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ABSTRACT

We emphasize that the completeness of the partition function, that is, the use of a converged partition function at the typical tempera-
ture range of the survey, is very important to decrease the uncertainty on this quantity and thus to derive reliable interstellar molecular
densities. In that context, we show how the use of different approximations for the rovibrational partition function together with
some interpolation and/or extrapolation procedures may affect the estimate of the interstellar molecular column density. For that pur-
pose, we apply the partition function calculations to astronomical observations performed with the IRAM-30m telescope towards the
NGC7538–IRS1 source of two N-bearing molecules: isocyanic acid (HNCO, a quasilinear molecule) and methyl cyanide (CH3CN,
a symmetric top molecule). The case of methyl formate (HCOOCH3), which is an asymmetric top O-bearing molecule containing
an internal rotor is also discussed. Our analysis shows that the use of different partition function approximations leads to relative
differences in the resulting column densities in the range 9 to 43%. Thus, we expect this work to be relevant for surveys of sources
with temperatures higher than 300 K and to observations in the infrared.

Key words. techniques: spectroscopic – radio lines: ISM – ISM: abundances

1. Introduction

Molecular astronomy needs accurate spectral analysis of the
emission associated with various molecular species in order to
identify them and to estimate the physical conditions of the in-
terstellar region they are emitting from (Herbst & van Dishoeck
2009). A comprehensive molecular spectral characterisation is
therefore extremely important for astrochemistry because the
relative isotopic abundance estimates, the branching ratios, and
the rate coefficients along with the activation energy of chemi-
cal reactions strongly relies on it (see Shaw 2006). In particular,
a precise estimation of the column density of the molecular in-
terstellar species is required in order to investigate the possible
chemical reactions taking place in the interstellar medium (ISM).
Such estimates are based on molecular spectroscopy that pro-
vides transition frequencies, line strengths, and partition func-
tions for a given molecule through accurate laboratory spectral
analyses.

Furthermore, the determination of ISM molecular and iso-
topic abundance ratios provides strong insight into the molecular
formation mechanisms that occur in the ISM. To achieve it, it is
necessary that the intensity calculation of the molecular species
at different temperatures is reliable. It is important to note that
the spectroscopic determination of the transition frequencies, the
line strengths, and the partition function has to be very accurate

due to the high spectral resolution that is now accessible with the
present astronomical observatories.

The advent of new infrared and (sub-)millimeter observa-
tories in the last decade (e.g., Atacama Large Millimeter Ar-
ray (ALMA), Herschel, Stratospheric Observatory For Infrared
Astronomy (SOFIA)) has motivated the molecular spectroscopy
community to characterize increasingly complex molecules for
which spectra were unrecorded until then. The spectroscopic
data are gathered through intensive laboratory work, both exper-
imental and theoretical, to predict new and accurate molecular
data in the spectral range covered by the observational instru-
ments. In addition, these data permit the exploration of new fre-
quency ranges and enable the prediction of the frequencies via
theoretical modeling.

Present databases compile and maintain the spectroscopic
data updated in catalogs commonly used by the molecular as-
tronomy community, such as the Cologne Database for Molec-
ular Spectroscopy (CDMS)1 (Endres et al. 2016), the JPL (Jet
propulsion Laboratory) database2 (Pickett et al. 1998), the Lo-
vas/NIST catalog3 (Lovas 2004), the Toyama Microwave At-

1 http://www.ph1.uni-koeln.de/vorhersagen/
2 https://spec.jpl.nasa.gov/
3 http://physics.nist.gov/restfreq
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las for spectroscopists and astronomers4, the SPLATALOGUE
database5 (Remijan et al. 2007) and HITRAN6 (Gordon et al.
2017; Gamache et al. 2017). These databases have compiled a
huge amount of data provided by spectral analyses performed
via intensive laboratory spectral recordings.

So far, spectroscopic studies have made possible the iden-
tification of about 200 molecular species7 in star-forming re-
gions and in the ISM. Nevertheless, for a number of molecular
species, some reported physical quantities are not always nor-
malized among the different authors. This is the case for ex-
ample for the partition function values: there are several def-
initions of the nuclear spin statistical weight and the partition
function is not always accounted for. This is also the case of the
line strengths: some authors use a definition involving the square
molecular dipole moment while others do not.

Moreover, the internal partition functions can be computed
in different ways: A direct sum formula can be used, which in-
volves the exponential of the energy levels, if those energy levels
are known; if they are not known one can use various approxi-
mations to get the partition function. The main issue is the un-
certainty on the partition function and its effect on molecular
column densities. When the partition function is computed with
the direct sum formula, sometimes it is provided without car-
rying out an appropriate convergence study in the temperature
ranges of the ISM, typically from 9.375 to 300 K. The conver-
gence on the partition function is said to be reached when a com-
plete (full) list of rovibrational energy levels is available at the
temperature of a given survey. In that case, due to the integrative
nature of partition functions, completeness is more important in
general than the accuracy with which those energy levels are es-
timated (Furtenbacher et al. 2016b). On the contrary, when the
partition function is computed using various levels of approxi-
mations (because the energy level information is not or not easily
available), large uncertainties on the partition function can also
occur.

Molecular column densities (number of molecules per unit
area along the line of sight, cm−2) are traditionally retrieved by a
population rotational diagram (Mangum & Shirley 2015). Since
the total molecular column density is proportional to the inter-
nal partition function, the uncertainties on the partition function
will directly affect it. In particular, using an uncomplete (thus
smaller) partition function will lead to underestimation of the
molecular column densities and therefore some astrochemical
conclusions could turn out to be slightly or even significantly
different.

Mangum & Shirley (2015) published a review aimed at
describing how to calculate the molecular column density
from molecular spectral (rotational or ro-vibrational) transitions.
Some years before, Fischer & Gamache (2002) and Fischer et al.
(2003) studied, for atmospherical and astrophysical species, the
convergence of the internal partition function. However none of
these former studies focused on the implications of using an ap-
proximate (or a not fully converged) partition function on the
estimates of the interstellar molecular column densities.

The present paper aims at addressing the impact of different
levels of approximations of the partition function on estimations
of the interstellar molecular physical conditions. Some partition
function interpolation and extrapolation procedures commonly

4 http://www.sci.u-toyama.ac.jp/phys/4ken/atlas/
5 This database also collects data from other catalogues,
http://www.splatalogue.net/
6 https://hitran.org/
7 http://www.astro.uni-koeln.de/cdms/molecules/

used in the literature are also presented along with the analysis
of their relevance regarding the temperature range. The inter-
polation and extrapolation procedures are indeed often used to
determine the partition function value at any given ISM tem-
perature. The effect of using an incomplete, that is, not fully
converged, partition function is illustrated below via the use of
the three following molecules, which represent different molecu-
lar geometries: isocyanic acid (HNCO), a quasilinear molecule;
methyl cyanide (CH3CN), a symmetric top molecule; and methyl
formate (HCOOCH3), an asymmetric top molecule with a large
amplitude internal rotor. Finally, a fourth molecule, hydrogen
sulfide (H2S), serves us to illustrate the effect of anharmonicity
on the vibrational contribution of the partition function.

This paper is organized as follows: in Section 2 we briefly re-
call how to estimate the temperature and the interstellar molec-
ular abundance from the molecular spectra under the assump-
tion of local thermodynamic equilibrium (LTE). In Section 2
we highlight the need for a complete, that is to say a conver-
gent, partition function to provide more accurate estimates and
to decrease the uncertainties of the molecular column densities.
In Section 3, we outline the various approximations that can be
done for the rovibrational partition function calculation and the
various interpolation and extrapolation procedures in terms of
temperature. Section 4 describes the 30 m astronomical obser-
vations of NGC7538-IRS1. In Section 5, we give examples of
derived molecular column density estimates from different parti-
tion function approximations or interpolation and extrapolation
procedures. Finally, the conclusions are set out in Section 6.

2. Relevance of a suitable partition function

convergence study in the rotational temperature

diagram estimates

In this section, we briefly describe how the ISM molecular col-
umn densities and/or abundances are derived. For emission lines
associated with a given molecule in an astronomical survey, one
can derive the total molecular column density N as a function of
the integrated intensity W, the partition function and the excita-
tion temperature. The mathematical expression depends on the
assumption considered (i.e., optically thin emission, negligible
background temperature, LTE, and so on; for further details see
Goldsmith & Langer 1999; Mangum & Shirley 2015).

We therefore assume that LTE is reached and the excitation
temperature will be given by the quantity T . Hence, in absence
of collision rates, the upper energy state column density, Nu, can
be related to the total column density, N, of the molecule by

Nu = gu

N

Q(T )
e−

Eu
kT , (1)

where k is the Boltzmann constant, Q(T ) is the molecular parti-
tion function, and gu and Eu are the degeneracy and the energy
for the upper level u involved in the molecular transition, re-
spectively. The degeneracy for the upper level involved in the
transition gu can be given as

gu = (2Ju + 1) g
(u)
ns , (2)

where Ju is the upper state rotational angular momentum and g
(u)
ns

is the nuclear spin statistical weight of the upper state.
The total molecular column density N of a molecular species,

which is related to the upper energy state column density Nu
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by Eq. (1), and the rotational temperature T can be given
by (Goldsmith & Langer 1999):

ln

[

3 k W

8 π3 ν S µ2 gu

]

= ln

[

N

Q(T )

]

−
Eu

k T
, (3)

ln

[

8 π k ν2 W

gu h c3 Aul

]

= ln

[

N

Q(T )

]

−
Eu

k T
, (4)

where h is the Planck constant and c is the speed of light in vac-
uum. In the above equations the integrated intensity W, given
in K·km/s, and transition frequency ν for a given line are pro-
vided through the spectral interstellar observations, and there-
fore their accuracies are limited by observational constraints.
The line strength S µ2 or the Einstein coefficient Aul for spon-
taneous emission, the upper state energy Eu and the molecular
partition function Q(T ), are all predicted after the spectral char-
acterization of the molecule is performed. Therefore, their ac-
curacies are also limited by the calculation and prediction error
bars based on laboratory work.

To determine the column density N and the temperature T
from the observations, a linear regression, so-called rotational
temperature diagram, is carried out after substituting in Eq. (3)
(i) the data for the detected lines from the observational survey
namely W and ν, and (ii) the spectroscopic data of the molecules:
S µ2, gu, Eu, and Q(T ).

The linear regression of Eq. (3) provides the y-intercept,
which corresponds to b = ln(N/Q), and the slope which is re-
lated to the inverse of temperature by a = −1/T (Turner 1991).
Therefore, the excitation temperature can easily be estimated
from the slope whereas the total molecular column density N
is obtained from the y-intercept provided that the molecular par-
tition function is known. This means that the molecular partition
function values at a characteristic temperature range directly af-
fect the value of N. This is why a detailed convergence study
of the molecular partition function is relevant to obtain a correct
estimate of N.

For instance, if the source under study is a hot region where
excited vibrational states of a given molecule are populated
(T ≥300 K) and if the molecular partition function is computed
only taking into account the rotational structure of the molecule
(i.e., in its vibrational ground state), the resulting molecular
column density will be underestimated. Therefore, for high-
temperature regions, the rotational temperature diagrams should
contain both the rotational and vibrational contributions and,
therefore a more accurate designation for them should be rovi-
brational temperature diagrams rather than rotational tempera-
ture diagrams, which is a slightly misleading term in some cases.

In Section 4, the rovibrational temperature diagrams for
CH3CN, HNCO, and HCOOCH3 resulting from our observa-
tions are given as examples.

3. Molecular partition function

In this section, we present some approximations used for the cal-
culation of the rovibrational partition function of a free molecule
with the aim of reaching the correct values (under a convergence
study) at the typical temperature range of the ISM.

A molecular partition function8 is defined as a direct sum of
exponential terms that involve the energy levels and the temper-

8 Also referred to as Total Internal Partition Sums
(TIPS) (Fischer & Gamache 2002) and ideal-gas internal parti-
tion function (Furtenbacher et al. 2016b).

ature of the environment where the molecule is located. There-
fore, the direct sum of the partition function can be given as

Q(T ) =
∑

i

g
(i)
ns (2 Ji + 1) e−

Ei
kT , (5)

where Ji and g
(i)
ns are the rotational angular momentum and the

nuclear spin degeneracy of the energy level i, respectively, and
Ei is the rovibrational energy usually referred to the ground vi-
brational state as it is assumed that uniquely the ground elec-
tronic state is populated (Fischer & Gamache 2002; Cerezo et al.
2014). This means that an accurate partition function will be
determined at any temperature if all energies Ei are accurately
known. At the present time, this is unfortunately often not pos-
sible because all transitions (and thus all energy levels) have not
yet been measured. From a quantum mechanical point of view,
one might assume that the molecular parameters derived from
the observed transition frequencies can be used to predict the
missing energy levels, however their estimates are not always
lying within the experimental uncertainty. Therefore, the expo-
nential terms in Eq. (5) are limited to the lowest energies Ei up
to a certain upper threshold.

The energy threshold is selected depending on the environ-
ment under study, for example, ISM or planetary atmospheres,
which correspond to given temperature ranges. Regarding the
number of exponential terms in Eq. (5), once the numerator
Ei is large in comparison with the denominator kT , the ex-

ponential e−
Ei
kT can be neglected as long as Ei reaches a cer-

tain upper threshold. This means that according to the tem-
perature of the environment, the upper threshold energy can
be selected so that the direct sum in Eq. (5) uses a complete
set of rovibrational energy levels and therefore reaches conver-
gence (Fischer & Gamache 2002).

In general, when the energy levels do not appear in a
database or in the literature, or cannot be calculated easily, ap-
proximations are usually considered for determining the molec-
ular partition function. In the case of the C2 molecule, the in-
ternal partition function is computed via the direct sum formula
using a combination of experimental and theoretically derived
energy levels (Furtenbacher et al. 2016a). The theoretical treat-
ment allows the authors to obtain a full set of energies for the
nine electronic states considered during the determination of
the ideal-gas thermochemistry of C2. However, those theoreti-
cally derived rovibronic levels are complete but of limited ac-
curacy. The sources of inaccuracies and uncertainties in the par-
tition function are fully discussed in this paper. Unfortunately
this is not always the case in the literature. We investigate here
the particular case of molecules that possess one large ampli-
tude torsional mode arising from a CH3 top. In that instance,
Ei stands for the vibrational-torsional-rotational energy (also re-
ferred to as the vibrational-torsional ground state) and the par-
tition function can be approximated as a product of the rota-
tional contribution Qrot(T ), the torsional Qtor(T ), and the vibra-
tional Qvib(T ), (Herzberg 1991), assuming that the torsional-
vibrational-rotational coupling interactions in the Hamiltonian
can be left out:

Q(T ) ≈ Qrot(T ) Qtor(T ) Qvib(T ) . (6)

In this case, for some isotopologs of methyl formate, Favre et al.
(2014) assessed that Eq. (6) is a good approximation for temper-
atures under 300 K.

If the molecule has no torsional mode, the torsional contri-
bution Qtor is simply omitted in Eq. (6).

Article number, page 3 of 26
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3.1. Rotational partition function

The rotational partition function Qrot(T ) (e.g., Herzberg 1991;
Groner et al. 2007) can be written as a direct sum,

Qrot(T ) =
∑

i

g
(i)
ns (2 Ji + 1) e−

E
(rot)
i
kT , (7)

where E
(rot)

i
represents the energy for the i-th rotational state.

The degeneracy g
(i)
ns is included in the definition of the rotational

contribution of the partition function (Eq. 7) because in general

g
(i)
ns is associated with the K degeneracy of the symmetric top

(or Ka and Kc for asymmetric top; see Sect. 3.4). In the present
paper we address the special case of symmetric (or asymmetric)
tops where the degeneracy is state independent, meaning that

g
(i)
ns = gns.

The classical approximation of the rotational partition func-
tion (7), based on a rigid rotor model, can also be used for sym-
metric and slightly asymmetric tops considering the rotational
constants defined in the Principal Axis System (McDowell 1990;
Herzberg 1991; Mangum & Shirley 2015).

3.2. Vibrational partition function

The vibrational partition function Qvib(T ), which only takes into
consideration the small amplitude vibrational modes, can be
computed using the harmonic approximation (Herzberg 1991):

Qharm
vib (T ) = Π

Nvib

i=1

1

1 − eE
(vib)

i
/kT
, (8)

where Nvib and E
(vib)

i
represent the number of the small-

amplitude vibrational modes and their fundamental energies, re-
spectively. This approximation is a good alternative to the direct
sum expression of the vibrational partition function for the ISM
temperatures for the following reasons. In general, the energy
values of the fundamental vibrational states are known but only
a handful of excited term values are determined. Furthermore,
the limited number of known excited terms is not considered,
and as a consequence the exponential terms have larger E

(vib)

i
with respect to the typical ISM temperatures (100-200 K). More

specifically, the terms with large fractions of
E

(vib)

i

kT
can be ne-

glected in the calculation of the vibrational partition function.
Finally, the convergence of the vibrational partition function can
be generally reached only using the lowest vibrational energies.

However, two comments on Eq.(8) need to be added. First,
it is known that the vibrational anharmonicity affects, in gen-
eral, the vibrational energy structure of floppy or semi-floppy
molecules, mainly the excited vibrational levels, by decreasing

the vibrational term values E
(vib)

i
with respect to their harmonic

values. Therefore, by including the anharmonicity, the direct
sum of the vibrational partition function increases (Zheng et al.
2012; Skouteris et al. 2016). Second, molecules can undergo
strong vibrational resonances such as the Fermi and Darling-
Dennison interactions (Herzberg 1991), which perturb the en-
ergy levels (sometimes by hundreds of cm−1). These perturba-
tion effects are not reflected in the fundamental energies used in
Eq. (8).

Therefore, it is worthwhile to test whether the harmonic ex-
pression for the vibrational partition function of Eq. (8) is a
good approximation of the direct sum, as Furtenbacher et al.

(2016b) did in a comprehensive study of the rovibrational par-
tition function for water molecules. In order to assess the de-
viation of the harmonic partition function with respect to the
direct sum, we therefore chose the hydrogen sulfide molecule
H2S because: (i) this molecule has strong Fermi and Darling-
Dennison interactions and large anharmonic effects in the vi-
brational degrees of freedom; and (ii) a huge amount of com-
piled experimental and predicted vibrational levels (204 vibra-
tional term values in total up to approximately 17000 cm−1) are
available (Carvajal & Lemus 2015). Therefore, H2S is a good
molecule to test the effect of the anharmonicity on the partition
function because concerning the term values of its vibrational
levels we can increase the temperature high enough to compare
the direct sum with the harmonic approximation. Taking into ac-
count the vibrational levels of H2S we calculate the values of
the vibrational partition function contribution by direct sum. At
T = 1000 K and 2000 K the resulting values of the direct sum
are 1.28309 and 2.45873, respectively, and the relative differ-
ences with the harmonic approximation calculated from Eq.(8)
are of 0.13% and 1.34%, respectively. Therefore, we expect that
within the typical ISM temperatures, which are lower than the
two temperatures given above, the harmonic vibrational parti-
tion function expression can in general be considered as a good
approximation.

3.3. Torsional partition function

In the particular case of molecules with one large-amplitude tor-
sional CH3 top, the torsional contribution to the partition func-
tion Qtor(T ) can be computed by the direct sum (Favre et al.
2014):

Q
vmax

t

tor (T ) =

vmax
t

∑

vt=0

(

e−
E(tor)(vt ,A)

kT + e−
E(tor)(vt ,E)

kT

)

, (9)

where E(tor)(vt, A) and E(tor)(vt, E) are the torsional substate en-
ergies for the A (either A1 or A2) and E symmetries (according
to the molecular symmetry group C3v(M)), respectively, relative
to the torsional vt = 0 ground state, that is, E(tor)(vt = 0, A) =
0 cm−1.

Different approximations for the torsional partition sum can
be considered in terms of the selection of the maximum torsional
quantum number vmax

t . For the particular case of methyl formate
isotopologs, the convergence is achieved within 1% when vmax

t =

6 for a temperature range up to T =300 K (see Tables 9 and 10
of Favre et al. 2014). However, as the convergence of Eq. (9)
depends on the torsional term values, which are specific to each
molecule, and on the temperature, it is recommended whenever
possible to perform a convergence test of the values obtained for
the partition function from the direct sum by simply increasing vt

and adding the corresponding energies in the partition function
until a negligible change of its value occurs.

For molecules with two or more large-amplitude torsional
CH3 tops, the number of exponential terms in Eq. (9) should be
extended to all torsional substates for a given torsional quantum
number vt.

3.4. Nuclear spin statistical weights

The nuclear spin statistical weight gns can be computed accord-
ing to Bunker & Jensen (1989). A complete description of the
calculation can be found in this latter reference, and so we only
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summarize it here. The nuclear spin statistical weight is ob-
tained taking into account that the sign of the complete inter-
nal wavefunction9 either changes or is kept invariant under the
odd molecular symmetry group permutations of identical nuclei
with half-integer spin (so-called fermions) or with integer spin
(named bosons), respectively. For both cases however, the parity
of the complete internal wavefunction can be positive or negative
under the symmetry group inversion action (Bunker & Jensen
1989).

Since the complete internal wavefunction with symmetry Γint

can be written as the product of the rovibronic function, with
symmetry Γrve, and the nuclear spin function, with symmetry
Γns, the following relationship exists among the various sym-
metry representations: Γint ⊂ Γrve ⊗ Γns. Therefore, the spin sta-
tistical weight gns is the number of complete internal wavefunc-
tions of the allowed Γint symmetry that can originate from a given
Γrve (Bunker & Jensen 1989).

In general, gns is split into the reduced nuclear spin
weight gI and the K-level degeneracy gK (Turner 1991;
Mangum & Shirley 2015) as follows:

gns = gI gK . (10)

A possible source of error could come from the fact that the

left part of Eq. (3), ln
[

3 k W
8 π3 ν Sµ2 gu

]

, contains the statistical weight

of the upper state, but at the same time the right part of Eq. (3)
contains the partition function Q(T ), which also depends on
the statistical weight. Inconsistencies and errors therefore occur
when taking from the literature a value for the partition function
Q(T ) (where the statistical weight gns is calculated in one way),
and then another value for the upper level degeneracy gu (linked
to gI gK through Eq. (2)) calculated in another way. Of course,
this source of error can easily be resolved if the values of gns

are reported apart from the rest of the partition function, allow-
ing the users to carefully check the values of gns and gu before
considering the partition function in Eq. (3).

3.5. Interpolation and extrapolation

Whenever possible, the best procedure is to calculate the direct
sum using Eq. (5) after making sure that the sum reaches con-
vergence for the temperature under study. This of course may
not be always possible since it requires a rather precise knowl-
edge of the vibrational, rotational, and torsional (if large am-
plitude torsional motion(s) is involved) energies. Furthermore,
depending on the temperatures studied, those energy levels may
not be available through experimental transition measurements
or even through calculated transitions. In those cases, the parti-
tion function can alternatively be tabulated, within a given tem-
perature range, via fitted mathematical parameters using differ-
ent power expansions depending on the temperature (Irwin 1981;
Fischer & Gamache 2002; Barton et al. 2014). These power ex-
pansions, apart from being used as a simple way of storing
or computing the rotational-vibrational-torsional partition func-
tions, are useful to interpolate and/or extrapolate the partition
function values to the temperature of any ISM region, and they
are therefore often used. Nevertheless, the main advantage of the
tabulation of the partition function is due to the fact that in gen-
eral only a set of partition function values are reported for a set

9 The complete internal wavefunction is the eigenfunction of the com-
plete Hamiltonian for the internal dynamics of the molecule, which in-
cludes the rovibronic, electron spin, and nuclear spin degrees of free-
dom (Bunker & Jensen 1989).

of temperatures (typically from 2.725 K up to 500 K) and the di-
rect sum cannot be obtained if the rovibrational energies are not
available, as is usually the case.

In Sect. 3.6 we consider three molecular species as examples
to analyze the suitability of the most used procedures according
to the ISM temperature range. This analysis led us to draw the
conclusion that a noteworthy difference of around 10% can be
attributed to using one or another interpolation procedure. Two
main interpolation procedures can be distinguished: the linear
interpolation, which is obtained by simply taking two values of
the partition function at two successive temperatures and tracing
a straight line between them (which of course is strictly valid
only between the two points), and the nonlinear interpolation,
which uses the power expansions of the rotational-vibrational-
torsional partition function in terms of temperature.

As far as the nonlinear power expansions in the temperature
are concerned, two kinds of methods are found in the literature.
One method was considered by Fischer & Gamache (2002), who
used a fourth-order polynomial of Q(T ) in terms of temperature
T, and is valid for a temperature range from 70 to 300 K:

Q(T ) =

6
∑

n=0

An T n. (11)

In the present study, a polynomial extended up to sixth order
is considered, where seven parameters are fitted from the com-
puted partition function values. In the second method, a nonlin-
ear fit of a power expansion of log10(Q) in terms of the log10(T )
is also found in the literature (Irwin 1981; Barton et al. 2014), as
follows:

log10 Q(T ) =

6
∑

n=0

an (log10 T )n, (12)

where seven parameters are also fitted.
It is important to note that in comparison to the linear inter-

polation, Eqs. 11 and 12 can be successfully used to interpolate
the partition function along the whole temperature interval for
which they were fitted, and in addition to extrapolate them to
further values of the temperature interval used in the fitting.

Furthermore, we note that one can also use the rigid rotor
approximation of Herzberg (1991) for symmetric and asymmet-
ric tops, respectively, to derive the rotational partition function
at any temperature T , using the value of the partition function at
T=300 K as a benchmark:

Q(T ) = Q(300)

(

T

300

)1.5

. (13)

A quantitative example of the extrapolation function (13) is
given in Sect. 3.6.3.

3.6. Example of molecular partition function calculation

In this section we discuss the calculation of the partition func-
tions for the three following molecules that represent differ-
ent geometries: isocyanic acid (HNCO), which is a quasilinear
molecule, methyl cyanide (CH3CN), a symmetric top molecule,
and methyl formate (HCOOCH3), an asymmetric top molecule
which in addition has a large-amplitude internal rotor from CH3

top. The nuclear spin statistics and the nonlinear polynomial
expansions of the partition functions are discussed in Appen-
dices A and B, respectively.
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3.6.1. Isocyanic acid (HNCO)

Isocyanic acid is a slightly asymmetric prolate ro-
tor (Niedenhoff et al. 1995). The shortage of spectral data
from the different vibrational bands does not allow us to
obtain the partition function straightforwardly from Eq. (5)
as far as the vibrational energies are concerned. Nevertheless,
there are enough rotational levels that can be deduced from
measured transitions (Kukolich et al. 1971; Hocking et al.
1975; Niedenhoff et al. 1995; Lapinov et al. 2007). Moreover,
fundamental vibrational term values were already recorded in
the gas phase (East et al. 1993) so one can compute the partition
function using Eq. (6). The torsional term is not considered at
all because this motion does not occur in HNCO.

In Table 1 we compare the values of the rotational par-
tition function for different temperatures (Q

approx
rot in the sec-

ond column) using the approximation for slightly asymmetric
tops (McDowell 1990) with the value of the rotational partition
function computed as a direct sum of the predicted rotational en-
ergy levels up to J=135 and Ka=30 (Lapinov et al. 2007) using
Eq. (7) without considering the nuclear spin statistical weight
(Qrot(direct sum) in the third column). It is clear from Table 1
that the approximation of McDowell (1990) or similar approx-
imations are far from being satisfactory at temperatures lower
than 20 K.

As far as the vibrational contribution of the partition function
is concerned, there are not enough observed or computed vibra-
tional energies available to compute the direct sum. One needs to
use the harmonic approximation of the vibrational partition func-
tion from Eq. (8). In Table 2, the values of the harmonic approx-
imation of the vibrational partition function Qharm

vib
from Eq. (8)

are multiplied by the rotational partition function to obtain
the rotation-vibration partition function Qrv(Present work) =
Qrot(direct sum) ·Qharm

vib
for the isocyanic acid (HNCO) molecule

in the temperature range from 2.725 to 500 K. The values of
the rovibrational contribution from the present study are com-
pared with those coming from the CDMS catalog Q(CDMS)
which considers only the rotational partition function as a di-
rect sum and no vibrational contribution. It is notable that here
the vibrational contribution is becoming significant at tempera-
tures higher than 225 K. Therefore, if the molecule emits in the
ISM object at a temperature greater than 200 K, it is advisable
to consider the vibrational contribution in the calculation of the
molecular partition function.

The relative differences of Qrv(Present work) with respect
to Q(CDMS) are in general larger than the uncertainties of
Qrv(Present work). An upward estimate of its uncertainty has
been provided in Table 2 considering large uncertainties of
100 MHz and 1 cm−1 for the rotational energies and the vibra-
tional fundamentals, respectively. We have also computed the
uncertainty of the Qrv(Present work) values using the uncertain-
ties for each rotational energy level (Pickett 1991), but these are
even smaller.

In Table D.1 (available at the CDS), the computed
rotational, vibrational, and rovibrational partition function
Qrv(Present work) for isocyanic acid (HNCO) are also given up
to T=500 K in intervals of 1 K.

3.6.2. Methyl cyanide (CH3CN)

Methyl cyanide, also named acetonitrile, is a symmetric rotor
very close to the prolate limit (Müller et al. 2015). As for iso-
cyanic acid, the partition function can be calculated through
Eq. (6) after computing the rotational partition function and

the vibrational contribution separately. There is no torsional
contribution. The rotational energy data were taken from
Kukolich et al. (1973), Boucher et al. (1977), Kukolich (1982),
Cazzoli & Puzzarini (2006), and Müller et al. (2009) while the
vibrational fundamental frequencies come from Rinsland et al.
(2008).

In Table 3, the classical approximation of the rotational parti-
tion function (using McDowell (1990)) is compared for CH3CN
to the direct sum expression for the rotational partition function
(Eq. 7) but omitting the nuclear spin weight. The classical ap-
proximation has been computed using the rotational constants
from Müller et al. (2015) while the direct sum has been com-
puted for all the rotational energy levels up to J=99 (Müller et al.
2009). It can be noted that the classical approximation for the
rotational partition function contribution is not accurate enough
for temperatures lower than 5 K. Hence, in the present study,
the rovibrational partition function has been calculated as the
product of the direct sum of the rotational contribution and the
harmonic vibrational approximation (see Table 2).

In Table 2, the values of the rovibrational partition func-
tion Qrv(Present work) = Qrot(direct sum) ·Qharm

vib
are given from

2.725 to 500 K (column 3) and are compared with the rovibra-
tional partition function provided by the CDMS catalog (col-
umn 4; Endres et al. 2016); the vibrational partition function
contribution of this catalog only takes into consideration the vi-
brational fundamentals up to about 1200 cm−1. For comparison
purposes, the nuclear spin statistical weight has been suppressed
in both contributions. It can be noted in Table 2 that they dis-
agree at temperatures lower than 20 K and larger than 300 K. At
temperatures below 20 K the discrepancy, which could only stem
from the rotational partition function, could come from an extra
contribution overlooked in the instructions since the complete-
ness of the rotational partition function calculated in the present
study has also been proven by the good agreement obtained with
the rotational contribution computed by Rinsland et al. (2008).
For the highest temperatures, the difference between these two
calculations (CDMS vs. this work) only comes from the vibra-
tional contribution of the partition function, which starts to be-
come significant for temperatures above 300 K.

The uncertainties of Qrv(Present work) are also given in
Table 2. They are rather small despite them being estimated
upwards considering large rotational energy uncertainties of
100 MHz and of 1 cm−1 for the vibrational fundamentals.
In a temperature range above 20 K, the uncertainties of
Qrv(Present work) are significantly smaller than the relative dif-
ferences with respect to Q(CDMS).

In Table D.2 (available at the CDS), the rotational, vibra-
tional, and rovibrational partition functions calculated in the
present study for methyl cyanide (CH3CN) are provided in in-
tervals of 1 K up to T=500 K.

3.6.3. Methyl formate (HCOOCH3)

Methyl formate is an asymmetric near-prolate rotor which has
a large-amplitude motion due to the torsion of the methyl
group. As a consequence, each rotational line is split into a
doublet characterized by the symmetry labels A1 or A2 and
E (Carvajal et al. 2007), respectively. Therefore, for this molec-
ular species, the torsional contribution has to be taken into
account in the approximated expression of the partition func-
tion (Eq. 6). Other species of astrophysical interest undergo-
ing a large-amplitude motion of the methyl group CH3 are,
for example, methanol and acetaldehyde (Voronkov et al. 2002;
Martín et al. 2006; Xu et al. 2008; Wang et al. 2011; Xu et al.
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2014; Slocum et al. 2015; Pearson et al. 2015; Kleiner et al.
1996, 1999, 2008; Elkeurti et al. 2010; Smirnov et al. 2014;
Margulès et al. 2015; Codella et al. 2016; Zaleski et al. 2017).

A number of spectroscopic studies have been carried out for
the identification of the isotopologs of methyl formate in the
ISM (Carvajal et al. 2009; Margulès et al. 2010; Takano et al.
2012; Tercero et al. 2012; Favre et al. 2011, 2014; Haykal et al.
2014). The spectral analyses were focusing on the rotational
features of these molecular species mainly in the ground and
first torsional excited states (Curl 1959; Brown et al. 1975;
Bauder 1979; Demaison et al. 1983; Plummer et al. 1984, 1986;
Oesterling et al. 1999; Karakawa et al. 2001; Odashima et al.
2003; Ogata et al. 2004; Willaert et al. 2006; Carvajal et al.
2007; Maeda et al. 2008b; Ilyushin et al. 2009; Carvajal et al.
2010; Tudorie et al. 2012; Duan et al. 2015) while the other vi-
brational bands were in general not considered except in a few
cases (Maeda et al. 2008a; Kobayashi et al. 2013, 2018).

A significant achievement was when the lowest torsional-
rotational transitions for internal rotors could be reproduced
and predicted using the so-called Global Approach, where the
torsion-rotation Hamiltonian matrix (containing higher-order
terms describing the coupling between rotation and torsion) is set
up in an extended basis set containing the nine lowest torsional
vt states. By fitting vt = 0 and 1 bands within experimental-
accuracy laboratory data, Tudorie et al. (2012) provided a set of
53 parameters with a weighted (unitless) root-mean-squared de-
viation of 0.67. Even though the experimental data only included
vt = 0 and 1, the fitted parameters contain implicitly all the in-
teractions involving vt < 9. Predicted energy levels higher than
vt = 1 can therefore in principle be computed using those pa-
rameters but care has to be applied as the extrapolation to higher
torsional levels lacks accuracy as they are not based on experi-
mentally fitted parameters.

Therefore, a rotational-torsional-vibrational partition func-
tion can only be computed in an approximated way. The vibra-
tional contribution was obtained via the harmonic approximation
formula (Eq. 8) by using experimental vibrational fundamental
frequencies provided by Chao et al. (1986), while the rotational
and torsional contributions were obtained by performing a direct
sum on the predicted energies.

Comparison of rotational and rotational-vibrational-torsional
partition functions. It is worth noting that the most extensive
rotational-torsional partition function calculation of methyl for-
mate was provided by Tudorie et al. (2012) although this cal-
culation was restricted to temperatures from 100 to 300 K in
steps of 10 K. This partition function was computed as a di-
rect sum of the predicted rotational-torsional energies calculated
using the Hamiltonian parameters obtained in a fit of observed
transition lines in the ground and first excited torsional vt = 0
and 1 states. The vibrational partition function was not provided
in Tudorie et al. (2012).

In 2014, Favre et al. (2014) provided rotational-torsional-
vibrational partition function values for methyl formate in the
temperature range from 9.375 to 300 K after a comprehensive
convergence study was carried out. More specifically, the parti-
tion function was computed using Eq. (6). The rotational contri-
bution was calculated as a direct sum (Eq. 7) for the rotational-
torsional energies with torsional quantum number vt = 0 and A1

or A2 symmetries up to J = 79. The torsional (corresponding to
the large-amplitude motion) contribution was calculated as a di-
rect sum by Favre et al. (2014) using Eq. (9) up to vmax

t = 6 and
the following torsional energies: i) for the torsional levels vt = 0

to vt = 2, from the measured and predicted transitions coming
from Ilyushin et al. (2009), ii) for the levels vt = 3 to vt = 4, ab
initio torsional term values were used (Senent et al. 2005), and
iii) for the levels vt = 5 to vt = 6 a harmonic estimation from
those torsional levels were used. The vibrational contribution of
the small-amplitude vibrations was obtained using the harmonic
approximation (Eq. 8).

In the present study, the calculation of the rotational-
torsional-vibrational partition function is revisited. The values
obtained between 9.375 and 300 K by Favre et al. (2014) are
extended here from 2.725 to 500 K. Despite the fact that the par-
tition function of Favre et al. (2014) provided good agreement
with respect to that given by Tudorie et al. (2012), it is expected
that our present study gives more accurate partition function val-
ues mainly because of the increase of the maximum torsional
quantum number vmax

t in Eq. (9), as described below.

Favre et al. (2014) verified that, for methyl formate, the clas-
sical approximation (Herzberg 1991) of the rotational partition
function provided satisfactory results compared to its direct sum
expression for rotational energies up to J = 79 and for a temper-
ature range from 9.375 to 300 K. Table 4 shows that the clas-
sical approximation for methyl formate is fairly good even for
low temperatures around 2.725 K. In fact, the comparison of the
values provided by the direct sum and the classical expression
represents a good validation of the convergence reached by the
rotational contribution of the partition function in the tempera-
ture range up to 500 K.

To extend the torsional contribution of the partition func-
tion at temperatures from 300 to 500 K, we used Eq. (9) with
torsional states up to vmax

t = 10. The torsional energies up
to vt = 4 were predicted from our internal rotation software
BELGI (Kleiner 2010) using the Hamiltonian parameters exper-
imentally fitted by Tudorie et al. (2012). The torsional energy
levels from vt = 5 to vt = 10 were estimated with a harmonic
approximation. Although it is known that the harmonic energy
estimate provides a smaller value for the torsional partition func-
tion, in comparison with the one obtained when all the experi-
mental torsional levels are available, this approximation is still
justified for methyl formate and provides a minimum threshold
for the torsional partition function values at high temperatures.
Indeed, as mentioned above, the higher excited torsional ener-
gies can only be extrapolated from the experimentally deduced
parameters of the Hamiltonian from observed transitions within
vt = 0 and 1.

In Table 5, the torsional partition function calculated as a di-
rect sum in the present study are given for various vmax

t equal
to 4, 6, 8, and 10. We can make one comment about the fact
that Favre et al. (2014) presented the cutoff at vmax

t = 6 for tem-
peratures up to 300 K. In fact, the deviation between vmax

t = 6
and vmax

t = 8 approximations is smaller than 1%, and between
vmax

t = 8 and vmax
t = 10 it is of 0.22% at T=300 K. There-

fore, the convergence at T=300 K can be considered as accom-
plished. However, at T=500 K, the difference in extending the
calculation of the torsional partition function from vmax

t = 6 to
vmax

t = 8 is still 3.6%. Extending the calculation from vmax
t = 8

up to vmax
t = 10 torsional levels produces a difference in the tor-

sional partition function of 1.6% at T=500 K. For completeness,
Table 5 also gives the harmonic approximation of the vibrational
(for the modes other than the torsional mode) contribution of the
partition function.

The rotational-torsion-vibrational partition function values
obtained in the present study as the product of the rotational, tor-
sional, and vibrational contributions (Eq. 6) are given in the third
column of Table 6 for a temperature range from 2.725 to 500 K
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and are compared to the values of Favre et al. (2014) up to 300 K.
The differences between the present study and the values of
Favre et al. (2014) are very small but increase with temperature.
A conservative estimate of the uncertainty of Qrvt(Present work)
has also been provided, considering the rotational energy uncer-
tainties of 100 MHz, the uncertainties of the vibrational funda-
mentals as 1 cm−1 and the uncertainties of the torsional energies
as 0.01 cm−1 for vt=0 and 1, 1 cm−1 for vt=2 states, 5 cm−1 for
vt=3 and 4, and 20 cm−1 for the remainder (vt=5-10). Despite
the upward estimate of the uncertainties, they are smaller than
0.5% of the partition function value.

Finally, we note that for T=500 K we used the rota-
tional partition function value given by the classical approxi-
mation (Herzberg 1991). This is justified because the relative
difference between the direct sum and the approximated rota-
tional partition function tends to decrease with temperature (see
Table 4). Indeed, for temperatures higher than 330 K, the direct
sum expression does not reach the convergence if the sum is lim-
ited to rotational energy levels up to J = 79, which is the limit
where we measured and fit the experimental data (Kleiner 2010).

In Table D.3 (available at the CDS), the values of the rota-
tional, torsional, vibrational, and rotational-torsional-vibrational
partition function computed in the present study for methyl for-
mate are provided up to T=500 K using an interval of 1 K.

In Fig. 1, the partition function for the main isotopolog of
methyl formate computed in the present study and the one pub-
lished in the JPL catalog are compared by considering gns = 1
in both cases. The partition function of the present study was
extended up to T=500 K and is plotted as full red circles. The
JPL partition function is displayed in full green squares. The JPL
values were computed as a direct sum (5) of all the predicted
rotational-torsional energies with rotational angular momentum
up to J = 109 and including the ground and first torsional levels
vt = 0 and 1 (Ilyushin et al. 2009). The JPL values (Pickett et al.
1998) were given in the typical set of temperatures reported in
the astronomical catalogs, that is, T=9.375, 18.75, 37.50, 75.0,
150.0, 225.0, and 300.0 K.

Figure 1 shows that the partition function deviations between
the present study and the JPL catalog values start to be impor-
tant at T ≥150 K. Indeed, at T=150 K, they differ by about 20%
while at T=225 K and T=300 K the deviations are ∼43% and
∼61%, respectively. These differences are due to the fact that the
JPL partition function does not include the vibrational contribu-
tion and takes into account the torsional contribution only up to
vt = 0 and 1, whereas our calculation includes torsional levels
up to vt = 10 as well as the vibrational contribution.

Comparison of partition functions from nonlinear polynomial
expansions and direct sums. In order to better assess the
rotational-vibrational-torsional partition function obtained at the
estimated temperature of the ISM survey from the linear and
nonlinear interpolation procedures (see Appendix B), we plot
the values of Q against the temperature in Fig. 1. The results
of the linear interpolation (traced as a straight line by consider-
ing the sets of two adjacent partition function points) and those
from the nonlinear interpolation fitting (in this case the sixth-
order polynomial expansion, from Eq. 11) are also displayed.
It is immediately apparent that the computed partition function
values show a better agreement with the nonlinear interpolation
(third column of Table 6) than the linearly interpolated partition
function values. In fact, the linear interpolation provides over-
estimated values for the partition function (which become even
larger for higher temperatures). Therefore, using a linear inter-

polation of the partition function will lead to overestimation of
the molecular column density according to Eqs. (3) and (4).

Figure 2 shows the log10(Q) values computed in the present
study with respect to the temperature from T=2.725 K up to
500 K (red full circles). The nonlinear curve fit, displayed in
this figure as a blue continuous line, is the sixth-order decimal
logarithm polynomial expansion (Eq. 12). The latter was used to
extrapolate the partition function to temperatures from 500 to
800 K. It is immediately apparent that up to the temperature of
800 K, the polynomial expansion follows the same trend as the
lower temperatures partition function. In addition, the values that
have been extrapolated via the polynomial expansions are con-
sistent with the present partition function values computed using
the direct sum between 2.725 and 500 K.

Finally, the extrapolation carried out with the sixth-order
decimal logarithm polynomial expansion (Eq. 12) are compared
with the extrapolated values obtained using the partition function
at T=300 K (brown line) and T=500 K (green line) using the ex-
pression of Eq. (13). This leads us to conclude that for methyl
formate the nonlinear fitting expression is more suitable in the
extrapolation procedure of the partition function values.

4. A test case: observations of HNCO, CH3CN, and

HCOOCH3 towards the star forming region

NGC7538–IRS1

4.1. Observations

Observations of NGC7538–IRS1 were carried out with the
IRAM 30 m telescope at Pico Veleta in Spain on 2013 December
5, 6, and 10. The observations were performed in the “position
switching” mode, using [−600′′,0 ′′] as reference for the OFF
position, toward a single pointing (αJ2000=23h13m45.s5, δJ2000=

+61◦28′12.′′0). The E230 EMIR receiver was used in connection
with the 200 kHz Fourier transform spectrometer (FTS) backend
in the frequency ranges 212.6–220.4 GHz, 228.3–236.0 GHz,
243.5–251.3 GHz, 251.5–259.3 GHz, 259.3–267.0 GHz, and
267.2–274.9 GHz. The half-power beam size is 10′′ for obser-
vations at 250 GHz. The vLSR was −57 km s−1 and the spectral
resolution is about 1 km s−1. The resulting data harbored stand-
ing wave together with spurs that were removed during the re-
duction (using the fast Fourier transform for the standing wave).

Figures 3 and 4 display the NGC7538–IRS1 spectra ob-
served with the IRAM 30 m telescope in main beam temperature
units (TMB) that can be obtained with the following expression,

TMB =
ηf

ηMB

× T∗A , (14)

where T ∗
A

is the antenna temperature, ηf the forward efficiency,
and ηMB the main beam efficiency. In this paper, we used ηf = 94,
92, and 87 and ηMB= 63, 59, and 49 at 210, 230, and 274 GHz,
respectively10.

4.2. Molecular frequencies

For HNCO we used the spectroscopic data parameters from
Kukolich et al. (1971), Hocking et al. (1975), Niedenhoff et al.
(1995), and Lapinov et al. (2007). For CH3CN we used the
data from Müller et al. (2009), Cazzoli & Puzzarini (2006),
Kukolich et al. (1973), Kukolich (1982), Boucher et al. (1977),
Anttila et al. (1993), and Gadhi et al. (1995), which are avail-
able at the Cologne Database for Molecular Spectroscopy

10 see http://www.iram.es/IRAMES/mainWiki/Iram30mEfficiencies
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catalog (CDMS, Müller et al. 2005). Regarding HCOOCH3,
we used spectroscopic parameters from Ilyushin et al. (2009),
Brown et al. (1975), Bauder (1979), Demaison et al. (1983),
Plummer et al. (1984), Plummer et al. (1986), Oesterling et al.
(1999), Karakawa et al. (2001), Odashima et al. (2003),
Ogata et al. (2004), Carvajal et al. (2007), Maeda et al. (2008b),
Maeda et al. (2008a), and Curl (1959) available in the JPL
catalog.

In particular, we searched for transitions up to Eu ≃ 460 K
with an Einstein coefficient, Aij larger than 1×10−4 s−1 for

HNCO and Aij ≥ 1×10−3 s−1 for CH3CN. Regarding HCOOCH3,
we searched for transitions up to Eu ≃ 310 K with Aij larger

than 2.9×10−5 s−1. The spectroscopic parameters are listed in
Appendix C.

4.3. Observational line parameters

The analysis presented below hinges upon the assumptions that
i) LTE is reached (see Section 2), ii) all the lines are optically
thin, iii) the molecular emission arises within the same source
size, and iv) the source size is equal to the beam size.

Tables C.1, C.2, and C.3 in Appendix C summarize the fol-
lowing observational line parameters for the targeted molecules
derived from Gaussian fits: the LSR velocity vLSR (km s−1), the
line width at half intensity ∆vLSR (km s−1), the brightness tem-
perature TB (K), the integrated line intensity W (K km s−1), and
the column densities of the upper state level of the transition with
respect to the upper state degeneracy Nu/gu (cm−2). In those ta-
bles we also indicated for HNCO and CH3CN the transitions
that are clearly detected, partially blended (i.e., if the emission is
partially contaminated by the emission from another molecule),
or completely blended. Regarding HCOOCH3, we only selected
the clearly detected transitions.

4.4. Temperature

The temperature diagram method (based on Eq. 3 or Eq. 4 to-
gether with the observational line parameters) allows us to de-
rive the temperature at which the targeted molecules are emit-
ting in the observed ISM region. Figures 5, 6, and 7 show the
temperature diagrams derived from the analysis for the CH3CN,
HNCO, and HCOOCH3 line emission, respectively. The result-
ing temperatures, T , are (350±31) K for CH3CN, (349±77) K
for HNCO, and (182±44) K for HCOOCH3. The derived tem-
peratures are consistent, for HNCO and HCOOCH3, with the
previous study of this source by Bisschop et al. (2007).

4.5. Column densities

The total column density, N, of a molecule can be obtained from
Eq. (3 or 4) using the partition function, Q(T ), at the derived ex-
citation temperature. In this paper, we aim to quantify the impact
of the partition function on the derived total column density. In
that context, we used different approximations of the partition
function to derive the total beam-averaged11 column density for
CH3CN, HNCO, and HCOOCH3. The results are given in Ta-
ble 7 for the rotational-vibrational(-torsional) partition functions
obtained in the present study (third and seventh columns of Ta-
ble 2 for CH3CN and HNCO, respectively, and third column of
Table 6 for HCOOCH3) and for the approximations reported in
the JPL or CDMS catalogs. In addition, we compared a linear

11 In this study, we assume a source equal to that of the beam.

and a nonlinear interpolation carried out at the temperature of
NGC-7538 survey. The more reliable estimate of the total col-
umn density is the one that is calculated with the partition func-
tions computed in the present study and given in the column 8
of Table 7. It can be noted that the nonlinear interpolation of the
partition function given in the present study (see Appendix B)
provides the same result for the total column densities. The rel-
ative difference between the different methods (see Table 7) is
discussed in Section 5.

5. Discussion: implications of the partition function

on the ISM molecular column densities

In this section we show how the use of different approximations
for the rovibrational partition function together with some in-
terpolation and/or extrapolation procedures affects estimations
of the interstellar molecular column density. In that context, Ta-
ble 7 gives the ISM column densities for CH3CN, HNCO, and
HCOOCH3 derived from two different approximations of the re-
spective partition functions. The calculations make use of the
excitation temperatures given in Section 4.4 along with the par-
tition functions obtained in the present study (see Table 2 for
CH3CN and HNCO and Table 6 for HCOOCH3) and in the
CDMS and/or JPL catalogs.

In our work, the rovibrational partition function is computed
as the product of the rotational contribution, given as a direct
sum, the harmonic approximation of the vibrational partition
function, and, in the case of methyl formate, the torsional con-
tribution computed as a direct sum (see above sections). To esti-
mate the total column density in the survey NGC-7538, the parti-
tion function in the present study has been calculated at the spe-
cific temperatures of 350.33 K for CH3CN, 349.23 K for HNCO,
and 182.46 K for HCOOCH3 (see Tables D.1, D.2 and D.3,
available at the CDS), obtained from Figs. 5, 6, and 7, respec-
tively. Moreover, because in general the partition functions are
reported at typically 150 K, 225 K, 300 K, and 500 K in Table 7
we also show the results obtained after interpolating (linear or
nonlinear) their values at the excited temperatures of the molec-
ular species. The nonlinear interpolation of the partition function
in the present study provides almost the same result as the one
computed.

For isocyanic acid, HNCO, we also indicate in Table 2
the value of the partition function from the CDMS cata-
log (Endres et al. 2016), which provides the rotational contri-
bution for the partition function; the vibrational contribution is
unfortunately missing. For methyl cyanide, CH3CN, the CDMS
catalog provides the rovibrational contribution for the partition
function but only the lowest frequencies of the vibrational fun-
damental modes up to 1200 cm−1 are taken into account. Fi-
nally, for methyl formate, HCOOCH3, the JPL catalog provides
a value for the rotational and torsional contributions of the parti-
tion function but only considering the two lowest torsional states
vt = 0 and 1.

It is notable that the difference between our calculated parti-
tion function values and that from the databases are rather large,
especially for high temperatures (i.e., ≥ 200-300 K; see Table 2
for CH3CN and HNCO and Fig. 1 for HCOOCH3). The result-
ing differences for the derived ISM molecular column densities
are of the same order, from 9% up to about 40%, as shown in
Table 7. In addition, a salient point of Table 7 is that the rel-
ative differences between the column densities estimated using
our partition function and that of the CDMS/JPL database are
less important in the case of a nonlinear interpolation approxi-
mation than in the case of a linear one (9%, 21%, and 35% vs.
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18%, 30%, and 43% for CH3CN, HNCO, and HCOOCH3, re-
spectively), reflecting the importance of the contribution of the
vibrational modes. This trend is observed for all three targeted
O-bearing and N-bearing molecules (see Table 7). Incidentally,
it is important to note that for molecules with low vibrational
energy modes and large amplitude motions (large amplitude mo-
tions give rise to low-lying torsional energy modes) the effect of
using a nonconvergent partition function is also quite drastic.

The importance of undertaking a convergence study of the
partition function in the characteristic temperature range of ISM
was highlighted for the first time in 2014 when methyl formate
(HCOOCH3) was identified in Orion-KL from the ALMA Sci-
ence Verification Observations (Favre et al. 2014). In that study,
the methyl formate column density was derived and the values
were higher by a factor of between two and five with respect
to previous reported values (Favre et al. 2011). Such a discrep-
ancy is almost of the same order of magnitude as the obser-
vational uncertainties resulting from the instruments, the data
calibration, and analysis. Nonetheless, the ISM molecular abun-
dances are used to constrain the astrochemical models, which
aim to investigate their formation pathways. It is therefore cru-
cial to involve a converged partition function and to test the ade-
quacy of the various approximations made in the partition func-
tion to derive more accurate abundances, especially in the case
of isotopolog species. Isotopic ratios, obtained computing the
relative abundance between two isotopic molecular species, are
valuable for understanding the chemical evolution of interstellar
material together with the impact of interstellar gas-phase chem-
istry processes that may occur during their formation (e.g., see
Charnley et al. 2004; Wirström et al. 2011; Favre et al. 2014).
Therefore, the approximation order of the partition function and
its level of convergence carried out to estimate isotopic ISM
abundance ratios is relatively important and must be consistent
for all the isotopologs. An incorrect partition function, or the
use of different approximations for the partition functions be-
tween the isotopologs of a same molecular species, will result
in incorrect isotopic ratios and therefore erroneous astronomical
conclusions (e.g., see Favre et al. 2014). A comprehensive con-
vergence study of the molecular partition function in the temper-
ature range of ISM is therefore a necessity.

Finally, we emphasize that the vibrational partition function
contributions used in our present study (see Tables 2 and 6) are
still incomplete because we use the harmonic approximation
even though this could represent a good approximation, as was
mentioned in Sect. 3.2 when considering H2S as an example.
This deficiency could be overcome either by implementing
the anharmonicity of the vibrational modes in the equation for
the vibrational partition function or by using its direct sum
expression for the potentially populated vibrational energy
term values in the ISM temperatures. At the present time, there
is unfortunately no vibrational partition function analytical
equation involving the anharmonicities, nor are there often com-
plete vibrational analyses for the most relevant astrophysical
molecules, even though these would significantly benefit the
partition function calculation. Indeed, the anharmonicity usually
decreases the vibrational term values with respect to the har-
monic values by increasing the exponential terms of the direct
sum of the vibrational partition functions, in comparison with
the harmonic approximation. As a consequence, the molecular
column densities could generally be even slightly higher if the
anharmonicity were taken into account (Skouteris et al. 2016).

6. Conclusions

In the present study we investigate the impact of different ap-
proximations of the partition function together with some inter-
polation and/or extrapolation procedures on estimations of the
interstellar molecular column density. For that purpose, we used
astronomical observations of N- and O-bearing molecules with
different symmetries. Our analysis shows that different methods
can lead to a relative difference of up to 43%.

Our analysis has shown that considerable errors in the de-
termination of the molecular column density can be overcome
considering the following items.

1. An appropriate convergence study of the partition function
should be carried out in the temperature range of interest for
the astronomical system under study in order to test the qual-
ity of the various approximations made while computing the
partition function.

2. The value of gns used in the calculation of Q should be
checked before substituting it in the intensity equation.

3. It could be beneficial to use precise interpolation and extrap-
olation approaches, that is, nonlinear fitting, for providing a
rotational-vibrational(-torsional) partition function as a func-
tion of the temperature when the molecular column density is
determined from the temperature diagram. Indeed, as shown
in our study, a linear interpolation overestimates the parti-
tion function which leads to overestimation of the resulting
molecular column densities.

It is important to emphasize that for computing a com-
plete partition function, comprehensive information of the ro-
tational, vibrational, and torsional (if appropriate) energy lev-
els according to the excited temperature of the survey is nec-
essary. In addition, the more complete the data set, the better
the accuracy obtained for the partition function. Nevertheless,
because of the lack of available spectroscopic data in the litera-
ture, one could take advantage of the present study to complete
the partition functions of the molecules which could be incom-
pletely converged for high-temperature ISM sources. It should
be noted that in spite of the unfavorable estimate of the parti-
tion function uncertainties considering large uncertainties for the
rotational-vibrational-torsional data, their relative values for the
targeted molecules are small concerning the considered conver-
gence limit smaller than 1%.

An extension of our work to other molecular species
and surveys will be carried out in the near future, for ex-
ample for propyne (CH3CCH), for which the present par-
tition function only considers the vibrational states up to
700 cm−1 (Muller et al. 2002), or acetone (CH3C(O)CH3), and
acetamide (CH3C(O)NH2), for which only the lowest torsional
states are taken into account. This new study will allow us to ver-
ify if the partition functions converge in the temperature range
of the surveys under study. In addition, these can be tabulated
with polynomial coefficients to obtain an appropriate interpola-
tion or extrapolation at the temperature of the survey. This ex-
tension will be particularly useful for surveys of sources with
temperatures higher than 300 K which can be targeted in the fu-
ture and in addition this could be relevant to future observations
in the infrared, for example by the James Webb Space Tele-
scope (JWST), SOFIA, the Space Infrared Telescope for Cos-
mology and Astrophysics (SPICA), and the Origins Space Tele-
scope (OST).
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Table 1. Rotational partition function for isocyanic acid (HNCO). Com-
parison between the direct sum values and the classical approximationa .

T (K) Q
approx

rot
b Qrot(direct sum)c Rel. Diff.(%)d

2.725 2.43 5.51 55.92
5.0 5.86 9.82 40.32

9.375 14.80 18.45 19.76
18.75 41.48 42.83 3.15
37.50 116.77 117.31 0.46
75.0 329.50 331.99 0.75

150.0 930.86 943.72 1.36
225.0 1709.42 1742.08 1.87
300.0 2631.32 2692.23 2.26
500.0 5660.36 5810.29 2.58

a Nuclear spin degeneracy is considered as 1 (for more details, see
Appendix A).
b Rotational partition function computed with approximated rotational
partition function for slightly asymmetric tops given by McDowell
(1990):

QMcDowell
rot (T ) ≈ gns
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c Rotational partition function computed as a direct sum with Eq. (7)
considering the predicted rotational energy levels up to J=135 and
Ka=30 (Lapinov et al. 2007).
d Relative differences.
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Table 2. Vibrational and rotational-vibrational partition function for methyl cyanide (CH3CN) and isocyanic acid (HNCO). Comparison between
the values obtained in the present study and those published in CDMS cataloga.

CH3CN HNCO

T (K) Qharm
vib

b Qrv(Present work)c Q(CDMS)d Rel. Diff.(%)e Qharm
vib

b Qrv(Present work) f Q(CDMS)g Rel. Diff.(%)e

2.725 1.000000 7.3186(57) 10.38 -41.80 1.000000 5.5129(50) 5.51 0.00
5.0 1.000000 16.8274(53) 21.37 -26.98 1.000000 9.8228(42) 9.82 0.00

9.375 1.000000 42.4937(55) 48.07 -13.13 1.000000 18.4493(36) 18.45 0.00
18.75 1.000000 119.2669(59) 123.24 -3.33 1.000000 42.8295(30) 42.83 0.00
37.50 1.000002 336.0668(62) 336.81 -0.22 1.000000 117.3053(27) 117.30 0.01
75.0 1.001822 950.611(24) 950.75 -0.01 1.000019 332.0002(27) 331.99 0.00

150.0 1.063424 2852.4(12) 2855.81 -0.12 1.006395 949.759(40) 943.71 0.64
225.0 1.233076 6076.5(59) 6033.91 0.70 1.048753 1827.01(36) 1742.43 4.63
300.0 1.507618 11441(16) 11012.72 3.74 1.144368 3080.9(12) 2695.34 12.51
500.0 2.970625 48538(107) 36469.42 24.86 1.667813 9690.5(89) 5866.52 39.46

a The nuclear spin degeneracy was considered as 1.
b The vibrational partition function was computed with the harmonic approximation given by Eq. (8).
c Qrv = Qrot(direct sum) Qharm

vib
. An upward estimate of the uncertainties are given in parentheses in units of the last quoted digits.

d Partition function computed as a product of the direct sum of the rotational contribution and the vibrational contribution, which considers vibrational fundamental
levels up to about 1200 cm−1 (Endres et al. 2016).
e Relative difference of the partition function given in the present study with respect to the values in CDMS catalog.
f Qrv = Qrot(direct sum) Qharm

vib
. An upward estimate of the uncertainties is given in parentheses in units of the last quoted digits.

g This is a rotational partition function computed as a direct sum (Endres et al. 2016).

Table 3. Rotational partition function for methyl cyanide (CH3CN). Comparison between the direct sum values and the classical approximationa .

T (K) Q
approx

rot
b Qrot(direct sum)c Rel. Diff.(%)d

2.725 6.92 7.32 5.49
5.0 16.78 16.83 0.30

9.375 42.49 42.49 0.01
18.75 119.26 119.27 0.01
37.50 336.00 336.07 0.02
75.0 948.52 948.88 0.04

150.0 2680.23 2682.27 0.08
225.0 4922.31 4927.94 0.11
300.0 7577.17 7588.72 0.15
500.0 16300.33 16339.16 0.24

a Nuclear spin degeneracy is considered as 1 (for more details, see Appendix A).
b Rotational partition function computed with approximated rotational partition function for symmetric tops given by McDowell (1990):

QMcDowell
rot (T ) ≈ gns
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c Rotational partition function computed as a direct sum with Eq. (7) using all the predicted rotational energy levels up to J=99 (Müller et al.
2009).
d Relative differences.
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Table 4. Rotational partition function for methyl formate (HCOOCH3). Comparison between the direct sum values and the classical
approximationa .

T (K) Q
approx

rot
b Qrot(direct sum)c Rel. Diff.(%)d

2.725 27.95 28.90 3.30
5.0 69.47 70.81 1.90

9.375 178.35 180.38 1.12
18.75 504.45 507.91 0.68
37.50 1426.80 1433.55 0.47
75.0 4035.60 4051.35 0.39

150.0 11414.40 11459.31 0.39
225.0 20969.59 21052.21 0.39
300.0 32284.79 32347.21 0.19
500.0 69465.82 67714.62 -2.59

a Nuclear spin degeneracy is considered as 1 (for more details, see Appendix A).
b Rotational partition function computed with the classical approximation for slightly asymmetric tops (Herzberg 1991). For HCOOCH3 we
computed this rotational partition function using the rotational parameters A, B and C of Tudorie et al. (2012) in the Principal Axis System.
c Rotational partition function computed as a direct sum with Eq. (7). The rotational energies (A-symmetry vt = 0 levels) are computed up to
J = 79 with the Hamiltonian parameters of Carvajal et al. (2007).
d Relative differences.

Table 5. Torsionala and vibrational contributions of the partition function for methyl formate (HCOOCH3).

T(K) Q4
tor

b Q6
tor

b Q8
tor

b Q10
tor

b,c Qharm
vib

d

2.725 1.99290 1.99290 1.99290 1.99290 1.00000
5.0 1.99612 1.99612 1.99612 1.99612 1.00000

9.375 1.99793 1.99793 1.99793 1.99793 1.00000
18.75 1.99904 1.99904 1.99904 1.99904 1.00000
37.50 2.01230 2.01230 2.01230 2.01230 1.00001
75.0 2.18594 2.18594 2.18594 2.18594 1.00397

150.0 2.91686 2.92139 2.92175 2.92178 1.09599
225.0 3.73488 3.77670 3.78442 3.78584 1.32486
300.0 4.45748 4.58622 4,62247 4,63267 1.70330
500.0 5.84224 6.34526 6.58039 6.69031 4.11706

a Torsional partition functions computed as a direct sum by considering a number of torsional energies up to a maximum quantum number vmax
t in

Eq. (9).
b This approximation considers the predicted torsional energies up to vt = 4 from the Hamiltonian parameters of Tudorie et al. (2012) and the
harmonic estimates (Favre et al. 2014) for the torsional energies from vt = 5 to vt = 10.
c This result, with torsional energies up to vt = 10, is used as a final result in the present study.
d The vibrational partition function was computed with the harmonic approximation given by Eq. (8).
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Table 6. Rotational-torsional-vibrational partition functiona for main isotopolog of methyl formate (H12COO12CH3).

T (K) Favre et al. (2014)b Present workc Rel. Diff. (%)d

2.725 — 57.60(22) —
5.0 — 141.35(29) —

9.375 360.33 360.38(39) 0.01
18.75 1015.31 1015.33(55) 0.00
37.50 2885.30 2884.75(78) -0.02
75.0 8894.06 8891.2(22) -0.03

150.0 36433.43 36695.5(552) 0.71
225.0 104015.96 105592(261) 1.49
300.0 249172.44 255246(788) 2.38
500.0 — 1913396(7629) —

a The nuclear spin degeneracy was not considered in these calculations.
b Partition function given in Favre et al. (2014). The rotational partition function was computed as a direct sum (7), the torsional contribution with
Eq. (9) using approximated torsional energy term values up to vt = 6 and vibrational contribution as in Eq. (8). The partition function values at
temperatures of 2.725 K, 5.0 K and 500.0 K were not calculated.
c Partition function computed with Eq. (6). The rotational partition function considered as a direct sum (7), except for T=500 K (see main text).
The torsional contribution is calculated by means of Eq. (9) using approximated torsional energy term values up to vt = 10 and vibrational
contribution as in Eq. (8). An upward estimate of the uncertainties are given in parentheses in units of the last quoted digits.
d Relative difference of the partition function given in the present study with respect to that of Favre et al. (2014).

Table 7. Column density estimates of CH3CN, HNCO, and HCOOCH3 in NGC-7538 survey according to the partition function computed in the
present study (rovibrational partition functions are computed as the product of the rotational contribution, given as a direct sum, the harmonic
approximation of the vibrational partition function, and, for methyl formate, the torsional partition sum) and in the CDMS and JPL databases.
The interpolated partition functions at the excitation temperatures deduced from Figs. 5, 6, and 7 (350.33 K for CH3CN, 349.23 K for HNCO and
182.46 K for HCOOCH3) are compared with the value computed in the present study.

Linear Interpolation Nonlinear Interpolation Present workb

CH3CN Present work CDMS Rel.Diff.a Present work CDMS Rel.Diff.a

Q(T=350 K) 20715.0 17376.9 16770.2 15396.3 16814.5

N (cm−2) (79.6±5.3)×1013 (66.8 ± 4.5) × 1013 18% (64.5±4.3)×1013 (59.2 ± 3.9) × 1013 9% (64.6±4.3)×1013

HNCO Present work CDMS Rel.Diff. Present work CDMS Rel.Diff. Present work

Q(T=349 K) 4700.25 3472.3 4169.83 3392.7 4183.4

N (cm−2) (21.8±1.9)×1013 (16.1 ± 1.4) × 1013 30% (19.3±1.7)×1013 (15.7 ± 1.4) × 1013 21% (19.4±1.7)×1013

HCOOCH3 Present work JPL Rel.Diff. Present work JPL Rel.Diff Present work

Q(T=182 K) 66091.3 42769.4 59265.8 41801.6 59302.1

N (cm−2) (18.4 ± 5.4) × 1014 (11.9 ± 3.5) × 1014 43% (16.5 ± 4.8) × 1014 (11.6 ± 3.4) × 1014 35% (16.5±4.8)×1014

a Relative difference between the column density estimates obtained from the partition functions computed in the present study and

those given in CDMS and JPL catalogs, using the formalism Rel. Diff =
|a+b|

(a−b)/2
.

b Partition function computed with Eq. (6) for the excitation temperatures deduced for NGC-7538 survey and provided in Tables
D.1, D.2 and D.3, available at the CDS.
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Fig. 1. Convergence study of the partition function for methyl formate. Comparison of the partition function values computed in the present study
(full red circles) and JPL database (full green squares). The linear interpolation of the partition function computed in the present study is given
as red dashed lines while the nonlinear sixth-order polynomial fit is given as a blue line. From JPL, the linear interpolation and the nonlinear fit
(green line) are apparently overlapped. The differences between the two partition functions are due to the fact that the JPL partition function does
not include the vibrational contribution and does take into account the torsional contribution from Eq. (9) only up to vt = 0 and 1, whereas we are
including torsional levels up to vt = 10 as well as the vibrational contribution.
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Fig. 2. Logarithm of Q in base 10 is provided according to calculation of the present study (full red circles). The nonlinear sixth-order decimal
logarithm polynomial curve fitting (blue line) is provided up to T=800 K. This result is compared with the extrapolated values obtained using the
partition function at T=300 K as benchmark (brown line) (see Eq. (13). In addition, it has been included the extrapolated values computed with
Eq. (13) but using T=500 K as benchmark (green line).
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Fig. 3. NGC7538–IRS1 spectra as observed with the IRAM-30m telescope. Line assignment for CH3CN and HNCO is shown in red.
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Fig. 4. NGC7538–IRS1 spectra as observed with the IRAM-30m telescope. Line assignment for HCOOCH3 is shown in red.
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Fig. 5. CH3CN temperature diagram in direction of NGC7538–IRS1.
Red dots indicate detected and partially detected lines. Error bars (3σ)
only reflect the uncertainties in the Gaussian fit of the lines.

Fig. 6. HNCO temperature diagram in direction of NGC7538–IRS1.
Red dots indicate detected and partially detected lines, while dark trian-
gles mark blended lines. Error bars (3σ) only reflect the uncertainties in
the Gaussian fit of the lines.

Fig. 7. HCOOCH3 temperature diagram in direction of NGC7538–
IRS1. Red dots indicate detected and partially detected lines. Error bars
(3σ) only reflect the uncertainties in the Gaussian fit of the lines.

Article number, page 20 of 26



M. Carvajal , C. Favre , I. Kleiner , C. Ceccarelli , E. A. Bergin , D. Fedele: Partition function for the ISM surveys

Appendix A: Nuclear spin statistics

In this appendix we discuss the different nuclear spin statistical
weights used in the literature for isocyanic acid, methyl cyanide,
and methyl formate.

Appendix A.1: Isocyanic acid (HNCO)

Isocyanic acid has a molecular symmetry Cs(M) and therefore
the nuclear spin statistical weight results in gns = 6 for both the
A′ and A′′ states according to Bunker & Jensen (1989). In fact,
gns has the same value for both symmetries, and therefore can be
canceled out by the factor Q/gu (see Eqs. (3–4)). As a result, we
can assume that gns equals 6/6 = 1. Consequently, in Tables 1
and 2, the gns value for isocyanic acid is given equal to 1, such
as in the CDMS catalog. The JPL partition function is however
given with a reduced value of gns = 3 12. Thus, JPL and CDMS
partition functions are different by a factor of three.

Appendix A.2: Methyl cyanide (CH3CN)

The main isotopolog of methyl cyanide (12CH12
3

C14N) is a
molecular species with symmetry C3v(M). The nuclear spin sta-
tistical weight of each rovibrational state (symmetries A1, A2 and
E)

is gns = 12 (Bunker & Jensen 1989). As for HNCO (see
Sects. 3.4 and 3.6.1), the nuclear spin statistical weight in Eqs.(3
and 4) can be canceled out since it appears in the left and in the
right side of the equations.

Nevertheless, different normalized values of gns can be
computed according to the author. In Table A.1, some
of the nuclear spin degeneracy values computed in the
literature (Bunker & Jensen 1989; Mangum & Shirley 2015;
Rinsland et al. 2008; Blake et al. 1987; Turner 1991) are pro-
vided. The difference between all those values arises from the
normalization factor (see Table A.1) used in the nuclear spin
weight equation and its calculation is beyond the topic of this
paper. Therefore, it is important to know the precise values of
gns considered to compute the partition function (Eq. 5), because
the same values of gns should also be substituted into the gu fac-
tor (Eq. 2) in the intensity expression (Eqs. 3 or 4). Indeed, if the
partition function of Eq. (5) is taken from a given reference and
the nuclear spin weights from another and their values are differ-
ent, this could give rise to erroneous astrochemical conclusions.

For instance, the rotational partition function calculated as a
direct sum is Qrot(direct sum) ≈ 7588.7 at T=300 K assuming
gns = 1 (see Table 3) whereas the one published by the JPL
and CDMS catalogs is ≈ 10118 (4/3 Qrot(direct sum)) which
also differs from the one calculated by Rinsland et al. (2008):
≈ 60709 (8 Qrot(direct sum)). Although the rotational partition
function of Rinsland et al. (2008) is six times greater than that
given by the JPL and CDMS databases and eight times greater
than that used in the present study, all three values for the par-
tition function agree with each other, after observing that they
only differ by the normalization factor, which results from the
different way of computing the nuclear spin statistical weight.

12 The values of gns can be obtained by different procedures (e.g., see,
Bunker & Jensen 1989; Mangum & Shirley 2015) and therefore can
have different values.

Table A.1. Nuclear statistical weight gns values for all symmetries of
methyl cyanide according to the reference

Bunker & Jensen (1989) 12
JPL/CDMS/Mangum & Shirley (2015) 4/3

Rinsland et al. (2008) 8
Blake et al. (1987) 2/3

Turner (1991) 1/3a

a According to Turner (1991) and Loren & Mundy (1984), the
values of gns = gI gK (Eq.10) for the rotational states with quan-
tum number K = 0 or K , 3n (n is an integer) are half the values
of K = 3n states. This happens if the two K = 3n rotational states
(with A1 and A2 symmetries) are considered as degenerate K-
doublet and, in this case, the value of gns of K = 3n states should
be two times the value of gns for the rotational states split into
A1 and A2 species. Therefore, in case the A symmetry rotational
states are considered degenerated for this molecular species, e.g.,
at low temperatures, it could be necessary to distinguish between
the K = 3n-doublet, considered as ortho, and the K , 3n states
(with E symmetry), considered as para (Loren & Mundy 1984).

Appendix A.3: Methyl formate (HCOOCH3)

The main isotopolog of methyl formate (H12COO12CH3) be-
longs to the molecular symmetry group C3v(M). The nuclear
spin statistical weight gns for each rovibrational state (symme-
tries A1, A2 and E) is equal to 8 (Bunker & Jensen 1989). Be-
cause it has the same value for every symmetry species states, gns

can be considered equal to 1 in the intensity (Eqs. 3–4). There-
fore the partition function given in Tables 4 and 6 and plotted
in Fig. 1 does not take into account the nuclear spin statistical
weight.

As for isocyanic acid and methyl cyanide, the nuclear spin
degeneracy depends on the definition used by the author. For ex-
ample, according to Blake et al. (1987) and Turner (1991), a nor-
malized gns value equal to 2 is considered for the nondegenerate
A-type as well as for the doubly degenerate E-type species 13,
such as is considered in the JPL catalog.

Appendix B: Comparison of partition functions

from nonlinear polynomial expansions and

direct sums

In this appendix we provide the polynomial coefficients of
Eqs. (11) and (12) which are fitted to the rotational-vibrational(-
torsional) partition function values computed in the present
study for isocyanic acid (HNCO), methyl cyanide (CH3CN), and
methyl formate (H12COO12CH3).

Appendix B.1: Isocyanic acid

The rovibrational partition function values of the present study
given in Table 2 have been fitted to the polynomial expansions
given in Eqs. (11) and (12). The parameter values of the two
nonlinear fits are given in Table B.1. To check the agreement be-
tween the rovibrational partition function computed using direct
sums with the values provided by the polynomial expansions,
their relative differences are also provided in Table B.1. From

13 Blake et al. (1987) and Turner (1991) consider that gK = 1 and gI = 2
for the nondegenerate A-type and gK = 2 and gI = 1 for the doubly
degenerate E-type species so, according to Eq. (10), gns = gI gK = 2.

Article number, page 21 of 26



A&A proofs: manuscript no. V-ArXiV

Table B.1 we can see that the sixth-order logarithm polynomial
log10 Q(T ) of Eq. (12) has better agreement in general with the
direct sum results than the Q(T ) expansion of Eq. (11), in par-
ticular at low temperatures from 2.725 to 37.5 K. Above 37.5 K
the logarithm expansion remains in reasonable agreement with
Qrv, although the polynomial expansion of Q(T ) is better.

Therefore, according to the small relative differences, both
polynomial expansions can be considered to interpolate the rovi-
brational partition function of isocyanic acid at any temperature
from 2.725 to 500 K. Hence, according to the better agreement
of the fitted polynomial expansion at higher temperatures with
respect to the nonlinear fit of the logarithm polynomial expan-
sion, we decided to use the former one to interpolate the par-
tition function at the temperature of NGC-7538 survey and so
estimating the molecular column density (see Sections 4 and 5).

Appendix B.2: Methyl cyanide

As in Sect. 3.6.1, the rovibrational partition function values of
the present study for CH3CN (see Table 2) have been fitted to
the polynomial expansions given in Eqs. (11) and (12). The pa-
rameter values of both nonlinear fits and the relative differences
of the fitted polynomial expansions with respect to the rovibra-
tional partition function values computed in the present study
are given in Table B.2. On the one hand, the sixth-order expan-
sion of Eq. (11) presents a good agreement except for temper-
atures below 10 K. On the other hand, the logarithm polyno-
mial of Eq. (12) in general give a reasonable agreement with
Qrv(Present work). Therefore, the two expansions can be used to
interpolate the rovibrational partition function of methyl cyanide
at any temperature from 10 K to 500 K.

In the present study, we have used the logarithm polynomial
expansion to interpolate the rovibrational partition function of
methyl cyanide at the temperature of NGC-7538 survey (see Sec-
tions 4 and 5) because it is better in general.

Appendix B.3: Methyl formate

The rotational-vibrational-torsional partition function values of
methyl formate computed in this study (see column 3 of Ta-
ble 6), has been fitted with the two nonlinear polynomial ex-
pansions (see Eqs. (11) and (12)). The parameter values of these
two fits are given in Table B.3. Table B.3 also shows the rela-
tive differences between the values of the rotational-vibrational-
torsional partition function computed in the present study using
the direct sum and the values of the partition function fitted us-
ing polynomial values. This comparison aims to select which
fitting formula is more appropriate depending on the temper-
ature ranges. In the present study we have considered the two
expansions, the polynomial (Eq. 11) and the decimal logarithm
polynomial (Eq. 12), up to sixth-order. As shown in Table B.3,
the sixth-order polynomial from Eq. (11) undergoes the highest
deviations: 36.45%, −1.88% and −6.11% at the lowest temper-
atures, T=2.725, 5 and 9.375 K, respectively. On the contrary,
the fit of a power expansion of log10 Q from Eq. (12) undergoes
deviations smaller than 0.8% for all the temperature range (i.e.
from T=2.725 K up to 500 K). However, for temperatures higher
than 75 K, the sixth-order polynomial from Eq. (11) provides de-
viations of the rotational-vibrational-torsional partition function
values which are smaller than the deviations presented by the
logarithm power expansion of Eq. (12). Hence, we can conclude
that, for methyl formate, the temperature polynomial expansion
is more suitable to interpolate the rotational-vibrational-torsional

partition function at any temperature above 75 K while the dec-
imal logarithm log10(T ) polynomial expansion seems more ap-
propriate for interpolating the partition function from 75 K down
to temperatures around 3 K.

Appendix C: Spectroscopic and observational line

parameters

The spectroscopic and observational line parameters for the
molecular species HNCO, CH3CN and HCOOCH3 are given
here.

Article number, page 22 of 26



M. Carvajal , C. Favre , I. Kleiner , C. Ceccarelli , E. A. Bergin , D. Fedele: Partition function for the ISM surveys

Table B.1. Polynomial coefficients fitted to the rovibrational partition function values computed in the present study for isocyanic acid (HNCO)

Sixth-order polynomiala log10(Q) expansionb

A0 2.16062 a0 -0.0808404
A1 1.16832 a1 3.2397
A2 0.0605058 a2 -4.62856
A3 -0.000308594 a3 4.19036

A4 1.15537 10−6 a4 -1.71058

A5 -1.94798 10−9 a5 0.298682

A6 1.35779 10−12 a6 -0.0138463

T Rel.Diff.(%)c Rel.Diff.(%)c

2.725 -5.03 -0.01
5.0 3.49 -0.24

9.375 1.43 0.50
18.75 -1.43 -0.62
37.50 0.32 0.41

75 -0.04 -0.06
150 0.00 -0.02
225 0.00 -0.11
300 0.00 0.19
500 0.00 0.01

a Fitted coefficients of a sixth-order polynomial of Q in terms of the temperature T according to Eq.(11).
b A nonlinear fit of a power expansion of log10(Q) in terms of the log10(T ) according to Eq.(12).
c Relative difference between the rovibrational partition function computed in the present study (Table 2, column 7) and the values provided by
the polynomial expansions.

Table B.2. Polynomial coefficients fitted to the rovibrational partition function values of the present study for methyl cyanide (CH3CN)

Sixth-order polynomiala log10(Q) expansionb

A0 -6.05528 a0 0.412384
A1 3.82747 a1 0.653017
A2 0.172057 a2 1.25394
A3 -0.00103156 a3 -1.06785

A4 5.05905 10−6 a4 0.580728

A5 -1.00259 10−8 a5 -0.192079

A6 8.29957 10−12 a6 0.0286266

T Rel.Diff.(%)c Rel.Diff.(%)c

2.725 23.1 0.07
5.0 -2.56 -0.16

9.375 -3.87 0.31
18.75 -0.62 -0.24
37.50 0.52 -0.09

75 -0.08 0.37
150 0.01 -0.32
225 0.00 -0.07
300 0.00 0.21
500 0.00 -0.06

a Fitted coefficients of a sixth-order polynomial of Q in terms of the temperature T according to Eq.(11).
b A nonlinear fit of a power expansion of log10(Q) in terms of the log10(T ) according to Eq.(12).
c Relative difference between the rovibrational partition function computed in the present study (Table 2, column 3) and the values provided by
the polynomial expansions.
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Table B.3. Polynomial coefficients fitted to the rotational-vibrational-torsional partition function values of the present study for methyl formate
(H12COO12CH3)

Sixth-order polynomiala log10(Q) expansionb

A0 -76.7135 a0 1.13999
A1 38.4603 a1 1.36329
A2 1.15805 a2 0.111789
A3 -0.00445196 a3 0.0929227

A4 5.47575 10−5 a4 -0.169274

A5 -1.28533 10−7 a5 0.0658082

A6 1.76354 10−10 a6 -0.00419615

T Rel.Diff.(%)c Rel.Diff.(%)c

2.725 35.96 -0.02
5.0 -1.88 0.27

9.375 -6.11 -0.34
18.75 -1.31 0.23
37.50 0.91 0.54

75 -0.13 -0.67
150 0.01 0.41
225 0.00 0.85
300 0.00 -0.61
500 0.00 0.28

a Fitted coefficients of a sixth-order polynomial of Q in terms of the temperature T according to Eq.(11).
b A nonlinear fit of a power expansion of log10(Q) in terms of the log10(T ) according to Eq.(12).
c Relative difference between the rovibrational partition function computed in the present study (Table 6, column 3) and the values provided by
the polynomial expansions.
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Table C.1. Spectroscopic and Observational Line Parameters for HNCO.

Frequency Transition Eu A vLSR ∆vLSR TB W Nu/gu Comments

(MHz) (K) (× 10−4 s−1) (km s−1) (km s−1) (K) (K km s−1) (× 109 cm−2)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

218981.009 101,10- 91,9 101.1 1.42 -59.58 (0.04) 4.13 (0.07) 0.26 (0.01) 1.16 (0.02) 3.64 (0.02) PB
219656.769 103,8- 93,7 433.0 1.20 -59.53 (0.25) 3.99 (0.50) 0.13 (0.00) 0.51 (0.06) 1.90 (0.13) D
219656.771 103,7- 93,6 433.0 1.20 -59.54 (0.20) 4.00 (0.41) 0.12 (0.02) 0.51 (0.05 ) 1.91 (0.10) D
219733.850 102,9- 92,8 228.3 1.35 - - ≤ 0.21 - ≤ 2.93 B
219737.193 102,8- 92,7 228.3 1.35 - - ≤ 0.21 - ≤ 2.91 B
219798.274 100,10- 90,9 58.0 1.47 - - ≤ 0.34 - ≤ 4.32 B
262769.477 121,12-111,11 125.3 2.48 - - ≤ 0.35 - ≤ 3.13 B
263580.924 123,10-113,9 457.2 2.16 - - ≤ 0.23 - ≤ 2.35 B
263672.912 122,11-112,10 252.5 2.37 -58.96 (0.18) 3.88 (0.48) 0.13 (0.02) 0.56 (0.06) 1.27 (0.10) D
263678.709 122,10-112,9 252.5 2.37 -59.52 (0.15) 3.63 (0.32) 0.16 (0.02) 0.63 (0.05) 1.44 (0.08) D
263748.625 120,12-110,11 82.3 2.56 -59.13 (0.11) 4.38 (0.25) 0.34 (0.03) 1.60 (0.08) 3.38 (0.05) PB
264693.655 121,11-111,10 125.9 2.54 -59.68 (0.89) 4,63 (0.89) 0.25 (0.01) 1.25 (0.07) 2.68 (0.05) PB

Notes: (1) Frequencies. (2) Transition. (3) Energy of the upper level. (4) Einstein spontaneous emission coefficient. (5)-(8) Velocity, line width at half intensity, brightness
temperature, and integrated intensities. The one sigma uncertainties are given in brackets. (9) Column densities of the upper state level of the transition with respect to the upper
state degeneracy gu. (10) D: detected lines, B: blended lines and PB: partially blended lines.

Table C.2. Spectroscopic and Observational Line Parameters for CH3CN.

Frequency Transition Eu A vLSR ∆vLSR TB W Nu/gu Comments

(MHz) (K) (× 10−4 s−1) (km s−1) (km s−1) (K) (K km s−1) (× 109 cm−2)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

257284.935 147-137 442.4 1.1 -59.03 (0.08) 3.9 (0.2) 0.18 (0.01) 0.75 (0.03) 1.51 (0.04) D
257349.179 146-136 349.7 1.2 -59.32 (0.03) 3.7 (0.1) 0.35 (0.01) 1.35 (0.02) 1.25 (0.02) D
257403.584 145-135 271.2 1.29 - - ≤ 0.61 - ≤ 61.97 B
257448.128 144-134 207.0 1.35 -59.08 (0.03) 3.6 (0.1) 0.39 (0.01) 1.47 (0.03) 2.41 (0.02) D
257482.791 143-133 157.0 1.41 -59.20 (0.02) 3.9 (0.1) 0.52 (0.01) 2.14 (0.03) 1.69 (0.01) D
257507.561 142-132 121.3 1.45 -58.94 (0.09) 3.7 (0.2) 0.47 (0.03) 1.84 (0.09) 2.83 (0.05) D
257522.427 141-131 99.8 1.47 -58.74 (0.05) 3.5 (0.1) 0.53 (0.02) 1.93 (0.06) 2.92 (0.03) PB
257527.383 140-130 92.7 1.48 -58.89 (0.04) 3.6 (0.1) 0.48 (0.02) 1.83 (0.05) 2.74 (0.02) PB

Notes: (1) Frequencies. (2) Transition. (3) Energy of the upper level. (4) Einstein spontaneous emission coefficient. (5)-(8) Velocity, line width at half intensity, brightness
temperature, and integrated intensities. The one sigma uncertainties are given in brackets. (9) Column densities of the upper state level of the transition with respect to the upper
state degeneracy gu. (10) D: detected lines, B: blended lines and PB: partially blended lines.
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Table C.3. Spectroscopic and observational line parameters for HCOOCH3.

Frequency Transition Eu A vLSR ∆vLSR TB W Nu/gu Comments

(MHz) (K) (× 10−4 s−1) (km s−1) (km s−1) (K) (K km s−1) (× 109 cm−2)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

214631.686 175,12-165,11 E 107.8 1.36 -58.94 (0.29) 3.28 (0.75) 0.24 (0.05) 0.84 (0.16) 15.89 (0.19) D
214652.590 175,12-165,11 A 107.8 1.36 -58.88 (0.28) 3.09 (0.68) 0.24 (0.05) 0.80 (0.15) 15.08 (0.19) D
216210.856 193,17-183,16 E 109.3 1.49 -58.87 (0.23) 3.56 (0.67) 0.28 (0.05) 1.05 (0.15) 16.38 (0.14) D
216216.456 191,18-181,17 A 109.3 1.49 -58.96 (0.23) 3.24 (0.56) 0.28 (0.05) 0.96 (0.14) 15.04 (0.15) D
216838.846 182,16-172,15 A 105.7 1.48 -58.85 (0.22) 3.31 (0.56) 0.25 (0.04) 0.89 (0.13) 14.93 (0.14) D
218280.835 171,16-161,15 E 99.7 1.51 -58.80 (0.23) 3.45 (0.58) 0.24 (0.04) 0.90 (0.12) 15.78 (0.14) D
229404.970 181,17-171,16 E 110.7 1.75 -58.92 (0.42) 3.01 (1.01) 0.28 (0.09) 0.89 (0.25) 14.02 (0.28) D
229539.464 315,27-313,28 E 309.5 0.29 -59.42 (0.44) 3.62 (1,24) 0.04 (0.01) 0.16 (0.04) 9.28 (0.24) D
233226.747 194,16-184,15 A 123.2 1.82 -58.81 (0.28) 3.15 (0.68) 0.31 (0.07) 1.04 (0.19) 15.47 (0.18) D
233753.921 182,16-172,15 E 114.4 1.84 -58.86 (0.29) 3.27 (0.71) 0.30 (0.07) 1.03 (0.19) 16.03 (0.18) D
234508.640 199,11-189.10 E 166.0 1.51 -59,11 (0.32) 3.46 (0.78) 0.28 (0.07) 1.02 (0.19) 18.54 (0.19) D
235046.484 198,12-188,11 A 154.8 1.61 -58.98 (0.06) 3.39 (0.16) 0.25 (0.01) 0.91 (0.04) 15.55 (0.04) D
235932.349 197,12-187,11 A 145.0 1.71 -59.03 (0.37) 3.32 (0.93) 0.24 (0.07) 0.86 (0,20) 13,94 (0.23) D
244580.304 204,16-194,15 E 135.0 2.10 -59.00 (0.28) 4.01 (0.72) 0.23 (0.05) 0.96 (0.14) 12,94 (0.15) D
244594.007 204,17-194,16 A 135.0 2.10 -58.85 (0.18) 3.27 (0.45) 0.21 (0.03) 0.72 (0.08) 9.64 (0.11) D
245772.644 2014,7-1914,6 E 253.9 1.14 -58.69 (0.13) 3.66 (0.31) 0.08 (0.01) 0.32 (0.02) 8.09 (0.07) D
246891.602 192,17-182,16 E 126.2 2.18 -58.75 (0.17) 3.30 (0.41) 0.24 (0.03) 0.86 (0.09) 11.95 (0.10) D
247901.651 222,20-212,19 E 143.5 2.26 -58.73 (0.35) 3.13 (0.93) 0,20 (0.06) 0.65 (0.15) 7.65 (0.23) D
247907.104 222,21-212,20 A 143.5 2.26 -58.85 (0.12) 3.37 (0.27) 0.18 (0.01) 0.64 (0.05) 7.53 (0.08) D
247922.261 223,20-213,19 E 143.5 2.26 -58.74 (0.19) 3.32 (0.45) 0.17 (0.03) 0.62 (0.07) 7.30 (0.11) D
247927.668 221,21-211,20 A 143.5 2.26 -58.83 (0.18) 3.04 (0.40) 0.17 (0.03) 0.56 (0.07) 6.53 (0.12) D
249030.973 205,16-195,15 E 141.6 2.18 -58.78 (0.15) 2.72 (0.34) 0.17 (0.02) 0.67 (0.07) 9.03 (0.10) D
249047.402 205,16-195,15 A 141.6 2.18 -58.85 (0.29) 3.64 (0.86) 0.17 (0.04) 0.64 (0.11) 8.63 (0.18) D
250246.465 201,19-191,18 E 134.3 2.27 -58.83 (0.24) 3.16 (0.57) 0.18 (0.04) 0.61 (0.09) 7.97 (0.15) D
250258.373 203,17-193,16 A 134.3 2.27 -58.86 (0.61) 2.92 (1.38) 0.18 (0.09) 0.54 (0.23) 7.06 (0.43) D
257690.326 223,19-213,18 E 152.3 2.50 -58.99 (0.22) 3.33 (0.55) 0.23 (0.04) 0.80 (0.11) 9.16 (0.14) D
257699.433 223,20-213,19 A 152.3 2.50 -58.83 (0.21) 3.12 (0.51) 0.23 (0.04) 0.77 (0.11) 8.82 (0.14) D
258081.019 224,19-214,18 E 152.2 2.52 -58.91 (0.13) 2.55 (0.27) 0.21 (0.03) 0.57 (0.06) 6.52 (0.11) D
258089.497 222,20-212,19 A 152.2 2.52 -58.91 (0.09) 3.05 (0.21) 0.23 (0.02) 0.76 (0.04) 8.69 (0.05) D
258508.124 231,22-221,21 A 155.9 2.56 -59.00 (0.27) 2.36 (0.52) 0.21 (0.06) 0.53 (0.12) 5.72 (0.22) D
258756.620 2111,11-2011,10 A 216.6 1.90 -58.85 (0.06) 3.45 (0.16) 0.22 (0.01) 0.80 (0.03) 12.74 (0.04) D
258756.621 2111,10-2011,9 A 216.6 1.90 -58.85 (0.06) 3.45 (0.16) 0.22 (0.01) 0.80 (0.03) 12.74 (0.04) D
259128.123 2110,12-2010,11 A 202.8 2.03 -58.93 (0.05) 3.50 (0.15) 0.26 (0.01) 0.97 (0.03) 14.48 (0.03) D
259342.015 241,24-231,23 E 158.2 2.63 -59.50 (0.09) 3.66 (0.22) 0.41 (0.03) 1.61 (0.08) 16.32 (0.05) D
259499.912 200,20-192,17 E 138.7 2.54 -59.01 (0.23) 3.34 (0.60) 0.23 (0.04) 0.81 (0.12) 10.19 (0.15) D
259521.739 204,16-194,15 A 138.7 2.54 -58.88 (0.22) 3.51 (0.62) 0.23 (0.04) 0.86 (0.12) 10.82 (0.14) D
266819.364 224,18-214,17 E 160.1 2.75 -58.68 (0.19) 3.11 (0.43) 0.19 (0.03) 0.63 (0.08) 7.04 (0.12) D
268316.643 233,21-223,20 A 165.1 2.83 -59,11 (0.15) 2.84 (0.34) 0.23 (0.03) 0.70 (0.07) 7.36 (0.10) D
269078.049 242,22-232,21 E 168.8 2.89 -58.47 (0.13) 3.56 (0.37) 0.23 (0.02) 0.87 (0.07) 8.63 (0.08) D
269084.888 243,22-233,21 E 168.8 2.89 -58.17 (0.08) 3.67 (0.18) 0.36 (0.03) 1.40 (0.06) 13.89 (0.04) D
270384.916 2215,8-2115,7 E 298.4 1.60 -58.92 (0.42) 3.16 (0.97) 0.08 (0.01) 0.28 (0.02) 5.52 (0.07) D
270703.117 2213,10-2113,9 E 261.4 1.95 -58.88 (0.11) 2.98 (0.25) 0.13 (0.01) 0.40 (0.03) 6.48 (0.08) D
270915.681 2212,10-2112,9 E 244.8 2.11 -58.96 (0.14) 3.02 (0.34) 0.14 (0.02) 0.44 (0.04) 6.60 (0.09) D
270939.232 2212,11-2112,10 E 244.8 2.11 -58.96 (0.10) 2.85 (0.22) 0.13 (0.01) 0.41 (0.03) 6.15 (0.07) D
271228.953 2211,11-2111,10 E 229.6 2.26 -58.91 (0.14) 3.31 (0.37) 0.16 (0.02) 0.57 (0.05) 8.00 (0.09) D
271253.478 2211,12-2111,11 E 229.6 2.27 -58.73 (0.06) 2.65 (0.22) 0.16 (0.02) 0.45 (0.03) 6.31 (0.07) D
271655.733 2210,12-2110,11 E 215,8 2.41 -58.52 (0.12) 3.56 (0.29) 0.19 (0.02) 0.71 (0.05) 9.40 (0.07) D
271680.635 2210,13-2110,12 E 215,8 2.41 -58.81 (0.10) 3.01 (0.24) 0.18 (0.02) 0.58 (0.04) 7.68 (0.07) D
273078.651 225,18-215,17 E 167.2 2.91 -58.73 (0.09) 3.39 (0.24) 0.21 (0.02) 0.77 (0.04) 8.52 (0.05) D
273095.053 225,18-215,17 A 167.2 2.91 -58.87 (0.09) 3.47 (0.23) 0.22 (0.02) 0.81 (0.05) 8.97 (0.06) D
274278.330 227,16-217,15 E 182.7 2.79 -58.74 (0.07) 3.39 (0.17) 0.21 (0.01) 0.75 (0.03) 8.73 (0.04) D
274285.334 227,16-217,15 A 182.7 2.81 -58.57 (0.07) 3.01 (0.19) 0.19 (0.01) 0.62 (0.03) 7.18 (0.05) D

Notes: (1) Frequencies. (2) Transition. (3) Energy of the upper level. (4) Einstein spontaneous emission coefficient. (5)-(8) Velocity,
line width at half intensity, brightness temperature, and integrated intensities. The one sigma uncertainties are given in brackets. (9)
Column densities of the upper state level of the transition with respect to the upper state degeneracy gu. (10) D: detected lines.
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