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ABSTRACT

Analysis of the Planck 2018 data set indicates that the statistical properties of the cosmic microwave background (CMB) tem-
perature anisotropies are in excellent agreement with previous studies using the 2013 and 2015 data releases. In particular, they
are consistent with the Gaussian predictions of the ACDM cosmological model, yet also confirm the presence of several so-called
“anomalies” on large angular scales. The novelty of the current study, however, lies in being a first attempt at a comprehensive
analysis of the statistics of the polarization signal over all angular scales, using either maps of the Stokes parameters, (Q and U,
or the E-mode signal derived from these using a new methodology (which we describe in an appendix). Although remarkable
progress has been made in reducing the systematic effects that contaminated the 2015 polarization maps on large angular scales, it
is still the case that residual systematics (and our ability to simulate them) can limit some tests of non-Gaussianity and isotropy.
However, a detailed set of null tests applied to the maps indicates that these issues do not dominate the analysis on intermediate
and large angular scales (i.e., £ < 400). In this regime, no unambiguous detections of cosmological non-Gaussianity, or of anomalies
corresponding to those seen in temperature, are claimed. Notably, the stacking of CMB polarization signals centred on the posi-
tions of temperature hot and cold spots exhibits excellent agreement with the ACDM cosmological model, and also gives a clear
indication of how Planck provides state-of-the-art measurements of CMB temperature and polarization on degree scales.

Key words. Cosmology: observations — cosmic background radiation — polarization — methods: data analysis — methods: statistical

determine the statistical properties of both the tempera-
ture and polarization anisotropies of the cosmic microwave
background (CMB).

The ACDM model explains the structure of the CMB
in detail (Planck Collaboration VI 2020), yet it remains en-
tirely appropriate to look for hints of departures from, or

1. Introduction

This paper, one of a set associated with the 2018 release
of data from the Planck! mission (Planck Collaboration I
2020), describes a compendium of studies undertaken to
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tensions with, the standard cosmological model, by exam-
ining the statistical properties of the observed radiation.
Indeed, in recent years, tantalizing evidence has emerged
from the WMAP and Planck full-sky measurements of
the CMB temperature fluctuations of the presence of such
“anomalies,” and indicating that a modest degree of devia-
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tion from global isotropy exists. Such features appear to ex-
ert a statistically mild tension against the mainstream cos-
mological models that themselves invoke the fundamental
assumptions of global statistical isotropy and Gaussianity.

A conservative explanation for the temperature anoma-
lies is that they are simply statistical flukes. This is par-
ticularly appealing given the generally modest level of sig-
nificance claimed, and the role of a posteriori choices (also
referred to as the “look-elsewhere effect”), i.e., whether in-
teresting features in the data bias the choice of statistical
tests, or if arbitrary choices in the subsequent data analysis
enhance the significance of the features. However, determin-
ing whether this is the case, or alternatively whether the
anomalies are due to real physical features of the cosmolog-
ical model, cannot be determined by further investigation
of the temperature fluctuations on the angular scales of in-
terest, since those data are already cosmic-variance limited.

Polarization fluctuations also have their origin in the
primordial gravitational potential, and have long been rec-
ognized as providing the possibility to independently study
the anomalies found in the temperature data, given that
they are largely sourced by different modes. The expecta-
tion, then, is that measurements of the full-sky CMB po-
larization signal have the potential to provide an improve-
ment in significance of the detection of large-scale anoma-
lies. Specifically, it is important to determine in more detail
whether any anomalies are observed in the CMB polariza-
tion maps, and if so, whether they are related to existing
features in the CMB temperature field. Conversely, the ab-
sence of corresponding features in polarization might im-
ply that the temperature anomalies (if they are not simply
statistical excursions) could be due to a secondary effect
such as the integrated Sachs-Wolfe (ISW) effect (Planck
Collaboration XIX 2014; Planck Collaboration XXI 2016),
or alternative scenarios in which the anomalies arise from
physical processes that do not correlate with the temper-
ature, e.g., texture or defect models. Of course, there also
remains the possibility that anomalies may be found in the
polarization data that are unrelated to existing features in
the temperature measurements.

In this paper, we present a first comprehensive attempt
at assessing the isotropy of the Universe via an analysis of
the full-mission Planck full-sky polarization data. Analysis
of the 2015 data set in polarization (Planck Collaboration
XVI 2016, hereafter PCIS15) was limited on large angu-
lar scales by the presence of significant residual system-
atic artefacts in the High Frequency Instrument (HFI)
data (Planck Collaboration VII 2016; Planck Collaboration
VIIT 2016) that necessitated the high-pass filtering of the
component-separated maps. This resulted in the suppres-
sion of structure on angular scales larger than approxi-
mately 5°. However, the identification, modelling, and re-
moval of previously unexplained systematic effects in the
polarization data, in combination with new mapmaking
and calibration procedures (Planck Collaboration Int. XLVI
2016; Planck Collaboration IIT 2020), means that such a
procedure is no longer necessary. Nevertheless, our studies
remain limited both by the relatively low signal-to-noise
ratio of the polarization data, and the presence of residual
systematic artefacts that can be significant with respect to
detector sensitivity and comparable to the cosmological sig-
nal. A detailed understanding of the latter, in particular,
have a significant impact on our ability to produce simula-
tions that are needed to allow a meaningful assessment of

the data. These issues will be subsequently quantified and
the impact on results discussed.

The current work covers all relevant aspects related to
the phenomenological study of the statistical isotropy and
Gaussian nature of the CMB measured by the Planck satel-
lite. Constraints on isotropy or non-Gaussianity, as might
arise from non-standard inflationary models, are provided
in a companion paper (Planck Collaboration IX 2020). The
current paper is organized as follows. Section 2 provides
a brief introduction to the study of polarized CMB data.
Section 3 summarizes the Planck full-mission data used for
the analyses, and important limitations of the polarization
maps that are studied. Section 4 describes the characteris-
tics of the simulations that constitute our reference set of
Gaussian sky maps representative of the null hypothesis. In
Sect. 5 the null hypothesis is tested with a number of stan-
dard tests that probe different aspects of non-Gaussianity.
This includes tests of the statistical nature of the polar-
ization signal observed by Planck using a local analysis of
stacked patches of the sky. Several important anomalous
features of the CMB sky are studied in Sect. 6, using both
temperature and polarization data. Aspects of the CMB
fluctuations specifically related to dipolar asymmetry are
examined in Sect. 7. Section 8 provides the main conclu-
sions of the paper. Finally, in Appendix A a detailed de-
scription is provided of the novel method, called “purified
inpainting,” used to generate E- and B-mode maps from
the Stokes @ and U data.

2. Polarization analysis preamble

Traditionally, the Stokes parameters @ and U are used to
describe CMB polarization anisotropies (e.g., Zaldarriaga
& Seljak 1997). However, unlike intensity, @ and U are not
scalar quantities, but rather components of the rank-2 po-
larization tensor in a specific coordinate basis associated
with the map. Such quantities are not rotationally invari-
ant, thus in many analyses it is convenient to consider al-
ternate, but related, polarization quantities.

The polarization amplitude P and polarization angle ¥,
defined as follows,

U , (1)

1

= 2arctan 0
are commonly used quantities in, for example, Galactic
astrophysics. However, completely unbiased estimators of
these quantities in the presence of anisotropic and/or cor-
related noise are difficult to determine (Plaszczynski et al.
2014). Of course, it is still possible to take the observed
(noise-biased) quantity and directly compare it to sim-
ulations analysed in the same manner. As an alterna-
tive, Sect. 5.1 works with the quantity P2 and applies a
correction for noise bias determined from simulations. A
cross-estimator based on polarization observations from two
maps, P? = Q1Q2 + U U, is also considered.

In addition, a local rotation of the Stokes parameters,
resulting in quantities denoted by @, and U, is employed
in Sects. 5.2 and 5.5. In this case, a local frame is defined
with respect to a reference point 7i.o¢ so that

Q; (N er) = —Q () cos (2¢) — U (R) sin (2¢),
Uy (70; Popet) Q (A)sin (2¢) — U (R) cos (29),

(2)
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where ¢ denotes the angle between the axis aligned along
a meridian in the local coordinate system centred on the
reference point and the great circle connecting this point
to a position 7.

Finally, the rotationally invariant quantities referred to
as E' and B modes are commonly used for the global analy-
sis of CMB data. Since the quantities ) + iU, defined rela-
tive to the direction vectors 71, transform as spin-2 variables
under rotations around the 7i axis, they can be expanded
as

0o 14
QEiU)(A) =" > afn? 12Yem(R), (3)
=2 m=—/¢
where 1Y%, (7) denotes the spin-weighted spherical har-

. (£2)
monics and a,,;

cients. If we define

1/ @ )
= L (2 a?).

_ b (-2
afm - 5 (aém = Qpyp, ) .

are the corresponding harmonic coeffi-

(4)
then the invariant quantities are given by

oo L
Z Z aéEmYZW (ﬁ’)7

E(f) =

Z():OQ m:e—f (5)
B(’fl) = Z Z agBm}/hn(ﬁ)'

=2 m=—4

In practice, the @Q and U data sets that are analysed
are the end products of sophisticated component-separation
approaches. Nevertheless, the presence of residual fore-
grounds mandates the use of a mask, the application of
which during the generation of E- and B-mode maps re-
sults in E/B mixing (Lewis et al. 2002; Bunn et al. 2003).
In Appendix A, we describe the method adopted in this
paper to reduce such mixing.

3. Data description

In this paper, we use data from the Planck 2018 full-mission
data release (“PR3”) that are made available on the Planck
Legacy Archive (PLA?). The raw data are identical to those
used in 2015, except that the HFI omits 22 days of ob-
servations from the final, thermally-unstable phase of the
mission. The release includes sky maps at nine frequen-
cies in temperature, and seven in polarization, provided in
HEALPix format (Gérski et al. 2005),® with a pixel size de-
fined by the Nyqe parameter.* For polarization studies, the
353-GHz maps are based on polarization-sensitive bolome-
ter (PSB) observations only (see Planck Collaboration III
2020, for details).

Estimates of the instrumental noise contribution and
limits on time-varying systematic artefacts can be inferred
from maps that are generated by splitting the full-mission
data sets in various ways. For LFI, half-ring maps are gen-
erated from the first and second half of each stable pointing

2 http://pla.esac.esa.int

3 http://healpix.sourceforge.net

4 In HEALPix the sphere is divided into 12 N2, pixels. At
]\/fside = 2048, typical of Planck maps, the mean pixel size is
1:7.

period, consistent with the approach in the 2013 and 2015
Planck papers. For HFI, odd-ring (O) and even-ring (E)
maps are constructed using alternate pointing periods, i.e.,
either odd or even numbered rings, to avoid the correlations
observed previously in the half-ring data sets. However, for
convenience and consistency, we will refer to both of these
ring-based splits as “odd-even” (OE), in part as recogni-
tion of the signal-to-noise ratios of the LFI and HFI maps
and their relative contributions to the component-separated
maps described below. Half-mission (HM) maps are gener-
ated from a combination of Years 1 and 3, and Years 2 and
4 for LFI, or the first and second half of the full-mission
data set in the case of HFI. Note that important informa-
tion on the level of noise and systematic-effect residuals can
be inferred from maps constructed from half-differences of
the half-mission (HMHD) and odd-even (OEHD) combi-
nations. In particular, the OE differences trace the instru-
mental noise, but filter away any component fluctuating on
timescales longer than the pointing period, whereas the HM
differences are sensitive to the time evolution of instrumen-
tal effects. A significant number of consistency checks are
applied to this set of maps. Full details are provided in two
companion papers (Planck Collaboration IT 2020; Planck
Collaboration III 2020).

As in previous studies, we base our main results on es-
timates of the CMB from four component-separation algo-
rithms, — Commander, NILC, SEVEM, and SMICA — as de-
scribed in Planck Collaboration IV (2020). These provide
data sets determined from combinations of the Planck raw
frequency maps with minimal Galactic foreground resid-
uals, although some contributions from unresolved extra-
galactic sources are present in the temperature solutions.
Foreground-cleaned versions of the 70-, 100-, 143-, and 217-
GHz sky maps generated by the SEVEM algorithm, here-
after referred to as SEVEM-070, SEVEM-100, SEVEM-143, and
SEVEM-217, respectively, allow us to test the frequency de-
pendence of the cosmological signal, either to verify its
cosmological origin, or to search for specific frequency-
dependent effects. In all cases, possible residual emission
is then mitigated in the analyses by the use of sky-coverage
masks.

The CMB temperature maps are derived using all chan-
nels, from 30 to 857 GHz, and provided at a common an-
gular resolution of 5" full width at half maximum (FWHM)
and Ngjqe = 2048. In contrast to the 2013 and 2015 releases,
these do not contain a contribution from the second order
temperature quadrupole (Kamionkowski & Knox 2003). An
additional window function, applied in the harmonic do-
main, smoothly truncates power in the maps over the range
loin < € < lpax, such that the window function is unity
at Lmax = 3400 and zero at fy,2x = 4000. The polarization
solutions include information from all channels sensitive to
polarization, from 30 to 353 GHz, at the same resolution as
the temperature results, but only including contributions
from harmonic scales up to £, = 3000. In the context of
these CMB maps, we refer to an “odd-even” data split that
combines the LFI half-ring 1 with the HFI odd-ring data,
and the LFI half-ring 2 with the HFT even-ring data.

Lower-resolution versions of these data sets are also used
in the analyses presented in this paper. The downgrading
procedure is as follows. The full-sky maps are decomposed
into spherical harmonics at the input HEALPix resolution,
these coeflicients are then convolved to the new resolution
using the appropriate beam and pixel window functions,


http://pla.esac.esa.int
http://healpix.sourceforge.net
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Fig. 1. Component-separated CMB maps at 80" resolution. Columns show temperature T, and E- and B-mode maps,
respectively, while rows show results derived with different component-separation methods. The temperature maps are
inpainted within the common mask, but are otherwise identical to those described in Planck Collaboration IV (2020).
The E- and B-mode maps are derived from the Stokes () and U maps following the method described in Appendix A.
The dark lines indicate the corresponding common masks used for analysis of the maps at this resolution. Monopoles and
dipoles have been subtracted from the temperature maps, with parameters fitted to the data after applying the common

mask.

then the modified coefficients are used to synthesize a map
directly at the output HEALPix resolution.

Specific to this paper, we consider polarization maps
determined via the method of “purified inpainting” (de-
scribed in Appendix A) from the component-separated @
and U data. Figure 1 presents the F- and B-mode maps for
the four component-separation methods at a resolution of
Ngige = 128, with the corresponding common masks over-
plotted. Planck Collaboration IV (2020) notes that some
broad large-scale features aligned with the Planck scanning
strategy are observed in the ) and U data. The detailed
impact on E- and B-mode map generation is unclear, thus
some caution should be exercised in the interpretation of
the largest angular scales in the data. Figure 2 does indicate
the presence of large-scale residuals in the pairwise differ-
ences of the component-separated maps. Finally, we note
that the B-mode polarization is strongly noise dominated
on all scales, therefore, although shown here for complete-

ness, we do not present a comprehensive statistical analysis
of these maps.

In general, we make use of standardized masks made
available for temperature and polarization analysis, as de-
scribed in detail in Planck Collaboration IV (2020). These
masks are then downgraded for lower-resolution studies as
follows. The binary mask at the starting resolution is first
downgraded in the same manner as a temperature map.
The resulting smooth downgraded mask is then thresholded
by setting pixels where the value is less than 0.9 to zero and
all others to unity, in order to again generate a binary mask.

In the case of the data cuts, some additional care must
be taken with masking. Since the HFI HM and OE maps
contain many unobserved pixels® at a given frequency, some

5 These are pixels that were either never seen by any of the
bolometers present at a given frequency, or for which the polar-
ization angle coverage is too poor to support a reliable decompo-
sition into the three Stokes parameters. Note that the number of
unobserved pixels has increased significantly between the 2015
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Fig.2. Pairwise differences between maps from the four CMB component-separation pipelines, smoothed to 80 res-
olution. Columns show temperature, 7', and E- and B-mode maps, respectively, while rows show results for different
pipeline combinations. The grey regions correspond to the appropriate common masks. Monopoles and dipoles have been
subtracted from the temperature difference maps, with parameters fitted to the data after applying the common mask.

pre-processing is applied to them before the application
of the component-separation algorithms. Specifically, the
value of any unobserved pixel is replaced by the value

and 2018 data sets, due to a change in the condition number
threshold at the map-making stage.

of the corresponding Ngq. = 64 parent pixel. Analysis of
the component-separated maps derived from the data cuts
then requires masking of these pixels. However, a simple
merge of the unobserved pixel masks at each frequency for
a given data cut is likely to be insufficient, since the var-
ious convolution and deconvolution processes applied by
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Temperature

Temperature (HM)

Temperature (OE)

E-mode

E-mode (HM

) E-mode (OE)

Fig. 3. Examples of common masks. From top to bottom, the masks correspond to those used for analysing temperature
maps, polarization represented by the Stokes @@ and U parameters, and EF-mode polarization data, at a resolution Ngjqe
= 128. From left to right, full-mission, HM, and OE masks are shown. Note that the masks for E- and B-mode analysis
are extended relative to those derived for () and U studies, in order to reduce the reconstruction residuals.

the component-separation algorithms will cause leakage of
the inpainted values into neighbouring pixels. The masks
are therefore extended as follows. Starting with the initial
merge of the unobserved pixels over all frequencies, the un-
observed pixels are selected and their neighbouring pixels
are also masked. This is repeated three times. Lower resolu-
tion versions are generated by degrading the binary mask to
the target resolution, then setting all pixels with values less
than a threshold of 0.95 to zero, while all other pixels have
their values set to unity. Masks appropriate for the analysis
of the HM and OE maps are generated by combining the
unobserved pixel masks with the full-mission standardized
masks.

The masks for F- and B-mode analysis are extensions
of the those applied to the @) and U maps before executing
the purified inpainting technique. Specifically, an optimal
confidence mask is defined by performing reconstructions
on simulated CMB-plus-noise realizations, as propagated
through all four Planck component-separation pipelines,
then evaluating the residuals with respect to the input full-
sky maps. The final mask is specified by requiring that the
maximal rms level of the residuals observed in the simula-
tions is less than 0.5 uK, significantly below the cosmologi-
cal F-mode signal. Examples of common masks are shown
in Fig. 3.

In what follows, we will undertake analyses of the data
at a given resolution denoted by a specific Ngqo value.
Unless otherwise stated, this implies that the data have
been smoothed to a corresponding FWHM as described
above, and a standardized mask employed. Often, we will
simply refer to such a mask as the “common mask,” irre-
spective of the resolution or data split in question. However,

in the latter case, we will refer to full-mission, HM or
OE common masks, where appropriate, to avoid confusion.
Table 1 lists the Ngge and FWHM values defining the res-
olution of these maps, together with the different masks
and their sky coverage fractions that accompany the signal
maps.

4. Simulations

The results presented in this paper are derived using Monte
Carlo (MC) simulations. These provide both the reference
set of sky maps used for the null tests employed here, and
form the basis of any debiasing in the analysis of the real
data, as required by certain statistical methods. The sim-
ulations include Gaussian CMB signals and instrumental
noise realizations that capture important characteristics of
the Planck scanning strategy, telescope, detector responses,
and data-reduction pipeline over the full-mission period.
These are extensions of the “full focal-plane” simulations
described in Planck Collaboration XII (2016), with the lat-
est set being known as “FFP10.”

The fiducial CMB power spectrum corresponds the cos-
mology described by the parameters in Table 2. Note that
the preferred value of 7 in Planck Collaboration VI (2020)
is slightly lower, at 7 = 0.054 4+ 0.007. 1000 realizations
of the CMB sky are generated including lensing, Rayleigh
scattering, and Doppler boosting® effects, the latter two of

5 Doppler boosting, due to our motion with respect to the
CMB rest frame, induces both a dipolar modulation of the tem-
perature anisotropies and an aberration that corresponds to a
change in the apparent arrival directions of the CMB photons,
where both effects are aligned with the CMB dipole (Challinor
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Table 1. Standardized data sets used in this paper. The
resolutions of the sky maps used are defined in terms of the
Ngige parameter and corresponding FWHM of the Gaussian
beam with which they are convolved. The fraction of un-
masked pixels in the corresponding common masks for the
full-mission (Full), as well as the HM and OE data splits,
are also specified.

FWHM Fraction [%]
Niide [arcmin] Full HM OE
Temperature
2048 ... .. .. 5 779 74.7 76.3
1024 ....... 10 76.9 72.3 74.0
512 ....... 20 75.6 70.1 71.6
256 .. ... .. 40  T4.7 69.0 70.2
128 ....... 80 73.6 68.0 69.0
64....... 160 71.3 65.4 66.6
32....... 320 68.8 62.0 63.6
16....... 640  64.5 56.2 58.2
Q U polarization
2048 .. ... .. 5 781 75.0 76.5
1024 ....... 10 77.7 73.2 74.8
512....... 20 770 71.6 73.0
256 ... ... 40  76.1 70.6 71.7
128 ....... 80 74.5 69.2 70.0
64....... 160 72.4 66.9 67.9
32....... 320 69.5 63.2 64.7
16....... 640 63.6 55.9 57.9
E B polarization
2048 .. ... .. 5 e
1024 ....... 10 64.8
512....... 20  64.9 e .
256 ... ... 40 649 54.5 54.7
128 ....... 80 64.9 54.5 54.8
64....... 160  64.0 54.2 54.2
32....... 320 62.6 53.7 54.4
16....... 640 55.4 46.5 48.6

which are frequency-dependent. The signal realizations in-
clude the frequency-specific beam properties of the LFI and
HFI data sets implemented by the FEBeCoP (Mitra et al.
2011) beam-convolution approach.

Given that the instrumental noise properties of the
Planck data are complex, we make use of a set of so-
called “end-to-end” simulations. For HFI, residual system-
atics must be accounted for in the scientific analysis of the
polarized sky signal, thus the simulations include models of
all systematic effects, together with noise and sky signal (a
fixed CMB plus foregrounds fiducial sky). Realistic time-
ordered information for all HFI frequencies are then gener-
ated and subsequently propagated through the map-making
algorithm to produce frequency maps. Finally, the sky sig-
nal is removed and the resulting maps of noise and residual
systematics can be added to the set of CMB realizations.
More details can be found in Planck Collaboration Int.
XLVI (2016) and Planck Collaboration IIT (2020). A simi-
lar approach is followed by LFI to generate noise MCs that
capture important characteristics of the scanning strategy,
detector response, and data-reduction pipeline over the full-
mission period (Planck Collaboration II 2020). A total of

& van Leeuwen 2002; Planck Collaboration XXVII 2014). Both
contributions are present in the FFP10 simulations.

300 realizations are generated at each Planck frequency, for
the full-mission, HM and OE data splits. In what follows,
we will often refer to simulations of the noise plus system-
atic effects simply as “noise simulations.” The noise and
CMB realizations are then considered to form the FFP10
full-focal plane simulations.

Finally, the CMB signal and noise simulations are prop-
agated through the various component-separation pipelines
using the same weights as derived from the Planck full-
mission data analysis (Planck Collaboration IV 2020). The
signal and noise realizations are then permuted to generate
999 simulations” for each component-separation method to
be compared to the data.

In the analyses presented in this paper, we often quan-
tify the significance of a test statistic in terms of the p-
value. This is the probability of obtaining a test statistic
at least as extreme as the observed one, under the assump-
tion that the null hypothesis (i.e., primordial Gaussianity
and isotropy of the CMB) as represented by the simula-
tions is true. However, this also requires that the simulated
reference data set adopts a cosmological model that is suffi-
ciently consistent with that preferred by the data. We have
noted above that the 7-value used in the FFP10 simulations
is high relative to that preferred by the latest cosmological
analysis. As a preliminary assessment, we have considered
the predicted variance of the CMB signal for two values of
7, specifically 0.060 (as adopted by the FFP10 simulations),
and 0.052 (which is representative of the value determined
by an analysis of the HFI data in Planck Collaboration VI
2020) with Ay set to an appropriate value. We find that the
latter reduces the polarization variance by approximately
20% at Ngge = 16 and 32. It may be necessary to take
this effect into account when interpreting the polarization
results in what follows.

Similar considerations apply to the simulated noise and
residual systematic effects, particularly given the signal-to-
noise regime of the polarized data. In order to quantify
the agreement of the noise properties and systematic ef-
fects in the data and simulations, we use differences com-
puted from various subsets of the full-mission data set. Note
that detailed comparisons have been undertaken using the
power spectra of the individual frequency maps. Figure 18
of Planck Collaboration II (2020) compares half-ring half-
difference (HRHD) spectra for the LFI 30-, 44- and 70-
GHz data with simulations, finding good agreement over
most angular scales. Figure 17 of Planck Collaboration III
(2020) makes a similar comparison for the HFI 100-, 143-,
217- and 353-GHz half-mission HMHD and OEHD data.

Of more importance to this paper, however, is the
consistency of the data and simulations after various
component-separation methods have been applied. As es-
tablished in Planck Collaboration IV (2020), the corre-
sponding end-to-end simulations exhibit biases at the level
of several percent with respect to the observations on in-
termediate and small scales, with reasonable agreement on
larger scales. These discrepancies in part originate from the
individual frequency bands. For example, the power in the
100217 GHz HFI simulations underestimates the noise in
the data (Planck Collaboration IIT 2020). Alternatively, bi-
ases can arise due to the lack of foreground residuals in the

" During analysis it was determined that CMB realization 970
was corrrupted and thereafter was omitted from the MC data
set.
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Table 2. Cosmological parameters for the FFP10 simulations, used to make the simulated maps in this paper, and

throughout the Planck 2018 papers.

Parameter Value
Baryon density ....... ... ... . .. wp = Qph? 0.022166
Cold dark matter density .................. we = Qch? 0.12029
Neutrino energy density ................... w, = Q,h? 0.000645
Density parameter for cosmological constant. .. Qj 0.68139
Hubble parameter . ......... ... ... ... ... h = Ho/100km s~ ! Mpc~! 0.67019
Spectral index of power spectrum ........... Ns 0.96369
Amplitude of power (at k = 0.05Mpc™') ..... As 2.1196 x 107°
Thomson optical depth . .. ................. T 0.06018

simulations. On small angular scales, the power observed
in the temperature data exceeds that of the simulations
due to a point-source residual contribution not included in
FFP10. It should, therefore, be apparent that systematic
shifts over some ranges of angular scale could contribute to
p-value uncertainties in subsequent studies.

We attempt to verify that the analyses presented in
this paper are not sensitive to the differences between the
simulations and data. In particular, the comparison of the
HMHD and OEHD maps for each component-separation
method with those computed from the ensemble of FFP10
simulations allows us to define the angular scales over which
the various statistical tests applied to the data can be con-
sidered reliable. These may vary depending on the analysis
being undertaken.

5. Tests of non-Gaussianity

A key prediction of the standard cosmological model is
that an early phase of accelerated expansion, or inflation,
gave rise to fluctuations that correspond to a homogeneous
and isotropic Gaussian field, and that the corresponding
statistical properties were imprinted directly on the pri-
mordial CMB (Planck Collaboration XXII 2014; Planck
Collaboration XX 2016; Planck Collaboration X 2020).
Searching for departures from this scenario is crucial for
its validation, yet there is no unique signature of non-
Gaussianity. Nevertheless, the application of a variety of
tests® over a range of angular scales allows us to probe the
data for inconsistencies with the theoretically motivated
Gaussian statistics.

In previous work (PCIS13; PCIS15), we demonstrated
that the Planck temperature anisotropies are indeed consis-
tent with Gaussianity, except for a few apparent anomalies
discussed further in the following section. Here, we again
apply a non-exhaustive set of tests to the temperature fluc-
tuations in order to confirm previous results, then extend
the studies to the polarization data. Of course, significant
evidence of deviation from Gaussianity in the statistics of
the measured CMB anisotropies is usually considered to be
an indicator of the presence of residual foregrounds or sys-
tematic artefacts in the data. It is important to be able to
mitigate against such possibilities, particularly in the case
of polarization anisotropies, where the signal-to-noise re-
mains relatively low. The analyses are therefore applied to

8 One of the more important tests in the context of inflation-
ary cosmology is related to the analysis of the bispectrum. This
is explored thoroughly in Planck Collaboration IX (2020), and
is therefore not discussed further in this paper.

all four component-separation products (Commander, NILC,
SEVEM, and SMICA) at a given resolution with the accompa-
nying common mask, and significance levels are determined
by comparison with the corresponding results derived from
the FFP10 simulations. The consistency of the results de-
rived from the various component-separation techniques
then provides a strong argument against significant contam-
ination of the data. However, the fidelity of the simulations
is limited by the accuracy with which the systematic ef-
fects can be modelled; therefore we use HMHD and OEHD
null tests to evaluate the agreement of the data and sim-
ulations over the scales of interest. It is plausible that the
simulations of the polarized signal show evidence of a small
level of non-Gaussianity depending on the statistical test
applied, given the significant level of the systematic effects
modelled therein.

5.1. One-dimensional moments

In this section we consider simple tests of Gaussianity based
on moments of the CMB temperature and polarization
anisotropy maps.

For the temperature analysis, we repeat the study per-
formed in PCIS15 and measure the variance, skewness, and
kurtosis of the Planck 2018 component-separated maps us-
ing the unit-variance estimator (Cruz et al. 2011). This
method requires a normalized variance sky map, uX de-

fined as:
X;

b
[ 2 2
Ox,0 T OiN

where X is the observed temperature at pixel i, O'g(,o is the
variance of the CMB signal, and 0?7 N is the variance of the
noise for that pixel, estimated using the FFP10 MC simula-
tions. The CMB variance is then determined by finding the
6% o value for which the variance of the normalized map uX
is unity. The skewness and kurtosis are then subsequently
computed from the appropriately normalized map.

In Fig. 4 we show the lower-tail probability of the
variance, skewness, and kurtosis determined at different
resolutions from the four component-separated maps (left
columns) and from the SEVEM frequency-cleaned maps
(right columns), after applying the appropriate common
mask. There is good agreement between the maps, although
the NILC results indicate a slightly lower p-value for the
variance at intermediate and high resolutions. This may
be related to the small relative power deficit observed be-
tween NILC and the other component separation methods
over the multipole range ¢ =100-300, as shown in figure 15

(6)
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Fig. 4. Lower-tail probabilities of the variance (top), skew-
ness (centre), and kurtosis (bottom), determined from
the Commander (red), NILC (orange), SEVEM (green), and
SMICA (blue) component-separated temperature maps (left)
and the SEVEM-070 (light green), SEVEM-100 (dark blue),
SEVEM-143 (yellow), and SEVEM-217 (magenta) frequency-
cleaned maps (right) at different resolutions.

of Planck Collaboration IV (2020). We note that Planck
Collaboration IV (2020) has demonstrated the presence of a
noise mismatch between the observed data and simulations,
as traced by the HMHD and OEHD maps. However, this
is not relevant for analysis of the temperature data, given
its very high signal-to-noise ratio. The results for 1D mo-
ments presented here are in very good agreement with the
Planck 2015 analysis (PCIS15), showing a decreasing lower-
tail probability with decreasing resolution. This lower-tail
probability is related to the presence of the well known lack
of power on large angular scales. However, in the previous
analysis we found a minimum value for the probability of
0.5% at Ngqe =16 for all the maps considered, compared
to a probability of roughly 1% here. The difference can be
explained by the fact that the 2018 common mask rejects
less of the sky than the 2016 common mask, and previous
work (PCIS15; Gruppuso et al. 2013) has shown that the
low variance anomaly becomes less significant with increas-
ing sky coverage. Indeed, when we apply the 2016 common
mask to the current data set, the probability decreases to
0.7-0.8 %, in better agreement with the previous results.
The skewness and kurtosis results do not show any anoma-
lous behaviour, in agreement with earlier analyses.

In polarization we follow a different approach, as a con-
sequence of the lower signal-to-noise ratio. Specifically, we
subtract the noise contribution to the total variance of the
polarization maps and define the estimator

Signal-to-noise ratio
0.1 02 03 04 05 06 0.7 08 09 1.0

Commander

| — SEVEM

! ! ! ! ! ! ! !
16 32 64 128 256 512 1024 2048
Resolution (Nsige)

Fig. 5. Signal-to-noise ratio for the variance estimator in
polarization for Commander (red), NILC (orange), SEVEM
(green), and SMICA (blue), obtained by comparing the the-
oretical variance from the Planck FFP10 fiducial model
with an MC noise estimate (right-hand term of Eq. (7)).
Note that the same colour scheme for distinguishing the
four component-separation maps is used throughout this
paper.

6¢mp = Q>+ U?) — (Q}k + UR)mc (7)

where Q and U are the Stokes parameters of the observed
polarization maps, and (Q% + UZ)mc are noise estimates
determined from MC simulations. Planck Collaboration
IV (2020) indicates a mismatch between the noise in the
data and that in simulations for map resolutions above
Niige = 256. This corresponds to a few percent of the theo-
retical CMB variance up to Ngjqe = 1024, while it is much
larger at the highest resolution. Since the noise mismatch
is likely to affect the less signal-dominated polarization re-
sults, we also define a cross-variance estimator that deter-
mines the variance from the two maps available for each
data split, HM or OE, respectively:

6&mp = (@Q1Q2 + UrUs) — (QY QY + UM U hmc,  (8)

where @1, Q2, Uy, and U, are the Stokes parameters of the
two maps from either the HM- or OE-cleaned data split,
and (QY QY + UNUN) e is the corresponding noise contri-
bution to the total variance in polarization estimated from
the corresponding simulations. Note that a cross-estimator
should be less affected by noise mismatch, although corre-
lated noise remains an issue. However, it is impossible to
assess if the latter is well described by the simulations.

In Fig. 5 we show the expected signal-to-noise ratio
of the polarization variance for the component-separated
maps, determined by comparing the theoretical variance of
the signal at different resolutions (as evaluated from the
Planck FFP10 fiducial model, including beam and pixel
window function effects) to the corresponding MC esti-
mate of the noise, (Q% + UZ)mc - All of the methods show
similar behaviour, with a maximum signal-to-noise ratio of
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Fig. 6. Lower-tail probabilities of the variance determined
from the Commander (red), NILC (orange), SEVEM (green),
and SMICA (blue) component-separated polarization maps
(left) and the SEVEM-070 (light green), SEVEM-100 (dark
blue), SEVEM-143 (yellow), and SEVEM-217 (magenta)
frequency-cleaned maps (right) at different resolutions. The
top, middle and bottom rows correspond to results evalu-
ated with the full-mission, HM- and OE-cross-variance es-
timates, respectively. In this figure, small p-values would
correspond to anomalously low variance.

about 0.8 on intermediate scales, Ngjq. =512. The mini-
mum ratio is observed at Nggqe. =64, as explained by the
fact that the FE angular power spectrum exhibits a low
amplitude over the multipole range ¢=10-100. At very
large scales, Ngige =16, the signal-to-noise ratio increases
again, but with an amplitude that depends noticeably on
the component-separation method considered . At very high
resolutions the signal-to-noise ratio drops, as expected.

In Fig. 6 we show the lower-tail probabilities of the vari-
ance determined from the full-mission and the HM and OE
data splits using the appropriate common mask, compared
to the corresponding results from MC simulations. At high
resolutions, the lower-tail probability determined from the
variance of the full-mission data approaches zero. As pre-
viously noted, this is due to the poor agreement between
the noise properties of the data and the MC simulations,
in particular at high resolution. This explanation is fur-
ther supported by the fact that the lower-tail probability
becomes more compatible with the MC simulations when
we consider the cross-variance analyses. However, given the
uncertainties in the properties of the correlated noise in
the simulations, we prefer to focus on the intermediate and
large angular scales, Ngjqe < 256. We note that there is a
trend towards lower probabilities as the resolution decreases
from Ngiqe = 256, similar to what is observed with the tem-
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Fig. 7. Lower-tail probabilities of the cross-variance deter-
mined between the SEVEM frequency-cleaned polarization
maps (top) or from the HM (centre) or OE (bottom) SEVEM
frequency-cleaned maps at different resolutions. In this fig-
ure, small p-values would correspond to anomalously low
variance.

perature data. This behaviour is common to all of the
component-separated methods and also to the SEVEM-143
frequency-cleaned data, although with different probabili-
ties at a given resolution. The SEVEM-070 frequency-cleaned
map is not compatible with the MC simulations for resolu-
tions lower than Ngqe = 128. This may be due to the pres-
ence of either residual foregrounds in the data or systematic
effects that are not sufficiently well represented by the MC
simulations. Although the compatibility of the data with
the MC simulations is generally adequate, the large varia-
tion of probabilities seen for different component-separation
methods and resolutions, even when a cross-estimator is
considered, suggests that correlated noise and residual sys-
tematics in the data may not be sufficiently well described
by the current set of simulations.

In an attempt to minimize the impact of correlated
noise, we consider the cross-variance estimated between
pairs of frequencies from the SEVEM frequency-cleaned
maps, using full-mission, HM and OE data sets. The re-
sults are shown in Fig. 7. Note that the combination of
the SEVEM-070 data with higher frequency maps is con-
sistent with the MC simulations, supporting the idea that
residual systematic effects in the former, which are not well
described by the corresponding simulations, bias results
computed only with the 70-GHz cleaned data. In addition,
the cross-variance determined between the SEVEM-070 and
SEVEM-217 maps yields a particular low probability. Since
the 217-GHz data are used to clean the 70-GHz map, it is



Planck Collaboration: Isotropy and statistics of the CMB

probable that this particular combination is more affected
by correlated residuals than elsewhere. However, the effect
disappears when considering the HM or OE cross-variance
data.

In summary, we confirm previous results based on the
analysis of the temperature anisotropy (PCIS13; PCIS15),
indicating that the data are consistent with Gaussianity,
although exhibiting low variance on large angular scales,
with a probability of about 1% as compared to our fidu-
cial cosmological model. In polarization we find reasonable
consistency with MC simulations on intermediate and large
angular scales, but there is a considerable range of p-values
found, depending on the specific combinations of data con-
sidered. This indicates that the lower signal-to-noise ratio
of the Planck data in polarization, and, more specifically,
the uncertainties in our detailed understanding of the noise
characterization (both in terms of amplitude and correla-
tions between angular scales) limits our ability to pursue
further investigate the possible presence of anomalies in
the 1D moments.

5.2. N-point correlation functions

In this section, we present tests of the non-Gaussianity of
the Planck 2018 temperature and polarization CMB data
using real-space N-point correlation functions.

An N-point correlation function is defined as the aver-
age product of N observables, measured in a fixed relative
orientation on the sky,

CN(917~--302N—3):<X(ﬁ1)"'X(ﬁN)>7 (9>
where the unit vectors fi1,...,fixy span an N-point poly-
gon. If statistical isotropy is assumed, these functions do
not depend on the specific position or orientation of the
N-point polygon on the sky, but only on its shape and
size. In the case of the CMB, the fields, X, correspond
to the temperature, T, and the two Stokes parameters, )
and U, which describe the linearly polarized radiation in
direction 1. Following the standard CMB convention,
and U are defined with respect to the local meridian of the
spherical coordinate system of choice. To obtain coordinate-
system-independent N-point correlation functions, we de-
fine Stokes parameters in a radial system, denoted by Q.
and U,, according to Eq. (2), where the reference point,
firef, is specified by the centre of mass of the polygon
(Gjerlpw et al. 2010). In the case of the 2-point function,
this corresponds to defining a local coordinate system in
which the local meridian passes through the two points of
interest (see Kamionkowski et al. 1997).

The correlation functions are estimated by simple prod-
uct averages over all sets of IV pixels fulfilling the geometric

requirements set by the 2N — 3 parameters 61,...,02n_3
characterizing the shape and size of the polygon,
N S (wh-wdhy) (X X
Cn(01,. .., 05y 3) = =2 (wi - wy) (X v) . (10)

RIS

Here, pixel weights wi, - -+, w% represent masking and are
set to 1 or 0 for included or excluded pixels, respectively.
The shapes of the polygons selected for the analysis are
not more optimal for testing Gaussianity than other config-
urations, but are chosen because of ease of implementation
and for comparison of the results with those for the 2013

and 2015 Planck data sets. In particular, we consider the
2-point function, as well as the pseudo-collapsed and equi-
lateral configurations for the 3-point function. Following
Eriksen et al. (2005), the pseudo-collapsed configuration
corresponds to an (approximately) isosceles triangle, where
the length of the baseline falls within the second bin of
the separation angles and the length of the longer edge of
the triangle, 6, parametrizes its size. Analogously, in the
case of the equilateral triangle, the size of the polygon is
parametrized by the length of the edge, 6.

We use a simple x? statistic to quantify the agreement
between the observed data and simulations. This is defined
by

Nbin
X2 =D An(0)M; AN () -

Here, Ay (6;) = (ON(H,;) - <cN(9¢)>) Jon(6;) is the differ-

ence between the observed, ¢ ~(6;), and the corresponding
average from the MC simulation ensemble, (Cy(6;)), of the
N-point correlation function for the bin with separation
angle #;, normalized by the standard deviation of the dif-
ference, on(6;), and Npi, is the number of bins used for
the analysis. If A%)(Gi) is the kth simulated N-point cor-
relation function difference and Ng;y, is the number of sim-
ulations, then the covariance matrix (normalized to unit
variance) M;; is estimated by

(11)

Ny
"
Mij = — > ARV (0:) AP (0)), (12)
sim 1

where Nf, = Ngm— 1. However, due to degeneracies in the
covariance matrix resulting from an overdetermined system
and a precision in estimation of the matrix elements of order
AM;; ~ 1/2/Ngim, the inversion of the matrix is unstable.
To avoid this, a singular-value decomposition (SVD) of the
matrix is performed, and only those modes that have sin-
gular values larger than /2/Ngmy are used in the compu-
tation of the x? statistic (Gaztailaga & Scoccimarro 2005).
We note that this is a modification of the procedure used
in previous Planck analyses (PCIS13; PCIS15). Finally, we
also correct for bias in the inverse covariance matrix by
multiplying it by a factor (V] 1)/NL,, (Hartlap
et al. 2007).

We analyse the CMB estimates at a resolution of Ngjqe
= 64 due to computational limitations. The results for the
2-point correlation functions of the CMB maps are pre-
sented in Fig. 8, while in Fig. 9 the 3-point functions for
the Commander maps are shown. In the figures, the N-
point functions for the data are compared with the mean
values estimated from the FFP10 MC simulations. Note
that the mean behaviour of the 3-point functions derived
from the simulations indicates the presence of small non-
Gaussian contributions, presumably associated with mod-
elled systematic effects that are included in the simulations.
Furthermore, both the mean and associated confidence re-
gions vary between component-separation methods, which
reflects the different weightings given to the individual fre-
quency maps that contribute to the CMB estimates, and
the systematic residuals contained therein. Some evidence
for this behaviour can also be found in the analysis of
HMHD and OEHD maps in the companion paper Planck
Collaboration IV (2020). To avoid biases, it is essential to

im Nbin -
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Table 3. Probabilities of obtaining values for the x? statis-
tic of the N-point functions determined from the Planck
fiducial ACDM model at least as large as those obtained
from the Commander, NILC, SEVEM, and SMICA temperature
and polarization (@ and U) maps at Ngige = 64 resolution.
In this table, large p-values would correspond to anoma-
lously low values of x?2.

Probability [%]
Comm. NILC SEVEM SMICA

Function

2-point functions

TT ..o 74.1 755 751 76.7
QeQr 68.3 25.7 51.5 29.1
UUr oo 71.4 525 40.2 35.0
TQr oo 55.5 77.7 80.0 59.8
TUr oo 67.2 554 60.6 16.7
QiUr o 29.8 222 14.7 23.3
Pseudo-collapsed 3-point functions
TTT .. 91.3 89.7 90.6 90.2
QrQrQr - oo 23.5 53.9 223 40.8
UUUs oo 27.2 30.2 183 13.6
TTQr - 98.8 97.7 972 99.2
TTUy oo 32.1 29.5 39.8 46.7
TQQr - v oo 73.5 81.1 852 594
TUUr oo 93.9 96.4 88.5 90.8
TQUy oo 51.8 46.9 52.9 18.6
Q:Q:Ur oo 76 83 174 9.0
Q:UU, ... 59.1 924 239 529
Equilateral 3-point functions
TTT ..o 95.6 95.3 94.8 95.3
QrQrQr - oo 15.8 24.3 26.2 12.2
UUUr oo 347 755 9.3 376
TTQr - oo 76.9 91.2 63.8 91.2
TTUy oo 58.5 83.2 88.7 739
TQQr - v oo 99.5 85.8 99.5 90.7
TUUr oo 79.0 84.6 84.8 90.3
TQUy oo 66.7 55.4 824 52.0
Q:Q:Ur oo 46.0 91.6 18.7 33.5
Q:UU, ... 41.1 16.0 28.7 50.8

compare the statistical properties of a given map with the
associated simulations. Comparing with simulations with-
out systematic effects could lead to incorrect conclusions.

The probabilities of obtaining values of the x? statistic
for the Planck fiducial ACDM model at least as large as
the observed temperature and polarization values are pro-
vided in Table 3. It is worth noting that the values of the
N-point functions and their associated errors are strongly
correlated between different angular separations. The es-
timated probabilities, which take into account such corre-
lations, therefore provide more reliable information on the
goodness-of-fit between the data and the simulations than
a simple inspection of the figures can reveal.

The N-point function results show excellent consistency
between the CMB temperature maps estimated using the
different component-separation methods. Some differences
between results for the 2015 and 2018 temperature data sets
are caused by the use of different masks in the analysis, and
the adoption of the pseudo-inverse matrix in the computa-
tion of the x? statistic, as described by Eq. (11). In the
case of polarization, some scatter is observed between the

12

Table 4. Probabilities of obtaining values for the x? statis-
tic of the N-point functions determined from the Planck
fiducial ACDM model at least as large as the those obtained
from the Commander, NILC, SEVEM, and SMICA temperature
and polarization (E-mode) maps at Ngge = 64 resolution.
In this table, large p-values would correspond to anoma-
lously low values of x2.

Probability [%)]
Comm. NILC SEVEM SMICA

Function

2-point functions

EE ... ... ... ... ... 90.1 69.0 59.9 &89.2
TE ..o 60.2 454 725 426
Pseudo-collapsed 3-point functions
EEE ... .. ... . . 65.3 57.5 49.7 64.6
TTE ... i 99.7 976 97.0 984
TEE .................. 98.2 87.7 86.2 87.7
Equilateral 3-point functions
EFEE ... ... .. .. 76.1 46.3 89.1 49.2
TTE ... .. i 98.2 98.0 989 95.6
TEE .................. 94.8 874 95.0 855

functions computed for different methods, which is a con-
sequence of the relatively low signal-to-noise ratio of the
polarized data on large angular scales. Interestingly, a ten-
dency towards very high probability values is observed for
the pseudo-collapsed TT'Q, 3-point functions for all meth-
ods, and for the equilateral T'Q.(Q), functions in the case of
Commander and SEVEM.

As an alternative to the Stokes parameters, we also con-
sider N-point functions computed from the temperature
and F-mode polarizations maps. The probabilities of ob-
taining values of the x2 statistic for the Planck fiducial
ACDM model at least as large as the observed temperature
and polarization values are provided in Table 4. Here, we
see that the most significant deviations between the data
and the simulations occur for the TTFE 3-point functions
for all component-separation methods.

Nevertheless, we conclude that no strong evidence
is found for statistically significant deviations from
Gaussianity of the CMB temperature and polarization
maps using N-point correlation functions.

Finally, we note that the results for the T'T" correlation
function confirm the lack of structure at large separation
angles, noted in the WMAP first-year data by Bennett et al.
(2003) and in previous Planck analyses (PCIS13; PCIS15).
We will discuss this issue further in Sect. 6.1, where we also
consider the behaviour of the T'Q), correlation function.

5.3. Minkowski functionals

In this section, we present a morphological analysis of
the Planck 2018 temperature and polarization CMB maps
using Minkowski functionals. The Minkowski function-
als (hereafter MFs) describe the morphology of fields in
any dimension and have long been used to investigate
non-Gaussianity and anisotropy in the CMB (see Planck
Collaboration XXIII 2014, and references therein). They
are additive for disjoint regions of the sky and invariant
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Fig. 8. 2-point correlation functions determined from the Ngqe. = 64 Planck CMB 2018 temperature and polarization
maps. Results are shown for the Commander, NILC, SEVEM, and SMICA maps (first, second, third, and fourth rows, respec-
tively). The solid lines correspond to the data, while the black three dots-dashed lines indicate the mean determined
from the corresponding FFP10 simulations, and the shaded dark and light grey areas indicate the corresponding 68 %

and 95 % confidence regions, respectively.

under rotations and translations. For the polarization data,
we analyse the scalar F-mode representation, since the MFs
computed from the spin-2 @ and U Stokes parameters are
no longer invariant under rotation after the application of
a mask (Chingangbam et al. 2017).

We compute MFs for the regions colder and hotter than
a given threshold v, usually defined in units of the sky rms
amplitude, og. The three MFs, namely the area V;(v)
A(v), the perimeter Vi (v) = C(v), and the genus V5 (v)
G(v), are defined respectively as

Ny

)= g (13)
1

= Qs 14

)= g LS (14)
1

‘/Q(V) = 27TAt . (Nhot - Ncold)7 (15>

where N, is the number of pixels with |AT|/og > |v], Npix
is the total number of available pixels, Ay is the total
area of the available sky, Npot(v) is the number of compact
hot spots, Ncoa(v) is the number of compact cold spots,
and S;(v) is the contour length of each hot or cold spot.

There are two approaches to the calculation of oy. The
first possibility is to use a population rms, which can be
inferred from the average variance of the simulations. Using
this estimator provides robust results for low resolutions.
An alternative is to use the sample rms, estimated directly
from the map in question. Cammarota & Marinucci (2016)
have shown that this approach increases the sensitivity of
MF-based tests, and thus we adopt this definition of o¢ in
our analysis.

Furthermore, the MFs can be written as a product of
a function A; (kK = 0,1,2), which depends only on the
Gaussian power spectrum, and vy, which is a function only
of the threshold v (see e.g., Vanmarcke 1983; Pogosyan et al.
2009; Gay et al. 2012; Matsubara 2010; Fantaye et al. 2015).
This factorization is valid in the weakly non-Gaussian case.
In this paper, we use the normalized MFs, vy, to focus on
deviations from Gaussianity, with reduced sensitivity to the
cosmic variance of the Gaussian power spectrum. However,
we have verified that the results derived using both normal-
ized or unnormalized MFs are consistent in every configu-

13
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Fig. 9. 3-point correlation functions determined from the Ngq. = 64 Planck CMB Commander 2018 temperature and
polarization maps. Results are shown for the pseudo-collapsed 3-point (upper panel) and equilateral 3-point (lower panel)
functions. The red solid line corresponds to the data, while the black three dots-dashed line indicates the mean determined
from the FFP10 Commander simulations, and the shaded dark and light grey regions indicate the corresponding 68 % and
95 % confidence areas, respectively. See Sect. 5.2 for the definition of the separation angle 6.

ration.” The analytical expressions are

Vi(v) = Apur(v), (16)
o) = e PH_ (v), k<2, (17)
with H,,, the Hermite function,
2 d " 2
H,(v)=e"2[——) eV /2 18
= (-5 ) e (18)

The amplitude A depends only on the shape of the
power spectrum C through the parameters oy and o1, the
rms of the field and its first derivative, respectively:

o1

( V20

9 However, we note that, for the unnormalized MFs, the Nsiqe
= 16 map is sensitive to the oo definition. Using the population
rms yields more consistent results with the normalized MFs, and
between the data and simulations, than when using the sample
rms.

1 w2

A =
k (2m)*+D/2 wo 1wy

)k, k<2, (19)

14

with wy = 7%/2/T(k/2 + 1).

In order to characterize the MFs, we consider two ap-
proaches for the scale-dependent analysis of the tempera-
ture and polarization sky maps: in real space via a standard
Gaussian smoothing and degradation of the maps; and in
harmonic space by using needlets. Such a complete investi-
gation should provide insight regarding the harmonic and
spatial nature of possible non-Gaussian features detected
with the MFs.

First, we undertake a real-space analysis by computing
the three normalized functionals described above at differ-
ent resolutions and smoothing scales for each of the four
component-separation methods. The appropriate common
mask is applied for a given scale. The MFs are evaluated for
12 thresholds ranging between —3 and 3 in o units, pro-
viding a total of 36 different statistics y = {vo,v1,v2}. A
x?2 value is then computed by combining these, assuming a
Gaussian likelihood for the MFs at every threshold, taking
into account their correlations (Ducout et al. 2012) using a
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Table 5. Probability P (x* > XPjanck) @S @ function of res-
olution determined using normalized real-space MFs for the
temperature and polarization F-mode data. In this table,
large probabilities correspond to anomalously low x?2.

Probability [%)]

Nside Comm. NILC SEVEM SMICA
Temperature
2048 .. ... 98.8 99.8 66.0 98.0
1024 . ... ... 69.2 819 63.2 76.6
512 ...t 78.0 87.2 81.7 80.7
256 .. 95.4 93.8 81.5 93.9
128 ... oo 85.7 97.2 79.7 85.4
64 ... ... 99.0 98.2 63.2 90.0
32 944 869 86.1 96.9
16 ...t 71.5 57.5 52,5 24.0
FE polarization
1024 . ... ... 90.2 67.2 58.0 43.0
512 .. ... ... 17.8 84.8 9.1 75.8
256 .. 94.3 5.3 46.2 104
128 .. ..o 49.1 15.0 50.4 26.2
64 ...... . ..., 14.7 18.8 80.4 34.9
32 .. i 39.7 14.1 825 29.2
16 ...t 939 1.0 7.5 63.1

Table 6. Probability P (X2 > Xlz:’lanck) as a function of
needlet scale. In this table, large probabilities correspond
to anomalously low x2.

Probability [%)]
Needlet scale (¢ range) Comm. NILC SEVEM SMICA

Temperature
1(1-4) ..ot 41 7.1 87 20.6
2(2-8) ... ... 4.5 39 8.7 5.7
3(4-16) . ......... 9.0 11.5 30.1 4.9
4(832).......... 7.0 46 28 2.4
5(16-64) ......... 87.8 94.1 909 89.1
6 (32-128) ........ 46.1 472 29.6 53.6
7 (64-256) ........ 23.4 8.9 257 485
8 (128-512) ....... 475 91.1 625 55.6
9 (256-1024) ... ... 52.4 915 91.1 409
FE polarization
1(1-4) ..ot 37.5 228 448 274
2(2-8) ... 229 525 794 674
3(4-16) . ......... 64.1 85.1 92.1 29.5
4(832).......... 97.3 76.5 724 54.7
5(1664) ......... 45.2 589 3.7 614
6 (32-128) ........ 64.7 93.0 74.7 92.3
7 (64-256) ........ 40.3 52.8 84.0 979
8 (128-512) ....... 235 838 64.6 59.3
9 (256-1024) . ..... 53.0 63.7 1.6 5.9

covariance matrix computed from the FFP10 simulations:

XQ(y) = [y _ Qsim}chl[y _ ,ysim] (20>
36
= > Gyl —u™ly - 5™, (@)
ij=1
where g 5™ = (y ™) is the mean of the statistics y com-

puted on the simulations, i, j are the threshold indices from

the combined MFs, and

<(?JiSim - ?jfim)(ijim - ngim» (22)

is the covariance matrix estimated from the FFP10 simula-
tions. The covariance matrix is well converged for this low
number of statistics (i.e., 36).

The results for temperature and F-mode polarization
data are shown in Figs. 10 and 11, respectively. The first
three columns of panels in these figures show the normalized
MFs together with their variance-weigh