13) with respect to the metric gµν gives rise to the modifed Einstein
equations:

(1 + f,R)Rµν −
1

2
gµν [f(R) +R] + (gµν�−∇µ∇ν)f,R = 8πGTµν . (2.14)

The quantity

f,R =
df(R)

dR
,

usually known as the scalaron, is a new degree of freedom which can be interpreted as a scalar
field, mediating an additional fifth force with a characteristic range described by the physical
Compton length λ (see below).

In the case of flat FLRW universe, the Ricci scalar is given by

Rb = 6

(
ä

a
+H2

)
= 3H2

0 Ωm

[
(1 + z)3 + 4

ΩΛ

Ωm

]
, (2.15)

where the subscript b indicates background value, a(t) is the scale factor, Ωm is the matter
density parameter today, and H = ȧ(t)/a(t) is the Hubble parameter; overdot means deriva-
tive with respect to the cosmic time t. Under the assumption of the cosmological principle,
from eq. (2.14) we can further derive the Friedmann equation:

H2 +
1

6
f(R)− ä

a
f,R +Hḟ,R =

8πG

3
ρm,b. (2.16)

The trace of eq. (2.14) shows explicity the role of the field f,R. Indeed we have:

�f,R =
1

3
[R− f,RR+ 2f(R)− 8πGρm] , (2.17)

which could be seen as the equation of motion for the scalaron, with a canonical kinetic term
and an effective potential

∂Veff
∂f,R

=
1

3
[R− f,RR+ 2f(R)− 8πGρm] . (2.18)

For the class of viable models that in the high-curvature regime satisfy |f,R| � 1 and
|f(R)/R| � 1 (see e.g. refs. [33, 34]), Veff has an extremum at the general-relativistic
value

R =
8πG

3
ρm.
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The concavity of the potential in the extremum is given by its second derivative:

m2
fR
≡
∂2Veff
∂f2

,R

=
1

3

(
1 + f,R
f,RR

−R
)
, (2.19)

where f,RR = df,R/dR; mfR represents the scalaron mass and its inverse λ = 1/mfR ,
the Compton length, gives the typical interaction range of the fifth force. In the limit of
|Rf,RR|, |f,R| � 1 one has

m2
fR
∼ 1

3f,RR
(2.20)

Constraining the scalaron mass means therefore to constrain the second derivative of f(R),
rather than just f,R. Notice also that, in this approximation, in order to have a stable
minimum, f,RR ≥ 0 is thus required. Ref. [35] argued that this is a critical constraint to
avoid short timescale instabilities in the high curvature regime. Physically the condition
means a non-tachyonic scalaron field.

Looking to perturbations in the FRW background, under the quasi-static approximation
for which ∇f,R � ḟ,R (which is achieved for scales k/aH � 1), it is possibile to rearrange
the field equation (2.17) in a Poisson-like form for the fluctuations, as shown in [36]:

∇2δf,R =
1

3
δR(f,R)− 8

3
πGδρm, (2.21)

where we are working in physical coordinates and the perturbed quantities are defined as
δX = X −Xb. Solving the linearized modified Einstein equations in the Newtonian gauge of
eq. (2.1) we can furthermore derive the Poisson equation for the Bardeen potential Φ:

∇2Φ =
16πG

3
δρm −

1

6
δR(f,R). (2.22)

In the linear regime, the curvature perturbations are everywhere small compared to the GR
value δR � 8πGδρm. This happens for example if |f,R(b)| � |ΦN |, where ΦN ∼ 10−5 is the
typical Newtonian potential for a galaxy cluster. Following e.g. [33] and references therein
we can expand the fluctuations as:

δR '
(
∂R

∂f,R

)
Rb

δf,R = 3m̄2
fR
δf,R, (2.23)

where m̄2
fR

refers to the background scalaron mass. Combining the last three equations
and writing the result in Fourier space, we obtain an expression for the time-time Bardeen
potential:

Φ = −4πGδρm
1 + f,R

1

k2

(
1 +

1

3

k2

m̄2
fR

+ k2

)
, (2.24)

which is the same as eq. (2.3) expliciting Y (k, a) with the assumption:

2Q2 = 1/3, h1 = (1 + f,R)−1 ' 1, m = m̄fR . (2.25)

A similar equation can be derived for Ψ:

Ψ = −h1h2
4πGδρm

k2

(
1− 2Q̂2 k2

m̄2
fR

+ k2

)
= −4πGδρm

1 + f,R

1

k2

(
1− 1

3

k2

m̄2
fR

+ k2

)
, (2.26)
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where 2Q̂2 = −1/3 , h2 = 1. In real space, for a NFW mass density profile, we finally get:

Φ(r) =

[
G

∫ r

r0

dx

x2
M(x) +

1

3
φmg(r, m̄fR)

]
+O(f,R); (2.27)

Ψ(r) =

[
G

∫ r

r0

dx

x2
M(x)− 1

3
φmg(r, m̄fR)

]
+O(f,R). (2.28)

We are now left with only one free parameter, i.e. the background scalaron mass m̄fR (or,
equivalently, the interaction range λ), related to the background f,R through eq. (2.19). The
maximum enhancement of gravity due to the effect of the fifth force is 1/3 with respect to
GR on scales k � m̄fR . Equation (2.27) is what we are going to use in the analysis of the
cluster dynamics in order to constrain λ = 1/m.

It is straightforward to compute the lensing potential form eqs. (2.27), (2.28):

Φlens(r) =
1

2
(Φ + Ψ) = G

∫ r

r0

dx

x2
M(x) +O(f,R). (2.29)

In f(R) models photons perceive only the Newtonian part of gravity except for a correction
of order ∼ f,R. Thus, for models with |f,R| � 1, geodesics of photons are unchanged by
the presence of the new degree of freedom. This feature is physically related to the property
that f(R) and scalar-tensor theories can be generated by a conformal rescaling of the metric,
together with the conformal invariance of electromagnetism (see e.g. [37]).

For small field values |f,R(b)| � |ΦN |, the characteristic mass becomes larger and the
contribution of the force modification is suppressed. Moreover, if we consider an overdensity
such as a galaxy cluster (assumed to be spherically simmetric), in the interior the field is
close the minimum of the effective potential, given by the GR limit δR ' 8πGδρm; in this
case field gradients are negligible except for a shell at the boundary where the overdensity
matches the cosmological background. The thickness of this shell is given by

∆r = rmatch − S. (2.30)

In the above equation, rmatch indicates the boundary of the overdensity and S is dubbed the
screening radius. For r < S gravity is described by standard GR and eq. (2.22) becomes the
usual Poisson equation for the Newtonian potential.

In order to use the same formalism of eq. (2.24), derived by linearizing the curvature
perturbations, inside the overdensity, we have to replace m̄fR with an effective mass meff (k),
which depends on the environmental density, and is related to the scalaron minimum value
inside the overdensity. If in the region enclosed within the screening radius S we have full
screening, meff becomes so large that the field does not propagate and the additional terms
in eqs. (2.24),(2.28) tend to zero. The mechanism to recover GR in high density regions by
using an enviroment-dependent field is known as the chameleon mechanism (ref. [20]).

Assuming a constant value for meff in this picture (i.e. neglecting the dependence on
the environment) is equivalent to assume a screening mechanism so efficient (or so inefficient)
that the transition of the scalaron field to its background value takes place at scales much
larger (much smaller) than the cluster size.

3 The MAMPOSSt method

MAMPOSSt (Modelling Anisotropy and Mass Profiles of Observed Spherical Systems) is a
method to derive mass profiles of galaxy clusters from the analysis of the dynamics of the
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member galaxies under the assumption of spherical symmetry. In this section we describe
the code, developed by ref. [23] and the modification we have made for the investigation of
modified gravity models.

The MAMPOSSt method performs a Maximum-Likelihood fit to the distribution of the
galaxies, assumed to be collisionless tracers of the gravitational potential, in the projected
phase space (R, vz), where R is the projected radius from the cluster center and vz is the
velocity along the line of sight (LOS), assuming a Gaussian 3D velocity distribution1. Given
a parametric form of the mass profile M(r), the velocity anisotropy profile β(r) = 1− σ2

θ/σ
2
r

and the number density profile of the galaxies ν(r), the code solves the spherical Jeans’
equation:

d [ν(r)σr(r)]

dr
+ 2β(r)

ν(r)σ2
r (r)

r
= −ν(r)

dΦ(r)

dr
, (3.1)

where Φ(r) is the time-time Bardeen potential, that coincides with the Newtonian potential
in standard GR and σ(r) is the velocity dispersion along the radial direction.

The solution of eq. (3.1) can be written as (e.g. ref. [38]):

σ(r) =
1

ν(r)

∫ ∞
0

exp

[
2

∫ s

r
β(t)

dt

t

]
ν(s)

dΦ(s)

ds
ds. (3.2)

Note that eq. (3.2) is the only relation in which the gravitational potential enters directly;
we thus modified this expression by substituting dΦ/ds with the derivative of eq. (2.3). The
solution is obtained in GR by assuming that the cluster is an isolated object. Ref. [39]
showed that eq. (3.2) holds also in a cosmological ΛCDM background; since the additional
contribution of fifth force tends to zero when the density reaches the background value and
since we are looking for models that mimic the ΛCDM expansion history, we can safely assume
that the solution of eq. (3.1) is still valid in modified gravity.

The probability density of observing an object at position (R, vz) in the projected phase
space is given by:

q(R, vz) =
2πRg(R, vz)

Np(Rmax)−Np(Rmin)
, (3.3)

with Np(R) the predicted number of galaxies with projected radius R and g(R, vz) is the
surface density of observed objects with LOS velocity vz that, in the case of a 3D-Gaussian
velocity distribution,takes the form:

g(R, vz) =

√
2

π

∫ ∞
R

rν(r)√
r2 −R2

dr

σr(r)
√

1− β(r)R2/r2
exp

[
− v2

z

2(1− β(r)R2/r2)σ2
r (r)

]
. (3.4)

The steps of the MAMPOSSt procedure could be summarized as follows:
(i) For a given choice of the parameter vector θ, the code computes σr(r) over a logarithmic
grid of points ri and then performs a cubic-spline interpolation to evaluate for intermediate
radii.
(ii) The solution of the Jeans equation is then used to get g(R, vz) for each (Ri, vz,i). The
integral of eq. (3.4) is numerically solved by assuming a cutoff for the upper limit of ∼ 15r200,
where the velocity of the matter pushed by the Hubble flow is roughly 3σ above the mean
value of the cluster. Variations of the viral radius by up to a factor of 2 do not change

1MAMPOSSt can be generally performed given any model of the 3D velocity distribution. The choice of
a Gaussian is the most simple, but the code has been extensively tested to work quite well on halos drawn
from cosmological simulations (see ref. [23])
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significantly the result of the integration (ref. [23]).
(iii) The Likelihood is computed from eq. (3.3) by:

− logL = −
n∑
i=1

log q(Ri, vz,i|θ). (3.5)

The minimum value of − logL is found by searching over a grid in the parameter space. The
implemented original version of MAMPOSSt can work with four free parameters, namley
the scale radius of the tracers density profile rν , the parameter of the velocity anisotropy
profile, the scale radius rs and the radius r200 of the chosen parametric mass profile. We
have expanded the parameter array in the case of modified gravity analysis by including 3
additional parameters, which are the interaction range λ = 1/m, h1 and the screening radius
S. In general we should consider also Q (see Sect. 2.1), but since we are looking at f(R)
models as a case study, in our modifed MAMPOSSt code Q is a constant fixed such that
2Q2 = 1/3. Furthermore, h1 = 1/(1+f,R); we restrict our analysis to the range λ ≤ 100Mpc,
which, for example, in the Hu & Sawicki model of f(R) (ref. [3]) roughly corresponds to
|f,R| < 10−3, so we can safely set h1 = 1. We will upgrade the method for running with
generic MG theories and other choices of the mass profile in future works.

We tested this modifed-MAMPOSSt code in the limit of standard gravity (i.e. λ → 0)
to reproduce the results of ref. [40] for MACS 1206; in the opposit situation (λ � 1) we
checked that the modification in the mass profile reaches the maximum enhancement of 1/3
as expected for f(R) gravity (see Fig 1).

4 MACS 1206 and RXJ 2248

The galaxy clusters MACS 1206, at redshift z = 0.44, and RXJ 2248, at redshift z = 0.35,
belong to a sample of 20 X-ray selected clusters for their apparent properties of dynamical
relaxation, analyzed within the CLASH project (ref. [21]) and its spectroscopic follow-up
CLASH-VLT (ref. [22]).
The analyses of ref. [41] and ref. [42] confirmed that MACS 1206 is a relaxed system with
minor overdensities in the two-dimensional distribution and a negligible level of substructures
within the cluster when the most conservative membership selection is used. Moreover, the
mass profile derived by the Chandra X-ray data under the assumption of hydrostatic equi-
librium of the intra-cluster medium is in agreement with the mass profile obtained by the
Jeans’ analysis of the dynamics of the galaxies inside the cluster (ref. [40]). Since the two
determinations are both sensitive to the time-time Bardeen potential Φ, but the equilibrium
is reached in different ways, the consistency between the two results is another indication of
the relaxed state of the cluster.
The dynamical relaxation is further suggested by the concentric distribution of the stellar,
gas and dark matter mass components, as argued in ref. [43].

The kinematic determination of the mass profile was carried on by ref. [40] which used
spectroscopy information from the CLASH-VLT project (ref. [22]). From the sample of 2749
galaxies observed with VLT/VIMOS with reliable redshift measurements in the cluster field,
592 cluster members were identified after the rejection of interlopers.
Ref. [40] applied the MAMPOSSt method in the phase-space of the member galaxies to
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Figure 1. Upper panel: mass profiles in f(R) gravity, expressed in unit ofM200 = 200H2(z)r3200/2G,
for different values of the interaction range and r200 = 1.96Mpc, rs = 0.27Mpc (best fit values of the
GR analysis of ref [40] for MACS 1206). Blue line-dotted curve: λ = 1000Mpc,. Purple dashed curve:
λ = 1Mpc. Black solid curve: λ = 0.1Mpc. The red shaded area shows the GR profile within the
68% C.L. in the NFW parameter with the best fit indicated by the red dashed curve. Lower panel:
absolute enhancement with respect to the GR best fit profile. The lines correspond to the same values
of λ as in the upper plot. For λ� 1Mpc the profile is enhanced by a factor 1/3 with respect the GR
value, while for λ = 0.Mpc1 the result is very close to standard gravity.

estimate the mass profile up to the virial radius where the Jeans’ equation is supposed to be
valid. Three models for the anisotropy profile β(r) have been taken into account, namely the
Tiret model

βT (r) = β∞
r

r + rc
, (4.1)

from ref. [44], the modified Tiret model

βO(r) = β∞
r − rc
r + rc

, (4.2)

and a model with constant anisotropy β(r) = βC . In eqns. (4.1), (4.2) β∞ represents the
anisotropy value at large radii which is the free parameter entering in the MAMPOSSt anal-
ysis. rc is assumed to coincide with the scale radius rs of the anisotropy profile. This choice,
as shown in ref. [45], provides a good fit to the average anisotropy profiles of galaxy clusters
in a set of cosmological simulations.
Similary, ref. [40] considered different parametric expressions for the mass profile: the Einasto
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model (ref. [46]), the NFW model, the Hernquist model (ref. [47]), the Burkert model (ref.
[48]) and the softened isotermal sphere model (see e.g. ref. [49]). In the MAMPOSSt proce-
dure the maximum value of the likelihood is obtained for the NFW profile; the combination
of this mass model and the modified Tiret "O" anisotropy model gives the smallest product
of the relative errors in rs and r200 once marginalized over β.

Ref. [50] performed a first strong lensing analysis for MACS 1206 using 50 multiple im-
ages of 13 background sources, further upgraded by ref. [43], which combined strong lensing
measurements with weak lensing shear and magnification information from Subaru multi-
band images out to ∼ 2Mpc. The resulting mass profile is parametrized as a NFW profile
Additional lensing anlyses of the CLASH clusters involving also MACS 1206 were carried out
by refs. [26, 51–53]; in this paper we refer to the results of ref. [26], that refined the joint
shear-and-magnification weak-lensing analysis of ref. [52] by including HST strong-lensing
information for a sample of 20 CLASH clusters.The weak+strong lensing results take into
account model-dependent systematics of their strong-lensing modeling. Their error analysis
also accounts for the intrinsic variations of the projected cluster lensing signal due to varia-
tions in cluster asphericity and the presence of correlated halos (see ref. [53]).

In the case of RXJ 2248 (first identified as Abell S1063 in ref. [54]), given its high
mass and relatively high redshift, many lensing analyses have been performed: for the strong
lensing analysis refs. [53, 55–58], and for the weak lensing analyses refs. [26, 52, 59–61].
The strong lensing mass profile used in this paper is an improvement of the one presented in
[58]. They used a data set of 47 multiple images belonging to 16 families in a redshift range
of [0.1 − 6] detected down to mF814W = 26. This data-set comes from the CLASH survey
HST imaging, the CLASH-VLT spectroscopy with VIMOS-VLT, and obtained during the
MUSE-VLT from MUSE science verification programme (ID 60.A-9345, P.I.:K. Caputi). As
we did in the case of MACS1206, we use the weak lensing analysis of ref. [26] that combine
weak lensing shear and magnification information from WFI 2.2m images out to ∼ 2.5Mpc.
We combine the weak lensing information with the strong lensing ones from ref. [58]. The
combined mass profile is parametrized with a NFW model.

As for the kinematic analysis we used the results obtained in Sartoris et al (in prep.)
In this analysis they use a sample of 1233 galaxy members selected among more than 3700
galaxies with spectroscopic redshift provided by the VIMOS and MUSE observation out to
∼ 5Mpc. The MAMPOSSt technique has been applied using several anisotropy and mass
profile models. Sartoris et al. in prep find that the best combination of models is the NFW
mass profile with a Tiret velocity anisotropy model.

According to ref. [62], RXJ 2248 has undergone a recent off-axis merger. However,
moderately deep X-ray Chandra (ref. [58]) observations do not show evidence of massive
substructures in the inner region, but only a regular elongated shape, orientated like a large
scale filament (ref. [61]).

5 Results

In this section we present our results for the constraints on the interaction range λ obtained
from the analysis of the galaxy clusters MACS 1206 and RXJ 2248.

We apply the MAMPOSSt method to constrain λ = 1/meff using the parametric ex-
pression of eq. (2.7) for the gravitational potential in generic f(R) models (i.e. setting the
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parameters as in eq. (2.25)) without screening, i.e. by assuming that the dependence of the
enviroment of meff is negligible at the scales we are looking. In other words, we assume the
screening radius to be much smaller - or much larger - than the cluster size. The situation
could be also described in terms of a model with a strong screening mechanism where the
effective mass of the scalaron remains always close to the minimum inside the overdensity.

For both clusters we include in the analysis data out to the virial radius, that is close to
r200, to ensure the validity of the Jeans equation. Moreover, the region below r = 0.05Mpc is
excluded since the internal dynamics of the Brightest Central Galaxy (BCG) becomes domi-
nant (see e.g. ref. [63]).

5.1 MACS 1206

In the case of MACS 1206, for which 592 cluster members were identified in ref. [40], we
use a sample of 345 galaxies, namely all the members lying within the radial range used in
our analysis [0.05 Mpc − 2.0 Mpc] in which we assume the Jeans’ equation to be valid. The
projected number density profile of the tracers n(R) is fitted with a projected NFW (pNFW,
ref. [64]) with a face value of the scale radius parameter rν = 0.63Mpc+0.11

−0.09, as given by
the Maximum Likelihood fit on the total sample of spectroscopic+photometric members (see
Sect. 2.2 of ref. [40]).
We run the MAMPOSSt procedure in the modified gravity scenario with four free parameters,
r200, rs, λ plus the velocity anisotropy parameter β. We use the "C" velocity anisotropy model
(constant anisotropy with radius) as the reference model of our analysis, since it provides the
highest probability in the MAMPOSSt fit in agreement with the GR results (see Table 2 of
ref. [40])

In Figure 2 we show the marginalized likelihood distributions for the four free parameters
in the case of β(r) = const. As in ref. [40], we consider the quantity σr/σθ = 1/

√
1− β

instead of β. The red curves are the results from the kinematic analysis while the blue curves
represent the marginalized distributions when adding lensing information (see below). The
vertical red solid lines indicate the best fit values given by MAMPOSSt for each parameter,
compared with the GR best fit (black dashed lines). The red shaded regions in the rs, r200

and β probability distributions show the 68% statistical errors.
We obtain:

r200 = 1.98± 0.11Mpc, rs = 0.39+0.40
−0.16 Mpc, β ≡ βC = 1.31+0.59

−0.19, (5.1)

at 68% C.L., consistent with the results of [40]. This implies that the constraints on the
standard parameters in GR are basically unffected by the introduction of the modified gravity
term in the dynamical analysis with the MAMPOSSt method.

From the red curve in the bottom right panel of Fig. 2 it can be seen that the distribution
of λ from the dynamics alone is almost flat; in the limit of λ → 0 (i.e. meff → ∞) this is
not surprising, since we are approaching the GR regime and the contribution of Mmg in eq.
(2.7) becomes negligible. To give an example, for λ ≤ 0.05Mpc the increase in the mass
profile at r = 0.3 Mpc due to the fifth force is ∼ 10−4, that is undetectable if compared to
the modification induced by the statistical uncertainties in rs and r200.

More interesting is the case λ � 1Mpc, associated with considerable deviations from
GR. The flattening behaviour of the curve for large λ is explained by looking at the de-
generation directions in the two-dimensional distributions of Fig. 3. Each plot is obtained
by marginalizing over the other two parameters; here the red and green lines indicate the
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Figure 2. Likelihood distributions for the free parameters in the MAMPOSSt analysis obtained by
marginalizing over the other three. Upper panels: rs and r200. Bottom panels: σr/σθ = 1/

√
1− β

and λ = 1/meff . The red distributions are obtained from the kinematic analysis alone, while the
blue curves show the joint lensing+kinematic results. Red and blue vertical lines represent the values
corresponding to the maximum of the MAMPOSSt Likelihood and of Ltot respectively. Black solid
lines are the best fit values of the GR analysis. Filled Red shaded areas in rs, r200 and β indicate the
68% C.L. error from the dynamic analysis; the dark and light blue regions below the distribution of
λ show the ∆χ2 = 1.0 and the ∆χ2 = 2.1 confidence intervals respectively.

dynamics contours at ∆χ2 = 2.3, 4.61 (where χ2 = −2 log[L]) respectively. As λ increases,
the NFW paremeters tend to assume lower values; this is particulary evident for r200 while
rs shows only a slight change for λ > 1. This behaviour is a consequence of the relatively
small maximum gain (up to 1/3) produced in the mass profile by the additional force in f(R)
gravity. In fact, the effect generated by the term Mmg for large values of λ can be compen-
sated by suitably adjusting rs and r200 with respect to the GR values, so that the resulting
modifed mass profile becomes very close to the GR one. Physically, this means that in f(R)
gravity the galaxy dynamics is altered in a similar way as the modification induced by a
deeper potential well in GR, and even the high-quality data we are using are not sufficient to
distinguish between the two cases.

The interaction range distribution shows a smooth peak at λ = 0.1Mpc, corresponding
to the best fit given by MAMPOSSt, but the excess of probability is statistically irrelevant.
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Figure 3. Two-dimensional likelihood distributions obtained from the dynamical analysis alone (red
and green contours) and from the total likelihood with lensing contribution (dark and ligth blue
shaded areas) after marginalization over the other two parameters. Upper panels: r200 vs rs, r200 vs
λ. Bottom panels rs vs λ, β vs λ. The inner contours/shaded regions correspond to the points within
∆χ2 ≤ 2.3 from the maximumx of the probability (roughly measuring the 68% C.L) while the outer
contours/filled regions indicates points within ∆χ2 ≤ 4.6 (which represents the 90% C.L.). In the
upper left panel the cyan and magenta lines show the ∆χ2 ≤ 2.3 and ∆χ2 ≤ 4.61 contours from the
lensing analysis of ref. [26].

As discussed in Sect. 2.2, up to a conformal rescaling (1 + f,R)−1, photons are affected
only by the Newtonian contribution in f(R) models. We thus can get additional information
on the NFW parameters rs and r200 by using the results of the gravitational lensing analysis
presented in ref. [26].

In order to improve the derived constraints, we multiply the total likelihood distribution
obtained by theMAMPOSSt method with the posterior probability distribution Plens(rs, r200)
given by strong+weak lensing analysis of [26] assuming flat prior in log(M200), log(c). Since
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the lensing distribution peaks at rs = 0.53 ± 0.18Mpc, r200 = 2.14 ± 0.16Mpc2, favouring
larger values of the NFW parameters compared to the MAMPOSSt result (see left panel of
Fig. 3), the final likelihood, defined as

log(Ltot) = log(Ldyn) + log(Plens), (5.2)

explores a region in the parameter space that is in the opposite direction with respect to
the degeneracy direction in the dynamical analysis, thus increasing the significance of small
deviations from GR. The new two-dimensional contours at ∆χ2 = 2.3, 4.61, obtained by
including the lensign prior, are shown by the dark and light blue regions in Fig. 3, while the
marginalized distributions of Ltot are plotted as the solid blue curves in Fig. 2. The blue
vertical dotted lines in each panel correspond to the maximum of the total likelihood Ltot
including lensing informations. Now we can put an upper limit, after marginalization, on the
effective scalaron interaction range λ ≤ 0.49Mpc at ∆χ2 = 1.0 (blue shaded area in the right
bottom panel of Fig. 2) and λ ≤ 1.01Mpc at ∆χ2 = 2.71 (light blue shaded area in the right
bottom panel of Fig. 2), in agreement with the results of ref. [13] which indicate negligible
deviations from GR for this cluster.

The analysis discussed above has been performed for our best fit model, NFW+"C",
by assuming a fixed value for the scale radius of the number density profile of the tracers rν
as the best fit value given by ref. [40]. We can asses now by how much the constraints are
affected by a change of the anisotropy profile and of the parameter rν . To this purpose, we
repeat the analysis for the other two anisotropy models mentioned, "T" and "O"; moreover,
for our reference model we run MAMPOSSt with rν set to the extremes of the 68% confidence
region obtained by the GR analysis of ref. [40]. The results are summarized in the first 5
rows of Table 5.2 while the marginalized distributions are shown in Fig. 4 and Fig. 5.

In each plot of both Figures the red lines are for the distributions obtained from the
reference model "C" with rν = 0.63Mpc. In Fig. 4, the black dashed line shows the results
for the "O" model, while the blue dotted curve is obtained from the "T" model. It is worth
to notice that the best fit value of λ, as well as the position of the peak of the interaction
range marginalized distribution, is not modified significantly by the different parametrization
of the anisotropy profile. This is not surprising since λ is totally degenerate with β, as we can
see from the right bottom plot of Fig. 33. On the other hand, the shape of the distribution
near the peak is affected by the changes in the anisotropy model. This is a consequence of the
degeneration between λ and the scale radius rs, which is responsible of the internal structure
of the mass profile (right bottom panel of Fig. 3). In fact, the more the distribution in rs is
sharp, the more the peak in λ is evident.
Fig. 5 shows the effect of changing rν within the 68% C.L. given by the GR analysis. The

relatively small statistical uncertainties with which rν is known produce a negligible effect
on the marginalized distributions of the free parameters in our analysis. The black dashed
curves in each plot indicate the results for rν set at the upper limit of the 68% confidence
region, while the blue dotted curves are for rν set to the lower value. It’s interesting that this
last case (rν = 0.54Mpc) produce a likelihood slightly higher than the best fit rν = 0.63Mpc
(see Table 5.2), but we stress again that the scale radius is obtained by a fit which is external

2here the errors are estimated by approximating the distribution to a bivariate gaussian around the max-
imum of the probabilityNote that the maximum-likelihood values of r200 and rs we find are slightly smaller
than the values given in Table 2 of ref. [26]. This is because they quoted marginalized posterior constraints
on the respective parameters obtained using the biweight location and scale estimators of ref. [65]

3We verified that this statement remains valid for the other two models analysed
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Figure 4. Marginalized likelihood distributions of r200, rs, σr/σθ = 1/
√

1− β and λ from the
MAMPOSSt analysis obtained by changing the anisotropy model β(r) for rν = 0.63Mpc. in the
bottom left plot β indicates βC for the "C" model and β∞ for "T" and "O" models. Black dashed
curves: "O" model. Red solid curves: "C" model. Blue dotted curves :"T" model. The corresponding
vertical lines indicate the MAMPOSSt best fit of each free parameter.

to the MAMPOSSt procedure. The corresponding vertical lines indicate the values which
maximize the likelihood Ldyn.

To estimate the systematic uncertainties in our results on rs, r200 and λ we take into
account the variation caused by these changes. For the standard NFW parameters we obtain:

r200 = [1.98± 0.11(stat)± 0.06(syst)]Mpc, rs =
[
0.39+0.40

−0.16(stat)± 0.09(syst)
]
Mpc,

(5.3)
where the statistical errors indicates the 68% confidence region as above, and the systematic
errors are computed as the maximum difference between the best fit values (vertical lines). For
β ≡ βC we can estimate only the variation induced by rν , since the parameter has a different
meaning for each velocity anisotropy profile. As we can see from Fig. 5, no measurable effects
are produced on the β distribution when rν is modified.

In the case of λ, we estimate the impact of systematics looking at the modifications in
the upper bound after adding information from lensing analysis:

λ ≤ [1.61 + 0.30(syst)]Mpc ∆χ2 = 2.71, (5.4)
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Figure 5. Marginalized likelihood distributions of r200, rs, σr/σθ = 1/
√

1− β and λ obtained for
the reference model "C" by changing the scale radius of the number density profile of the galaxies
rν within the 68% confidence region of the G.R. analysis. Red solid curves: rν fixed to the GR best
fit value. Black dashed curves: rν fixed to the lower limit of the 68% confidence region. Blue dotted
curves: rν (β∞) settled to the upper limit of the 68% confidence region. The corresponding vertical
lines indicate the MAMPOSSt best fit of each free parameter.

where the systematic uncertainty is the largest difference (in absolute value) between the
upper limits obtained from the models analysed. The result is still compatible with small or
negligible deviations from standard gravity.

5.2 RXJ 2248

We perform our analysis for the cluster RXJ 2248 in the radial range [0.05Mpc − 2.3Mpc],
using the 981 member galaxies lying in this region out of a sample of 1233 cluster members
identified (Sartoris et al., in prep.).
As for MACS 1206, we fixed the number density profile whose parameter is given by the best
fit value of the standard GR study (Sartoris et al., in prep.). In particular, the projected
number density profile is again a pNFW with rν = 0.59 ± 0.08Mpc, where this value is
obtained by a Maximum Likelihood analysis on the spectroscopic members only. For β(r) we
use the same models discussed above; the highest probability for this cluster is given by the
Tiret model "T" of eq. (4.1).
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Figure 6. Results for RXJ 2248: two-dimensional contours at ∆χ2 ≤ 2.3 and ∆χ2 ≤ 4.61 from the
maximum of the probability of the MAMPOSSt analysis (red and green lines respectively) and of the
joint dynamics+lensing analysis (dark blue and light blue filled regions). The cyan and purple lines
in the left upper panel show the lensing contours at 68% C.L. and 90% C.L.

The results of the MAMPOSSt procedure applied to the modified gravitational potential of
eq. (2.7) with the velocity anisotropy model "T" are shown in Figs. 6 and 7. As before, the
red and green curves in Fig. 6 indicate the contours at ∆χ2 = 2.3 and ∆χ2 = 4.6 respectively.
The distributions for each parameter, obtained after marginalizing Ldyn, are plotted as the
red curves in Fig. 7.

The effective interaction range probability distribution (bottom right plot of Fig. 7)
shows the same qualitative behaviour as found from the analysis of MACS 1206: the curve
flattens both for large λ and for λ→ 0, altough the shape is more peaked near theMAMPOSSt
best fit value λ = 0.91Mpc (red vertical solid line) compared to the previous cluster. As
mentioned above, the presence of the peak is strictly related to the distribution of the scale
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Figure 7. Results for RXJ 2248: single parameter distributions obtained by marginalizing the
total likelihood over the other three. Upper panels: rs and r200. Bottom panels: σr/σθ = 1/

√
1− β

and λ = 1/meff . Red curves: dynamics analysis, blue curves: lens+dyn. Vertical red solid lines
indicate the MAMPOSSt best fit values, blue dotted lines correspond to the values maximizing the
total likelihood while black dashed lines are the dynamics GR best fit. The filled areas below the
marginalized distributions of rs, r200 and β = β∞ represent the 68% C.L. of the dynamics results.
The dark and light blue regions below the curve P (λ) show the ∆χ2 ≤ 1.0 and ∆χ2 ≤ 2.71 confidence
intervals, respectively.

radius rs, which in this case is sharper than the one found from the analysis of the reference
model for MACS 1206. Also the 2-dimensional degeneration directions with rs, r200 and β
(Fig. 6) are very similar to those of Fig. 3. The reason for a nearly constant, non-zero
probability to have large deviations form GR can be again explained in terms of the small
enhancement of the mass profile produced by the fifth force, which allows λ to be large if rs
and r200 change in such a way to compensate the effect of the additional term. It is worth
to point out that the number of galaxies used in the MAMPOSSt fit for this cluster is about
three times larger than that of MACS 1206; this means that roughly tripling the statistics is
still not sufficient to set meaningful constraints on λ from the analysis of dynamics alone.

As for the standard NFW parameters and the velocity anisotropy, we obtain the results:

r200 = 2.70+0.10
−0.14 Mpc, rs = 0.75+0.14

−0.18 Mpc, β∞ = 1.43+0.59
−0.19, (5.5)

at 68% C.L., where the errors are computed with respect to the best fit values of the MAM-
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POSSt procedure (red vertical solid lines in Fig. 7). The constraints are consistent with
the results obtained from the GR analysis (Sartoris et al., in prep.) r200 = 2.73+0.08

−0.09 Mpc,
rs = 0.65+0.12

−0.22 Mpc and β∞ = 1.43+1.07
−0.24 (black dashed lines in Fig. 7). Nevertheless, there

is a modest difference between the GR and MG best fit values, suggesting that the impact
of the interaction range λ on the total likelihood distribution is larger than for MACS 1206.
Since the best fit is sensitive to every small variation in the probability, the slight preference
of λ ∼ 0.3 (roughly three times the value from the best fit obtained in the previous case) is
sufficient to move away the other parameters from the GR values, but the excess is still not
relevant enough to affect the marginalized distributions which remain in agreement with the
analysis of Sartoris et al. (in prep.).

Following the same approach as in Sect. 5.1, we combine the likelihood distribution
generated by the MAMPOSSt method with the lensing posterior probability distribution
P (r200, rs) derived from the results of [26] and Caminha et al. (in prep). The blue contours
and the blue lines of Figure 7 show what we obtain from the analysis of Ltot defined in
eq. (5.2). No upper limits can be provided for λ in this case. On the contrary, the joint
kinematic+lensing study indicates a preference for large values of the effective interaction
range, excluding at ∆χ2 = 2.71 the region λ ≤ 0.14Mpc, as we can see from the marginalized
distribution in the right bottom panel.

The origin of this behaviour is related to a slight tension between the lensing and dynam-
ics probability distributions in the plane (rs, r200). Indeed, Plens(r200, rs) exhibits a peak for
r200 = 2.24±0.22Mpc, rs = 0.55±0.27Mpc (see the purple contours in the upper left panel
of Fig. 7), while the 2-dimensional dynamics distribution has a maximum for rs = 0.64Mpc
and r200 = 2.65Mpc. When combining the 2 analyses, we increase the probability in the
region of parameter space corresponding to relatively large λ values, while decreasing the
probability for a vanishing interaction range, as can be seen from the 2 dimensional distribu-
tions of Fig. 6.
As before, we now study the effect of changing the scale radius of the tracers rν within the
68% C.L. of the GR analysis and the anisotropy model β(r). Fig. 8 shows the effect on
the marginalized distributions due to the different parametrization of the anisotropy profile
while Fig. 9 displays the changes induced by rν . The red curves in both Figures indicate the
reference model ("T" in this case) with rν = 0.59Mpc. Again, the largest effect on the results
is obtained when changing the anisotropy model (Fig. 8). In this case both the position and
the shape of the peak in the distribution of λ are modified as a consequence of the variations
in the rs marginalized likelihood; this is particularly evident for the model "O" which shows
the largest discrepancy in the best fit value of rs compared to the reference model (vertical
lines in the upper left plot of Fig. 8, see also Table 5.2). Nevertheless, the tension with lensing
results is not resolved when including these systematics. As shown in the five bottom rows
of Table 5.2, all the runs provide a lower limit on λ which is larger than the reference model,
except for the case of rν = 0.66Mpc where the constraint on the interaction range relaxes
from λ ≥ 0.30 to λ ≥ 0.06Mpc at ∆χ2 = 2.71.
Note that the results for rν = 0.54Mpc is slightly preferred with respect to the case of
rν = 0.59Mpc (last row in Table 5.2), similarly of what we found for MACS 1206. In order
to take into account the variation induced on the NFW parameters rs, r200 by the changes in
the anisotropy profile and in the scale radius of the number density profile, we consider the
maximum difference between the best fit values of each run and of the reference model:

r200 = [2.70+0.10
−0.14(stat)± 0.04(syst)]Mpc, rs = [0.75+0.14

−0.18 ± 0.20(syst)]Mpc. (5.6)
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Figure 8. Effects on the marginalized likelihood distributions of r200, rs, σr/σθ = 1/
√

1− β and
λ from the dynamics analysis of RXJ 2248 when changing the anisotropy model β(r). Red solid
curves: reference model "T". Black dashed curves: "O" model. Blue dotted curves: "C" model. The
corresponding vertical lines indicate the MAMPOSSt best fit of each free parameter. In the bottom
left plot, β ≡ β∞ for the "T" and the "O" models, while β ≡ βC for the "C" model.

As we did for the previous cluster, we estimate the systematic uncertainties in β∞ from the
variation induced by rν only, obtaining:

β∞ = 1.43+0.59
−0.19(stat)± 0.10(syst). (5.7)

6 Discussion and conclusions

In this work we have developed a procedure to constrain modifications of gravity at the scales
of galaxy clusters by determining the time-time gravitational potential Φ(r) from the analysis
of the dynamics of the galaxies in the cluster. We have focused on a particular sub-class of
scalar-tensor theories, the f(R) models, where the additional degree of freedom associated to
the modification of gravity is expressed in terms of the interaction range λ; we have applied
our method to the case of two dynamically relaxed clusters MACS 1206 at z = 0.44 and
RXJ 2248 at z = 0.35, extensively analysed within the CLASH/CLASH-VLT collaborations.
Assuming spherical symmetry, we have parametrized the cluster mass density profile as a
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Figure 9. Effects on the marginalized likelihood distributions of r200, rs, σr/σθ = 1/
√

1− β and
λ of the dynamics analysis of RXJ 2248 for the reference model "T" when changing the scale radius
of the number density profile of the galaxies rν within the 68% confidence region of the GR analysis.
Red solid curves: rν fixed to the GR best fit value. Black dashed curves: rν fixed to the lower limit
of the 68% confidence region. Blue dotted curves: rν settled to the upper limit of the 68% confidence
region. The corresponding vertical lines indicate the MAMPOSSt best fit of each free parameter.

NFW profile, charcterized by the scale radius rs and the virial radius r200, constraining
the vector of parameters (rs, r200, λ) with the modified MAMPOSSt code explained in Sect.
3. Since in f(R) gravity photons are not affected by the fifth force contribution we have
further combined our results with the information on the NFW parameters rs, r200 from the
strong+weak lensing analysis of ref. [26].

The results for the cluster MACS 1206 are in agreement with the GR predictions, con-
firming the previous analysis of ref. [13]. When including lensing contribution, we obtain an
upper limit of [λ ≤ 1.61(stat) + 0.30(syst)Mpc at ∆χ2 = 2.71; the bound takes into account
variations in the velocity anisotropy profile β(r) and in the scale radius of the galaxy number
density profile rν , which enters in the kinematic determination of the gravitational potential
(or, equivalently, of the mass profile).

A peculiar behaviour has instead been found in the case of RXJ 2248, where the joint
kinematic+lensing analysis shows a 2σ preference for values of λ larger than 0. Including
also sytematic effects due to changes in the anisotropy profile β(r) and in rν , we get a lower
bound λ ≥ 0.12Mpc at ∆χ2 = 2.71. This result arises from a mild tension < 1σ between the
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Anis. rν r200 rs (1− βC/∞)−1/2 λ ∆χ2

model [Mpc] [Mpc] [Mpc] [Mpc]
MACS 1206

C 0.63 1.98± 0.11 0.39+0.40
−0.16 1.31+0.59

−0.19 ≤ 1.61 0.0

O 0.63 1.93+0.09
−0.12 0.30+0.14

−0.07 1.51+0.69
−0.55 ≤ 1.31 0.72

T 0.63 1.96+0.07
−0.14 0.35+0.33

−0.04 1.41+1.35
−0.29 ≤ 1.31 0.20

C 0.74 1.96+0.11
−0.10 0.42+0.42

−0.18 1.31+0.59
−0.18 ≤ 1.31 0.20

C 0.54 2.01+0.14
−0.07 0.42+0.28

−0.12 1.31+0.59
−0.19 ≤ 1.78 −0.14

RXJ 2248

T 0.59 2.70+0.10
−0.14 0.75+0.14

−0.18 1.43+0.79
−0.24 ≥ 0.14 0.0

O 0.59 2.68+0.10
−0.14 0.55+0.11

−0.14 1.53+0.71
−0.55 ≥ 0.84 0.64

C 0.59 2.74+0.15
−0.06 0.83+0.21

−0.32 1.18+0.25
−0.14 ≥ 0.80 0.44

T 0.66 2.67± 0.12 0.78+0.26
−0.19 1.53+0.69

−0.34 ≥ 0.06 0.20

T 0.54 2.73+0.09
−0.15 0.74+0.24

−0.19 1.43+0.66
−0.24 ≥ 0.19 −0.16

Table 1. Results on the free parameters of our analysis for the cluster MACS 1206 (first 5 rows) and
RXJ 2248 (last 5 rows). The bold characters indicate the reference models adopted for each of the
two clusters. The errors in r200, rs and σr/σθ = 1/

√
1− β are the 68% C.L. from the MAMPOSSt

procedure; the upper(lower) limits on λ are obtained at ∆χ2 = 2.71 from the joint kinematic+lensing
analysis. The last coloumn indicate the logarithmic difference between the likelihood of the model
analysed and the likelihood of the reference model.

dynamics and lensing determinations of the mass profile in GR. Larger values of rs and r200

are favoured by the dynamics analysis with respect to the lensing results; the discrepancy
could be interpreted as the additional contribution of the fifth force which affects only the
motion of non-relativistic particles. In order to better investigate the effect of this tension
on the Bardeen potential Φ and Ψ, we compute the anisotropic stress η = Ψ/Φ in the radial
range covered by our analysis, following the approach of ref. [13]. The results are shown
in Fig. 10, where the blue and light blue areas represent the 68% and the 90% confidence
regions, respectivelty. As we can see, the discrepancy with the GR expected value η = 1 is
at more than 1σ for r & 1Mpc. For r = 2.3Mpc we obtain η = 0.57 ± 0.42 at 90% C.L.
Interestingly, this is in agreement with the prediction of f(R) models, in which the anisotropic
stress is smaller than 1, reaching the value η = 1/2 in the case of maximum deviations from
GR.

The results from the analysis of RXJ 2248 point in the opposite direction of what we
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Figure 10. Anisotropic stress η in the radial range [0.7Mpc − 2.3Mpc] for the cluster RXJ 2248.
The blue shaded region indicates the 68% C.L. while the light blue area is the 90% C.L. The best fit
profile is given by the black dashed line.

have obtained for MACS 1206 (altough the constraints we have derived on λ from the 2 clus-
ters are still compatible within the 90% C.L.), highlighting the need to check the systematics
associated to the assumptions on which our method relies. The presence of possible substruc-
tures and departures from spherical symmetry could in principle affect both the dynamics
and lensing analyses; nonetheless, we stress again that both clusters belong to a sample of 20
X-rays selected objects for their properties of apparent dynamical relaxation.

It is important to point out that we have considered only f(R) models in which the
screening mechanism works at scales smaller (or much larger) than those investigated here,
so that we could neglect the dependence of mfR = 1/λ on the local density.

In order to translate our results in a bound on the background scalaron field |f̄,R|, we
have to take into account how the chameleon screening works once a particular model is fixed.
As an example, we focus on the Hu & Sawicki model of ref. [3], in which the functional form
of f(R) can be approximated by a power law:

f(R) ' 6ΩΛ −
f,R0

n

Rn+1
0,b

Rn
, (6.1)

where we set n = 1; f,R0 < 0 is the background scalaron value at present day. An accurate
treatment of this situation requires a full numerical solution of the nonlinear equation (2.17);
we follow here a simple analytical approximation to describe the screening mechanism in this
case, just to show what we can obtain with our method. We model the chameleon regime with
an instantaneous transition between the region of full screening r ≤ S, where f,R = 0, and
the linear region r > S, where the Newtonian potential is modified according to eq. (2.24).
As explained in ref. [66], this can be achieved by taking δf,R = min(δf lin,R , |f̄,R|), where δf lin,R
is the solution of the field equation with the linearization condition (2.23). Running again
the MAMPOSSt procedure and combining the resulting likelihood with the lensing posterior
we get λ̄fR ≤ 20Mpc and λ̄fR ≥ 12Mpc at ∆χ2 = 2.71 for MACS 1206 and RXJ 2248,
respectively. Now λ̄fR is related to the background field value through eq. (2.19), which is
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Figure 11. Black solid line: combined likelihood obtained by multipliyng the marginalized probability
distributions from the analysis of the reference model for MACS1206 (red dashed line) and for RXJ
2248 (blue dashed line).

so constrained to be |f̄,R(z = 0.44)| ≤ 4.0 × 10−5 and |f̄,R(z = 0.35)| ≥ 1.4 × 10−5. The
first bound is in agreement with current determinations of the magnitude of the background
scalaron, obtained using distance indicators at low-redshift (ref. [67]), galaxy cluster abun-
dance (refs. [14, 68]) and redshift space distortions (ref. [69]), which have tightened the upper
limit up to |f̄,R0| < 10−6, compatible with very small deviations from GR. On the other hand,
is not surprising that the effect of introducing screening for RXJ 2248 is to increase the tension
we found, leading to a value of |f̄,R0| for this particular model which is totally inconsistent
with other constraints.

As the results we obtained are not in contradiction, we can in principle assume that the
interaction range is constant in time between the redshifts of MACS 1206 and RXJ 2248 and
combine the marginalized likelihood of λ derived from the analysis of the reference model for
each cluster. As we can see in Fig. 11, the apparent tension with GR is relaxed and we can
still put an upper limit of λ ≤ 1.81Mpc at ∆χ2 = 1.0. In conclusion is clear that although two
clusters are obviously too few to produce stringent constraints, they are already sufficient to
show the potential of the method of combining dynamics and lensing to test gravity. On the
other hand, the tension we have highlighted shows that it is necessary to model accurately
the velocity anisotropy and to take into account deviations from spherical symmetry and
from virialization before the method can be claimed to give a robust determination of the
anisotropic stress η and its scale dependence. This can be achieved by the analysis of simulated
clusters, both in GR and in modified gravity, to better understand how the above mentioned
effects influence our constraints. As a first step in this direction, in a subsequent work we
will estimate how many cluster similar to the one employed here are necessary in order to
constrain at the same time the profile parameters, the velocity anisotropy, and the modified
gravity parameters.

Moreover, it is worth to notice that the analysis presented in this paper can be extended
to all the generic scalar-tensor theories where the coupling constant Q is not fixed and the
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lensing potential is still given by the Newtonian potential (Φ + Ψ)/2 = ΦN (e.g. the Brans-
Dicke k-essence (BDK) model of ref. [70]), but the data we used here are not sufficient to get
significant information on this kind of models.

Future imaging surveys, both from ground (e.g. LSST) and from space-borne telescopes
(e.g. Euclid and WFIRST) will provide lensing mass reconstructions for thousands of clusters,
although at a signal-to-noise level lower than that reached by the two clusters considered
here. At the same time, the next generation of high-multiplexing spectrographs on 8m-class
telescopes will allow a precise characterisation of the phase-space structure for a sizeable
fraction of such clusters. This increase in statistics calls for the need of controlling the
above mentioned systematics in the recovery of mass profiles from lensing and internal cluster
dynamics, if we want to take full advantage of the their potentiality as powerful diagnostics
for the nature of gravity on cosmological scales.
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