
Publication Year 2022

Acceptance in OA 2025-02-28T17:13:20Z

Title An Updated Metal-dependent Theoretical Scenario for Classical Cepheids

Authors DE SOMMA, Giulia, MARCONI, Marcella, MOLINARO, Roberto, RIPEPI, Vincenzo, LECCIA, 

Silvio, MUSELLA, ILARIA

Publisher's version (DOI) 10.3847/1538-4365/ac7f3b

Handle http://hdl.handle.net/20.500.12386/36340

Journal THE ASTROPHYSICAL JOURNAL SUPPLEMENT SERIES

Volume 262



An Updated Metal-dependent Theoretical Scenario for Classical Cepheids

Giulia De Somma1,2 , Marcella Marconi1 , Roberto Molinaro1 , Vincenzo Ripepi1 , Silvio Leccia1, and Ilaria Musella1
1 INAF-Osservatorio Astronomico di Capodimonte, Via Moiariello 16, I-80131 Napoli, Italy; giulia.desomma@inaf.it, gdesomma@na.infn.it

2 Istituto Nazionale di Fisica Nucleare (INFN), Sez. di Napoli Compl. Univ. di Monte S. Angelo, Edificio G, Via Cinthia, I-80126 Napoli, Italy
Received 2022 January 20; revised 2022 June 17; accepted 2022 June 17; published 2022 September 2

Abstract

To properly quantify the possible residual systematic errors affecting the classical Cepheid distance scale, a
detailed theoretical scenario is recommended. By extending the set of nonlinear, convective pulsation models
published for Z= 0.02 to Z= 0.004, Z= 0.008, and Z= 0.03, we provide a detailed homogeneous, nonlinear
model grid taking into account simultaneous variations of the mass–luminosity relation, the efficiency of
superadiabatic convection, and the chemical composition. The dependence of the inferred period–radius, period–
mass–radius, and period–mass–luminosity–temperature relations on the input parameters is discussed for both the
fundamental and first overtone modes. The trend of the instability strip getting redder as the metallicity increases is
confirmed for the additional mass–luminosity assumptions and mixing length values. From the obtained multifilter
light curves, we derive the mean magnitudes and colors, and in turn the period–luminosity–color and period–
Wesenheit relations, for each assumed chemical composition, mass–luminosity relation, and efficiency of
superadiabatic convection. Application to a well-studied sample of Cepheids in the Large Magellanic Cloud allows
us to constrain the dependence of the inferred distance modulus on the assumed mass–luminosity relation, and the
inclusion of the metallicity term in the derivation of the period–Wesenheit relations allows us, for each assumed
mass–luminosity relation, to predict the metallicity dependence of the Cepheid distance scale. The obtained metal-
dependent, period–Wesenheit relations are compared with recent results in the literature and applied to a sample of
Gaia Early Data Release 3 Galactic Cepheids with known metal abundances to derive individual parallaxes. The
comparison of these predictions with Gaia results is finally discussed.

Unified Astronomy Thesaurus concepts: Cepheid variable stars (218); Pulsating variable stars (1307); Cepheid
distance (217); Distance indicators (394)

Supporting material: figure sets, machine-readable tables

1. Introduction

The application of the classical Cepheid (CC) period–
luminosity (PL) and period–luminosity–color (PLC) relations
to the calibration of the cosmic distance scale represents one of
the most important examples of a connection between stellar
and extragalactic astrophysics. This stellar route to the
extragalactic distance ladder has drawn renewed interest in
the last few years thanks to the results of the Gaia mission
providing the most accurate distance determinations obtained
so far for more than 1% of the Milky Way stellar content (see,
e.g., Gaia Collaboration et al. 2021) and the resulting Hubble
constant values significantly deviating from early universe
measurements and determinations (see, e.g., Verde et al. 2019;
Riess et al. 2021, 2022, and references therein), despite their
reduced uncertainties.

On this basis, a detailed investigation of the systematic errors
affecting the various rungs of the cosmic distance ladder, in
particular the CC distance scale, is needed. Among the possible
sources of uncertainty, the dependence of the coefficients of the
PL and PLC relations on chemical composition has been tested by
several authors in previous works from both the observational and
the theoretical point of view (see, e.g., Kennicutt et al. 1998;
Macri et al. 2006; Romaniello et al. 2008; Bono et al. 2010;
Freedman & Madore 2011; Shappee & Stanek 2011; Pejcha &

Kochanek 2012; Groenewegen 2013; Kodric et al. 2013;
Fausnaugh et al. 2015; Anderson et al. 2016; Riess et al. 2016;
Wielgórski et al. 2017; Ripepi et al. 2019, 2020; Riess et al. 2022;
Breuval et al. 2021; Ripepi et al. 2021, 2022; Romaniello et al.
2022, and references therein).
As no consensus has yet been reached, despite the

contribution provided by the unprecedented accuracy of Gaia’s
astrometric distances, our team is involved in a project devoted
to the investigation of the effect of metallicity on the CC
distance scale. From the observational point of view, we have
started a long term program called “Cepheid-Metallicity in the
Leavitt Law” (C-MetaLL) to measure directly the metallicity
dependence of CC relations using only Galactic pulsators with
accurate metallicities from high-resolution spectroscopy, in
combination with optical and near-infrared (NIR) photometry
and Gaia parallaxes (Ripepi et al. 2021). From the theoretical
point of view, we are updating the metal-dependent pulsational
scenario predicted by Bono et al. (1999) and Marconi et al.
(2005, 2010) by selecting the same chemical compositions of
the corresponding evolutionary models presented by Hidalgo
et al. (2018), available online,3 and varying simultaneously, for
the first time, the chemical composition, the mass–luminosity
(ML) relation, and the efficiency of superadiabatic convection.
This approach aims to provide a self-consistent framework to
quantify a variety of possible systematic errors that have not
been taken into account so far in the use of CCs as primary
distance indicators as well as young stellar population tracers.
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The organization of this paper is as follows. In Section 2, we
present the new model sets. The results, including the
instability strip (IS) boundaries, the period, shape and
amplitude of light and radial velocity curves, and the period–
radius (PR) and the period–mass–radius (PMR) relations, are
presented in Section 3. The transformation of the bolometric
light curves into the photometric filters, the derivation of mean
magnitudes and colors, and in turn, of multiband PLC, period–
Wesenheit (PW) and metal-dependent period–Wesenheit
(PWZ) relations, are presented in Sections 4 and 5, respec-
tively. The application of the derived PWZ relation in the Gaia
bands to a sample of Gaia Early Data Release 3 (EDR3) CCs to
derive theoretical parallaxes and in turn investigate the Gaia
zero-point offset is presented in Section 6. Finally, the
conclusions and a discussion of some future developments
close the paper.

2. Extended Set of Pulsation Models

By adopting the same approach and the same physical and
numerical assumptions as De Somma et al. (2020b) but varying
the chemical composition, we built an extended and detailed
grid of nonlinear convective pulsation models. We investigated
the full amplitude behavior of the computed models in both the
fundamental (F) and the first overtone (FO) modes. The new
adopted chemical compositions are Z= 0.004 and Y= 0.25,
Z= 0.008 and Y= 0.25, and Z= 0.03 and Y= 0.28.

For each chemical composition, a wide mass range is
adopted (from 3 to 11 Me with a step of 1 Me), and for each
mass, three luminosity levels were considered in order to
predict the effect of the ML relation on the CC properties. In
particular, a canonical luminosity level, i.e., models computed

by neglecting core convective overshooting, rotation, and mass
loss, labeled “case A”, and two noncanonical luminosity levels,
obtained by increasing the canonical luminosity level by
D Llog( /Le)= 0.2 dex and D Llog( /Le)= 0.4 dex, labeled
“case B” and “case C”, respectively, were adopted. For each
combination of chemical composition, mass, and luminosity, a
wide range of effective temperatures (roughly from 3600 to
7200 K with a step of 100 K) and three values of the mixing
length parameter describing convective efficiency, namely
αml= 1.5, 1.7, and 1.9, were taken into account. All the
adopted parameters are reported in the first seven columns of
Tables 1 and 2 for the F and FO-mode models, respectively.
These tables are available in their entirety in machine-

readable format. The behavior of the predicted pulsation
relation connecting the period to M, L, and Te and of the IS
boundaries when varying the chemical composition was
investigated by De Somma et al. (2021a), as well as the new
theoretical metal-dependent period–age and period–age–color
relations and their application to observational data (see De
Somma et al. 2021a, for details).
The combination of these new model sets with the already

published framework for Z= 0.02 and Y= 0.28 (see De
Somma et al. 2020a, 2020b; Marconi et al. 2020; De Somma
et al. 2021b) provides a theoretical scenario that simultaneously
takes into account several possible sources of systematic effects
in the prediction of CC pulsation properties and distance scale.

3. New Theoretical Results

As a result of nonlinear hydrodynamic computations, we
obtained the full amplitude behavior of the investigated models in
the first three radial modes. We found 696 F-mode, 110 FO-mode,

Table 1
Intrinsic Stellar Parameters of the Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, and Z = 0.03 and Y = 0.28 Computed F-mode Models

Z Y M/Me L Llog( ) Teff (K) αml ML P (days) Rlog( /Re)

0.004 0.25 3.0 2.49 5900 1.5 A 1.46027 1.230
0.004 0.25 3.0 2.49 6000 1.5 A 1.38159 1.217
0.004 0.25 3.0 2.49 6000 1.7 A 1.38248 1.215
0.008 0.25 3.0 2.39 6000 1.5 A 1.15407 1.166
0.008 0.25 3.0 2.59 5700 1.5 B 2.00247 1.307
0.008 0.25 3.0 2.59 5800 1.5 B 1.88759 1.295
0.03 0.28 4.0 2.68 5400 1.5 A 2.42133 1.398
0.03 0.28 4.0 2.68 5500 1.5 A 2.28760 1.383
0.03 0.28 4.0 2.68 5600 1.5 A 2.14887 1.367

(This table is available in its entirety in machine-readable form.)

Table 2
Intrinsic Stellar Parameters of the Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, and Z = 0.03 and Y = 0.28 Computed FO-mode Models

Z Y M/Me L Llog( ) Teff (K) αml ML P (days) Rlog( /Re)

0.004 0.25 3.0 2.49 6100 1.5 A 0.96086 1.202
0.004 0.25 3.0 2.49 6200 1.5 A 0.91345 1.190
0.004 0.25 3.0 2.49 6300 1.5 A 0.86753 1.176
0.008 0.25 3.0 2.39 6100 1.5 A 0.79791 1.151
0.008 0.25 3.0 2.39 6200 1.5 A 0.75783 1.138
0.008 0.25 3.0 2.39 6300 1.5 A 0.72289 1.126
0.03 0.28 4.0 2.68 6000 1.5 A 1.21353 1.309
0.03 0.28 4.0 2.68 6100 1.5 A 1.15266 1.296
0.03 0.28 4.0 2.68 6200 1.5 A 1.09496 1.282

(This table is available in its entirety in machine-readable form.)
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and 3 second overtone (SO)-mode stable Cepheid pulsation
models for Z= 0.004, 639 F-mode, 126 FO-mode, and 6 SO-
mode stable Cepheid pulsation models for Z= 0.008, and 127
F-mode and 4 stable FO-mode Cepheid pulsation models for
Z= 0.03. Pulsations in the second overtone mode were found
only for a few low mass and metal-poor models, so we decided to
focus only on the first two radial modes. The stable limit cycle
pulsation period and mean radius (as resulting from an averaging
operation of the radius curve), for each model, are reported in the
last two columns of Tables 1 and 2.

3.1. PR and PMR Relations

An important aspect of Cepheid research concerns the use of
CCs to infer stellar radii. According to the so-called pulsation
relation, the period of a variable at a fixed chemical
composition depends on its mean density i.e., on its stellar
mass and radius (PMR relation). As such, independent
estimates of both the period and mean radius provide an
independent evaluation of the Cepheid pulsation mass, and by
neglecting the mass dependence, a PR relation is obtained. In
this work we computed radius curves to derive time-averaged
mean radii that were then correlated with the pulsation periods.
As a result, we could obtain updated PR relations for both the F
and FO models, varying the chemical composition, the
assumed ML relation, and the efficiency of superadiabatic
convection. The coefficients of the inferred relations are
reported in Table 3. In Figure 1, the values of the intercept
of our F and FO-mode PR relations (with the associated errors)
are reported on the x-axis and the values of the slope (with the
associated errors) are reported on the y-axis, for Z= 0.004
(black dots), Z= 0.008 (light blue dots), Z= 0.02 (green dots
taken from De Somma et al. 2020b), and Z= 0.03 (orange dot).
This comparison shows that the effect of a variation in the
chemical composition is almost negligible, thus suggesting the
possibility of deriving a global relation through linear
regression of all the periods and mean radii reported in
Table 4.
We also found (see Figure 2) that a variation in the assumed

efficiency of superadiabatic convection does not significantly
affect the slope and the zero-point of the predicted PR relations.
However, a change of the assumed ML relation from case A to
case C (see Figure 3) makes the PR relation flatter, thus
predicting a smaller radius at a fixed period. The two gray dots
in both Figures 2 and 3 represent the slope and intercept of the
PR relation at Z= 0.02 for canonical F-mode pulsators with
αml= 1.9 and the slope and intercept at Z= 0.03 for canonical
FO-mode pulsators with αml= 1.5. These cases are character-
ized by a very low number of models and the predicted
coefficients are less reliable than the others.
Comparison of the PR relations predicted in this paper with

independent empirical and semiempirical relations available in
the literature are shown in Figures 4, 5, and 6. In Figure 4 we
compared the slope and intercept of our PR relations for
αml= 1.5 and different chemical compositions and ML
assumptions, with the slopes and intercepts and their relative
errors of both the empirical and theoretical PR relations taken
from the literature (see the labels in the plots). The dark gray
and light gray areas are the 1σ error and 3σ error intervals of
the slope and intercept of our theoretical relations, respectively,
used to investigate the agreement between our relations and the

Table 3
Coefficients of the Relation log (R/Re) = a + b Plog for Both F and FO
Cepheids Derived by Adopting Z = 0.004 and Y = 0.25, Z = 0.008 and
Y = 0.25, and Z = 0.03 and Y = 0.28, as a Function of the Assumed αml

Parameter and ML Relation

αml ML a b σa σb R2

Z = 0.004 Y = 0.25

F

1.5 A 1.146 0.703 0.007 0.005 0.9958
1.5 B 1.131 0.690 0.007 0.005 0.9954
1.5 C 1.101 0.690 0.007 0.005 0.9955
1.7 A 1.143 0.708 0.006 0.005 0.9973
1.7 B 1.129 0.692 0.006 0.004 0.9970
1.7 C 1.104 0.687 0.006 0.004 0.9970
1.9 A 1.140 0.714 0.005 0.004 0.9984
1.9 B 1.128 0.694 0.005 0.004 0.9978
1.9 C 1.103 0.687 0.006 0.004 0.9978

FO

1.5 A 1.229 0.754 0.002 0.005 0.999
1.5 B 1.206 0.725 0.012 0.025 0.9800
1.5 C 1.182 0.741 0.003 0.006 0.9997
1.7 A 1.231 0.752 0.002 0.005 0.9993
1.7 B 1.209 0.713 0.014 0.032 0.9749
1.7 C 1.178 0.746 0.007 0.017 0.9989
1.9 A 1.229 0.756 0.002 0.005 0.9995
1.9 B 1.203 0.752 0.003 0.008 0.9995

Z = 0.008 Y = 0.25

F

1.5 A 1.153 0.703 0.006 0.005 0.9966
1.5 B 1.137 0.690 0.006 0.004 0.9961
1.5 C 1.105 0.690 0.006 0.004 0.9972
1.7 A 1.154 0.706 0.005 0.004 0.9979
1.7 B 1.137 0.689 0.006 0.004 0.9973
1.7 C 1.111 0.686 0.005 0.004 0.9978
1.9 A 1.151 0.711 0.004 0.004 0.9990
1.9 B 1.133 0.695 0.005 0.004 0.9986
1.9 C 1.115 0.683 0.005 0.003 0.9987

FO

1.5 A 1.239 0.756 0.002 0.004 0.9990
1.5 B 1.216 0.747 0.002 0.006 0.9988
1.5 C 1.193 0.736 0.004 0.009 0.9987
1.7 A 1.239 0.755 0.002 0.005 0.9992
1.7 B 1.215 0.747 0.002 0.006 0.9993
1.7 C 1.194 0.732 0.003 0.008 0.9993
1.9 A 1.241 0.768 0.001 0.007 0.9993
1.9 B 1.214 0.748 0.002 0.014 0.9984
1.9 C 1.220 0.573 0.001 0.003 1.0000

Z = 0.03 Y = 0.28

F

1.5 A 1.161 0.699 0.004 0.003 0.9988
1.5 B 1.145 0.676 0.005 0.004 0.9979
1.5 C 1.125 0.669 0.006 0.004 0.9975
1.7 A 1.157 0.701 0.003 0.003 0.9997
1.7 B 1.140 0.679 0.005 0.004 0.9991
1.7 C 1.122 0.670 0.005 0.003 0.9990

FO

1.5 A 1.257 0.624 0.001 0.013 0.9992
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ones from the literature. Better agreement is seen when the A or
B cases for Z= 0.004 and the B case for Z= 0.008 are adopted.
At the highest metal abundances, Z= 0.02 and Z= 0.03, it is
more difficult to identify the best ML case as the independent
values in the literature are spread over wider ranges, even
though the canonical A case seems to be globally less in
agreement than B and C.
In Figure 5 the F-mode PR relations for Z= 0.004 (upper

panels), Z= 0.008 (middle panels), and Z= 0.02 (bottom
panels) derived by Bono et al. (1998) are subtracted from the
ones derived in this paper for the A and B ML relation cases.
The agreement is good, as easily expectable considering the
adoption of the same hydrodynamical code. We performed this
check only to account for the inclusion of a much finer model
grid and a slightly different ML relation in the current paper.
In Figure 6 the PR relations for Z= 0.006 (light blue

symbols) and Z= 0.002 (orange symbols) provided by
Anderson et al. (2016), are subtracted from the ones obtained
in this work for Z= 0.004 and αml= 1.5, as a function of the
pulsational period and for various assumptions on the ML
relation (see labels). We noticed that a better agreement is
obtained with predictions for Z= 0.006 than for Z= 0.002.
Moreover, as the Anderson et al. (2016) results are based on
brighter models (noncanonical ML relations) which include
both overshooting and rotation, we found general better

Figure 1. Intercept (a) and the slope (b) of the fitted canonical F and FO-mode PR relations, for a fixed mixing length parameter of αml = 1.5 for Z = 0.004 and
Y = 0.25 (black dots), Z = 0.008 and Y = 0.25 (light blue dots), Z = 0.02 and Y = 0.28 (green dots), and Z = 0.03 and Y = 0.28 (orange dot). The coefficients of the
FO-mode pulsators are not shown for Z = 0.03 because the models were too few to allow for an accurate regression.

Table 4
Coefficients of the Relation log (R/Re) = a + b Plog for Both F and FO

Cepheids Derived by Using All the Models as a Function of the Assumed αml

Parameter and ML Relation

αml ML a b σa σb R2

F

1.5 A 1.148 0.703 0.003 0.002 0.9972
1.5 B 1.134 0.686 0.003 0.002 0.9964
1.5 C 1.103 0.687 0.004 0.003 0.9965
1.7 A 1.145 0.708 0.003 0.003 0.9978
1.7 B 1.132 0.689 0.003 0.002 0.9972
1.7 C 1.104 0.687 0.003 0.002 0.9976
1.9 A 1.142 0.715 0.003 0.003 0.9986
1.9 B 1.127 0.696 0.003 0.003 0.9982
1.9 C 1.104 0.688 0.003 0.002 0.9983

FO

1.5 A 1.238 0.740 0.003 0.008 0.9921
1.5 B 1.215 0.726 0.004 0.011 0.9903
1.5 C 1.193 0.729 0.003 0.007 0.9981
1.7 A 1.237 0.754 0.001 0.004 0.9989
1.7 B 1.214 0.721 0.005 0.014 0.9887
1.7 C 1.190 0.733 0.004 0.011 0.9976
1.9 A 1.235 0.754 0.002 0.006 0.9985
1.9 B 1.210 0.742 0.002 0.009 0.9982
1.9 C 1.212 0.621 0.002 0.012 0.9992

4

The Astrophysical Journal Supplement Series, 262:25 (50pp), 2022 September De Somma et al.



Figure 2. Intercept (a) and the slope (b) of the fitted canonical F and FO-mode PR relations for Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, Z = 0.02 and
Y = 0.28 (taken from De Somma et al. 2020b), and Z = 0.03 and Y = 0.28 as a function of the mixing length parameter (see the main text and labels for more details).

Figure 3. Intercept (a) and the slope (b) of the fitted F and FO-mode PR relations for Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, Z = 0.02 and Y = 0.28 (taken
from De Somma et al. 2020b), and Z = 0.03 and Y = 0.28 for a fixed mixing length parameter of αml = 1.5, and as a function of the various assumptions about the ML
relation (see the main text and labels for more details).
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agreement with the Anderson et al. (2016) relations when
considering our noncanonical (cases B and C ML relations) PR
relations for both F and FO-modes.

If the width in temperature of the IS is neglected, the
pulsation relation connecting the period of a variable, at a fixed
chemical composition, to the stellar mass, luminosity, and
effective temperature, can be converted into a PMR relation.
This means that independent estimates of both periods and
mean radii provide an independent evaluation of Cepheid mass.
Theoretical PMR relations are reported in Table 5. Inspection
of this table suggests that the PMR relation depends on the
assumed ML relation and, marginally, on the adopted metal
content. In particular, for a short period variable (e.g.,

=Plog 0.3) with Z= 0.004, the predicted mean radius
decreases by 1.4% from case A to B and by about 5% from
case A to C. For a long period variable (e.g., =Plog 1.8) at the
same metallicity, the variation in the predicted mean radius
decreases by up to 7% moving from case A to B and by up to
9% moving from case A to C. On the other hand, for canonical
radii, an increase in the metal content from Z= 0.004 to
Z= 0.008 and finally to Z= 0.03 leads to a variation that
ranges from 0.5% to almost 4%. Similar results on the

metallicity dependence were obtained for the noncanonical
models. Similar to what is shown for the PR relation, we also
derived cumulative PMR relations including all the chemical
compositions but assumimg various αml values and ML
relations. The coefficients are reported in Table 6.

3.2. Period–Luminosity–Mass–Effective-temperature Relations

The pulsation relation derived from the combination of the
definition of the pulsation period as a function of the stellar
mean density (period–density relation) and the Stefan–
Boltzmann law, is a period–luminosity–mass–effective-temp-
erature (hereinafter PLMT) relation, crucially connecting the
characteristic oscillation time to the structural parameters
resulting from stellar evolution. We combined all the
parameters reported in Tables 1 and 2 to derive new PMLT
relations (see Table 7) for each assumed chemical composition
and both pulsation modes. As a result, we found that F periods
show a small correlation with the assumed metal content at a
fixed mass, luminosity, and effective temperature, whereas no
significant dependence is found for the FO models. On this
basis, we also derived metal-dependent PLMT relations

Figure 4. Intercept (a) and the slope (b) of the fitted theoretical PR relations for the F-mode pulsators and αml = 1.5 are compared to independent results available in
the literature. The different panels show the results for different metallicity values, increasing from top (Z = 0.004) to bottom (Z = 0.03), and different cases for the
assumed ML relation: A (left panels), B (middle panels), and C (right panels). In each panel, a (x-axis) and b (y-axis) with their uncertainties for all the considered
assumptions are plotted. The theoretical results of this work are indicated with black symbols, while the literature results are plotted using different colors (see the
labels). The dark and light gray areas indicate the 1σ error and 3σ intervals, respectively, of the a and b values of our PR relations.
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(hereinafter called PLMTZ relations) for F-mode models only.
The coefficients and the intrinsic dispersion of the PLMTZ
relations derived by varying the efficiency of the superadiabatic
convection are reported in Table 8. We noticed that the effect

of a variation in the mixing length parameter is negligible
within the errors, thus confirming previous results obtained for
solar chemical composition models (see De Somma et al.
2020b).

Figure 5. This figure shows the residuals, obtained by subtracting the PR relations for F pulsators provided by Bono et al. (1998) from the ones derived in this work,
chosen as fiducial lines, as a function of the pulsational period. In the top, central, and bottom panels, the results for Z = 0.004, Z = 0.008, and Z = 0.02 are shown,
respectively. In each panel, different ML assumptions are represented with different colors: light blue dots for the canonical case A, and orange dots for the
noncanonical case B.
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Figure 6. As in Figure 5, but subtracting the PR relations for Z = 0.006 and Z = 0.002 provided by Anderson et al. (2016), from the one obtained in this work for
Z = 0.004 and αml = 1.5, as a function of the pulsational period. The top and bottom panels show the results for the F and FO-mode pulsators, respectively. The left
panels contain the results for the canonical case A while the central and right panels contain the results for the noncanonical cases B and C, respectively. In each panel,
the residuals for Z = 0.006 and Z = 0.002 are plotted using light blue and orange dots, respectively.

Table 5
Coefficients of the Relation log R/Re = a + b log P + c log M for Both F and FO Cepheids Derived by Adopting Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25,

and Z = 0.03 and Y = 0.28 as a Function of the Assumed αml Parameter and ML Relations

αml ML a b c σa σb σc R2

Z = 0.004 Y = 0.25

F

1.5 A 0.893 0.520 0.541 0.009 0.006 0.018 0.9997
1.5 B 0.918 0.511 0.536 0.009 0.008 0.022 0.9994
1.5 C 0.948 0.515 0.503 0.009 0.010 0.027 0.9992
1.7 A 0.893 0.521 0.538 0.009 0.007 0.019 0.9998
1.7 B 0.909 0.506 0.550 0.009 0.008 0.022 0.9996
1.7 C 0.943 0.515 0.505 0.009 0.009 0.027 0.9995
1.9 A 0.884 0.517 0.551 0.011 0.009 0.024 0.9999
1.9 B 0.893 0.494 0.585 0.011 0.010 0.028 0.9997
1.9 C 0.930 0.506 0.533 0.010 0.010 0.030 0.9996

FO

1.5 A 0.720 0.365 0.988 0.061 0.044 0.117 0.9961
1.5 B 0.815 0.418 0.873 0.080 0.065 0.178 0.9920
1.5 C 1.072 0.636 0.288 0.022 0.021 0.056 1.0000
1.7 A 1.013 0.594 0.418 0.011 0.008 0.021 1.0000
1.7 B 0.709 0.335 1.105 0.097 0.076 0.214 0.9922
1.7 C 0.973 0.550 0.539 0.031 0.030 0.082 1.0000
1.9 A 1.000 0.586 0.441 0.029 0.022 0.056 0.9999
1.9 B 1.021 0.595 0.409 0.007 0.006 0.016 1.0000

Z = 0.008 Y = 0.25

F

1.5 A 0.907 0.542 0.490 0.008 0.005 0.016 0.9997
1.5 B 0.913 0.525 0.513 0.010 0.007 0.021 0.9994
1.5 C 0.956 0.543 0.437 0.010 0.009 0.027 0.9993
1.7 A 0.899 0.537 0.505 0.010 0.006 0.019 0.9999
1.7 B 0.881 0.503 0.581 0.010 0.007 0.023 0.9997
1.7 C 0.948 0.534 0.460 0.010 0.009 0.028 0.9995
1.9 A 0.898 0.538 0.501 0.014 0.010 0.028 0.9999
1.9 B 0.865 0.492 0.612 0.016 0.012 0.037 0.9998
1.9 C 0.917 0.509 0.539 0.015 0.014 0.042 0.9997
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3.3. New Predicted IS

As a result of the integration of the nonlinear system of
hydrodynamic equations, the limit cycle stability of each
selected pulsation model was obtained and the topology of
the IS for the aforementioned chemical compositions was
derived. The effective temperatures of the inferred F and FO
boundaries are reported in Tables 25, 26, and 27, for Z=
0.004, Z= 0.008, and Z= 0.03, respectively, in Appendix A.

In each table, columns from 1 to 8 report the mass, the
luminosity level, the adopted mixing length parameter, the
ML label, and the effective temperatures for the first
overtone blue edge (FOBE), the fundamental blue edge
(FBE), the first overtone red edge (FORE), and the
fundamental red edge (FRE).
A linear regression of the inferred boundary effective

temperature values, as a function of the luminosity level, for
different assumptions of the αml parameter, provides the relations
reported in Tables 9, 10, and 11, for the F and FO-mode,
respectively, and varying the metal abundance from Z= 0.004 to
Z= 0.03. The quadratic fit of the F-mode boundaries provides the
relations reported in Tables 12, 13, and 14.
Figure 7 shows the linear relations for the predicted

boundaries, at the labeled chemical compositions, varying both
the superadiabatic convective efficiency (left panels) and the
ML assumption (right panels). These plots show that, in
agreement with previous investigations (Bono et al.
1997, 1999) based on an earlier version of the same
hydrodynamical code and an older version of the ML relation,
a change in the chemical composition does significantly affect
the topology of the IS. Indeed, as the metallicity increases from
Z= 0.004 to Z= 0.03, at each fixed mixing length parameter
and ML relation, the strip gets redder. The width of the IS
decreases as the efficiency of superadiabatic convection
increases. This is particularly evident for the FO-mode that
becomes less and less efficient until it disappears at supersolar
metallicity (Z= 0.03) for αml= 1.9. This occurrence is related
to both a significant decrease of the hydrogen abundance that
reduces the efficiency of the more external FO-mode pulsation,
and to the increased opacity related to the iron peak that
enhances the convective efficiency and its damping effect on
pulsation.
However, other authors (see, e.g., Anderson et al. 2016)

found a lower dependence of IS morphology on chemical
composition based on linear nonadiabatic pulsation models.

Table 5
(Continued)

αml ML a b c σa σb σc R2

FO

1.5 A 1.012 0.595 0.416 0.009 0.006 0.016 1.0000
1.5 B 1.037 0.612 0.370 0.010 0.007 0.020 0.9999
1.5 C 1.045 0.617 0.351 0.009 0.007 0.021 1.0000
1.7 A 0.996 0.586 0.441 0.016 0.011 0.030 0.9999
1.7 B 1.025 0.600 0.397 0.009 0.007 0.018 1.0000
1.7 C 1.033 0.603 0.382 0.012 0.010 0.029 1.0000
1.9 A 1.020 0.611 0.397 0.019 0.013 0.034 1.0000
1.9 B 1.017 0.595 0.410 0.018 0.015 0.038 0.9999

Z = 0.03 Y = 0.28

F

1.5 A 0.886 0.545 0.500 0.019 0.011 0.035 0.9997
1.5 B 0.901 0.522 0.522 0.016 0.010 0.034 0.9995
1.5 C 0.960 0.434 0.537 0.012 0.030 0.009 0.9994
1.7 A 0.864 0.537 0.531 0.038 0.072 0.023 0.9999
1.7 B 0.853 0.617 0.494 0.028 0.061 0.018 0.9998
1.7 C 0.962 0.419 0.542 0.020 0.053 0.016 0.9996

Table 6
Coefficients of the Relation log R/Re = a + b log P + c log M for Both F and
FO Cepheids Derived by Using All the Models as a Function of the Assumed

αml Parameter and ML Relation

αml ML a b c σa σb σc R2

F

1.5 A 0.916 0.554 0.460 0.008 0.005 0.015 0.9994
1.5 B 0.915 0.527 0.506 0.007 0.005 0.015 0.9991
1.5 C 0.954 0.539 0.446 0.006 0.006 0.018 0.9990
1.7 A 0.916 0.552 0.465 0.011 0.007 0.022 0.9994
1.7 B 0.896 0.512 0.550 0.009 0.007 0.020 0.9994
1.7 C 0.949 0.538 0.451 0.007 0.007 0.021 0.9993
1.9 A 0.930 0.564 0.435 0.012 0.008 0.024 0.9997
1.9 B 0.909 0.524 0.518 0.011 0.009 0.027 0.9995
1.9 C 0.941 0.534 0.468 0.010 0.009 0.028 0.9995

FO

1.5 A 0.924 0.531 0.577 0.026 0.018 0.047 0.9974
1.5 B 0.957 0.549 0.539 0.030 0.022 0.063 0.9963
1.5 C 1.057 0.626 0.322 0.006 0.005 0.014 0.9999
1.7 A 1.048 0.623 0.348 0.009 0.007 0.017 0.9999
1.7 B 0.909 0.512 0.639 0.048 0.034 0.100 0.9953
1.7 C 1.041 0.611 0.361 0.007 0.006 0.017 0.9999
1.9 A 1.031 0.613 0.379 0.010 0.007 0.018 0.9999
1.9 B 1.055 0.626 0.331 0.010 0.007 0.020 0.9999
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To test the accuracy of our predictions, in Figure 8 we
compared our theoretical boundaries for Z= 0.004,
Z= 0.008, and Z= 0.02 with available Cepheid data with
Gaia parallaxes. In particular, we adopted Gaia DR2 for the
SMC and LMC assuming a mean distance modulus of
μ= 18.977 mag (Graczyk et al. 2020) and μ= 18.48 mag
(Pietrzyński et al. 2019), respectively. On the other hand, the
boundaries for Z= 0.02 were compared with Cepheids with
Gaia EDR3 individual distances based on parallaxes with
relative errors better than 10%. We noted that the agreement
is generally good with a slightly better match for ML case A
with αml= 1.7 for the Magellanic Clouds, at least for the
assumed distance moduli. For the Milky Way the situation is
more confused but the best agreement seems to be obtained
for the canonical ML relation with αml= 1.5 for the blue
boundary and αml= 1.7 for the red boundary. The possibility
that the assumed αml value varies across the IS was already
discussed in previous papers (Di Criscienzo et al. 2004;
Fiorentino et al. 2007).

3.4. New Atlas of Light and Radial Velocity Curves

The computation of nonlinear pulsation models allowed us
to predict variations of all relevant quantities, namely the
luminosity, radius, radial velocity, surface temperature, and
gravity along a model pulsation cycle. The bolometric light
curves for a sequence of canonical models listed in Tables 25
to 27 (shown in Appendix A) are shown in the left panels of
Figures 9–11 for each labeled mass, luminosity, and mixing
length parameter (labels at the top of each plot). The radial
velocity curves of these models are represented in the right
panels of the same plots. In these figures dotted lines refer to
the few inferred SO-mode models, dashed lines correspond to
FO-mode models, whereas solid lines represent F-mode
models. The model period, in days, and the effective
temperature, in kelvin, are also reported in the left and right
panels, respectively. The entire atlas of light and radial
velocity curves is available in the online-only figure sets. We
noticed that in agreement with previous investigations (see,

Table 7
Coefficients of the PMLT Relations Plog = a+b Tlog eff + c log (M/Me) + d L Llog( ) for Both F and FO Pulsators as a Function of the Assumed αml Parameter

for Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, and Z = 0.03 and Y = 0.28

αml a b c d σa σb σc σd R2

Z = 0.004 Y = 0.25

F

1.5 10.711 −3.315 −0.776 0.918 0.109 0.028 0.017 0.005 0.9990
1.7 10.699 −3.312 −0.788 0.921 0.104 0.026 0.014 0.005 0.9995
1.9 10.764 −3.327 −0.791 0.919 0.124 0.031 0.014 0.005 0.9996

FO

1.5 12.042 −3.636 −0.574 0.799 0.271 0.325 0.112 0.037 0.9867
1.7 11.590 −3.524 −0.677 0.828 0.385 0.352 0.102 0.036 0.9929
1.9 11.182 −3.410 −0.591 0.801 0.434 0.111 0.023 0.009 0.9999

Z = 0.008 Y = 0.25

F

1.5 10.482 −3.254 −0.773 0.920 0.103 0.026 0.017 0.005 0.9991
1.7 10.588 −3.283 −0.777 0.922 0.110 0.028 0.015 0.005 0.9995
1.9 11.077 −3.405 −0.770 0.911 0.184 0.046 0.017 0.007 0.9996

FO

1.5 10.880 −3.337 −0.622 0.816 0.122 0.031 0.009 0.003 0.9999
1.7 10.927 −3.348 −0.622 0.813 0.223 0.057 0.014 0.005 0.9998
1.9 10.774 −3.300 −0.618 0.802 0.302 0.077 0.014 0.006 0.9998

Z = 0.03 Y = 0.28

F

1.5 10.414 −3.227 −0.765 0.918 0.119 0.029 0.023 0.008 0.9998

Table 8
Coefficients of the PMLTZ Relations Plog = a+b Tlog eff + c log (M/Me) + d L Llog( ) + e [Fe/H] for Both F and FO Pulsators as a Function of the Assumed αml

Parameter Obtained by Using All the Computed Models for Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, Z = 0.02 and Y = 0.25, and Z = 0.03 and Y = 0.28

αml a b c d e σa σb σc σd σe R2

F

1.5 10.513 −3.255 −0.772 0.919 0.046 0.054 0.014 0.009 0.003 0.002 0.9993
1.7 10.663 −3.295 −0.780 0.919 0.043 0.071 0.018 0.009 0.003 0.002 0.9995
1.9 10.891 −3.351 −0.783 0.914 0.036 0.107 0.027 0.011 0.004 0.003 0.9996
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e.g., Bono et al. 2000a), the morphology and amplitude of
both the light and radial velocity curves are affected by a
variation in the metal and helium abundances, as well as by
the location inside the IS. We also noticed a general decrease
in the pulsation amplitude as the metallicity increases, due to
the increased contribution of opacity to convection. Quite
interestingly, within the period range of 6< P< 16 days, the
CCs show the Hertzsprung progression phenomenon, i.e., the
evolution of the position in phase of the secondary maximum
(bump) in both the light and radial velocity curves as a
function of the pulsation period (Hertzsprung 1926; Bono
et al. 2000b). As expected, based on previous theoretical
studies for 0.004< Z< 0.02 (see, e.g., Bono et al. 2000b), an
analysis of Figures 9, 10, and 11 suggests that an increase in
the metal content causes a shift of the Hertzsprung
progression (HP) center (defined as the period at which the
secondary bump reaches the same brightness as the primary
one during its evolution from the decreasing to the rising
branch of the curve) toward shorter periods. For example,
passing from Z= 0.004 to Z= 0.008 and finally to Z= 0.02

for an M/Me = 7 model, the period corresponding to the HP
center, in the case of canonical models, moves from about
11.4 to about 10.3 and finally decreases to about 7.5 days. A
detailed investigation of the dependence on metallicity of the
period corresponding to the HP center will be the subject of a
future work (M. Marconi et al. 2022, in preparation).

4. Predicted Multifilter Light Curves

To facilitate observational comparisons, the bolometric light
curves obtained from the nonlinear model computations have
been transformed into various photometric filters, namely the
three Gaia bands G, GBP, and GRP, the HST-WFC3 filters
F110W, F160W, F814W, F125W, F475W, F606W, and
F555W, and the Johnson–Cousins (JC) bands U, B, V, R, J,
H, and K by adopting PHOENIX model atmospheres (Chen
et al. 2019). The complete multifilter atlas, obtained by varying
the chemical composition, the ML relation, and the efficiency
of superadiabatic convection, is available on Zenodo at doi:
10.5281/zenodo.6769198.

Table 9
Coefficients of the Linear Relation Tlog eff = a+b L Llog( ) for the Boundaries of the F and FO-mode IS for Z = 0.004 and Y = 0.25 by Varying Both the ML

Relation and the Mixing Length Parameter

αml ML a b σa σb R2

FOBE

1.5 A 3.941 −0.044 0.012 0.004 0.9796
1.5 B 3.945 −0.045 0.005 0.002 0.9988
1.7 A 3.971 −0.054 0.007 0.002 0.9963
1.7 B 3.970 −0.054 0.014 0.005 0.9932
1.9 A 3.961 −0.052 0.017 0.005 0.9791
1.9 B 3.966 −0.055 0.014 0.005 0.9931

FBE

1.5 A 3.825 −0.016 0.012 0.003 0.8717
1.5 B 3.849 −0.022 0.011 0.003 0.8879
1.5 C 3.889 −0.033 0.010 0.003 0.9589
1.7 A 3.842 −0.020 0.009 0.002 0.9075
1.7 B 3.876 −0.029 0.013 0.003 0.9188
1.7 C 3.911 −0.038 0.008 0.002 0.9803
1.9 A 3.873 −0.028 0.013 0.004 0.9009
1.9 B 3.895 −0.034 0.011 0.003 0.9565
1.9 C 3.924 −0.042 0.005 0.001 0.9939

FORE

1.5 A 3.844 −0.026 0.043 0.013 0.5588
1.5 B 3.888 −0.042 0.099 0.032 0.6320
1.7 A 3.870 −0.031 0.046 0.015 0.6807
1.7 B 3.894 −0.041 0.097 0.031 0.6321
1.9 A 3.882 −0.033 0.031 0.010 0.8443
1.9 B 3.867 −0.028 0.058 0.019 0.6879

FRE

1.5 A 3.958 −0.074 0.014 0.004 0.9814
1.5 B 3.937 −0.069 0.033 0.009 0.9031
1.5 C 3.762 −0.021 0.073 0.018 0.7445
1.7 A 3.941 −0.064 0.011 0.003 0.9840
1.7 B 3.949 −0.069 0.014 0.004 0.9819
1.7 C 3.825 −0.035 0.069 0.017 0.3785
1.9 A 3.920 −0.055 0.007 0.002 0.9918
1.9 B 3.950 −0.065 0.015 0.004 0.9758
1.9 C 3.860 −0.042 0.061 0.015 0.5236
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4.1. Mean Magnitudes, Colors, and Pulsation Amplitudes

From the transformed light curves, we derived the intensity-
weighted mean magnitudes and the pulsation amplitudes
reported in Tables 15–18 for various filter combinations and
two pulsation modes. The mean colors are obtained as the
difference between couples of mean magnitudes and used to
derive the PLC and PW relations (see the next section). In

Figure 14 shown in Appendix B, the predicted multifilter
amplitudes are plotted as a function of the pulsation period for
F-mode (right panels) and FO-mode (left panels) models for the
labeled metal contents, assuming the case A (canonical) ML
relation and αml= 1.5. We notice that, in agreement with
previous theoretical results (see, e.g., Bono et al. 2000a), the
pulsation amplitudes tend to decrease as the metallicity

Table 10
Coefficients of the Linear Relation Tlog eff = a+b L Llog( ) for the Boundaries of the F and FO-mode IS for Z = 0.008 and Y = 0.25 by Varying Both the ML

Relation and the Mixing Length Parameter

αml ML a b σa σb R2

FOBE

1.5 A 3.916 −0.037 0.021 0.007 0.9073
1.5 B 3.969 −0.054 0.013 0.004 0.9932
1.7 A 3.949 −0.048 0.020 0.006 0.9506
1.7 B 3.965 −0.054 0.014 0.005 0.9932
1.9 A 3.936 −0.044 0.024 0.009 0.9626

FBE

1.5 A 3.833 −0.020 0.012 0.003 0.8362
1.5 B 3.865 −0.029 0.017 0.005 0.8444
1.5 C 3.905 −0.040 0.013 0.003 0.9527
1.7 A 3.888 −0.035 0.020 0.005 0.8745
1.7 B 3.910 −0.041 0.024 0.006 0.8601
1.7 C 3.921 −0.044 0.012 0.003 0.9660
1.9 A 3.934 −0.048 0.025 0.007 0.8960
1.9 B 3.942 −0.051 0.020 0.005 0.9288
1.9 C 3.967 −0.058 0.012 0.003 0.9802

FORE

1.5 A 3.864 −0.034 0.029 0.009 0.8122
1.5 B 3.879 −0.039 0.078 0.026 0.6879
1.7 A 3.870 −0.034 0.029 0.009 0.8123
1.7 B 3.885 −0.038 0.076 0.025 0.6879
1.9 A 3.869 −0.029 0.040 0.014 0.8073

FRE

1.5 A 3.975 −0.081 0.014 0.004 0.9839
1.5 B 3.987 −0.087 0.022 0.006 0.9692
1.5 C 3.857 −0.050 0.058 0.015 0.6218
1.7 A 3.965 −0.072 0.011 0.003 0.9899
1.7 B 3.993 −0.084 0.026 0.007 0.9540
1.7 C 3.900 −0.058 0.050 0.013 0.7475
1.9 A 3.930 −0.058 0.009 0.002 0.9899
1.9 B 3.962 −0.069 0.015 0.004 0.9778
1.9 C 3.943 −0.066 0.038 0.010 0.8726

Table 11
Coefficients of the Linear Relation Tlog eff = a+b L Llog( ) for the Boundaries of the F-mode IS for Z = 0.03 and Y = 0.28 by Varying Both the ML Relation and

the Mixing Length Parameter

αml ML a b σa σb R2

FBE

1.5 A 3.979 −0.070 0.007 0.002 0.9953
1.5 B 3.976 −0.070 0.009 0.002 0.9937

FRE

1.5 A 4.009 −0.096 0.015 0.004 0.9892
1.5 B 4.048 −0.111 0.013 0.004 0.9940
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increases. Moreover, the F-mode amplitudes show a linear trend
with the pulsation periods at the lowest luminosity levels. On the
other hand, at higher luminosities, in a range where the FO-mode
pulsation is no more efficient, the F-mode amplitudes show the
same bell shape displayed by the FO models at lower luminosity
levels. Figures 15–21 shown in Appendix B display the effect of
a variation of αml (left panels) and the assumed ML relation
(right panels) for all the chemical compositions and the F and

FO-mode models, in the same filters as Figure 14, shown in
Appendix B. We notice that independent of the assumed
abundances, the predicted pulsation amplitudes decrease as αml

increases, down to the total quenching of pulsations for the more
metallic FO sets at α= 1.9 and F amplitude values close to zero
for Z= 0.03 at αml= 1.7. On the other hand, the main effect of a
variation of the ML relation is a shift of the covered period
range, in both pulsation modes, to longer values, as the ML

Table 12
Coefficients of the Quadratic Relation Tlog eff = a+b L Llog( ) +c ( L Llog( ) )2 for the Boundaries of the F-mode IS for Z = 0.004 and Y = 0.25 by Varying Both

the ML Relation and the Mixing Length Parameter

αml ML a b c σa σb σc R2

FBE

1.5 A 3.708 0.054 −0.010 0.057 0.034 0.005 0.9003
1.5 B 3.681 0.072 −0.013 0.033 0.018 0.003 0.9791
1.5 C 3.740 0.047 −0.010 0.040 0.021 0.003 0.9878
1.7 A 3.734 0.045 −0.009 0.033 0.019 0.003 0.9676
1.7 B 3.674 0.084 −0.015 0.010 0.005 0.001 0.9989
1.7 C 3.847 −0.004 −0.004 0.053 0.028 0.004 0.9842
1.9 A 3.702 0.074 −0.015 0.039 0.023 0.003 0.9766
1.9 B 3.788 0.026 −0.008 0.055 0.031 0.004 0.9736
1.9 C 3.885 −0.021 −0.003 0.032 0.017 0.002 0.9951

FRE

1.5 A 3.776 0.035 −0.016 0.046 0.027 0.004 0.9950
1.5 B 4.157 −0.193 0.017 0.202 0.112 0.015 0.9195
1.5 C 4.917 −0.633 0.079 0.196 0.103 0.013 0.9199
1.7 A 3.789 0.026 −0.013 0.034 0.020 0.003 0.9964
1.7 B 3.880 −0.030 −0.005 0.087 0.048 0.007 0.9836
1.7 C 4.728 −0.515 0.062 0.316 0.166 0.021 0.7406
1.9 A 3.851 −0.014 −0.006 0.033 0.019 0.003 0.9953
1.9 B 3.738 0.053 −0.016 0.050 0.028 0.004 0.9940
1.9 C 4.520 −0.392 0.045 0.339 0.178 0.023 0.7108

Table 13
Coefficients of the Quadratic Relation Tlog eff = a+b L Llog( ) +c ( L Llog( ) )2 for the Boundaries of the F-mode IS for Z = 0.008 and Y = 0.25 by Varying Both

the ML Relation and the Mixing Length Parameter

αml ML a b c σa σb σc R2

FBE

1.5 A 3.696 0.065 −0.013 0.044 0.026 0.004 0.9391
1.5 B 3.633 0.106 −0.019 0.061 0.035 0.005 0.9549
1.5 C 3.711 0.066 −0.014 0.046 0.025 0.003 0.9885
1.7 A 3.528 0.171 −0.029 0.066 0.038 0.005 0.9820
1.7 B 3.551 0.166 −0.029 0.044 0.025 0.004 0.9885
1.7 C 3.765 0.041 −0.011 0.056 0.031 0.004 0.9852
1.9 A 3.483 0.211 −0.036 0.069 0.040 0.006 0.9892
1.9 B 3.633 0.128 −0.025 0.030 0.017 0.002 0.9963
1.9 C 3.812 0.027 −0.011 0.056 0.031 0.004 0.9913

FRE

1.5 A 3.806 0.023 −0.015 0.049 0.030 0.004 0.9947
1.5 B 3.891 −0.031 −0.008 0.139 0.080 0.011 0.9715
1.5 C 4.646 −0.481 0.057 0.237 0.128 0.017 0.8691
1.7 A 3.820 0.011 −0.012 0.071 0.040 0.006 0.9946
1.7 B 3.607 0.139 −0.031 0.062 0.036 0.005 0.9939
1.7 C 4.482 −0.376 0.042 0.253 0.137 0.018 0.8674
1.9 A 3.936 −0.061 0.000 0.076 0.043 0.006 0.9899
1.9 B 3.768 0.043 −0.016 0.055 0.031 0.004 0.9929
1.9 C 4.159 −0.184 0.016 0.247 0.133 0.018 0.8873
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relation moves from case A to C. To test these theoretical
predictions we used a sample of Magellanic Cepheids in the
Gaia DR2 database (Gaia Collaboration et al. 2018) for which
amplitudes in the Gaia GBP and GRP bands are available. In
Figures 22–25 shown in Appendix B, we compared the
predicted period–amplitude diagram in the Gaia GBP and GRP

filters at Z= 0.008 and Z= 0.004 to the Gaia LMC and SMC
results, respectively. In each figure, the upper and middle panels
show a comparison between observed and theoretical amplitudes
obtained for the canonical ML relation with αml= 1.5 and 1.7,
respectively, while the bottom panel shows the comparison for
the case B ML relation with αml= 1.5 . In general, we noticed
that the period ranges of the F and FO-mode pulsators are well
reproduced by the canonical models both in the LMC and the
SMC, apart from the lack of observed Cepheids at the longest
predicted periods. Moreover, in the case of Z= 0.008, we
noticed that the combination of a canonical ML relation with
αml= 1.5 tends to predict higher amplitudes than observed, in
particular at the shortest and longest periods, whereas the
assumption of αml= 1.7 seems to reproduce the data better. The
adoption of a brighter ML relation (case B) provides satisfactory
agreement with the amplitudes but seems to predict a period
range shifted toward longer values with respect to the
observations. Similar conclusions can be drawn in the case of
Z= 0.004.

5. Updated PLC and PW Relations in the Optical and NIR
Filters

The obtained intensity-weighted mean magnitudes and colors
are used to derive updated theoretical PLC and PW relations for
different filter combinations by varying the pulsation mode, the
chemical composition, the ML relation, and the αml parameter.
The PL relations are being derived in an accompanying paper (I.
Musella et al. 2022, in preparation) that investigates their
dependence on the Cepheid distribution inside the predicted IS
boundaries, in a variety of photometric bands. Tables 28 and 29
in Appendix C provide the PLC coefficients for F and FO-mode
in the Gaia EDR3 filters (〈G〉= a+b Plog +c(〈GBP〉 − 〈GRP〉)
and HST-WFC filters (〈F160W〉= a+b Plog +c(〈F555W〉 −
〈F814W〉), respectively, while Tables 30 and 31 reported in
Appendix C provide the PLC coefficients for two different JC
filter combinations (〈V〉= a + Pblog +c(〈V〉 − 〈I〉); 〈V〉= a+b

Plog +c(〈V〉− 〈K〉)). The coefficients of the PW relations in the
Gaia EDR3, HST-WFC3, and JC filters are instead reported in
Tables 32–35 in Appendix D. In each of the aforementioned
tables, apart from the chemical composition, we report the αml

parameter, the selected ML case, the coefficients of the relations
with their relative errors, the rms deviation (σ), and the
R-squared (R2) coefficients. To take into account the

nonnegligible metallicity effect on the predicted pulsation
properties, we also derived the first theoretical PWZ relations
for each different assumption of the αml parameter and the ML
relation, for the four adopted filter combinations and the two
pulsation modes. The coefficients are reported in Tables 19–22
(see the table captions for more details). Inspection of these
tables suggests that a small metallicity effect is predicted for the
adopted filter combinations, thus confirming the advantage of
using PW relations instead of simple PL relations to infer the
extragalactic distance scale (see Fiorentino et al. 2007, for
details). Indeed, for an uncertainty of ∼0.1 dex on the metal
abundance of the investigated pulsators, a distance modulus
error depending on the filter, ML, and αml combination, but
generally smaller than 0.02–0.03 mag, is expected.

5.1. Comparison with Published PWZ Relations

The inferred theoretical PWZ relations can be tested against
current empirical determinations in the literature. Some of the
most recent published PWZ relations are listed in Table 23. We
notice that the metallicity coefficient of the PWZ relations
predicted in this paper and reported in Tables 19 and 22 is
significantly smaller than in the corresponding empirical
relations derived by Ripepi et al. (2021) and Ripepi et al.
(2022) for F and fundamentalized FO-mode Galactic Cepheids,
in the Gaia and the V and K filters, respectively. Better
agreement is found between our PWZ relation in the JC V and I
filters (see Table 21) and the relation provided by Breuval et al.
(2021) for a sample of MW, LMC, and SMC CCs. The reason
for the discrepancy between the predicted metallicity effect and
the result by Ripepi et al. could be related to the different
metallicity ranges of the selected observational and model
samples, which deserves further investigation.

5.2. Predicted Distance of the LMC: Effect of the Adopted ML
Relation

To quantify the impact of a variation of the ML relation on
the theoretical distance determinations, we applied the PW
relations obtained for Z= 0.008 to the OGLE catalog of LMC
Cepheids (Soszyński et al. 2017). To evaluate the influence of a
variation of the ML relation on the distance scale based on the
predicted relations and, in turn, on the final theoretically
obtained H0 value, we considered the derived PW relations in
the JC V and I filters for Z= 0.008 with αml= 1.5 and ML
cases A, B, and C. Application of these theoretical PW
relations to the LMC Cepheids provided the distance moduli
reported in Table 24. As expected, a variation of D Llog(
/Le)= 0.2 dex in the assumed ML relation (e.g., between cases
A and B or between cases B and C) produces a variation in the

Table 14
Coefficients of the Quadratic Relation Tlog eff = a+b L Llog( ) +c ( L Llog( ) )2 for the Boundaries of the F-mode IS for Z = 0.03 and Y = 0.28 by Varying Both

the ML Relation and the Mixing Length Parameter

αml ML a b c σa σb σc R2

FBE

1.5 A 3.878 −0.010 −0.009 0.037 0.022 0.003 0.9981
1.5 B 3.957 −0.059 −0.001 0.076 0.042 0.006 0.9937

FRE

1.5 A 3.764 0.049 −0.021 0.052 0.031 0.004 0.9980
1.5 B 3.822 0.016 −0.017 0.059 0.033 0.005 0.9985
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inferred LMC distance modulus of ∼0.1 dex. This exercise
shows that if a variation of the Cepheid ML relation occurred
from galaxy to galaxy, the assumption of a unique calibrating
PW relation could produce systematic errors on the inferred
distances.

6. Predicted Parallaxes of Galactic Cepheids

Following the same approach as De Somma et al. (2020b),
we selected a sample of Galactic Cepheids with available
periods, G, GBP, and GRP magnitudes and Gaia EDR3
parallaxes. After being ensured that the parallax zero-point
offset was corrected according to Lindegren et al. (2021) (see

Ripepi et al. 2021, for details on this procedure), we derived the
predicted distances and parallaxes of each Galactic Cepheid in
the sample through the application of PW relations. In
particular, we considered F and FO-mode Galactic Cepheids
for which the G-band magnitude is higher than 6. Moreover, as
good astrometry is ensured by using sources for which the
renormalized unit weight error (RUWE)4 coefficient is lower
than 1.4 (Ripepi et al. 2021), we made this assumption in the
target selection. The theoretical PWZ relations obtained in

Figure 7. F and FO ISs for Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, Z = 0.02 and Y = 0.28, and Z = 0.03 and Y = 0.28 pulsators for a fixed case A ML
relation for the various assumptions about the superadiabatic convective efficiency (left panels) and at a fixed mixing length parameter of αml = 1.5 for the assumed A,
B, and C ML relations (right panels).

4 Section 14.1.2 of “Gaia Data Release 2 Documentation release 1.2”;
https://gea.esac.esa.int/archive/documentation/GDR2/.
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Section 5 in the Gaia filters were applied to the selected sample
in order to obtain reddening-free individual distances and in
turn theoretical parallaxes, through inversion of the predicted
distances. The theoretical parallaxes were compared with the
corresponding Gaia EDR3 values for the selected stars. The
different panels of Figure 12 show the differences between
theoretical and Gaia parallaxes as a function of Gaia parallaxes
(solid lines) compared with the value estimated for the Gaia
zero-point offset published by Riess et al. (2021).5 The
comparison is shown for each assumption about the mixing
length parameter and the ML relation (see the labels in the plots
for details). From these plots, we can conclude that the
combination of αml and ML that is most consistent with the
value found by Riess et al. (2021) corresponds to the canonical
ML relation (case A models) with αml= 1.7. In order to
quantify the impact of the metallicity term on the inferred
offsets, we repeated the analysis using the theoretical parallaxes
based on the PW relations at a fixed solar metallicity (see
Figure 13). Again we found that the best match with the result
by Riess et al. (2021) is obtained for the canonical ML relation

with αml= 1.7. Moreover, we notice that, for each assumed
efficiency of superadiabatic convection, the agreement with the
offset of Riess et al. (2021) tends to worsen as the ML relation
gets brighter. This occurrence holds independently of the
inclusion of a metallicity term in the PW relation.

7. Conclusions and Future Developments

Based on an extended and detailed grid of nonlinear
convective pulsation models, built by systematically varying
different physical and numerical ingredients, we have presented
an updated metal-dependent theoretical scenario for CCs. By
extending the model set for solar chemical abundances
published by De Somma et al. (2020b), we have computed
new nonlinear convective pulsation models for three additional
chemical compositions, namely Z= 0.004 and Y= 0.25,
Z= 0.008 and Y= 0.25, and Z= 0.02 and Y= 0.28, three
different assumptions about the ML relation, and three adopted
values of αml. From the integration of the nonlinear system of
dynamical and convective equations, we have derived the
modal stability for both F and FO-mode pulsators. As a result,
we have found that:

1. The predicted PMR and PR relations are almost
insensitive to metallicity and the efficiency of

Figure 8. Locations of F and FO-mode pulsators (green plus and blue points, respectively) for Z = 0.004 (upper panels), Z = 0.008 (middle panels), and Z = 0.02
(bottom panels) in the log(P–G) plane. The solid and dashed black lines are the theoretical F and FO-mode IS boundaries, respectively, for the labeled ML and αml

assumptions.

5 Riess et al. (2021)’s zero-point offset was obtained by searching for the best
match between the measured Gaia EDR3 parallaxes and those predicted from
their photometry, periods, and the fiducial luminosity of the HST sample of
Milky Way Cepheids (see Riess et al. 2021 for details).
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Figure 9. Bolometric light curves (left panel) and radial velocity curves (right panel) for a sequence of nonlinear F (solid line), FO (dashed lines), and if any, SO
(dotted lines) mode models (dashed lines) derived for Z = 0.004 and Y = 0.25 at a fixed mass, luminosity, and αml parameter (see the labeled values at the top of the
plot) adopting the canonical ML relation.

(The complete figure set (nine images) is available.)
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Figure 10. Bolometric light curves (left panel) and radial velocity curves (right panel) for a sequence of nonlinear F (solid line), FO (dashed lines), and if any, SO
(dotted lines) mode models (dashed lines) derived for Z = 0.008 and Y = 0.25 at a fixed mass, luminosity, and αml parameter (see the labeled values at the top of the
plot) adopting the canonical ML relation.

(The complete figure set (nine images) is available.)
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Figure 11. Bolometric light curves (left panel) and radial velocity curves (right panel) for a sequence of nonlinear F (solid line) and FO (dashed lines) models derived
for Z = 0.03 and Y = 0.28, at a fixed mass, luminosity, and αml parameter (see labeled values on the top of the plot) adopting the canonical ML relation.

(The complete figure set (eight images) is available.)
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superadiabatic convection, whereas they show a non-
negligible dependence on the assumed ML relation.

2. The predicted fundamental periods, at fixed M, L, and Te,
show a small correlation with the assumed metal content,
whereas no significant dependence is found for the FO
models. Moreover, the predicted F-mode PLMTZ rela-
tions are found to be independent of the assumed αml

parameter.
3. We found that the predicted IS, already proved by De

Somma et al. (2021a) and previous papers, becomes
redder as the metallicity increases and also gets narrower
as the superadiabatic convection gets more efficient.
These trends are confirmed for each assumption about the
ML relation.

4. Bolometric light and radial velocity curves are provided
for each model set, obtained by varying simultaneously

the chemical composition, the ML, and αml. As expected,
at fixed M, L ,and Te, the predicted pulsation amplitude
tends to decrease as αml increases; whereas, the main
driver of the light curve morphology at a fixed mass is the
effective temperature, that is the position within the IS,
with minor dependence on L and Z.

5. By adopting the transformed light curves into a variety of
photometric filters, we derived the intensity-weighted
mean magnitudes and colors, as well as the corresponding
pulsation amplitudes. In agreement with previous theor-
etical results, we find that the pulsation amplitudes tend to
decrease as the metallicity increases and, for the F-mode
and at low luminosity levels, they show a linear trend
with the pulsation periods. At higher luminosities, in a
range where the FO-mode pulsation is no more efficient,
the F-mode predicted amplitudes are defined by a bell

Table 15
Mean Magnitudes and Theoretical Amplitudes in the Gaia DR3 Filters for the Computed F-mode Models with Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25,

Z = 0.02 and Y = 0.28, and Z = 0.03 and Y = 0.28

Z Y M/Me L Llog( ) Teff (K) αml ML G.m G.amp GBP.m GBP.amp GRP.m GRP.amp

0.004 0.25 3.0 2.49 5900 1.5 A −1.700 0.521 −1.457 0.640 −2.099 0.365
0.004 0.25 3.0 2.49 6000 1.5 A −1.703 0.751 −1.472 0.910 −2.087 0.536
0.004 0.25 3.0 2.49 6000 1.7 A −1.705 0.408 −1.475 0.500 −2.087 0.285
0.004 0.25 3.0 2.49 6100 1.7 A −1.707 0.647 −1.488 0.783 −2.075 0.459
0.008 0.25 3.0 2.39 6000 1.5 A −1.468 0.718 −1.228 0.876 −1.859 0.507
0.008 0.25 3.0 2.59 5700 1.5 B −1.958 0.350 −1.678 0.436 −2.399 0.249
0.008 0.25 3.0 2.59 5800 1.5 B −1.963 0.611 −1.696 0.745 −2.387 0.442
0.008 0.25 3.0 2.59 5900 1.5 B −1.967 0.776 −1.714 0.936 −2.375 0.570
0.02 0.28 3.0 2.32 5900 1.5 A −1.322 0.109 −1.054 0.137 −1.744 0.077
0.02 0.28 3.0 2.32 6000 1.5 A −1.326 0.321 −1.071 0.392 −1.731 0.233
0.02 0.28 3.0 2.32 6100 1.5 A −1.330 0.428 −1.090 0.520 −1.716 0.330
0.02 0.28 3.0 2.32 6100 1.7 A −1.331 0.166 −1.092 0.204 −1.718 0.120
0.03 0.28 4.0 2.68 5400 1.5 A −2.186 0.039 −1.822 0.050 −2.712 0.029
0.03 0.28 4.0 2.68 5500 1.5 A −2.196 0.086 −1.849 0.109 −2.704 0.064
0.03 0.28 4.0 2.68 5600 1.5 A −2.198 0.357 −1.870 0.445 −2.686 0.260
0.03 0.28 4.0 2.68 5700 1.5 A −2.206 0.486 −1.896 0.591 −2.675 0.373

(This table is available in its entirety in machine-readable form.)

Table 16
Mean Magnitudes and Theoretical Amplitudes in the Gaia DR3 Filters for the Computed FO-mode Models with Z = 0.004 ans Y = 0.25, Z = 0.008 and Y = 0.25,

Z = 0.02 and Y = 0.28, and Z = 0.03 and Y = 0.28

Z Y M/Me L Llog( ) Teff (K) αml ML G.m G.amp GBP.m GBP.amp GRP.m GRP.amp

0.004 0.25 3.0 2.49 6100 1.5 A −1.708 0.495 −1.490 0.588 −2.076 0.367
0.004 0.25 3.0 2.49 6200 1.5 A −1.711 0.626 −1.504 0.740 −2.062 0.464
0.004 0.25 3.0 2.49 6300 1.5 A −1.713 0.681 −1.519 0.800 −2.046 0.506
0.004 0.25 3.0 2.49 6400 1.5 A −1.713 0.872 −1.533 1.018 −2.027 0.650
0.008 0.25 3.0 2.39 6100 1.5 A −1.474 0.477 −1.248 0.578 −1.847 0.349
0.008 0.25 3.0 2.39 6200 1.5 A −1.476 0.622 −1.263 0.752 −1.832 0.442
0.008 0.25 3.0 2.39 6300 1.5 A −1.477 0.713 −1.277 0.856 −1.816 0.510
0.008 0.25 3.0 2.39 6400 1.5 A −1.478 0.881 −1.292 1.047 −1.798 0.640
0.02 0.28 3.0 2.32 6200 1.5 A −1.333 0.453 −1.107 0.555 −1.703 0.319
0.02 0.28 3.0 2.32 6300 1.5 A −1.335 0.564 −1.123 0.689 −1.687 0.409
0.02 0.28 3.0 2.32 6400 1.5 A −1.336 0.736 −1.138 0.884 −1.668 0.531
0.02 0.28 3.0 2.32 6500 1.5 A −1.335 0.884 −1.152 1.063 −1.646 0.624
0.03 0.28 4.0 2.68 6000 1.5 A −2.227 0.432 −1.964 0.522 −2.642 0.324
0.03 0.28 4.0 2.68 6100 1.5 A −2.233 0.549 −1.985 0.663 −2.627 0.410
0.03 0.28 4.0 2.68 6200 1.5 A −2.236 0.663 −2.005 0.799 −2.610 0.485
0.03 0.28 4.0 2.68 6300 1.5 A −2.241 0.533 −2.022 0.643 −2.598 0.387

(This table is available in its entirety in machine-readable form.)

20

The Astrophysical Journal Supplement Series, 262:25 (50pp), 2022 September De Somma et al.



Table 17
Mean Magnitudes and Theoretical Amplitudes in the HST-WFC3 Filters for the Computed F-mode Models with Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, Z = 0.02 and Y = 0.28, and Z = 0.03 and Y = 0.28

Z Y M/Me L Llog( )

Teff
(K) αml ML

F110W.
m

F110W.
amp

F160W.
m

F160W.
amp

F814W.
m

F814W.
amp

F125W.
m

F125W.
amp

F475W.
m

F475W.
amp

F606W.
m

F606W.
amp

F555W.
m

F555W.
amp

0.004 0.25 3.0 2.49 5900 1.5 A −2.435 0.245 −2.765 0.188 −2.152 0.342 −2.543 0.208 −1.315 0.713 −1.707 0.535 −1.520 0.616
0.004 0.25 3.0 2.49 6000 1.5 A −2.409 0.372 −2.724 0.266 −2.137 0.505 −2.512 0.319 −1.338 1.009 −1.711 0.769 −1.532 0.880
0.004 0.25 3.0 2.49 6000 1.7 A −2.404 0.170 −2.712 0.140 −2.137 0.268 −2.506 0.137 −1.342 0.557 −1.713 0.419 −1.535 0.483
0.004 0.25 3.0 2.49 6100 1.7 A −2.380 0.293 −2.674 0.215 −2.123 0.432 −2.478 0.245 −1.362 0.868 −1.717 0.661 −1.547 0.758
0.008 0.25 3.0 2.39 6000 1.5 A −2.174 0.319 −2.482 0.193 −1.908 0.478 −2.276 0.260 −1.090 0.976 −1.481 0.732 −1.298 0.842
0.008 0.25 3.0 2.59 5700 1.5 B −2.764 0.149 −3.122 0.118 −2.456 0.235 −2.880 0.122 −1.515 0.491 −1.968 0.359 −1.758 0.415
0.008 0.25 3.0 2.59 5800 1.5 B −2.737 0.276 −3.079 0.207 −2.441 0.419 −2.848 0.224 −1.543 0.829 −1.974 0.625 −1.774 0.714
0.008 0.25 3.0 2.59 5900 1.5 B −2.709 0.373 −3.034 0.257 −2.426 0.541 −2.815 0.318 −1.570 1.036 −1.980 0.792 −1.789 0.900
0.02 0.28 3.0 2.32 5900 1.5 A −2.064 0.049 −2.372 0.037 −1.795 0.073 −2.168 0.043 −0.896 0.155 −1.344 0.112 −1.141 0.130
0.02 0.28 3.0 2.32 6000 1.5 A −2.036 0.163 −2.327 0.125 −1.779 0.221 −2.136 0.150 −0.922 0.439 −1.349 0.326 −1.155 0.374
0.02 0.28 3.0 2.32 6100 1.5 A −2.005 0.249 −2.278 0.172 −1.762 0.318 −2.099 0.225 −0.950 0.579 −1.354 0.435 −1.170 0.498
0.02 0.28 3.0 2.32 6100 1.7 A −2.004 0.087 −2.274 0.065 −1.764 0.115 −2.098 0.078 −0.952 0.229 −1.356 0.169 −1.171 0.195
0.03 0.28 4.0 2.68 5400 1.5 A −3.128 0.018 −3.528 0.011 −2.774 0.028 −3.258 0.015 −1.598 0.058 −2.201 0.041 −1.934 0.048
0.03 0.28 4.0 2.68 5500 1.5 A −3.102 0.041 −3.482 0.028 −2.765 0.061 −3.226 0.036 −1.638 0.125 −2.214 0.090 −1.958 0.105
0.03 0.28 4.0 2.68 5600 1.5 A −3.064 0.173 −3.426 0.122 −2.744 0.248 −3.184 0.155 −1.672 0.508 −2.218 0.369 −1.974 0.428
0.03 0.28 4.0 2.68 5700 1.5 A −3.034 0.260 −3.376 0.162 −2.730 0.358 −3.148 0.230 −1.711 0.669 −2.229 0.500 −1.997 0.569

(This table is available in its entirety in machine-readable form.)
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Table 18
Mean Magnitudes and Theoretical Amplitudes in the HST-WFC3 Filters for the Computed FO-mode Models with Z = 0.004 and Y = 0.25, Z = 0.008 and Y = 0.25, Z = 0.02 and Y = 0.28, and Z = 0.03 and Y = 0.28

Z Y M/Me L Llog( )

Teff
(K) αml ML

F110W.
m

F110W.
amp

F160W.
m

F160W.
amp

F814W.
m

F814W.
amp

F125W.
m

F125W.
amp

F475W.
m

F475W.
amp

F606W.
m

F606W.
amp

F555W.
m

F555W.
amp

0.004 0.25 3.0 2.49 6100 1.5 A −2.378 0.251 −2.670 0.119 −2.124 0.348 −2.476 0.212 −1.363 0.646 −1.718 0.506 −1.548 0.572
0.004 0.25 3.0 2.49 6200 1.5 A −2.350 0.323 −2.625 0.163 −2.108 0.440 −2.443 0.273 −1.385 0.811 −1.722 0.638 −1.560 0.720
0.004 0.25 3.0 2.49 6300 1.5 A −2.321 0.373 −2.580 0.215 −2.090 0.481 −2.409 0.327 −1.408 0.876 −1.725 0.692 −1.572 0.780
0.004 0.25 3.0 2.49 6400 1.5 A −2.288 0.480 −2.531 0.264 −2.068 0.619 −2.370 0.413 −1.431 1.111 −1.725 0.880 −1.583 0.990
0.008 0.25 3.0 2.39 6100 1.5 A −2.142 0.237 −2.425 0.107 −1.894 0.331 −2.238 0.198 −1.117 0.641 −1.489 0.486 −1.314 0.557
0.008 0.25 3.0 2.39 6200 1.5 A −2.113 0.306 −2.380 0.155 −1.877 0.416 −2.204 0.260 −1.140 0.833 −1.492 0.633 −1.326 0.725
0.008 0.25 3.0 2.39 6300 1.5 A −2.083 0.339 −2.335 0.198 −1.858 0.481 −2.169 0.292 −1.163 0.948 −1.494 0.723 −1.338 0.827
0.008 0.25 3.0 2.39 6400 1.5 A −2.051 0.449 −2.287 0.241 −1.838 0.607 −2.132 0.378 −1.187 1.151 −1.496 0.890 −1.350 1.011
0.02 0.28 3.0 2.32 6200 1.5 A −1.976 0.208 −2.232 0.124 −1.747 0.300 −2.066 0.174 −0.975 0.620 −1.359 0.461 −1.183 0.531
0.02 0.28 3.0 2.32 6300 1.5 A −1.945 0.281 −2.185 0.168 −1.727 0.388 −2.029 0.243 −1.001 0.769 −1.361 0.572 −1.196 0.660
0.02 0.28 3.0 2.32 6400 1.5 A −1.912 0.367 −2.136 0.198 −1.706 0.502 −1.991 0.306 −1.026 0.978 −1.363 0.743 −1.208 0.849
0.02 0.28 3.0 2.32 6500 1.5 A −1.876 0.433 −2.084 0.223 −1.682 0.590 −1.950 0.359 −1.049 1.176 −1.362 0.885 −1.218 1.017
0.03 0.28 4.0 2.68 6000 1.5 A −2.946 0.227 −3.229 0.125 −2.689 0.310 −3.044 0.196 −1.810 0.582 −2.255 0.441 −2.054 0.502
0.03 0.28 4.0 2.68 6100 1.5 A −2.915 0.290 −3.180 0.155 −2.672 0.391 −3.008 0.249 −1.841 0.738 −2.261 0.559 −2.072 0.636
0.03 0.28 4.0 2.68 6200 1.5 A −2.882 0.343 −3.130 0.179 −2.653 0.461 −2.969 0.292 −1.872 0.889 −2.266 0.671 −2.088 0.768
0.03 0.28 4.0 2.68 6300 1.5 A −2.853 0.273 −3.081 0.138 −2.638 0.367 −2.935 0.230 −1.896 0.715 −2.271 0.539 −2.101 0.618

(This table is available in its entirety in machine-readable form.)
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shape similar to the one of FO models at lower luminosity
levels.

6. The mean magnitudes and colors were used to derive PLC
and PW relations for each selected chemical composition
and pulsation mode by varying the ML relation, the
efficiency of superadiabatic convection, and the filter
combination. In particular, for a Z different from the solar
one, we obtained the first theoretical PLC and PW relations
in the Gaia filters. Metal-dependent multifilter PW relations

were also derived which pointed toward a metallicity effect
on the zero-point varying from ∼−0.1 dex to ∼−0.2 dex
for the F-mode relations and from ∼−0.1 dex to∼−0.3 dex
for the FO-mode relations.

7. The obtained multifilter PWZ relations were compared
with similar relations in the recent literature. The main
difference between theoretical and empirical relations
concerns the metallicity term coefficient, with the
predicted one systematically smaller than the one

Table 19
PWZ Coefficients in the Gaia EDR3 Filters (W (G, GBP-GRP) = a + b ( Plog – 1) + c [Fe/H]) for F and FO CCs Derived by Adopting the A, B, and C ML Relations

and αml = 1.5, 1.7, and 1.9

αml ML a b c σa σb σc σ R2

F

1.5 A −6.018 −3.314 −0.189 0.009 0.016 0.021 0.118 0.993
1.7 A −6.072 −3.379 −0.129 0.010 0.016 0.021 0.090 0.996
1.9 A −6.170 −3.472 −0.245 0.023 0.018 0.040 0.072 0.998
1.5 B −5.853 −3.234 −0.190 0.011 0.016 0.022 0.139 0.991
1.7 B −5.871 −3.262 −0.260 0.012 0.015 0.023 0.118 0.995
1.9 B −5.968 −3.370 −0.189 0.026 0.017 0.047 0.092 0.997
1.5 C −5.694 −3.270 −0.105 0.012 0.017 0.023 0.141 0.991
1.7 C −5.722 −3.274 −0.140 0.012 0.015 0.022 0.116 0.994
1.9 C −5.800 −3.327 −0.167 0.023 0.016 0.043 0.094 0.997

FO

1.5 A −6.676 −3.450 −0.221 0.051 0.048 0.059 0.145 0.985
1.7 A −6.818 −3.627 −0.243 0.040 0.034 0.049 0.073 0.996
1.9 A −6.933 −3.688 −0.349 0.045 0.030 0.052 0.034 0.999
1.5 B −6.634 −3.566 −0.304 0.063 0.063 0.062 0.097 0.988
1.7 B −6.616 −3.533 −0.303 0.095 0.083 0.095 0.103 0.987
1.9 B −6.719 −3.627 −0.304 0.066 0.050 0.068 0.030 0.998
1.5 C −6.473 −3.510 −0.235 0.043 0.051 0.038 0.038 0.996
1.7 C −6.486 −3.506 −0.261 0.049 0.056 0.051 0.030 0.998

Table 20
PWZ Coefficients in the HST-WFC3 Filters (W (F160W, F555W–F814W) = a + b ( Plog − 1) + c [Fe/H]) for F and FO CCs Derived by Adopting the A, B, and C

ML Relations and αml = 1.5, 1.7, and 1.9

αml ML a b c σa σb σc σ R2

F

1.5 A −6.023 −3.340 −0.161 0.008 0.015 0.019 0.109 0.994
1.7 A −6.060 −3.393 −0.135 0.010 0.015 0.020 0.085 0.997
1.9 A −6.155 −3.484 −0.195 0.022 0.017 0.038 0.067 0.998
1.5 B −5.858 −3.254 −0.125 0.010 0.015 0.021 0.129 0.993
1.7 B −5.865 −3.280 −0.121 0.011 0.014 0.021 0.110 0.995
1.9 B −5.952 −3.376 −0.136 0.025 0.016 0.045 0.088 0.997
1.5 C −5.702 −3.274 −0.145 0.011 0.016 0.021 0.127 0.993
1.7 C −5.717 −3.281 −0.130 0.011 0.014 0.020 0.104 0.995
1.9 C −5.782 −3.329 −0.110 0.022 0.015 0.040 0.088 0.997

FO

1.5 A −6.684 −3.477 −0.105 0.048 0.045 0.056 0.137 0.987
1.7 A −6.821 −3.651 −0.131 0.037 0.031 0.046 0.067 0.997
1.9 A −6.930 −3.710 −0.240 0.038 0.025 0.045 0.029 0.999
1.5 B −6.643 −3.595 −0.186 0.059 0.059 0.058 0.090 0.990
1.7 B −6.627 −3.568 −0.192 0.091 0.080 0.091 0.099 0.989
1.9 B −6.723 −3.653 −0.204 0.061 0.046 0.062 0.027 0.999
1.5 C −6.499 −3.573 −0.125 0.034 0.041 0.030 0.030 0.998
1.7 C −6.518 −3.576 −0.162 0.041 0.046 0.042 0.025 0.998
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obtained by other authors, in particular Ripepi et al.
(2021) and Ripepi et al. (2022).

8. The PW relations in the JC V and I bands for Z= 0.008
with αml= 1.5 and ML cases A, B, and C were applied to

a sample of LMC Cepheids to estimate the impact of a
variation in the ML relation on the theoretical calibration
of the extragalactic distance scale. This implies that
possible variations between the ML relations of anchor

Table 21
PWZ Coefficients in the JC Filters (W(V,I) = a + b ( Plog − 1) + c [Fe/H]) for F and FO CCs Derived by Adopting the A, B, and C ML Relations and αml = 1.5, 1.7,

and 1.9

αml ML a b c σa σb σc σ R2

F

1.5 A −6.118 −3.341 −0.150 0.008 0.015 0.019 0.108 0.994
1.7 A −6.162 −3.396 −0.175 0.010 0.015 0.020 0.085 0.997
1.9 A −6.248 −3.483 −0.175 0.022 0.017 0.038 0.068 0.998
1.5 B −5.957 −3.269 −0.101 0.010 0.014 0.020 0.125 0.993
1.7 B −5.969 −3.289 −0.104 0.011 0.014 0.021 0.108 0.995
1.9 B −6.045 −3.381 −0.119 0.025 0.016 0.045 0.089 0.997
1.5 C −5.799 −3.298 −0.123 0.011 0.015 0.020 0.124 0.993
1.7 C −5.821 −3.298 −0.111 0.011 0.014 0.020 0.104 0.996
1.9 C −5.877 −3.338 −0.097 0.022 0.016 0.041 0.090 0.997

FO

1.5 A −6.774 −3.490 −0.174 0.049 0.045 0.056 0.138 0.987
1.7 A −6.916 −3.666 −0.200 0.037 0.031 0.045 0.066 0.997
1.9 A −7.030 −3.731 −0.301 0.036 0.024 0.042 0.027 0.999
1.5 B −6.733 −3.610 −0.252 0.060 0.059 0.058 0.091 0.990
1.7 B −6.718 −3.581 −0.255 0.092 0.081 0.092 0.100 0.988
1.9 B −6.817 −3.672 −0.256 0.049 0.038 0.051 0.022 0.999
1.5 C −6.574 −3.564 −0.188 0.035 0.042 0.031 0.031 0.998
1.7 C −6.591 −3.566 −0.216 0.040 0.046 0.042 0.025 0.998

Table 22
PWZ Coefficients in the JC Filters (W(V,K ) = a + b ( Plog − 1) + c [Fe/H]) For F and FO CCs Derived by Adopting the A, B, and C ML Relations and αml = 1.5,

1.7, and 1.9

αml ML a b c σa σb σc σ R2

F

1.5 A −6.016 −3.382 −0.145 0.008 0.014 0.018 0.101 0.995
1.7 A −6.041 −3.419 −0.138 0.009 0.014 0.019 0.081 0.997
1.9 A −6.126 −3.496 −0.177 0.021 0.017 0.037 0.067 0.998
1.5 B −5.856 −3.300 −0.190 0.009 0.014 0.019 0.117 0.994
1.7 B −5.858 −3.316 −0.195 0.010 0.013 0.020 0.101 0.996
1.9 B −5.924 −3.388 −0.200 0.025 0.016 0.044 0.087 0.997
1.5 C −5.702 −3.311 −0.107 0.010 0.014 0.019 0.113 0.994
1.7 C −5.712 −3.312 −0.198 0.010 0.013 0.018 0.094 0.996
1.9 C −5.755 −3.340 −0.106 0.021 0.015 0.039 0.086 0.997

FO

1.5 A −6.656 −3.482 −0.089 0.048 0.045 0.056 0.136 0.987
1.7 A −6.790 −3.655 −0.114 0.038 0.031 0.046 0.068 0.997
1.9 A −6.899 −3.713 −0.227 0.040 0.026 0.047 0.030 0.999
1.5 B −6.614 −3.599 −0.170 0.059 0.059 0.058 0.090 0.990
1.7 B −6.598 −3.573 −0.177 0.091 0.080 0.091 0.099 0.989
1.9 B −6.692 −3.656 −0.193 0.064 0.049 0.066 0.029 0.998
1.5 C −6.473 −3.585 −0.108 0.034 0.041 0.030 0.030 0.998
1.7 C −6.491 −3.586 −0.147 0.041 0.047 0.043 0.025 0.998

Table 23
PWZ Relations (W = a + b ( Plog − 1) + c [Fe/H]) Recently Derived by Various Authors for Different CC Samples. σ Is the Predicted rms Deviation Coefficient

Authors Sample Bands a b c σa σb σc σ

Breuval et al. (2021) MW-LMC-SMC CC JC V–I −5.9893 −3.281 −0.251 0.008 0.022 0.057 L
Ripepi et al. (2021) F-FO MW-CC JC V–K −6.022 −3.174 −0.459 0.022 0.049 0.107 L
Ripepi et al. (2022) F-FO MW-CC G–GBP–GRP −5.988 −3.176 −0.520 0.018 0.044 0.090 0.014
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and target Cepheid host galaxies might represent a
residual source of systematic uncertainty.

9. The PWZ relations in the Gaia filters were applied to a
sample of Galactic Cepheids with Gaia EDR3 parallaxes
and complementary spectroscopic metal abundances. The
obtained theoretical parallaxes for different assumptions
about the ML relation and αml were compared with Gaia
EDR3 values and with the zero-point offset of Riess et al.
(2021). We found a significant dependence on the
assumed ML relation and a minor sensitivity to the
efficiency of superadiabatic convection. Indeed, the best
match with the Riess et al. (2021) estimate of the zero-
point offset was obtained for a canonical ML and
αml= 1.7. Similar results were obtained by replacing
the PWZ relations with the relations at a fixed solar
metallicity.

The obtained theoretical scenario provided sound estimates
of the individual and mean distances for different combinations
of chemical composition, ML relation, and αml, which allowed
us to provide some constraints on the physical assumptions of
pulsation models. On the other hand, as we cannot exclude a
variation of the efficiency of superadiabatic convection across
the IS (see, e.g., Di Criscienzo et al. 2004; Fiorentino et al.
2007), as well as some dispersion in the ML relation (see, e.g.,
Caputo et al. 2005; Marconi et al. 2013, 2017), further
theoretical tests should be performed to quantify the predicted
zero-point offset. Moreover, variations in the helium abun-
dance are known to affect the predicted pulsation properties
(see, e.g., Marconi et al. 2005; Carini et al. 2017, and
references therein). New model sets are being produced for
various helium abundances to provide updated constraints on
the dependence of the predicted distance scale on the helium to

Table 24
Distance Moduli of LMC F-mode CCs Obtained with the Theoretical PW Relations in the JC V and I Filters for Z = 0.008 with αml = 1.5 and ML Cases A, B, and C

Source μ αml ML

F CC LMC 18.667 1.5 A
F CC LMC 18.555 1.5 B
F CC LMC 18.403 1.5 C

Figure 12. Parallax differences between the theoretical parallaxes obtained by adopting the PWZ relation and Gaia parallaxes (ϖT − ϖG) as a function of Gaia EDR3
parallax ϖG, for F-mode Galactic Cepheids.
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metal enrichment ratio and to develop theoretical tools
concurrently to infer the helium abundance from accurate
astrometric distances (e.g., from Gaia and Rubin-LSST) and
spectroscopic metallicities.

We thank the anonymous referee for the comments that
significantly improved the content and readability of the
manuscript. We acknowledge financial support from ASI-Gaia
(“Missione Gaia Partecipazione italiana al DPAC—Operazioni

e Attività di Analisi dati”). GDS thanks the support from
Istituto Nazionale di Fisica Nucleare (INFN), Naples section-
Specific Initiative Moonlight2.

Appendix A
IS Boundaries

The IS boundaries for Z = 0.004, Z = 0.008, and Z = 0.03
are listed in Tables 25–27, respectively.

Figure 13. The same as Figure 12 but with the theoretical parallaxes obtained by applying the PW relation for Z = 0.02.
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Table 25
Predicted Effective Temperatures of the IS Boundaries (FOBE, FBE, FORE, and FRE) for the Z = 0.004 and Y = 0.25 Pulsation

Models

M/Me L Llog( ) αml ML FOBE FBE FORE FRE

3.0 2.49 1.5 A 6750 6050 6050 5850
3.0 2.49 1.7 A 6850 6150 6150 5950
3.0 2.49 1.9 A 6750 6250 6250 6050
3.0 2.69 1.5 B 6650 6050 6050 5650
3.0 2.69 1.7 B 6650 6150 6150 5750
3.0 2.69 1.9 B 6550 6250 6150 5850
3.0 2.89 1.5 C 6450 6150 6150 5450
3.0 2.89 1.7 C 6450 6250 6150 5550
3.0 2.89 1.9 C 6350 6350 6250 5650
4.0 2.91 1.5 A 6550 5950 5950 5550
4.0 2.91 1.7 A 6550 6050 6050 5650
4.0 2.91 1.9 A 6450 6150 6150 5750
4.0 3.11 1.5 B 6350 6050 5550 5350
4.0 3.11 1.7 B 6350 6150 5650 5450
4.0 3.11 1.9 B 6250 6250 6150 5550
4.0 3.31 1.5 C 6150 6050 5850 5050
4.0 3.31 1.7 C 6050 6150 5950 5250
4.0 3.31 1.9 C 6050 5350
5.0 3.24 1.5 A 6350 6050 5950 5250
5.0 3.24 1.7 A 6250 6050 6050 5450
5.0 3.24 1.9 A 6250 6150 6050 5550
5.0 3.44 1.5 B 6150 5950 5650 5050
5.0 3.44 1.7 B 6050 6050 5750 5150
5.0 3.44 1.9 B 5950 6050 5850 5350
5.0 3.64 1.5 C 5950 4750
5.0 3.64 1.7 C 5950 4950
5.0 3.64 1.9 C 5950 5150
6.0 3.5 1.5 A 6150 5850 5550 5150
6.0 3.5 1.7 A 6050 5950 5650 5250
6.0 3.5 1.9 A 5950 6050 5750 5350
6.0 3.7 1.5 B 5950 4850
6.0 3.7 1.7 B 5950 5050
6.0 3.7 1.9 B 5950 5150
6.0 3.9 1.5 C 5850 4450
6.0 3.9 1.7 C 5850 4750
6.0 3.9 1.9 C 5750 4950
7.0 3.73 1.5 A 5950 5950 5750 4850
7.0 3.73 1.7 A 5950 5050
7.0 3.73 1.9 A 5950 5250
7.0 3.93 1.5 B 5850 4550
7.0 3.93 1.7 B 5850 4850
7.0 3.93 1.9 B 5750 5050
7.0 4.13 1.5 C 5750 4350
7.0 4.13 1.7 C 5650 4450
7.0 4.13 1.9 C 5650 4650
8.0 3.92 1.5 A 5850 4750
8.0 3.92 1.7 A 5850 4950
8.0 3.92 1.9 A 5850 5150
8.0 4.12 1.5 B 5750 4250
8.0 4.12 1.7 B 5750 4550
8.0 4.12 1.9 B 5650 4850
8.0 4.32 1.5 C 5550 4450
8.0 4.32 1.7 C 5550 4250
8.0 4.32 1.9 C 5550 4350
9.0 4.09 1.5 A 5750 4550
9.0 4.09 1.7 A 5750 4750
9.0 4.09 1.9 A 5650 4950
9.0 4.29 1.5 B 5650 4250
9.0 4.29 1.7 B 5650 4450
9.0 4.29 1.9 B 5650 4650
9.0 4.49 1.5 C 5550 4650
9.0 4.49 1.7 C 5450 4550
9.0 4.49 1.9 C 5450 4450
10.0 4.25 1.5 A 5650 4350
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Table 25
(Continued)

M/Me L Llog( ) αml ML FOBE FBE FORE FRE

10.0 4.25 1.7 A 5650 4650
10.0 4.25 1.9 A 5650 4850
10.0 4.45 1.5 B 5550 4250
10.0 4.45 1.7 B 5550 4350
10.0 4.45 1.9 B 5550 4550
10.0 4.65 1.5 C 5450 4850
10.0 4.65 1.7 C 5450 4850
10.0 4.65 1.9 C 5350 4850
11.0 4.39 1.5 A 5650 4250
11.0 4.39 1.7 A 5650 4450
11.0 4.39 1.9 A 5550 4750
11.0 4.59 1.5 B 5550 4450
11.0 4.59 1.7 B 5450 4350
11.0 4.59 1.9 B 5450 4350
11.0 4.79 1.5 C 5350 5150
11.0 4.79 1.7 C 5350 5050
11.0 4.79 1.9 C 5250 5050

Note. The assumed error of the predicted boundaries of the IS is Teff = ± 50 K, based on our effective temperature step
assumption in the building of the pulsation model grid.

Table 26
Predicted Effective Temperatures of the IS Boundaries (FOBE, FBE, FORE, and FRE) for the Z = 0.008 and Y = 0.25 Pulsation

Models

M/Me L Llog( ) αml ML FOBE FBE FORE FRE

3.0 2.39 1.5 A 6650 6050 6050 5950
3.0 2.39 1.7 A 6750 6150
3.0 2.39 1.9 A 6750 6350
3.0 2.59 1.5 B 6750 6050 5950 5650
3.0 2.59 1.7 B 6650 6150 6050 5750
3.0 2.59 1.9 B 6650 6250 6150 5950
3.0 2.79 1.5 C 6550 6150 6050 5450
3.0 2.79 1.7 C 6550 6150 6150 5650
3.0 2.79 1.9 C 6450 6250 6150 5750
4.0 2.81 1.5 A 6550 5950 5850 5550
4.0 2.81 1.7 A 6550 6050 5950 5750
4.0 2.81 1.9 A 6550 6150 6050 5850
4.0 3.01 1.5 B 6450 6050 5950 5350
4.0 3.01 1.7 B 6350 6050 6050 5450
4.0 3.01 1.9 B 6250 6150 6050 5650
4.0 3.21 1.5 C 6250 5950 5650 5150
4.0 3.21 1.7 C 6150 6150 5750 5250
4.0 3.21 1.9 C 6150 5450
5.0 3.14 1.5 A 6350 5950 5850 5250
5.0 3.14 1.7 A 6350 5950 5950 5450
5.0 3.14 1.9 A 6250 6050 6050 5650
5.0 3.34 1.5 B 6150 5850 5550 5150
5.0 3.34 1.7 B 6050 6050 5650 5350
5.0 3.34 1.9 B 6050 5450
5.0 3.54 1.5 C 5850 4750
5.0 3.54 1.7 C 5850 4950
5.0 3.54 1.9 C 5850 5150
6.0 3.4 1.5 A 6250 5950 5450 5150
6.0 3.4 1.7 A 6150 5950 5550 5250
6.0 3.4 1.9 A 6050 5450
6.0 3.6 1.5 B 5950 4750
6.0 3.6 1.7 B 5950 5050
6.0 3.6 1.9 B 5850 5150
6.0 3.8 1.5 C 5750 4450
6.0 3.8 1.7 C 5750 4750
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Table 26
(Continued)

M/Me L Llog( ) αml ML FOBE FBE FORE FRE

6.0 3.8 1.9 C 5650 4950
7.0 3.63 1.5 A 5950 5850 5550 4850
7.0 3.63 1.7 A 5850 5850 5650 5050
7.0 3.63 1.9 A 5850 5250
7.0 3.83 1.5 B 5850 4550
7.0 3.83 1.7 B 5750 4850
7.0 3.83 1.9 B 5650 5050
7.0 4.03 1.5 C 5650 4250
7.0 4.03 1.7 C 5550 4450
7.0 4.03 1.9 C 5450 4750
8.0 3.82 1.5 A 5750 4650
8.0 3.82 1.7 A 5750 4950
8.0 3.82 1.9 A 5750 5150
8.0 4.02 1.5 B 5650 4250
8.0 4.02 1.7 B 5650 4550
8.0 4.02 1.9 B 5550 4850
8.0 4.22 1.5 C 5550 4150
8.0 4.22 1.7 C 5450 4150
8.0 4.22 1.9 C 5250 4450
9.0 3.99 1.5 A 5750 4450
9.0 3.99 1.7 A 5650 4750
9.0 3.99 1.9 A 5550 4950
9.0 4.19 1.5 B 5550 4050
9.0 4.19 1.7 B 5450 4350
9.0 4.19 1.9 B 5350 4750
9.0 4.39 1.5 C 5350 4250
9.0 4.39 1.7 C 5350 4350
9.0 4.39 1.9 C 5150 4250
10.0 4.14 1.5 A 5550 4350
10.0 4.14 1.7 A 5450 4650
10.0 4.14 1.9 A 5350 4950
10.0 4.34 1.5 B 5450 4050
10.0 4.34 1.7 B 5250 4150
10.0 4.34 1.9 B 5150 4550
10.0 4.54 1.5 C 5250 4450
10.0 4.54 1.7 C 5250 4450
10.0 4.54 1.9 C 5050 4350
11.0 4.28 1.5 A 5550 4150
11.0 4.28 1.7 A 5350 4450
11.0 4.28 1.9 A 5250 4850
11.0 4.48 1.5 B 5350 4050
11.0 4.48 1.7 B 5150 4050
11.0 4.48 1.9 B 5050 4350
11.0 4.68 1.5 C 5150 4650
11.0 4.68 1.7 C 5150 4650
11.0 4.68 1.9 C 4950 4650

Note. The assumed error of the predicted boundaries of the IS is Teff = ± 50 K, based on our effective temperature step
assumption in the building of the pulsation model grid.

Table 27
Predicted Effective Temperatures of the IS Boundaries (FOBE, FBE, FORE, and FRE) for the Z = 0.03 and Y = 0.28 Pulsation

Models

M/Me L Llog( ) αml ML FOBE FBE FORE FRE

4.0 2.68 1.5 A 6350.0 6150 5950.0 5350
4.0 2.68 1.7 A 6150 5650
4.0 2.88 1.5 B 5950 5250
4.0 2.88 1.7 B 5850 5450
4.0 3.08 1.5 C 5750 4850
4.0 3.08 1.7 C 5650 5150
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Table 27
(Continued)

M/Me L Llog( ) αml ML FOBE FBE FORE FRE

5.0 3.01 1.5 A 5850 5250
5.0 3.01 1.7 A 5850 5450
5.0 3.21 1.5 B 5650 4950
5.0 3.21 1.7 B 5550 5250
5.0 3.41 1.5 C 5450 4550
5.0 3.41 1.7 C 5250 4850
6.0 3.27 1.5 A 5650 5050
6.0 3.27 1.7 A 5450 5250
6.0 3.47 1.5 B 5450 4650
6.0 3.47 1.7 B 5250 4950
6.0 3.67 1.5 C 5250 4250
6.0 3.67 1.7 C 5050 4550
7.0 3.5 1.5 A 5450 4750
7.0 3.5 1.7 A 5250 5050
7.0 3.7 1.5 B 5250 4350
7.0 3.7 1.7 B 5050 4750
7.0 3.9 1.5 C 5050 3950
7.0 3.9 1.7 C 4850 4250
8.0 3.69 1.5 A 5250 4550
8.0 3.69 1.7 A 5150 4850
8.0 3.89 1.5 B 5050 4150
8.0 3.89 1.7 B 4850 4450
8.0 4.09 1.5 C 4850 3750
8.0 4.09 1.7 C 4750 4050
9.0 3.86 1.5 A 5150 4350
9.0 3.86 1.7 A 4950 4650
9.0 4.06 1.5 B 4950 3950
9.0 4.06 1.7 B 4750 4250
9.0 4.26 1.5 C 4750 3650
9.0 4.26 1.7 C 4650 3850
10.0 4.02 1.5 A 4950 4150
10.0 4.02 1.7 A 4650 4550
10.0 4.22 1.5 B 4750 3750
10.0 4.22 1.7 B 4650 4050
10.0 4.42 1.5 C 4750 4150
10.0 4.42 1.7 C 4550 3950
11.0 4.15 1.5 A 4850 4050
11.0 4.15 1.7 A 4650 4350
11.0 4.35 1.5 B 4750 3650
11.0 4.35 1.7 B 4550 3850
11.0 4.55 1.5 C 4550 4150
11.0 4.55 1.7 C 4450 4150

Note. The assumed error of the predicted boundaries of the IS is Teff = ± 50 K, based on our effective temperature step
assumption in the building of the pulsation model grid.
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Appendix B
Theoretical Pulsational Amplitudes

Figures 14–25 show a comparison between the theoretical
and observed pulsational amplitudes for Z= 0.004 and
Z= 0.008 in the Gaia DR2 database.

Figure 14. From top to bottom, the left panels show the FO-mode theoretical amplitudes for the GBP and GRP Gaia bands and the F814W and F160W HST-WFC3
bands for Z = 0.004 and Y = 0.25 (dashed magenta line), Z = 0.008 and Y = 0.25 (dashed blue line), Z = 0.02 and Y = 0.28 (dashed cyan line), and Z = 0.03 and
Y = 0.28 (dashed green line) at fixed mixing length parameter of αml = 1.5 and ML relation case A. The right panels show the same plots but for the F-mode models
(solid lines with the same color code as in the left panels).
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Figure 15. From top to bottom, the left panels show the F-mode canonical theoretical amplitudes (solid lines) in the GBP and GRP Gaia bands and the F814W and
F160W HST-WFC3 bands for Z = 0.004 and Y = 0.25, for various assumptions of the αml parameters, while the right panels show the same F-mode theoretical
amplitudes for various assumptions about the ML relation at a fixed mixing length parameter of αml = 1.5.
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Figure 16. The same as Figure 15 but for the FO-mode models.
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Figure 17. The same as Figure 15 but for Z = 0.008 and Y = 0.25.
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Figure 18. The same as Figure 16 but for Z = 0.008 and Y = 0.25.
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Figure 19. The same as Figure 15 but for Z = 0.02 and Y = 0.28.
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Figure 20. The same as Figure 16 but for Z = 0.02 and Y = 0.28.
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Figure 21. The same as Figure 15 but for Z = 0.03 and Y = 0.28.
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Figure 22. Comparison between theoretical F and FO-mode amplitudes (solid green lines and dashed blue lines, respectively) and Z = 0.004 F- and FO-mode data
(green points and blue plus, respectively.) The upper panel and middle panels show the comparison for canonical ML relation with αml = 1.5 and αml = 1.7,
respectively, while the bottom panel shows the comparison for noncanonical ML relation (case B) with αml = 1.5.

39

The Astrophysical Journal Supplement Series, 262:25 (50pp), 2022 September De Somma et al.



Figure 23. The same as Figure 22 but for the GRP Gaia band.
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Figure 24. The same as Figure 22 but for Z = 0.008. Figure 25. The same as Figure 24 but for the GRP Gaia band.
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Appendix C
PLC Coefficients in the Gaia EDR3, HST-WFC3,

and JC Filters

The PLC coefficients in the GAIA EDR3, HST-WFC3, and
JC filters for the various investigated chemical compositions
are listed in Tables 28–31.

Table 28
PLC Coefficients in the Gaia EDR3 Filters (〈G〉 = a + b Plog + c(〈GBP〉 − 〈GRP〉) for F and FO CCs Derived by Adopting the A, B, and C ML Relations and

αml = 1.5, 1.7, and 1.9

Z Y αml ML a b c σa σb σc σ R2

F

0.004 0.25 1.5 A −3.143 −3.741 3.107 0.019 0.013 0.033 0.029 0.999
0.004 0.25 1.7 A −3.142 −3.757 3.121 0.019 0.012 0.035 0.023 1.000
0.004 0.25 1.9 A −3.131 −3.781 3.132 0.022 0.013 0.043 0.019 1.000
0.004 0.25 1.5 B −3.028 −3.709 3.112 0.024 0.017 0.041 0.043 0.999
0.004 0.25 1.7 B −3.032 −3.731 3.153 0.017 0.012 0.032 0.026 1.000
0.004 0.25 1.9 B −3.051 −3.756 3.211 0.019 0.013 0.039 0.023 1.000
0.004 0.25 1.5 C −2.894 −3.683 3.100 0.030 0.017 0.047 0.046 0.999
0.004 0.25 1.7 C −2.876 −3.689 3.098 0.021 0.013 0.037 0.031 0.999
0.004 0.25 1.9 C −2.881 −3.710 3.136 0.021 0.014 0.041 0.026 1.000
0.008 0.25 1.5 A −3.233 −3.785 3.082 0.020 0.016 0.035 0.031 0.999
0.008 0.25 1.7 A −3.195 −3.785 3.021 0.023 0.018 0.045 0.023 0.999
0.008 0.25 1.9 A −3.152 −3.830 3.009 0.030 0.022 0.060 0.017 1.000
0.008 0.25 1.5 B −3.141 −3.765 3.136 0.023 0.018 0.040 0.043 0.999
0.008 0.25 1.7 B −3.185 −3.812 3.246 0.025 0.021 0.050 0.037 0.999
0.008 0.25 1.9 B −3.165 −3.849 3.261 0.039 0.031 0.081 0.032 0.999
0.008 0.25 1.5 C −2.942 −3.718 3.033 0.024 0.016 0.039 0.039 0.999
0.008 0.25 1.7 C −2.985 −3.735 3.099 0.023 0.016 0.042 0.033 0.999
0.008 0.25 1.9 C −3.012 −3.765 3.169 0.039 0.032 0.082 0.039 0.999
0.02 0.28 1.5 A −3.451 −3.854 3.233 0.037 0.028 0.062 0.039 0.999
0.02 0.28 1.7 A −3.546 −4.007 3.475 0.084 0.062 0.151 0.033 0.999
0.02 0.28 1.9 A −3.158 −3.850 2.860 0.058 0.025 0.097 0.002 1.000
0.02 0.28 1.5 B −3.387 −3.816 3.298 0.037 0.029 0.062 0.049 0.998
0.02 0.28 1.7 B −3.564 −3.961 3.630 0.088 0.070 0.159 0.060 0.998
0.02 0.28 1.9 B −2.990 −3.831 2.828 0.040 0.020 0.067 0.002 1.000
0.02 0.28 1.5 C −3.196 −3.744 3.182 0.034 0.024 0.053 0.048 0.998
0.02 0.28 1.7 C −3.099 −3.712 3.041 0.069 0.051 0.121 0.055 0.998
0.02 0.28 1.9 C −2.909 −3.920 2.980 0.038 0.030 0.073 0.004 1.000
0.03 0.28 1.5 A −3.557 −3.853 3.215 0.050 0.038 0.082 0.040 0.999
0.03 0.28 1.7 A −3.634 −3.978 3.388 0.221 0.166 0.376 0.045 0.999

FO

0.004 0.25 1.5 A −3.691 −3.680 3.163 0.300 0.169 0.603 0.165 0.975
0.004 0.25 1.7 A −3.549 −3.894 3.015 0.069 0.038 0.142 0.022 0.999
0.004 0.25 1.9 A −3.509 −3.898 2.937 0.060 0.030 0.123 0.011 1.000
0.004 0.25 1.5 B −3.173 −3.653 2.523 0.286 0.214 0.585 0.127 0.968
0.004 0.25 1.7 B −3.105 −3.534 2.325 0.437 0.316 0.919 0.137 0.959
0.004 0.25 1.9 B −3.396 −3.866 2.968 0.035 0.018 0.073 0.003 1.000
0.004 0.25 1.5 C −3.199 −3.788 2.834 0.038 0.025 0.085 0.003 1.000
0.004 0.25 1.7 C −3.489 −3.959 3.476 0.008 0.005 0.018 0.000 1.000
0.008 0.25 1.5 A −3.818 −3.754 3.123 0.198 0.108 0.376 0.113 0.990
0.008 0.25 1.7 A −3.622 −3.844 2.881 0.187 0.101 0.360 0.076 0.995
0.008 0.25 1.9 A −3.599 −3.951 2.879 0.066 0.034 0.130 0.011 1.000
0.008 0.25 1.5 B −3.475 −3.898 2.921 0.044 0.031 0.088 0.018 0.999
0.008 0.25 1.7 B −3.432 −3.882 2.836 0.040 0.025 0.078 0.010 1.000
0.008 0.25 1.9 B −3.450 −3.864 2.853 0.058 0.038 0.114 0.007 1.000
0.008 0.25 1.5 C −3.355 −3.830 2.917 0.044 0.039 0.093 0.011 1.000
0.008 0.25 1.7 C −3.411 −3.882 3.040 0.055 0.046 0.119 0.007 1.000
0.02 0.28 1.5 A −3.610 −3.974 2.677 0.029 0.015 0.049 0.007 1.000
0.02 0.28 1.7 A −3.661 −3.981 2.735 0.044 0.020 0.076 0.003 1.000
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Table 29
PLC Coefficients in the HST-WFC3 Filters (〈F160W〉 = a + b Plog + c(〈F555W〉 − 〈F814W〉) for F and FO CCs Derived by Adopting the A, B, and C ML Relations

and αml = 1.5, 1.7, and 1.9

Z Y αml ML a b c σa σb σc σ R2

F

0.004 0.25 1.5 A −3.190 −3.744 1.549 0.018 0.013 0.032 0.028 1.000
0.004 0.25 1.7 A −3.187 −3.753 1.563 0.019 0.012 0.035 0.022 1.000
0.004 0.25 1.9 A −3.175 −3.773 1.579 0.024 0.014 0.047 0.020 1.000
0.004 0.25 1.5 B −3.083 −3.686 1.533 0.024 0.016 0.042 0.042 0.999
0.004 0.25 1.7 B −3.088 −3.709 1.589 0.019 0.013 0.037 0.029 1.000
0.004 0.25 1.9 B −3.106 −3.732 1.653 0.025 0.016 0.051 0.030 1.000
0.004 0.25 1.5 C −2.948 −3.639 1.492 0.031 0.017 0.049 0.046 0.999
0.004 0.25 1.7 C −2.926 −3.647 1.494 0.025 0.015 0.045 0.036 0.999
0.004 0.25 1.9 C −2.932 −3.671 1.547 0.027 0.018 0.054 0.034 1.000
0.008 0.25 1.5 A −3.224 −3.766 1.504 0.015 0.012 0.028 0.024 1.000
0.008 0.25 1.7 A −3.214 −3.767 1.489 0.019 0.015 0.038 0.019 1.000
0.008 0.25 1.9 A −3.184 −3.796 1.486 0.029 0.020 0.061 0.017 1.000
0.008 0.25 1.5 B −3.119 −3.727 1.521 0.021 0.017 0.037 0.040 0.999
0.008 0.25 1.7 B −3.173 −3.778 1.663 0.021 0.018 0.044 0.032 1.000
0.008 0.25 1.9 B −3.175 −3.811 1.715 0.036 0.028 0.078 0.030 1.000
0.008 0.25 1.5 C −2.930 −3.658 1.398 0.025 0.016 0.041 0.041 0.999
0.008 0.25 1.7 C −2.967 −3.669 1.460 0.023 0.017 0.044 0.034 0.999
0.008 0.25 1.9 C −2.998 −3.706 1.557 0.037 0.030 0.081 0.037 0.999
0.02 0.28 1.5 A −3.305 −3.813 1.583 0.024 0.019 0.043 0.028 1.000
0.02 0.28 1.7 A −3.416 −3.944 1.851 0.055 0.042 0.104 0.023 1.000
0.02 0.28 1.9 A −3.088 −3.844 1.321 0.086 0.038 0.152 0.003 1.000
0.02 0.28 1.5 B −3.214 −3.761 1.604 0.026 0.022 0.047 0.039 0.999
0.02 0.28 1.7 B −3.353 −3.883 1.898 0.055 0.047 0.107 0.044 0.999
0.02 0.28 1.9 B −2.912 −3.817 1.268 0.025 0.012 0.045 0.001 1.000
0.02 0.28 1.5 C −3.020 −3.666 1.455 0.026 0.020 0.043 0.041 0.999
0.02 0.28 1.7 C −2.963 −3.659 1.388 0.050 0.040 0.094 0.044 0.999
0.02 0.28 1.9 C −2.811 −3.829 1.351 0.053 0.041 0.107 0.006 1.000
0.03 0.28 1.5 A −3.353 −3.808 1.538 0.030 0.025 0.053 0.027 1.000
0.03 0.28 1.7 A −3.469 −3.935 1.784 0.129 0.103 0.238 0.030 1.000

FO

0.004 0.25 1.5 A −3.698 −3.690 1.570 0.283 0.159 0.581 0.157 0.982
0.004 0.25 1.7 A −3.524 −3.888 1.358 0.044 0.024 0.092 0.014 1.000
0.004 0.25 1.9 A −3.503 −3.899 1.328 0.043 0.022 0.090 0.008 1.000
0.004 0.25 1.5 B −3.167 −3.659 0.889 0.275 0.205 0.573 0.122 0.977
0.004 0.25 1.7 B −3.090 −3.542 0.682 0.419 0.303 0.899 0.133 0.971
0.004 0.25 1.9 B −3.376 −3.868 1.335 0.010 0.005 0.020 0.001 1.000
0.004 0.25 1.5 C −3.143 −3.800 1.132 0.030 0.020 0.069 0.003 1.000
0.004 0.25 1.7 C −3.388 −3.950 1.699 0.049 0.031 0.111 0.002 1.000
0.008 0.25 1.5 A −3.799 −3.754 1.562 0.179 0.097 0.354 0.104 0.993
0.008 0.25 1.7 A −3.612 −3.840 1.332 0.172 0.093 0.344 0.071 0.996
0.008 0.25 1.9 A −3.547 −3.928 1.256 0.039 0.021 0.081 0.007 1.000
0.008 0.25 1.5 B −3.413 −3.871 1.261 0.018 0.012 0.036 0.007 1.000
0.008 0.25 1.7 B −3.407 −3.872 1.253 0.020 0.012 0.040 0.005 1.000
0.008 0.25 1.9 B −3.426 −3.852 1.287 0.046 0.031 0.094 0.006 1.000
0.008 0.25 1.5 C −3.255 −3.817 1.203 0.018 0.016 0.039 0.004 1.000
0.008 0.25 1.7 C −3.290 −3.858 1.295 0.028 0.024 0.064 0.004 1.000
0.02 0.28 1.5 A −3.564 −3.949 1.155 0.025 0.013 0.046 0.006 1.000
0.02 0.28 1.7 A −3.609 −3.979 1.224 0.029 0.013 0.053 0.002 1.000
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Table 30
PLC Coefficients in the JC Filters (〈V〉 = a + b Plog + c(〈V〉 − 〈I〉) for F and FO CCs Derived by Adopting the A, B, and C ML Relations and αml = 1.5, 1.7,

and 1.9

Z Y αml ML a b c σa σb σc σ R2

F

0.004 0.25 1.5 A −3.248 −3.727 3.830 0.019 0.013 0.037 0.029 0.999
0.004 0.25 1.7 A −3.248 −3.743 3.851 0.020 0.013 0.042 0.024 1.000
0.004 0.25 1.9 A −3.224 −3.767 3.849 0.026 0.015 0.056 0.022 1.000
0.004 0.25 1.5 B −3.138 −3.690 3.839 0.024 0.016 0.045 0.042 0.999
0.004 0.25 1.7 B −3.142 −3.713 3.889 0.019 0.012 0.039 0.028 0.999
0.004 0.25 1.9 B −3.158 −3.739 3.955 0.023 0.015 0.052 0.028 1.000
0.004 0.25 1.5 C −3.002 −3.660 3.816 0.030 0.017 0.053 0.045 0.999
0.004 0.25 1.7 C −2.980 −3.667 3.814 0.023 0.014 0.045 0.033 0.999
0.004 0.25 1.9 C −2.985 −3.690 3.861 0.025 0.016 0.054 0.031 0.999
0.008 0.25 1.5 A −3.289 −3.763 3.781 0.018 0.014 0.036 0.028 0.999
0.008 0.25 1.7 A −3.272 −3.763 3.746 0.023 0.017 0.049 0.023 0.999
0.008 0.25 1.9 A −3.233 −3.805 3.740 0.033 0.023 0.076 0.019 1.000
0.008 0.25 1.5 B −3.178 −3.733 3.805 0.021 0.017 0.041 0.041 0.999
0.008 0.25 1.7 B −3.235 −3.783 3.956 0.021 0.018 0.048 0.032 0.999
0.008 0.25 1.9 B −3.236 −3.822 4.011 0.038 0.030 0.090 0.032 0.999
0.008 0.25 1.5 C −2.992 −3.682 3.701 0.024 0.016 0.043 0.039 0.999
0.008 0.25 1.7 C −3.036 −3.697 3.780 0.022 0.015 0.044 0.032 0.999
0.008 0.25 1.9 C −3.068 −3.729 3.872 0.037 0.030 0.088 0.037 0.999
0.02 0.28 1.5 A −3.365 −3.809 3.811 0.024 0.019 0.047 0.028 0.999
0.02 0.28 1.7 A −3.496 −3.961 4.141 0.059 0.045 0.124 0.026 1.000
0.02 0.28 1.9 A −3.125 −3.827 3.468 0.071 0.031 0.137 0.002 1.000
0.02 0.28 1.5 B −3.245 −3.755 3.797 0.022 0.019 0.043 0.034 0.999
0.02 0.28 1.7 B −3.401 −3.880 4.132 0.051 0.045 0.110 0.043 0.999
0.02 0.28 1.9 B −2.955 −3.805 3.426 0.030 0.015 0.059 0.002 1.000
0.02 0.28 1.5 C −3.067 −3.681 3.679 0.023 0.018 0.040 0.037 0.999
0.02 0.28 1.7 C −3.040 −3.679 3.642 0.050 0.040 0.102 0.045 0.999
0.02 0.28 1.9 C −2.871 −3.861 3.574 0.051 0.039 0.111 0.005 1.000
0.03 0.28 1.5 A −3.396 −3.796 3.710 0.030 0.025 0.057 0.028 0.999
0.03 0.28 1.7 A −3.595 −3.987 4.133 0.142 0.115 0.288 0.034 0.999

FO

0.004 0.25 1.5 A −3.700 −3.690 3.770 0.285 0.163 0.636 0.161 0.976
0.004 0.25 1.7 A −3.502 −3.878 3.480 0.058 0.033 0.132 0.019 1.000
0.004 0.25 1.9 A −3.462 −3.883 3.396 0.066 0.034 0.151 0.013 1.000
0.004 0.25 1.5 B −3.169 −3.652 3.027 0.278 0.210 0.629 0.125 0.968
0.004 0.25 1.7 B −3.096 −3.536 2.801 0.420 0.310 0.982 0.136 0.958
0.004 0.25 1.9 B −3.331 −3.842 3.387 0.046 0.024 0.106 0.004 1.000
0.004 0.25 1.5 C −3.166 −3.780 3.311 0.028 0.019 0.069 0.002 1.000
0.004 0.25 1.7 C −3.398 −3.924 3.887 0.019 0.012 0.046 0.001 1.000
0.008 0.25 1.5 A −3.812 −3.754 3.757 0.181 0.099 0.388 0.107 0.991
0.008 0.25 1.7 A −3.608 −3.835 3.462 0.175 0.095 0.379 0.073 0.995
0.008 0.25 1.9 A −3.526 −3.929 3.332 0.058 0.031 0.129 0.011 1.000
0.008 0.25 1.5 B −3.430 −3.870 3.434 0.036 0.026 0.082 0.015 1.000
0.008 0.25 1.7 B −3.388 −3.855 3.342 0.040 0.025 0.090 0.010 1.000
0.008 0.25 1.9 B −3.375 −3.837 3.296 0.055 0.038 0.124 0.007 1.000
0.008 0.25 1.5 C −3.312 −3.810 3.441 0.032 0.029 0.078 0.008 1.000
0.008 0.25 1.7 C −3.355 −3.862 3.555 0.037 0.032 0.092 0.005 1.000
0.02 0.28 1.5 A −3.546 −3.943 3.207 0.028 0.015 0.056 0.007 1.000
0.02 0.28 1.7 A −3.572 −3.956 3.227 0.045 0.021 0.090 0.003 1.000

44

The Astrophysical Journal Supplement Series, 262:25 (50pp), 2022 September De Somma et al.



Table 31
PLC Coefficients in the JC Filters (〈V〉 = a + b Plog + c(〈V〉 − 〈K〉) for F and FO CCs Derived by Adopting the A, B, and C ML Relations and αml=1.5, 1.7, and 1.9

Z Y αml ML a b c σa σb σc σ R2

F

0.004 0.25 1.5 A −3.099 −3.772 1.667 0.018 0.014 0.016 0.029 0.999
0.004 0.25 1.7 A −3.099 −3.774 1.675 0.019 0.013 0.018 0.024 1.000
0.004 0.25 1.9 A −3.094 −3.790 1.689 0.024 0.015 0.024 0.022 1.000
0.004 0.25 1.5 B −2.997 −3.686 1.644 0.026 0.018 0.022 0.047 0.998
0.004 0.25 1.7 B −3.006 −3.710 1.678 0.022 0.016 0.022 0.036 0.999
0.004 0.25 1.9 B −3.021 −3.728 1.708 0.028 0.020 0.029 0.036 0.999
0.004 0.25 1.5 C −2.866 −3.622 1.614 0.033 0.019 0.025 0.052 0.998
0.004 0.25 1.7 C −2.844 −3.628 1.617 0.029 0.018 0.025 0.044 0.999
0.004 0.25 1.9 C −2.849 −3.653 1.646 0.031 0.021 0.031 0.041 0.999
0.008 0.25 1.5 A −3.101 −3.777 1.626 0.013 0.011 0.012 0.021 1.000
0.008 0.25 1.7 A −3.122 −3.783 1.645 0.017 0.014 0.017 0.018 1.000
0.008 0.25 1.9 A −3.105 −3.795 1.647 0.029 0.022 0.031 0.018 1.000
0.008 0.25 1.5 B −2.984 −3.720 1.615 0.020 0.017 0.018 0.042 0.999
0.008 0.25 1.7 B −3.044 −3.771 1.693 0.019 0.017 0.020 0.031 0.999
0.008 0.25 1.9 B −3.069 −3.798 1.735 0.033 0.028 0.038 0.031 0.999
0.008 0.25 1.5 C −2.808 −3.627 1.547 0.026 0.018 0.021 0.047 0.999
0.008 0.25 1.7 C −2.845 −3.633 1.577 0.025 0.018 0.023 0.039 0.999
0.008 0.25 1.9 C −2.877 −3.668 1.628 0.034 0.030 0.038 0.039 0.999
0.02 0.28 1.5 A −3.071 −3.798 1.605 0.017 0.015 0.016 0.023 1.000
0.02 0.28 1.7 A −3.164 −3.879 1.712 0.033 0.029 0.034 0.017 1.000
0.02 0.28 1.9 A −3.010 −3.863 1.595 0.097 0.047 0.091 0.003 1.000
0.02 0.28 1.5 B −2.963 −3.734 1.598 0.020 0.019 0.019 0.035 0.999
0.02 0.28 1.7 B −3.039 −3.808 1.691 0.032 0.032 0.034 0.032 0.999
0.02 0.28 1.9 B −2.836 −3.834 1.568 0.019 0.010 0.018 0.001 1.000
0.02 0.28 1.5 C −2.778 −3.617 1.515 0.023 0.019 0.019 0.041 0.999
0.02 0.28 1.7 C −2.742 −3.618 1.502 0.035 0.031 0.034 0.037 0.999
0.02 0.28 1.9 C −2.707 −3.805 1.576 0.047 0.038 0.050 0.005 1.000
0.03 0.28 1.5 A −3.090 −3.794 1.577 0.018 0.018 0.017 0.020 1.000
0.03 0.28 1.7 A −3.176 −3.864 1.668 0.041 0.039 0.042 0.013 1.000

FO

0.004 0.25 1.5 A −3.739 −3.748 1.798 0.266 0.158 0.277 0.152 0.978
0.004 0.25 1.7 A −3.514 −3.914 1.640 0.031 0.018 0.033 0.010 1.000
0.004 0.25 1.9 A −3.511 −3.929 1.646 0.030 0.016 0.032 0.006 1.000
0.004 0.25 1.5 B −3.179 −3.698 1.424 0.262 0.206 0.277 0.120 0.970
0.004 0.25 1.7 B −3.127 −3.594 1.350 0.400 0.307 0.438 0.132 0.961
0.004 0.25 1.9 B −3.375 −3.902 1.645 0.021 0.011 0.023 0.002 1.000
0.004 0.25 1.5 C −3.096 −3.824 1.491 0.041 0.030 0.048 0.004 1.000
0.004 0.25 1.7 C −3.328 −3.987 1.775 0.080 0.057 0.094 0.003 1.000
0.008 0.25 1.5 A −3.792 −3.788 1.756 0.166 0.095 0.168 0.101 0.992
0.008 0.25 1.7 A −3.613 −3.868 1.648 0.163 0.092 0.168 0.069 0.996
0.008 0.25 1.9 A −3.534 −3.939 1.600 0.028 0.015 0.029 0.005 1.000
0.008 0.25 1.5 B −3.365 −3.880 1.559 0.012 0.009 0.013 0.005 1.000
0.008 0.25 1.7 B −3.389 −3.894 1.589 0.018 0.011 0.019 0.005 1.000
0.008 0.25 1.9 B −3.437 −3.873 1.640 0.041 0.027 0.044 0.005 1.000
0.008 0.25 1.5 C −3.178 −3.828 1.505 0.021 0.021 0.024 0.006 1.000
0.008 0.25 1.7 C −3.203 −3.858 1.542 0.033 0.031 0.039 0.005 1.000
0.02 0.28 1.5 A −3.543 −3.959 1.549 0.028 0.015 0.027 0.007 1.000
0.02 0.28 1.7 A −3.604 −4.008 1.610 0.031 0.015 0.030 0.002 1.000
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Appendix D
PW Coefficients in the Gaia EDR3, HST-WFC3, and JC

Filters

The PW coefficients in the GAIA EDR3, HST-WFC3, and
JC filters for the various investigated chemical compositions
are listed in Tables 32–35.

Table 32
PW Coefficients in the Gaia EDR3 Filters (< > =< > - < - > = +W G G G a b P1.9 logBP RP ) for F and FO CCs Derived by Adopting the A, B, and C ML

Relations and αml = 1.5, 1.7, and 1.9

Z Y αml ML a b σa σb σ R2

F

0.004 0.25 1.5 A −2.580 −3.350 0.045 0.034 0.123 0.992
0.004 0.25 1.7 A −2.559 −3.403 0.039 0.031 0.102 0.995
0.004 0.25 1.9 A −2.540 −3.453 0.030 0.026 0.078 0.997
0.004 0.25 1.5 B −2.471 −3.318 0.048 0.033 0.137 0.991
0.004 0.25 1.7 B −2.474 −3.336 0.039 0.028 0.114 0.994
0.004 0.25 1.9 B −2.472 −3.360 0.034 0.024 0.098 0.996
0.004 0.25 1.5 C −2.272 −3.365 0.051 0.035 0.136 0.991
0.004 0.25 1.7 C −2.319 −3.340 0.043 0.029 0.117 0.994
0.004 0.25 1.9 C −2.333 −3.340 0.039 0.026 0.100 0.996
0.008 0.25 1.5 A −2.670 −3.341 0.044 0.036 0.122 0.991
0.008 0.25 1.7 A −2.668 −3.384 0.037 0.031 0.082 0.996
0.008 0.25 1.9 A −2.634 −3.460 0.027 0.025 0.055 0.998
0.008 0.25 1.5 B −2.581 −3.281 0.046 0.032 0.143 0.991
0.008 0.25 1.7 B −2.596 −3.287 0.039 0.028 0.120 0.994
0.008 0.25 1.9 B −2.555 −3.358 0.031 0.024 0.082 0.997
0.008 0.25 1.5 C −2.365 −3.339 0.044 0.030 0.127 0.993
0.008 0.25 1.7 C −2.419 −3.321 0.041 0.027 0.112 0.995
0.008 0.25 1.9 C −2.460 −3.296 0.033 0.023 0.088 0.997
0.02 0.28 1.5 A −2.698 −3.300 0.035 0.029 0.110 0.995
0.02 0.28 1.7 A −2.677 −3.370 0.028 0.025 0.070 0.998
0.02 0.28 1.9 A −2.582 −3.605 0.014 0.034 0.013 1.000
0.02 0.28 1.5 B −2.636 −3.205 0.041 0.029 0.132 0.993
0.02 0.28 1.7 B −2.641 −3.218 0.039 0.028 0.110 0.996
0.02 0.28 1.9 B −2.439 −3.585 0.028 0.069 0.020 0.999
0.02 0.28 1.5 C −2.476 −3.225 0.049 0.034 0.142 0.992
0.02 0.28 1.7 C −2.479 −3.249 0.036 0.026 0.092 0.997
0.02 0.28 1.9 C −2.342 −3.493 0.028 0.045 0.026 0.999
0.03 0.28 1.5 A −2.779 −3.264 0.032 0.028 0.095 0.996
0.03 0.28 1.7 A −2.764 −3.326 0.028 0.027 0.061 0.999

FO

0.004 0.25 1.5 A −3.069 −3.378 0.043 0.092 0.177 0.978
0.004 0.25 1.7 A −3.011 −3.629 0.015 0.041 0.050 0.998
0.004 0.25 1.9 A −3.005 −3.665 0.013 0.035 0.033 0.999
0.004 0.25 1.5 B −2.876 −3.477 0.063 0.136 0.131 0.975
0.004 0.25 1.7 B −2.906 −3.411 0.073 0.167 0.138 0.970
0.004 0.25 1.9 B −2.878 −3.631 0.020 0.061 0.028 0.999
0.004 0.25 1.5 C −2.783 −3.536 0.027 0.059 0.020 0.999
0.004 0.25 1.7 C −2.778 −3.545 0.049 0.130 0.027 0.997
0.008 0.25 1.5 A −3.178 −3.451 0.027 0.061 0.131 0.990
0.008 0.25 1.7 A −3.114 −3.600 0.022 0.054 0.088 0.995
0.008 0.25 1.9 A −3.104 −3.740 0.011 0.053 0.032 0.998
0.008 0.25 1.5 B −2.966 −3.603 0.020 0.053 0.056 0.996
0.008 0.25 1.7 B −2.959 −3.627 0.017 0.045 0.039 0.998
0.008 0.25 1.9 B −2.971 −3.621 0.016 0.095 0.032 0.997
0.008 0.25 1.5 C −2.887 −3.474 0.032 0.078 0.042 0.995
0.008 0.25 1.7 C −2.892 −3.478 0.027 0.069 0.031 0.998
0.02 0.28 1.5 A −3.155 −3.775 0.010 0.037 0.031 0.999
0.02 0.28 1.7 A −3.179 −3.808 0.011 0.066 0.020 0.999
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Table 33
PW Coefficients in the HST-WFC3 Filters (< > =< > - < - > = +W F F F a b P0.386 logW W W160 555 814 ) for F and FO CCs Derived by Adopting the A, B, and C

ML Relations and αml = 1.5, 1.7, and 1.9

Z Y αml ML a b σa σb σ R2

F

0.004 0.25 1.5 A −2.652 −3.385 0.042 0.032 0.115 0.993
0.004 0.25 1.7 A −2.629 −3.431 0.036 0.029 0.095 0.995
0.004 0.25 1.9 A −2.607 −3.475 0.028 0.024 0.073 0.997
0.004 0.25 1.5 B −2.561 −3.334 0.044 0.031 0.127 0.992
0.004 0.25 1.7 B −2.556 −3.351 0.037 0.026 0.108 0.995
0.004 0.25 1.9 B −2.550 −3.371 0.033 0.023 0.094 0.997
0.004 0.25 1.5 C −2.381 −3.364 0.047 0.032 0.124 0.992
0.004 0.25 1.7 C −2.415 −3.342 0.040 0.027 0.108 0.995
0.004 0.25 1.9 C −2.420 −3.344 0.036 0.025 0.094 0.996
0.008 0.25 1.5 A −2.712 −3.364 0.041 0.033 0.112 0.993
0.008 0.25 1.7 A −2.713 −3.395 0.035 0.029 0.078 0.996
0.008 0.25 1.9 A −2.682 −3.456 0.026 0.024 0.052 0.998
0.008 0.25 1.5 B −2.628 −3.299 0.042 0.030 0.131 0.992
0.008 0.25 1.7 B −2.637 −3.302 0.037 0.027 0.112 0.995
0.008 0.25 1.9 B −2.599 −3.359 0.030 0.023 0.079 0.998
0.008 0.25 1.5 C −2.435 −3.336 0.040 0.027 0.114 0.994
0.008 0.25 1.7 C −2.478 −3.317 0.036 0.025 0.101 0.996
0.008 0.25 1.9 C −2.507 −3.295 0.031 0.021 0.081 0.998
0.02 0.28 1.5 A −2.679 −3.323 0.032 0.026 0.100 0.996
0.02 0.28 1.7 A −2.661 −3.372 0.026 0.023 0.064 0.999
0.02 0.28 1.9 A −2.559 −3.621 0.013 0.033 0.012 1.000
0.02 0.28 1.5 B −2.619 −3.227 0.037 0.026 0.119 0.995
0.02 0.28 1.7 B −2.616 −3.236 0.035 0.025 0.098 0.997
0.02 0.28 1.9 B −2.417 −3.599 0.026 0.063 0.018 0.999
0.02 0.28 1.5 C −2.471 −3.234 0.043 0.029 0.124 0.994
0.02 0.28 1.7 C −2.462 −3.257 0.031 0.022 0.080 0.998
0.02 0.28 1.9 C −2.332 −3.471 0.025 0.040 0.023 0.999
0.03 0.28 1.5 A −2.730 −3.290 0.029 0.025 0.085 0.997
0.03 0.28 1.7 A −2.716 −3.332 0.023 0.022 0.049 0.999

FO

0.004 0.25 1.5 A −3.127 −3.415 0.041 0.087 0.168 0.981
0.004 0.25 1.7 A −3.064 −3.662 0.013 0.034 0.042 0.999
0.004 0.25 1.9 A −3.056 −3.693 0.011 0.031 0.029 0.999
0.004 0.25 1.5 B −2.932 −3.521 0.060 0.130 0.125 0.977
0.004 0.25 1.7 B −2.954 −3.459 0.071 0.162 0.134 0.972
0.004 0.25 1.9 B −2.925 −3.665 0.018 0.054 0.024 0.999
0.004 0.25 1.5 C −2.818 −3.605 0.022 0.047 0.016 0.999
0.004 0.25 1.7 C −2.809 −3.613 0.042 0.110 0.023 0.998
0.008 0.25 1.5 A −3.207 −3.475 0.025 0.056 0.121 0.991
0.008 0.25 1.7 A −3.141 −3.617 0.021 0.051 0.082 0.996
0.008 0.25 1.9 A −3.123 −3.747 0.009 0.045 0.028 0.999
0.008 0.25 1.5 B −2.993 −3.630 0.016 0.043 0.045 0.998
0.008 0.25 1.7 B −2.986 −3.647 0.015 0.040 0.034 0.999
0.008 0.25 1.9 B −2.991 −3.631 0.015 0.089 0.030 0.997
0.008 0.25 1.5 C −2.894 −3.543 0.025 0.060 0.032 0.997
0.008 0.25 1.7 C −2.894 −3.547 0.021 0.053 0.024 0.999
0.02 0.28 1.5 A −3.140 −3.764 0.009 0.035 0.030 0.999
0.02 0.28 1.7 A −3.154 −3.815 0.011 0.064 0.020 0.999
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Table 34
PW Coefficients in the JC Filters (< > =< > - < - > = +W I V I a b P1.55 log ) for F and FO CCs Derived by Adopting the A, B, and C ML Relations and

αml = 1.5, 1.7, and 1.9

Z Y αml ML a b σa σb σ R2

F

0.004 0.25 1.5 A −2.700 −3.364 0.042 0.032 0.117 0.993
0.004 0.25 1.7 A −2.676 −3.416 0.037 0.029 0.097 0.995
0.004 0.25 1.9 A −2.652 −3.467 0.029 0.024 0.074 0.997
0.004 0.25 1.5 B −2.593 −3.328 0.046 0.031 0.131 0.992
0.004 0.25 1.7 B −2.591 −3.348 0.038 0.026 0.109 0.995
0.004 0.25 1.9 B −2.585 −3.372 0.033 0.024 0.094 0.997
0.004 0.25 1.5 C −2.398 −3.371 0.049 0.034 0.129 0.992
0.004 0.25 1.7 C −2.437 −3.349 0.041 0.028 0.111 0.995
0.004 0.25 1.9 C −2.447 −3.352 0.037 0.025 0.096 0.996
0.008 0.25 1.5 A −2.768 −3.356 0.042 0.033 0.115 0.992
0.008 0.25 1.7 A −2.769 −3.393 0.035 0.029 0.078 0.996
0.008 0.25 1.9 A −2.732 −3.467 0.026 0.024 0.053 0.998
0.008 0.25 1.5 B −2.676 −3.298 0.043 0.030 0.134 0.992
0.008 0.25 1.7 B −2.690 −3.302 0.037 0.027 0.113 0.995
0.008 0.25 1.9 B −2.650 −3.367 0.030 0.023 0.080 0.998
0.008 0.25 1.5 C −2.469 −3.347 0.041 0.028 0.119 0.994
0.008 0.25 1.7 C −2.518 −3.329 0.038 0.026 0.105 0.995
0.008 0.25 1.9 C −2.554 −3.306 0.032 0.022 0.084 0.998
0.02 0.28 1.5 A −2.763 −3.332 0.031 0.026 0.098 0.996
0.02 0.28 1.7 A −2.745 −3.391 0.027 0.024 0.066 0.998
0.02 0.28 1.9 A −2.649 −3.626 0.012 0.030 0.011 1.000
0.02 0.28 1.5 B −2.690 −3.247 0.035 0.025 0.115 0.995
0.02 0.28 1.7 B −2.697 −3.254 0.035 0.024 0.097 0.997
0.02 0.28 1.9 B −2.506 −3.605 0.024 0.059 0.017 0.999
0.02 0.28 1.5 C −2.537 −3.258 0.042 0.029 0.123 0.994
0.02 0.28 1.7 C −2.540 −3.276 0.032 0.023 0.082 0.998
0.02 0.28 1.9 C −2.406 −3.512 0.025 0.039 0.023 0.999
0.03 0.28 1.5 A −2.827 −3.311 0.028 0.024 0.082 0.997
0.03 0.28 1.7 A −2.818 −3.359 0.025 0.024 0.054 0.999

FO

0.004 0.25 1.5 A −3.158 −3.424 0.042 0.089 0.170 0.980
0.004 0.25 1.7 A −3.097 −3.676 0.012 0.032 0.040 0.999
0.004 0.25 1.9 A −3.093 −3.710 0.010 0.029 0.027 0.999
0.004 0.25 1.5 B −2.964 −3.530 0.061 0.132 0.127 0.977
0.004 0.25 1.7 B −2.990 −3.470 0.072 0.165 0.137 0.971
0.004 0.25 1.9 B −2.965 −3.674 0.015 0.046 0.021 0.999
0.004 0.25 1.5 C −2.861 −3.592 0.021 0.044 0.015 0.999
0.004 0.25 1.7 C −2.857 −3.601 0.040 0.105 0.022 0.998
0.008 0.25 1.5 A −3.255 −3.488 0.025 0.057 0.122 0.991
0.008 0.25 1.7 A −3.191 −3.635 0.021 0.051 0.082 0.996
0.008 0.25 1.9 A −3.177 −3.778 0.008 0.041 0.025 0.999
0.008 0.25 1.5 B −3.040 −3.644 0.016 0.042 0.045 0.998
0.008 0.25 1.7 B −3.035 −3.664 0.013 0.036 0.031 0.999
0.008 0.25 1.9 B −3.044 −3.666 0.012 0.071 0.024 0.998
0.008 0.25 1.5 C −2.951 −3.531 0.026 0.063 0.034 0.997
0.008 0.25 1.7 C −2.954 −3.541 0.022 0.056 0.025 0.999
0.02 0.28 1.5 A −3.215 −3.799 0.008 0.029 0.024 0.999
0.02 0.28 1.7 A −3.237 −3.834 0.008 0.049 0.015 0.999
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Table 35
PW Coefficients in the JC Filters (< > =< > - < - > = +W K V K a b P0.13 log ) for F and FO CCs Derived by Adopting the A, B, and C ML Relations and

αml = 1.5, 1.7, and 1.9

Z Y αml ML a b σa σb σ R2

F

0.004 0.25 1.5 A −2.618 −3.407 0.041 0.031 0.113 0.993
0.004 0.25 1.7 A −2.597 −3.449 0.036 0.028 0.094 0.996
0.004 0.25 1.9 A −2.576 −3.489 0.028 0.024 0.072 0.998
0.004 0.25 1.5 B −2.533 −3.350 0.043 0.030 0.124 0.993
0.004 0.25 1.7 B −2.528 −3.365 0.037 0.026 0.106 0.995
0.004 0.25 1.9 B −2.522 −3.382 0.033 0.023 0.093 0.997
0.004 0.25 1.5 C −2.361 −3.373 0.046 0.031 0.121 0.993
0.004 0.25 1.7 C −2.392 −3.351 0.039 0.026 0.106 0.995
0.004 0.25 1.9 C −2.395 −3.352 0.036 0.024 0.093 0.996
0.008 0.25 1.5 A −2.670 −3.392 0.039 0.031 0.107 0.994
0.008 0.25 1.7 A −2.676 −3.414 0.034 0.028 0.076 0.996
0.008 0.25 1.9 A −2.651 −3.465 0.026 0.023 0.052 0.998
0.008 0.25 1.5 B −2.585 −3.327 0.040 0.028 0.123 0.993
0.008 0.25 1.7 B −2.597 −3.325 0.035 0.025 0.107 0.996
0.008 0.25 1.9 B −2.566 −3.370 0.029 0.022 0.077 0.998
0.008 0.25 1.5 C −2.405 −3.352 0.037 0.025 0.107 0.995
0.008 0.25 1.7 C −2.448 −3.330 0.035 0.023 0.095 0.996
0.008 0.25 1.9 C −2.475 −3.307 0.030 0.020 0.077 0.998
0.02 0.28 1.5 A −2.619 −3.375 0.028 0.023 0.087 0.997
0.02 0.28 1.7 A −2.612 −3.402 0.023 0.020 0.057 0.999
0.02 0.28 1.9 A −2.519 −3.630 0.013 0.033 0.013 1.000
0.02 0.28 1.5 B −2.551 −3.287 0.032 0.023 0.104 0.996
0.02 0.28 1.7 B −2.549 −3.289 0.029 0.021 0.083 0.998
0.02 0.28 1.9 B −2.378 −3.608 0.026 0.064 0.018 0.999
0.02 0.28 1.5 C −2.412 −3.283 0.036 0.025 0.105 0.996
0.02 0.28 1.7 C −2.403 −3.300 0.027 0.019 0.068 0.998
0.02 0.28 1.9 C −2.294 −3.476 0.024 0.039 0.023 0.999
0.03 0.28 1.5 A −2.661 −3.356 0.025 0.021 0.073 0.998
0.03 0.28 1.7 A −2.657 −3.375 0.018 0.018 0.039 0.999

FO

0.004 0.25 1.5 A −3.103 −3.422 0.041 0.087 0.167 0.981
0.004 0.25 1.7 A −3.040 −3.668 0.013 0.034 0.043 0.999
0.004 0.25 1.9 A −3.031 −3.698 0.012 0.033 0.031 0.999
0.004 0.25 1.5 B −2.908 −3.528 0.060 0.129 0.124 0.978
0.004 0.25 1.7 B −2.930 −3.465 0.070 0.161 0.133 0.973
0.004 0.25 1.9 B −2.898 −3.671 0.019 0.057 0.026 0.999
0.004 0.25 1.5 C −2.792 −3.616 0.022 0.047 0.016 0.999
0.004 0.25 1.7 C −2.782 −3.624 0.043 0.112 0.023 0.998
0.008 0.25 1.5 A −3.180 −3.480 0.025 0.056 0.121 0.991
0.008 0.25 1.7 A −3.113 −3.619 0.021 0.051 0.082 0.995
0.008 0.25 1.9 A −3.094 −3.747 0.010 0.047 0.029 0.999
0.008 0.25 1.5 B −2.966 −3.636 0.016 0.043 0.045 0.998
0.008 0.25 1.7 B −2.958 −3.651 0.015 0.042 0.036 0.999
0.008 0.25 1.9 B −2.962 −3.627 0.016 0.094 0.031 0.997
0.008 0.25 1.5 C −2.864 −3.555 0.025 0.060 0.032 0.997
0.008 0.25 1.7 C −2.864 −3.556 0.021 0.053 0.024 0.999
0.02 0.28 1.5 A −3.107 −3.764 0.010 0.037 0.032 0.999
0.02 0.28 1.7 A −3.118 −3.819 0.011 0.069 0.021 0.999
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