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ABSTRACT

The energy spectrum of electrons produced in molecular gas by interstellar cosmic rays (CRs) is
rigorously calculated as a function of gas column density N traversed by the CRs. This allows us to
accurately compute the local value of the secondary ionization rate of molecular hydrogen, (soc(IV),
as a function of the local primary ionization rate, (,(NN). The ratio (sec/(, increases monotonically
with N, and can considerably exceed the value of =~ 0.67 commonly adopted in the literature. For
sufficiently soft interstellar spectra, the dependence (sec/(, versus N is practically insensitive to their
particular shape and thus is a general characteristic of the secondary CR ionization in dense gas.

Subject headings: cosmic rays — ISM: clouds

1. INTRODUCTION

The ionization of dense gas by cosmic rays (CRs) is a
problem of fundamental importance in astrophysics and
astrochemistry. Being the dominant source of ionization
(McKeel|1989; (Caselli et al.[1998; [Neufeld & Wolfire|2017)
and UV emission (Prasad & Tarafdar|[1983)) in dark re-
gions, low-energy CRs govern the evolution of molecular
clouds and the formation of stars (Caselli & Ceccarelli
2012; [Padovani et al|[2020). The processes induced by
CRs affect both the chemistry (Keto & Caselli[2008; [Keto
et al.[2014) and thermodynamics (Galli et al. 2002} |Glass-
gold et al.|2012; |Ivlev et al|2019) of the clouds. Further-
more, the level of ionization controls the degree to which
the gas is coupled to the magnetic field 1987),
which has profound implications for properties of disks
around young stars (Zhao et al2016, 2018).

CRs interacting with the gas generate electron-ion
pairs, with electrons having sufficient energy to produce
further ionization. These processes of primary and sec-
ondary ionization are characterized by the respective ion-
ization rates (the number of ionizations per unit time and
per gas particle), ¢, and (sec. While ¢, can be straight-
forwardly derived for a given CR spectrum, computing
Csec is @ much more subtle task. |[Dalgarno & Gritfing
(1958)) first calculated the ratio (sec/(p for monoenergetic
protons in atomic hydrogen, finding a value of ~ 0.67
for proton energies above few MeV. This value was later
adopted by Spitzer & Tomasko| (1968) and other authors
as a constant multiplicative factor for an interstellar pro-
ton spectrum. For monoenergetic protons interacting
with molecular hydrogen, |Glassgold & Langer| (1973))
found Ceec/¢p increasing from 0.23 to 0.54 for energies
between 1 MeV and 10 MeV, while |Cravens & Dalgarno|
(1978) reported ratios from 0.44 to 0.74 for energies be-
tween 1 MeV and 100 MeV.

In the present paper we rigorously compute the en-
ergy spectrum of electrons that are produced by interstel-
lar CRs penetrating dense astrophysical objects (such as
molecular clouds or circumstellar disks), and derive the
resulting rate of secondary ionization as a function of
the gas column density. We point out that knowing the
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exact spectrum of secondary electrons makes it possible
to accurately evaluate characteristics of other important
processes driven by CRs, such as the local rates of gas
heating and Hy dissociation, as well as the local magni-
tude of UV field due to Hy fluorescence.

Unlike the approach by Dalgarno & Griffing (1958)
%and similar approaches by [Knipp et al.|1953} |[Erskine|
1954)), aimed to calculate the average number of ion pairs,
we obtain a balance equation describing the steady-state
electron spectrum, which is similar to the degradation
equation by [Spencer & Fano| (1954). To the best of our
knowledge, this is the first attempt to accurately com-
pute the secondary electron spectrum produced by CRs.
Previous attempts (e.g., by [Spencer & Fano|[1954;
|& McCray||1991) were focused on calculating the spec-
tral degradation of monoenergetic electrons. Further-
more, most astrophysical applications addressed the in-
teraction of CRs with atomic or partially ionized low-
density and low-column density gas, while applications
to dense gas neglected any dependence of (sec/(, on the
column density. We show that this ratio is not a con-
stant, but increases with the column traversed by CRs,
and that its magnitude can considerably exceed the com-
monly adopted value of =~ 0.67. It is worth noting that
our approach can be easily generalized to compute sec-
ondary X-ray ionization.

2. DEFINITIONS AND ASSUMPTIONS

The energy distribution of CR species is character-
ized by their spectrum j(F), which has the dimensions
of a differential flux per unit energy and solid angle
(ecm™2 571 eV~! sr7!) and depends on the kinetic energy
E. We are interested in calculating the ionization rate of
molecular hydrogen. The ionization is assumed to be due
to interstellar CR protons, the contribution of interstel-
lar electrons is neglected (see discussion in Section [4.4]).
Protons with the local (attenuated) spectrum j,(E, N)
produce primary ionization of Hy, occurring at the gas
column density N at a rate of (,(IN). This generates
secondary electrons with the local spectrum jgec(E, N),
leading to secondary ionization of Hs at a rate of (sec (V).
Adding heavier CR nuclei with the interstellar spectrum
proportional to that of protons introduces a negligible
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contribution to the dependence (sec/(p versus N (see Sec-
tion @ For the sake of clarity, jsec is calculated neglect-
ing ionization of helium and heavier gas species, but our
approach is applicable in general to arbitrary gas com-
position. The gas is assumed to be neutral, because the
effect of Coulomb collisions is vanishingly small for the
ionization fractions expected in dense clouds (see Sec-
tion .

We would like to stress that the definition of “primary
electrons” adopted in literature often refers to the first
generation of electrons produced by CRs. In fact, the
self-consistent treatment (Spencer & Fano|1954) does not
make any distinction between electron’s generations, and
therefore all produced electrons should be treated as sec-
ondary.

2.1. Differential ionization cross sections

The primary and secondary ionization of gas species
is generally characterized by the respective differential
cross sections, 0o, /0c and Oo./de, which are functions
of E and €. The cross sections determine the probability
that a proton (p) or electron (e) of energy E produces
an ejected electron of energy .

For proton impact ionization we adopt the following
approximate expression (Rudd! ({1987} [1988; |Rudd et al.

1992):
dvas [ron(E)] o

where E = E/I and € = ¢/I denote the energy normal-
ization by the ionization potential I, and f,(FE) oc E~1.
The first term in the brackets represents the contribution
of binary proton-electron collisions, while the logarithmic
term with the prefactor 7, characterizes the dipole con-
tribution from the Bethe theory (Bethe||[1930; Landau &
Lifshitz|1991)), arising due to dominant small-momentum
transfer in inelastic collisions with a molecule.

It must be stressed that in Equation we use the
expression valid for E >> my,/me, i.e., we assume that the
proton energy is much larger than 3 x 10* eV: as shown
in Section the primary ionization at column densities
over ~ 1027 cm™?2 is determined by protons with energies
much higher than this value. Hence, the accuracy of
Equation is completely sufficient for the purposes of
our studies.

The value of 7, varies a little from one literature source
to another. For the ionization of molecular hydrogen,
Equation 11 in Rudd| (1987) gives 0.791/0.917=0.863;
Equation 10 with Table I in [Rudd (1988) suggests
0.80/1.06=0.755; and Equations 4348 with Table V in
Rudd et al.| (1992) gives 0.96/1.04=0.923. In this paper,
we adopt the latter value.

The differential cross section for the electron impact
ionization takes into account exchange effects. In this
case, we generally write (Kim & Rudd||[1994; Kim et al.
2000))

Oo,
Oe
where € and ¢/ = F — e — I are energies of two electrons

produced by impact of an electron with energy E. The
function f.(E), given by the first factor of Equation 3

Oy

FE,e)~
85 ( 75)

(E,e) = fe(E) |om(e.e’) + neIn E @dip(s,s’)] , (2)

in Kim et al| (2000) multiplied by 2/(1 + 7.), varies as
fo o< E=! for E > I. The first term in the brackets
describes binary electron-electron collisions according to
the modified Mott’s formula (Mott|[1930; Landau & Lif-
shitz [1991]),

e 1 3)
MO T M a2 T (1 e)? 41+

The function pgip(,€’) is determined by the differential
dipole oscillator strength of a molecule. For this paper,

we use a symmetrized expression suggested by Kim et al.
(2000))

1 1
1128 T arap @

The prefactor n. = Q/(2 — Q) is expressed via a dipole
constant (), a functional of the oscillator strength (see
Kim & Rudd|[1994). The simple form of Equation (4)) is
suggested to use in cases where no reliable data on the
oscillator strength are available. Generally, @qip(e,€’)
is approximated by a (symmetrized) polynomial of (1 +
€)~"™ with n > 3 (Kim & Rudd||1994; Kim et al.|2000),
which can be straightforwardly included in our theory.

The value of 7, appears to be less constrained than
np. [Kim & Rudd, (1994) and [Kim et al.| (2000) suggest
to set @ =1 (9. = 1) when no data are available for a
given gas species; at the same time, for hydrogen atoms
they give @ = 0.5668 (1. =~ 0.4). On the other hand,
our calculations in Section |§| show that the ratio (sec/(p
is insensitive to 7, and therefore we set 7, = 1.

The use of relativistic expressions for the differential
cross sections does not affect the principal results re-
ported in the paper. In particular, calculations with
a relativistic formula for the electron impact ionization
(Kim et al|/2000) leave almost unchanged the value of
Csec/Cp (see Section [6)), leading to its slight increase by
less than 2% at the largest analyzed column densities.
Thus, for the sake of convenience we can employ non-
relativistic expressions and , even though the high-
energy tail of secondary electrons may become relativistic
for large columns.

(pdip(€7 El) = (

2.2. Ionization cross sections

They are obtained by integrating the respective differ-
ential cross sections over a range of possible ejected ener-
gies. For primary ionization, Equation is integrated

from 0 to
Me

Emax,p 4mpE Ia (5>
the maximum energy that can be transferred by a proton
of energy FE to the ejected electron. Since Equation is
applicable for proton energies such that eyax,p > I, we
extend the integration to infinity (thus omitting terms
going beyond the assumed applicability). This gives the
following approximate expression:

Bl E) % (B |14 (2B 0

P

valid for E > my/me. For the electron impact ioniza-
tion, we integrate Equation up to
1
€max,e — §(E - I)a (7)



the maximum value of € for indistinguishable electrons.
This yields the following general formula:

1 InE
Gono(E) = f(B)|1 — = — &
R

Te 1 I
valid for any F > I.

3. LOCAL SPECTRUM OF CR PROTONS

(8)

Let us start with rigorous derivation of the steady-
state kinetic equation for CR protons. Assuming their
free-streaming propagation (see|{Padovani et al.[2020, and
references therein), the local spectrum j,(E, N, ) of pro-
tons with pitch-angle cosine g at column density N is
determined by a balance of advection and energy losses:

Ojp
kN +P-D=0. (9)
The rates P(E) and D(E) at which ionizing collisions of
protons lead, respectively, to population and depopula-
tion of their energy state E (we do not indicate depen-
dence on N and p for brevity) have the form introduced
by [Fano| (1953)) and |Spencer & Fano| (1954)):

Emax,p §
P(E) = /0 O (B4 e+ 1e)jp(B+ e+ 1) de,(10)

Emax,p aap

D(E) :jp(E)/O e (E,¢) de (11)
= Jion,p(E)jp(E)’

*

where emax,p is given by Equation , while e}, 18
obtained from Equation by replacing E with E +
€max,p T 1. We note that pitch angles of protons re-
main practically unchanged after ionizing collisions, and
therefore Equations and involve only integra-
tion over e. In Appendix[A]we show that, due to the pres-
ence of small parameter 4(me./m,), the difference P — D
can be written in a differential form. With the accuracy
O(me/my,), this leads to the standard kinetic equation in
the continuous slowing-down approximation (e.g., [Fano
1953; [Padovani et al.[2018b)),
adj 0 ,
M 87?\1; + 9E (Lpjp) = 0, (12)

where L,(E) is the ionization loss function of protons,
given by Equation .

In fact, the proton spectrum is attenuated due to ion-
ization and other mechanisms of continuous losses (such
as excitation), and then different contributions simply
sum up in Equation . For a gas composed of multi-
ple species, the loss function is a sum of the respective
partial contributions.

Equation can be generally solved by the method of
characteristics. The solution is determined by the proton
stopping range,

E /
Ry (E) = / Ldé) , (13)

and can be explicitly derived for algower-law form of the

interstellar (isotropic) spectrum, j,>(E), see Appendix

3

An important parameter applied in the analysis below
is the proton attenuation energy Fat(IN), which is the
inverse function of the stopping range,!

R, (Eats) = N. (14)

of protons, Equation (B2)), their attenuation energy for
1020 em=2 < N < 10% cm~2 is approximated to within
2% by

Using a power-law approximation for the loss function
b

FEat(N) = 2.2 N3 MeV, (15)

where Ny; is the gas column density in units of
10! cm~2. Equation (I1_5|) is obtained assuming the ISM
composition by Wilms et al.| (2000) with hydrogen in the
molecular form. Here and below, N denotes the column
density of all gas species, related to the Hy column den-
sity via N =~ 1.20Nys.

In what follows, the local spectrum of CR protons is
calculated from the continuous slowing-down approxi-
mation, Equation (12). [Padovani et al| (2018b) showed
that this approximation becomes increasingly inaccurate
around the column density of N = 102° cm~2 and above,
due to the growing effect of nuclear collisions accompa-
nied by pion production; therefore, in the present paper
the maximum column used for calculations is set to this
value. For the interstellar spectrum, we assume a model
form suggested by [Padovani et al.| (2018b)),

—a
-IS E

Jp (B)=C ; em 2 st eVl (16)

(E + Ey)

with C = 2.4 x 10'° and Fy = 650 MeV. Two charac-
teristic models are considered: a “high” (soft) spectrum
S with a = 0.8 and a “low” (hard) spectrum .Z with
a = —0.1, both having the same high-energy asymptote
with @ + b = 2.7. The spectrum 5 has been previ-
ously introduced to fit available data on Hs ionization
in diffuse clouds (Padovani et al.[|2018b]), while the spec-
trum .Z represents the proton spectrum measured down
to F = 3 MeV by the Voyager 1 spacecraft (Cummings
et al.[2016) and extrapolated to the lower energies with
the constant slope (Padovani et al.|[2018b)).

4. BALANCE EQUATION FOR THE ELECTRON
SPECTRUM

Unlike protons, the continuous slowing-down approx-
imation is not applicable for electrons. Below we show
that the difference of the population and depopulation
rates for secondary ionization (see Section cannot be
presented in a differential form, as the energy exchange
in such collisions is not small, and the electron indis-
tinguishability leaves a non-negligible integral term (see
Appendix .

At the same time, transport of secondary electrons
is negligible. Indeed, Equation in Appendix
suggests that the local proton spectrum (determining
primary ionization) varies at a column scale of ~ N
for E < FEu¢(IN), and remains approximately constant
for higher E. The fact that the ionization (and hence
also excitation) loss functions of electrons and protons,
L.(E.) and L,(E,), respectively, are comparable for

1 Stopping ranges of different CR species are plotted in Figure 2
of |[Padovani et al.| (2018b).
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Fic. 1.— Left panel: Rates of primary ionization of Ha versus the gas column density N, computed using the continuous slowing-down
approximation (see Section [3)) for the interstellar proton spectrum 5. The dashed line shows the dependence (,(N) derived for the exact
cross section of proton impact ionization (Rudd et al.|[1992)), the solid line represents the sum (1 + {2 obtained from Equations and
for e = I. Right panel: (1 + (2 versus ¢ for different values of N (see the legend, in units of cm~2). At smaller ¢, each curve converges
to the value shown by the solid line in the left panel. The bullets indicate where € = gatt (N).

equal particle velocities allows us to write the relation
L./L, ~ (me/mp)(E,/E.), valid with logarithmic ac-
curacy for E, > I and E, > (mp/me)l. With the
same accuracy, from Equation (13 we derive L./L, ~
(Ee/Ep)(Rp/Re), and combining it with the preced-
ing relation obtain R./R, ~ (mp/m.)(E./E,)*. Since
E. < 4(me/myp)E,, substituting Equation (14) yields
R./N ~ 10m./m, ~ 0.01 for the maximum stopping
range of electrons produced at a given column density.
Therefore, we can safely assume that secondary electrons
are attenuated locally.

Thus, the steady-state spectrum jsec(€) is governed by
the local balance of primary ionization and various loss
mechanisms. Below we derive the balance equation for
Jsec(€), considering the secondary ionization and excita-
tion as the major loss processes.

4.1. Primary tonization

Consider the production of secondary electrons upon
the proton impact ionization of the gas. The source term
due to the primary ionization at given column density IV,
viz., the number of electrons produced at energy e (per
unit time per gas particle) by CR protons with the local
spectrum j,(E, N), is

P = [

122 (etn) 02

h %(E75)jp(E,N) dE.  (17)

To take into account the fact that the attenuation of in-
terstellar CRs generally creates anisotropy with respect
to the magnetic field lines (see Section , the CR spec-
trum in Equation is averaged over the pitch angles,
ie.,

2

Jp(BN) = / (BN ) . (18)

Assuming the integral over E to be dominated by proton
energies much larger than %(my,/m.)I ~ 10* eV, we can
substitute Equation in Equation and present the

latter in the following form:

Pole.N) = grrrmr (e V) + G M) (19)
where the rates
G(e,N) (20)
= 21,1 / T LE (mE> Jp(E.N) dE,
128 (e+1) mp

o

Ca(e, N) = 27TI/ fo(E)jp(E,N) dE, (21)

1mp (e+1)

4 me

are functionals of the local proton spectrum.? Thus, ¢;
and (o determine the magnitude of the source term at
low and high ¢, respectively.

For the further analysis, it is convenient to introduce
the electron energy scale e,4t, related to the proton at-
tenuation energy (|15)) via

cate(N) = 4%Em(N) ~48NYP® keV.  (22)
P

Taking into account Equation (6], the sum (1 + (5 is the
integral of the product 4mcion,,(E)jp(E, N). Hence, for
small € it tends to the actual rate of the local primary
ionization, (,(NN). Equation (B3] shows that j,(E, N) is
peaked at E ~ F.(N), and therefore the sum remains
independent of € and equal to (,(N) for € <K ea(N).
The latter is demonstrated in the left panel of Figure

obtained for the interstellar proton spectrum #: here,
(1 + (2 computed for € = I is plotted versus N along with
the dependence (,(IN) derived from a precise expression
for the ionization cross section (Rudd et al|[1992). The
two curves nearly coincide for N > 10?! cm™2, show-
ing that the solid line is expected to accurately represent

2 For the assumed values of E we can omit I in the lower inte-
gration limit.



(p(IV) even for diffuse envelopes of molecular clouds. As
expected — see discussion after Equation (1)) — a notice-
able deviation is only seen around N ~ 102° cm~2, where
Eatt(N) ~ 10(mp/me)I and hence the adopted cion p(E)
becomes slightly inaccurate.

For € 2 e4+(N), both ¢; and (o become asymptoti-
cally independent of N. Given f,(E) oc E~!, they fall

off with ¢ approximately as (1(g) ]p (1@6) In€ and

Cale) j;s(%:fl—‘e’a), as determined by the form of the
interstellar spectrum. The right panel of Figure [1f il-
lustrates this behavior for the interstellar spectrum 7.
Here, (1 + (5 is plotted versus ¢ for different values of
N, showing how individual curves approach a common
decreasing asymptote at € 2 e,¢(N) and tend to the
plateau =~ (,(NV) at lower ¢.

4.2. Secondary ionization

The rate Psec(e) at which secondary ionization col-
lisions contribute to population of electrons with en-
ergy ¢ 1ven can be easily calculated using
Equatlons Settlng the energy of colliding elec-
tron to £ = ¢ + e+ 1 and integrating the product
o, /0e(E, 5) oc(E) over ¢’ we obtain

1lPucle) = [ pule )P 1D (2)
0

+17e / eaip(e, ) In(E+ & + V)F(e +&' + 1) de’
0

ﬁ C1(e, N) + 2o, N)]

(o)
+/ (pM(E,EI)F(E—I—E/-"-I)dEI—‘rne/
0 0

oo

where dimensionless auxiliary functions for the ionization
and excitation cross sections are

Uion,e(5) Uexc,k(s)

fe(ff)[ fe(E)I ’

respectively, and the dependence of F' on N is not indi-
cated for brevity.

Equation assumes collisions with the most abun-
dant gas species, i.e., with hydrogen molecules. Col-
lisions with He and other gas species can be straight-
forwardly included by adding the corresponding terms
(primary and secondary ionization plus excitation) mul-
tiplied by the species abundance. In principle, a con-
tribution of interstellar CR electrons could also be in-
cluded: this does not change the structure of Equa-
tion , since interstellar and secondary electrons are
indistinguishable. On the other hand, it results in ad-
ditional advection term (analogous to the first term in
Equation for protons) and thus makes a solution

D(e) = and  Pexc i(e) =

5

Here, to simplify the presentation of the results in the
following text, we added the factor 47 in order to intro-
duce an auxiliary function F' for the secondary spectrum
(of dimensions eV~! s71),

F(e) = 4l fe(€)Jsec(€)- (24)
The rate of depopulation, Dsec(¢), is simply equal to
Dsec(g) = 0i0n7e(5>jsec(€)~ (25>

4.3. Fzxcitation

Consider electron collisions leading to excitation of
state k of a molecule, characterized by the excitation en-
ergy Ag. The difference of the corresponding population
and depopulation rates is

’Pexc,k(e) - Dexc,k(e) (26)

= O—exc,k(6 + Ak)jsec(5 + Ak) - O—exc,k(s)jsec(g)a

where oexer(€) is the excitation cross section of state k
(see |Dalgarno et al.||[1999, and references therein).

4.4. Balance equation

By summing up different contributions to the popula-
tion and depopulation rates of electrons with energy e,
we obtain the following balance equation for the spec-
trum of secondary electrons:

(27)

eaip(e, €)Y In(E+E + VD)F(e+e' +1)de' + IZ Pexe k(e + Ap)F(e + Ag)

k

€)+ Z Dexe i (€)
k

of the balance equation much more complicated. How-
ever, according to [Padovani et al| (2018b)) the primary
ionization is believed to be completely controlled by CR
protons if their spectrum is close to the model form 7
(for the spectrum . it is true for N > 10*2 em~2), and
therefore we neglect the effect of interstellar electrons in
this paper.

Finally, we note that Equation can be easily gener-
alized to compute the secondary electron spectrum pro-
duced by X rays. In this case, j, and do,/0c in the
source term due to proton ionization, Equation , are
replaced by the corresponding X-ray spectrum and dif-
ferential cross section, while the lower limit of integration
over the X-ray energy is € + I. This only leads to a dif-
ferent functional form of the first term in Equation .

4.5. Effect of Coulomb collisions

The Coulomb collisions with free electrons could be
included in Equation (27)), too, by adding the corre-
sponding rates multiplied by the gas ionization fraction
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Ne/Ngas. The population rate is given by the first inte-
gral in Equation with I = 0 and ¢ (g, e’) described
by classical Mott’s formula for free electrons (Landau &
Lifshitz|[1991)), i.e., by Equation without unity in the
denominators; the depopulation rate is proportional to
the integral over this ¢ (e, €’).

Obviously, the resulting integrals contain terms di-
verging as o« 1/¢’ at ¢ — 0. This artificial diver-
gence is avoided in the balance equation by writing the
difference of the population and depopulation rates as
I?In(g/emin) F'(¢) plus non-diverging terms; here F’(e)
denotes a derivative over £ and the factor I? comes from
the common energy normalization. The minimum trun-
cation energy emin ~ (0Pmin)?/2m, is determined by the
minimum momentum §ppin ~ €2/(bmaxv) that can be
transferred by a secondary electron (with the velocity

v = y/2e/m, ) to the surrounding free electrons (whose
plasma frequency is wpe = v/4me2n./me ) at the maxi-

mum impact parameter byax ~ v/wpe. The resulting log-

arithmic factor In(e/emin) ~ 31n(€/62né/3) is estimated
to be < 90 for non-relativistic electrons. Hence, for the
gas ionization fractions of < 1074, typical for molecular
clouds, the contribution of Coulomb collisions should be
completely negligible.

5. SPECTRUM OF SECONDARY ELECTRONS

In this section we analyze generic properties of the
secondary electron spectra jsoc(g, N), related via Equa-
tion to the solution of balance equation . We
consider only excitation of electronic states; rotational
and vibrational excitation, occurring at ¢ < I, are ne-
glected. First, we derive the analytical asymptotes valid
for sufficiently high electron energies, and then compare
this with exact numerical solution, which allows us to
elucidate the role of different inelastic processes in shap-
ing the electron spectrum.

5.1. Analytical solution at high energies

To evaluate the high-energy solution of Equation ,
describing the electron spectrum at € > I, let us first
neglect excitation collisions. As shown in Section [5.2]
their addition does not qualitatively affect the results at
high energies.

The right panel of Figure [I] demonstrates that the
rates (; and ( are practically independent of ¢ for
€ K €a44(IN), so that their sum is ~ (,(IN). On the other
hand, for the interstellar spectrum ., both terms start
rapidly decreasing at € = e,¢¢. Thus, for the analytical
solution in this case it is reasonable to approximate both
¢1 and (o by step-functions, set to the respective (N-
dependent) constants at € < ea4¢ and to zero at larger €.
We note that the step-function approximation becomes
exact for a monoenergetic local spectrum of protons with
E = Eatt (N)

For € much larger than 7, Iné,, the primary ioniza-
tion in Equation is dominated by the term o< (o.
In Appendix [C] we derive the following leading energy
dependence for n, In .4 K & K gt

2(N)  (Inuy) T
(L +ne) 2 (ng)'*rea
where the dependence on N is given by Equation

F(e,N) ~

: (28)

evaluated at ¢ = I. In Appendix [C| we also obtain a
rough estimate for the solution at lower energies, where
the primary ionization is dominated by the term o< (.
Assuming 1 < € < np Inéy yields

GWV) 1

F(E7N)N7(1+UG)I?’ (29)

with ¢(1(N) from Equation (20). This estimate neglects
a factor ~ 1, which logarithmically depends on ¢.

We remind that the physical spectrum of secondary
electrons at € > 1 scales as jsec(€) x €F(g), as follows
from Equation . Therefore, the spectrum is char-
acterized by a long tail decreasing logarithmically with
energy up to & ~ eu¢(N). In particular, this implies
that the average energy of secondary electrons (gsec) in-
creases with IV; using Equation , we readily obtain
the following dependence:

<5sec> ~ 1satt(z\/v)a (30)

3
derived assuming Iné,y > 1. It is important to
stress that (egec) is much larger than the average energy
of electrons ejected in ionizing (primary or secondary)
collisions, which is generally calculated as (eoj) =
L(E)/oion(E) — I. The latter is sometimes erroneously
employed in literature to characterize the average en-
ergy of secondary electrons. For primary ionization, as-
suming proton energies E > (m,/m.)I, we can use
Equation for do,/0c. Substituting this in Equa-
tion , we derive the leading logarithmic term for the

proton loss function, L,(E) ~ f,(E)I*(1 +7,) In(Z=E).

mp
With the logarithmic term in the ionization cross section
Tion,p(E) from Equation (6)), we obtain that the average
energy of electrons ejected by high-energy protons tends
to (€ej,p) = (14+2/m,)1; the same line of arguments yields
(€ej,e) = (14+2/ne)I for the secondary ionization. Thus,
the average energy of ejected electrons at large N tends
to a constant value of (gej) ~ 3I (since 1, ~ 1), while
the average enerii of the actual secondary spectrum fol-

lows Equation (30]).

Equations (28) and can be extended to a case
where excitation collisions are taken into account. For
large €, the cross sections for the electron impact excita-
tion of Hy singlet states behave similar to the ionization
cross section (see, e.g., Dalgarno et al|[1999; Janev et al.
2003)), i.e., their ratios tend to constant values. As shown
in Appendix [C] the solution in this case is still given by
Equation (28)) with 7. replaced by

x 1 Ak Oexc,k
ne—l1+2§l(>m1 e, (31)

OTion,e
where the cross section ratios are evaluated at ¢ — oo.

5.2. Numerical solution and its analysis

The excitation cross sections of Hs singlet and triplet
states were taken from |[Janev et al. (2003). The function
fe(E), relating F' and jsec in Equation (24)), was derived
from Equation 3 in |Kim et al.| (2000). Equation was
solved numerically for discrete values of column between
N =10% ecm~2 and N = 10%® cm~2, by implementing
an iterative procedure for F(¢) (similar to the solution
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F1G. 2.— Energy spectra of secondary electrons jsec(€) obtained for the interstellar proton spectrum . from a numerical solution of

Equation (27) for different N (see the legend, in units of cm™2).

The vertical arrows in the bottom left corners of the panels indicate

where € = I. The left panel shows the spectra for a model case where excitation collisions are omitted; agreement between the numerically
computed spectrum and the high-energy analytical asymptote, Equation (28)), is illustrated for N = 102° cm ™2 in the inset. The bullets for
different curves indicate where € = eatt(N). The right panel displays the results with excitation; the inset shows these spectra normalized

by jsec(€) that are plotted in the left panel.

of Volterra-type integral equations). The next-iteration
function Fj;1(g) was obtained by evaluating the lhs of
Equation for F;(e), and then using this result to
solve for F;1(e) on the rhs. This procedure was repeated
until |F;41 — F;| < 1075F; at any e. The convergence at
smaller columns was relatively fast and rather insensitive
to the initial trial Fy(e). To facilitate the convergence at
larger columns, the initial trial for the next value of N
was the solution for the previous N.

Figure[2)displays jsec(g, N) computed for the interstel-
lar proton spectrum 5#°. The model case of no excitation
is depicted in the left panel (“no exc”) by curves for dif-
ferent values of N. These curves are well described by the
high-energy analytical solution , as illustrated in the
inset for N = 10%® cm™2. To facilitate the comparison
with analytical results, we replaced the assumed step-
function energy dependence of (5 in Equation by the
actual form determined by Equation for the spec-
trum 7. We see that the analytical curve in the inset re-
mains accurate to within 30% for € 2> I'ln &, (~ 10% V)
and € < gty (~ 109 eV). Remarkably, the agreement re-
mains reasonable (within a factor of 2-3) also for energies
outside the assumed range of applicability.

Inclusion of excitation does not qualitatively change
the form of js.(¢) except for energies in the vicinity of
the ionization potential, as evident from the right panel
(“exc”) of Figur The inset shows that excitation re-
duces jsec(€) by < 20% at € 2 1 keV, almost irrespective

~

of N; the reduction is stronger at smaller ¢, and the de-
pendence on N becomes more pronounced. This trend
is described by excitation correction (31)), leading to a
reduction of high-energy spectra . Excitations of Hs
singlet and triplet states contribute differently to this
effect: cross sections aexc,k(a) for triplet states have a
peak localized between 10-20 eV and rapidly decrease at
larger e, whereas for singlet states they have a broader
peak between ~30-100 eV, overlapping with the peak of
Tion,e(€), and behave similarly to oion,c(€) also at large
€. As discussed in the next section, singlet excitations
almost completely determine the magnitude of the sec-
ondary ionization rate, while the role of triplet excita-
tions is minor.

We note that the strong deviation seen between the
left and right panels near the ionization potential orig-
inates from a simple fact that, without excitation, the
product Gione(€)jsec(€) on the rhs of Equation re-
mains finite as ¢ — I, thus leading to artificial divergence
Jsee(€) o< (¢ —I)~1 in this case. This divergence does not
significantly affect the calculation of (., because elec-
trons with € ~ I provide a minor contribution to its
value.

6. SECONDARY IONIZATION RATE

The rate of local secondary ionization can be conve-
niently rewritten in terms of the auxiliary functions ®
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and F,
Csee(IN) = /I ®(e)F (e, N) de. (32)

To obtain the ratio (sec/(p versus N, we derive (seo(IN) by
substituting the numerical solution of Equation (27)), and
calculate (,(IV) as explained in Section For method-
ological reasons, here we also discuss the model case of
no excitation collisions — this helps us to explore their
impact on (s and to reveal the role of the interstellar
proton spectrum. To characterize the effect of qualita-
tively different proton spectra, here we present the results
for both spectra % and .Z.

Figure 3| summarizes our findings for (sec/(,- We see
that this ratio steadily increases with column density:
the trend is almost unaltered between the curves com-
puted with and without excitation, and is present for
both proton spectra (though it is substantially weaker for
the spectrum ., see discussion below). In Appendix |§|
it is shown that (sec/Cp keeps increasing at any physically
relevant value of N. This behavior is quite different form
the traditional assumption of a constant (sec/(, with the
“canonical” value of ~ 0.67 (e.g., [Spitzer & Tomasko
1968)).

We begin with the analysis of the results for the spec-
trum 57, shown by the thick solid lines in Figure|3] The
red line depicts sec/(p versus N for the “exc” case, where
excitation collisions are included. We see that this curve
is shifted substantially down with respect to the model
“no exc” case (depicted by the black line), and that the
slope of the “exc” curve is slightly smaller at larger N.
This behavior follows from the inset in the right panel
of Figure excitation causes a reduction of jsc(g) by
30-60% at energies between ~30-100 eV, corresponding
to the maximum of the ionization cross section (hence
leading to an efficient decrease of (sec), and the reduc-
tion is slightly stronger for larger N. As noted in Sec-
tion[5.2] H, excitation is completely dominated by singlet
states for ¢ 2 30 eV, and therefore the effect of triplet
states on (sec/Cp is minor: the “exc” curve computed
for singlet excitation only would be shifted up by less
than 10% with respect to the curve shown in Figure
Also, the results are virtually independent of the (poorly
constrained) value of the prefactor 7. in Equation ,
varying by less than 1% for 0.6 < 7, < 1.

Let us now discuss on the role of the proton spectrum
(considering for simplicity “no exc” case). For sufficiently
soft interstellar spectra, such as 7, the resulting local
spectrum j,(E,N) is peaked at E ~ E,(N), as fol-
lows from Equation (B3)). In Section we pointed out
that this fact allows us to approximate the rates of pri-
mary ionization (i (e, N) by step-functions of ¢, which is
equivalent to the approximation of monoenergetic local
protons with E = E,(N). The dashed line in Figure
shows (sec/(p versus N computed for this approxima-
tion, demonstrating a remarkably good agreement with
the corresponding thick solid line. To ensure an accurate
comparison, Fu:t(N) was derived from the exact stop-
ping range of protons, as presented in |Padovani et al.
(2018b)).

Thus, the dependence of (sc/(p, on N computed for
the model spectrum 7 must be representative of any
sufficiently soft spectrum of interstellar protons. On the
other hand, for extremely hard model spectra — such as

e NO
exc

1.4¢

Cse(: / Cp

1.2¢
exc

1.0t

0.8f

0.6~

01020 1021 1022 1023 1024 1025

N[cm™2

F1G. 3.— Ratio of the secondary to primary ionization rates of Ha,
Csec/Cp, as a function of the gas column density, N, computed using
the continuous slowing-down approximation for protons (Section
and a numerical solution of Equation for secondary electrons.
Pairs of the thicker and thinner solid Tines represent results for
the interstellar proton spectrum . and .2, respectively. The pair
of red curves (“exc”) shows the case where excitation collisions
with Hg are included. For methodological reasons, we also plot the
model case of no excitation (“no exc”). Here, in addition to the pair
of black curves the approximation of monoenergetic local protons
with E = Fat(N) is also depicted: the dashed line represents
the numerical solution of Equation , and the bullets show the
results of Monte Carlo simulations. For comparison, the horizontal
dash-dotted line indicates the value of (sec/(p ~ 0.67 commonly
adopted in literature.

%, increasing at non-relativistic energies — a monoener-
getic approximation of local protons is no longer justified.
In this case, unattenuated protons with E,(N) S E <
FE provide significant contribution to primary ionization.
The thin solid lines in Figure [3| show (sec/(p calculated
for the spectrum %, demonstrating that the resulting
dependence on N is noticeably weaker than that for 7.

Available observational data on the Hs ionization in a
large number of diffuse clouds (Indriolo & McCall|[2012;
Neufeld & Wolfire|2017) tend to favor soft interstellar
spectra. Assuming the continuous slowing-down approx-
imation for CR protons, the spectrum 5# provides a rea-
sonable approximation of the data, while the spectrum
% (which represents the Voyager measurements, probing
the very local ISM within the Local Bubble) underesti-
mates the ionization rate in diffuse clouds by more than
an order of magnitude (Padovani et al.2018b). More-
over, the spectrum .Z fails to recover the suggested de-
pendence on N. Therefore, based on our current knowl-
edge, one should consider the above results obtained for
the spectrum 7 as representative.

The fact that the approximation of monoenergetic lo-
cal protons accurately describes the secondary ionization
for soft interstellar spectra allows us to substantiate and
complement the above calculations by Monte Carlo sim-
ulations. In Appendix [E] we describe a simple algorithm
to compute (sec/(p for monoenergetic protons directly,



based on the differential ionization cross sections given
by Equations and . Results of the direct simu-
lations are depicted in Figure [3| by the bullets, showing
excellent agreement with the dashed line.

Finally, adding interstellar CR nuclei heavier than pro-
tons does not significantly change the calculated values
of Csec/Cp. To estimate this effect, we keep in mind that
the differential cross section of impact ionization by a
nucleus with the atomic number Z is proportional to
Z? and is determined by the nucleus velocity (Landau
& Lifshitz|[1991). Assuming that Equation (1)) describes
the functional form of the differential cross section for
any nucleus, from Equation it follows that the at-
tenuation energy per nucleon is equal to Ea(Z2N/A),
where A is the nucleus mass number. Hence, substitut-
ing N — Z2N/A in a function describing the dependence
Csec/Cp versus N for protons, we obtain the correspond-
ing dependence for nuclei. We employ this fact in Ap-
pendix [F] to show that the expected effect of heavier CR
nuclei is to increase the ratios plotted in Figure 3] by less
than 1%.

7. CONCLUSION AND IMPLICATIONS

Our aim was to rigorously calculate the energy spec-
trum of secondary electrons that are produced by inter-
stellar CRs penetrating into dense regions of the ISM.
The results are completely determined by the differen-
tial cross sections of the proton impact (primary) and
electron impact (secondary) ionization as well as by the
electron excitation cross sections of the gas species. We
derived the governing balance equation which yields the
secondary electron spectrum as a function of the gas col-
umn density for a given regime of the proton penetra-
tion into dense gas; in this paper, the commonly used
free-streaming regime was assumed.

The principal findings can be summarized as follows:

1. The secondary electron spectrum jsec(g, N) has a
long tail decreasing logarithmically with the en-
ergy €, as described by the universal analytical
asymptote (28]) for the auxiliary spectrum function
F(g) x Jsec(€)/e. The effect of excitation collisions
at hienergies is generally described by Equa-

31)

tion (|

2. The characteristic maximum energy of the sec-
ondary spectrum, e, (NV), increases with the gas
column N according to Equation . The max-
imum energy is proportional to the proton atten-
uation energy F.:t(N), and the average energy of
secondary electrons is ~ %am (N).

3. The ratio of the secondary to primary ionization
rates, Csec/Cp, IS @ monotonically increasing func-
tion of the gas column for any relevant value of N.
The value of (sec /¢, varies between ~ 0.8 and ~ 1.1
for 102° cm=2 < N < 10%° cm™2, as depicted by
the thick red line in Figure [3] and thus is substan-
tially larger than the commonly adopted constant
value of ~ 0.67.

4. The derived dependence (sec/(p versus N is practi-
cally independent of a particular shape of the inter-
stellar spectrum of protons (unless they have an ex-
tremely hard spectrum, such as the spectrum .%).

9

This dependence can be accurately reproduced by
using a monoenergetic local spectrum of protons
Wlth E = Eatt (N)

Knowing the actual form of the secondary electron
spectrum opens up the possibility to accurately reevalu-
ate characteristics of several important processes driven
by CRs in dark molecular clouds. The most notable and
obvious examples include the gas heating, production of
atomic hydrogen, and generation of UV photons. It is
certainly beyond the scope of this paper to thoroughly
analyze such processes, but we expect their characteris-
tics to be significantly affected if the presented results
are taken into account, as outlined below:

Gas heating. Secondary electrons should contribute to
the gas heating through additional ionization and excita-
tion channels. We can assess a relative energy budget for
this process by comparing the rate of energy deposition
due to secondary ionization/excitation with that due to
primary ionization/excitation (but keeping in mind that
only a fraction of the energy deposited by CRs is even-
tually converted into heat, see |Glassgold et al.|[2012] for
detailed analysis). Defining the deposition rate £ as the
loss function averaged over the secondary and primary
spectrum, the ratio & /&, can be evaluated for large N
by virtue of Equation (28]), similar to how we did it in
Appendix D] for {sec/Cp- This yields the asymptotic ratio
Esec/Ep — 5(141/n.), suggesting that the actual ratio of
the heating rates (i) may not be equal t0 (sec/(p, as uni-
versally assumed in modeling, and (ii) may be sensitive
to the poorly constrained value of 7.

Production of atomic hydrogen. Interstellar UV pho-
tons cannot penetrate the interiors of molecular clouds
due to absorption by dust as well as Hs line absorption,
and therefore the destruction of molecular hydrogen in
these regions is controlled by CRs. This process pri-
marily occurs through electron-impact excitation of Hy
triplet states (Padovani et al.[2018a)), whose cross sec-
tions peak between 10-20 eV and rapidly decrease at
higher energies. For this reason, the rate of Hy dissoci-
ation (giss must be particularly sensitive to the shape of
the secondary electron spectrum near the ionization po-
tential. The secondary spectrum used to compute Hy dis-
sociation in|Padovani et al.| (2018a)) was derived from the
continuous slowing-down approximation for electrons,
leading to a practically constant ratio of Caiss/((p + Csec)
at columns of N > 10?! ecm~2. Based on the results
derived here for (sec/(p, we expect the ratio for Hy dis-
sociation to vary with N, too.

Generation of UV photons. Excitation of Hs singlet
states by CRs produces fluorescence in the Lyman and
Werner bands, leading to an efficient generation of UV
field in dark clouds (Prasad & Tarafdar|1983)). The cross
section of electron impact excitation of singlet states be-
haves similarly to the ionization cross section at energies
above ~ 30 eV, and therefore the shape of the entire spec-
trum of secondary electrons is important for this process.
Available estimates of the UV field (Cecchi-Pestellini &
Ajiello||1992)) are also based on the continuous slowing-
down approximation for electrons, assuming the “canon-
ical” value of (sec/(p =~ 0.67, and therefore one may ex-
pect significant corrections for the UV field, too.

All three processes discussed above play an essential
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role in the physical and chemical evolution of molecular
clouds, with profound implications for the formation of
stars and circumstellar disks.

We would like to thank Paola Caselli and Valerio Lat-
tanzi for useful discussions and suggestions. A.V.I. ac-
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APPENDIX

APPENDIX A: DIFFERENTIAL FORM OF ENERGY
LOSSES FOR PROTONS

Using Equation , we obtain the upper integration
limit €} .. ,(E) in Equation ,

max,p

e X p-1, (A1)

max,p 1— X

where x = 4(me/m,) is a small parameter characterizing
the fraction of energy transferred to electrons. This al-
lows us to Taylor expand the integrand of Equation
over small € + I. Keeping the first two terms yields

Cmax,p
PE) =) [ PR (.2 de (A2)
0 Oe
Smaxe 9 o, ,
From Equation we derive
* X

€max,p — Emax,p = H(Emax,p + I)a

where emax,p is given by Equation . Hence, the differ-
ence P —7D in Equation can be written with accuracy
O(x) as a sum of

0o )
X (Emax,p + I)a—;(E, Emax,p)Jp(E); (A3)
and the second term in Equation (A2). Since
Ocmaxp/OF = X, this second term can be written as

a derivative over E of the integral minus x times the in-
tegrand taken at € = ¢, To the same accuracy, the

max,p*

latter cancels out with term (A3]), and we obtain

0 .
P-D= 9E (LpJp> + O(X)7 (A4)
where
o (E) P
LE = [ e nGRE e (4
0 Oe

is the ionization loss function of protons.

APPENDIX B: ANALYTICAL SOLUTION OF
EQUATION (12)

An explicit solution of Equation can be derived
for a power-law interstellar spectrum,

pE-n(g) (1)

Assuming CRs enter a cloud from one side (> 0),
and substituting a power-law approximation of the pro-
ton loss function (Padovani et al.|2018bj Silsbee & Ivlev
2019),

L,(E) = Ly (5) (B2)

valid for 4 x 10° eV < E < 10% eV (with d = 0.81 and
Ly =1.21x10"'" eV cm? for Ey = 650 MeV), we obtain
the following solution (see Appendix E of [Padovani et al.
2018Db)):

. ‘ N 175
o (B, N 1) = 15(B) [1 " M] RS
where
B B\ 1+
m(E) = G0, (EO> ’ (B4)

is the proton stopping range for the loss function (B2).

APPENDIX C: HIGH-ENERGY SPECTRUM OF
SECONDARY ELECTRONS

Let us first omit excitation collisions. In order to eval-
uate the high-energy spectrum at € > I, we break the
integrals on the lhs of Equation into two parts: from
0 to £ (“integrals I”), and from € to oo (“integrals II7).
Since (i 2 rapidly decrease at € 2 ea4, We assume that
F(e) vanishes at these energies. Below it is shown that
the leading term of the high-energy spectrum depends
logarithmically on e,;, and therefore we can truncate
integrals IT at &' = £,44.

We substitute ¢m(e,e’) and @qip(e,e’) from Equa-
tions and into the integrals and neglect unity
in the terms containing 1 + €. Then we multiply Equa-
tion (27)) by &2 and write the resulting sum of integrals IT
in the following form:

Z/:m...%[z:attF(e’){l6/5_5 (C1)

€ 2 Iné’ € 3
+ + Ne—= 1+ d€,.
e —e¢ 5 e —e¢

We see that the small terms o« Iné’/& can be safely ne-
glected. For the sum of integrals I, we obtain
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+= ln(€+€ +1)F(e+¢& +1)de' +nee

€ Jo

We Taylor expand F(e + ¢’ + I) and In(€ + &' + 1) over
&' +1. Terms x F(¢) include those leading in ¢ (from the
second, third, and fifth integrals I) which exactly cancel
out with the rhs terms. Keeping the remaining leading
terms resulting from the expansion yields

DI
+(1+n)E2mEF'(€) + ZEF'(E) + ...,

where F'(€) denotes the derivative with respect to €. A
posteriori analysis renders terms with the second and
higher derivatives in Equation unimportant for the
leading term of the sought solution.

For &€ > n, In €,, the leading term due to primary ion-
ization is 2¢, [in the multiplied Equation (27)]. Summing
up, for n, In €, K € K a4t Equation (27)) is reduced to

(1 +me)é F(é) (C3)

(1+n0) [£ e F'(e) +¢ F(&) (C4)
Eatt ., 1 1 ., -
+ . F(s){1—5//5_1—1—(5,/5_1)2}% +1=0,

where F = (I/2(;)F. We introduce a new variable = =
In € and seek the solution of the form F(&) = ce™® /x!T5.
As the leading contribution of the first term, o< 1/x%, is
provided by the first term in the brackets, we obtain the
following equation:

~(14n0) (C5)

Tatt 1 1 dl-/
1-— 1=0
+C/m+1n2 [ er’—r —1 * (ex'—* — 1)2] o/1+s + )

with zat = Iné,tt. The integral term yields (¢/s)(1/z° —
1/x5,) + O(1/x%). We see that Equation is sat-
isfied for s = (1 +7n.)~! and ¢ = sx$,,, which gives us
Equation .

One can also roughly estimate the form of electron
spectrum at € < 7pInéag, still assuming € > 1. In
this case, the primary ionization in Equation is
dominated by the term 2¢;/£3. Keeping in mind that
the above analysis is performed for the term 2(s/&%, we
conclude that the sought spectrum obeys Equation
with the last term (unity) replaced by 1/£. One can see
that, up to a factor depending on Iné, the solution is
given by the following leading term:

~ 1
FlEe)~v —m——=
&~ sarmeE
where ' = (I/2¢;)F. This gives us Equation (29).

To include the contribution of excitation collisions
to the high-energy solution, we take into account that

(C6)

1> €F ! I
/F(s+€’+[)d5’—§/ Lﬁ)
0 0 1+¢

11
o [FF(e4e +1)
/ 2 /
_~ - 7 2
ds +s/0 g de (C2)

fln(e+¢ +1)
2 ———~ F "+ 1)de’
/0 A1)y (e4+e" +1)de

(

cross sections for Hy ionization and excitation (of sin-
glet states) behave similarly at large ¢ (Dalgarno et al.
1999: [Janev et al.[[2003)). This implies that the ratio
Oexc,k/Tion,e tends to a constant as e — oco. Then, ex-
pandin a difference of the excitation terms in Equa-
tion and taking into account Equation (§ 1e1ds
the followmg additional contribution to Equatlon (C4]

% [52 Iné F'(¢) + gﬁ’(g)} Zk: % <gexc’k>m ,

Tion,e

where the cross section ratios are evaluated at ¢ — oo.
Hence, high-energy asymptote is valid also in the
presence of excitation collisions, where 7, should be re-
placed with modified value n} given by Equation .

APPENDIX D: ANALYTICAL ESTIMATES OF (sgc/Cp

The hlgh energy analytlcal s pectrum of secondary elec-
trons, given by Equations and ., allows us to
quahtatlvely understand Flgure

For monoenergetic protons with E = E,(N), the en-
ergy dependence of (; and (5 can be approximated by
step functions, and {, = [1 + 7, In(€a41/4)]2. Let us
Write (see 88 @ SUM Csee1 +Goec2, representlng contributions
F o (1,2 to the integral in Equatlon (32). We calculate
Csec2 by substltutlng Equation (28)) and tegratmg over €
from 7, In €yt to Eart; as Equatlon (28) gives the leading
dependence on In &, we keep only the leading term also in
Equation and substitute ®(e) ~ 37 Iné. This yields
the asymptotic expression

CsecZ ~ 1 1 ( In Eatt )11':7E

¢ My Mp \Inlnéag

which is formally valid for sufficiently large N and ne-
glects further corrections depending on Inlné&,¢. As re-
gards (sec1, Equation is too crude to obtain a quanti-
tative estimate. Nevertheless, it allows us to understand
how (sec1 depends on e,4¢. For large €,44 one can write
¢ =~ (p. Substituting Equation (29) and ®(e) deter-
mined by Equation in Equation (32 and integrating
from ~ 1 to ~ In &, gives

(D1)

Csecl
—— ~const — ——— ,
D Iné att

(D2)

with const ~ 0.4. The logarithmic dependence of the
integrand on ¢, omitted to derive Equation , results
in terms Inlné,t;. The convergence of Equation to
a constant at N — oo is substantially faster than that of
Equation (D1f), and therefore the latter determines the
behavior of (sec/(p at large N.

We note that the asymptotic convergence of (sec/(p is
very slow — it actually occurs at unphysically large col-
umn densities (of > 103° ecm~2). Hence, Equation (D1])
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merely serves as an indicator that (sec/(p keeps increas-
ing at any relevant N.

APPENDIX E: MONTE CARLO SIMULATIONS FOR
MONOENERGETIC PROTONS

Using a step-function model for ¢; 2 — which assumes
that the primary ionization at given N is produced by
protons with the energy E,.(IN) — enables an easy com-
parison with direct simulations of the secondary ioniza-
tion. The simulation algorithm is as follows: The first-
generation secondary electron acquires the energy €1 in
the range from 0 to 4(me/myp) Eatt(N) — I, with the prob-
ability given by Equation . Then, if that electron has
energy greater than I, it creates the second-generation
secondary electron with the energy 5 in the range from
0to % (e;—1I), with the probability given by Equation (2 ,
blmuftaneoubly, the energy of the first- generatlon electron
is reduced from € to €1 —eo — I. This process is repeated
with all electrons with energy greater than I until there
are none remaining. Then (wc/(p is equal to the av-
erage number of electrons in the simulation minus one,
obtained after averaging over 10° primary ionizations.

APPENDIX F: EFFECT OF HEAVIER CR NUCLEI

Let us denote by R(N) a dependence (sec/(p versus N
due to CR protons (one of the curves depicted in Fig-
ure (3| ' As explained in Section @ the corresponding de-
pendence for heavier nuclei k, with the atomic number 7,

and mass number Ay, is given by (Sec/ (k) R(YrN),

where
e = Z¢ A (F1)

is unity for “He and > 1 for other stable nuclei. Our aim
is to calculate the ratio of the total secondary ionization

rate, (%o = Ceec + Dy, ¢ to the total primary rate,
=G+ D ,gk ). Simple manipulation yields
) L+ % w’“N C(k)
gg“ =R(N) & (F2)
P 1+ Zk Zp

The ratio of the primary ionization rates, (,()k) /Cps 1s eval-
uated by employing the dependence (,(N) oc N~ with
‘“{jf;l , derived for a power-law interstellar spec-
trum of protons by [Silsbee & Ivlev| (2019) (see also Ap-
pendix . Given that the attenuation energy (per nu-
cleon) of nucleus k is Eqatt (¢ N) and that their ionization

rate is proportional to ZZ = Agt)y, we obtain

a =

(k) )
T = ap Ay (F3)
G

where x, is the interstellar abundance relative to protons.

Equation shows that the effect of heavier nuclei is
to increase the relative magnitude of the secondary ion-
ization, because R(N) is an increasing function. How-
ever, the magnitude of the effect is negligible. Assuming
the interstellar spectrum 57 with a = 0.8, which gives
a ~ 0.35, and using galactic CR abundances estimated
from Dartois et al.| (2015]), we conclude that the fraction
factor on the rhs of Equation differs form unity by
less than 1%.
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