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A B S T R A C T 

We present the result of a surv e y of Monte Carlo simulations of globular clusters hosting two generations of stars including a large 
( f b = 50 per cent ) fraction of primordial binaries in both populations. The dynamical evolution of the two stellar populations is 
followed for a Hubble time taking into account the effect of the tidal field, two-body relaxation, stellar evolution, and three/four- 
body interactions. The fraction of surviving binaries, once accounted for the observational bias and uncertainties, is compared 

with the available radial velocity time-series performed in real globular clusters, and it is used to constrain the initial spatial 
concentration of the second generation. The fraction of second generation binaries appears to depend only on the ratio between 

the total cluster mass and the initial size of the second generation that determines the average velocity dispersion across the extent 
of this stellar population. In spite of the various uncertainties, we find that the observed fraction can be obtained only assuming 

a strong initial concentration of the second generation ( r h,S ∼ 0 . 1 ( M/ 10 

6 M �) pc ). The evolution of the first generation binary 

fraction is more sensitive to the tidal field strength (with a non-negligible effect of the cluster orbital eccentricity) since the tidal 
field has a direct impact on the first generation structural properties. 

Key words: methods: numerical – binaries: general – stars: kinematics and dynamics – stars: Population II – globular clusters: 
general. 
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 I N T RO D U C T I O N  

he existence of multiple populations in globular clusters (GCs)
s a commonly accepted paradigm today. In particular, two or

ore stellar populations characterized by different abundances of
-capture elements have been detected in almost all Galactic GCs
Carretta et al. 2009 ; Milone et al. 2017 ). This evidence implies
hat GCs were able to retain part of the gas expelled from the most

assive stars of their oldest population (hereafter referred as ‘first
eneration’; FG) and to recycle it to form the youngest ones (hereafter
second generation’; SG). 

In recent years, many authors proposed various models of GC
ormations aimed at reproducing the whole body of observational
vidence (see Bastian & Lardo 2018 ; Gratton et al. 2019 , for recent
e vie ws). A class of these models assumes an extended FG whose
jecta are recycled to form the SG in its central region (the so-
alled multiple-generations scenario; Decressin et al. 2007 ; D’Ercole
t al. 2008 ; Krause et al. 2013 ), while others predict a compact FG
olluting a fraction of its stars in its central region (de Mink et al.
009 ; Bastian et al. 2013 ; Gieles et al. 2018 ). So, while different
odels predict different initial sizes and masses for the FG, they all

onverge in predicting a concentrated SG. 
Indeed, despite a general consensus on the mechanism of for-
ation and chemical pollution of multiple populations is far from

eing reached, there are a few pieces of evidence suggesting a
ompact initial structure of the SG. Specifically, SG stars (consti-
 E-mail: antonio.sollima@inaf.it 
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uting ∼ 60 per cent of the whole cluster population; Carretta et al.
009 ; Milone et al. 2017 ) are observed today systematically more
oncentrated than FG in many GCs (Lardo et al. 2011 ; Dalessandro
t al. 2019 ), they host a lower fraction of binaries (D’Orazi et al.
010 ; Lucatello et al. 2015 ; Milone et al. 2020 ) and show in
 few cases a higher degree of radial anisotropy (Richer et al.
013 ; Bellini et al. 2018 ; Libralato et al. 2019 ). Since there is no
nown dynamical mechanism able to create ex-novo a differential
adial se gre gation of FG/SG stars, the abo v e differences must be
inked to primordial structural differences. In particular, all these
ieces of evidence are consistent with a scenario in which the SG
orms in the central region of the proto-cluster characterized by
 high density and kinetic temperature. In such an environment,
wo-, three-, and four-body interactions are frequent and lead to
n efficient destruction of binaries and to a diffusion of SG stars
utwards on radial orbits (H ́enault-Brunet et al. 2015 ; Tiongco,
 esperini & V arri 2019 ). Unfortunately, the subsequent dynamical
 volution progressi v ely mix es the two populations and the lefto v er
f the differences could be visible today only in less dynamically
volved GC (i.e. those characterized by a long relaxation time;
ee e.g. Decressin, Baumgardt & Kroupa 2008 ; D’Ercole et al.
008 ; Vesperini et al. 2013 , 2018 , 2021 ; Sollima 2021 ). Because
f the mixing effect of two-body relaxation, it is extremely hard to
ut quantitative constraints on the initial concentration of SG stars
ven for the GCs in which two-body relaxation has not completely
rased the differences in the spatial distributions of the two stellar
enerations. Indeed, the efficiency of two-body relaxation depends on
uantities (mass, half-mass radius, mass-function) that vary during
he cluster evolution and are affected by the interaction with the tidal
© 2022 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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1 We define the binary fraction as the ratio between the number of binaries 
and the total number of systems (singles + binaries). 
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eld so that it is impossible to trace back the initial conditions from
he knowledge of present-day structure. 

A more promising approach relies on the analysis of the fraction of
inaries in the different populations. Binaries are indeed destroyed 
s a result of close collisions with singles and other binaries. The
fficiency of the binary destruction process depends on the frequency 
nd kinetic energy of collisions, being larger in denser regions or in
hose characterized by a larger velocity dispersion (Hut & Bahcall 
983 ) i.e. in the central region of the cluster. So, because of the
nitial concentration of the SG, a preferential destruction of SG 

inaries occurs at early epochs. During the subsequent evolution, the 
wo populations tend to mix, reducing their differences in density, 
ize and, consequently, binary destruction rate without significantly 
ltering the ratio of FG/SG binary fractions. While the abo v e process
s not expected to produce noticeable differences in the binary 
ractions of FG/SG at the extremes of the binaries binding energy 
istribution (where very-hard and very-soft binaries will entirely 
urvive/ionize in both populations), there is a range at intermediate 
inding energies where striking differences are expected. These 
ifferences therefore reflect the instant of maximum contrast between 
he sizes of the two stellar populations occurring at their formation. 

Observationally, the most e xtensiv e surv e y of binaries able to
istinguish FG/SG stars has been performed by Lucatello et al. 
 2015 ). From their study, based on radial velocity monitoring in
0 GCs along a time baseline > 3 yr, the y deriv ed fractions of bi-
aries f b,F = 4 . 9 per cent ± 1 . 3 per cent and f b,S = 1 . 2 per cent ±
 . 4 per cent for the FG and the SG, respectively. Note that, because of
heir observational cadence, this analysis is sensitive to short-period 
 P < 100 d) binaries. The subsequent works of Dalessandro et al.
 2018 ) and Kamann et al. ( 2020 ) on individual GCs confirmed this
esult. The independent analysis of Milone et al. ( 2020 ), based on
hotometric detection of binaries in 4 GCs, found a similar binary 
raction among FG/SG in the central region probed by their data in
 out 4 GCs confirming the excess of FG binaries in the remaining
ne. The discrepancy between spectroscopic and photometric binary 
ractions can be explained considering the different radial extent of 
he two analyses: while the work of Lucatello et al. ( 2015 ) observe
ata o v er a wide area around the half-light radius, the HST data of
ilone et al. ( 2020 ) only co v er the central portion of GCs where the

ecrease due to binary destruction is partially compensated by their 
ncrease as a result of mass se gre gation (Hong et al. 2019 ). 

From the theoretical side, the first attempt to determine the 
if ferential ef fect of binary destruction in FG/SG has been made
y Vesperini et al. ( 2011 ). By using a hybrid N -body/analytical
pproach, these authors estimated that the destruction rate of SG 

inaries can be larger up to an order of magnitude than that of
G, in particular when long-period binaries or large initial FG/SG 

adial ratios are considered. N -body simulations focused on the 
volution of soft and hard binaries have been performed by Hong 
t al. ( 2015 , 2016 ). Also in this case, the preferential destruction
f SG binaries has been confirmed. All the abo v e studies, while
nvestigating a wide range of initial conditions, cannot be directly 
ompared with observations because they are limited to binaries 
ith a specific semimajor axis or binding energy. In their re vie w,
ratton et al. ( 2019 ) adopted an extremely simplified analytical 
odel that, neglecting dynamical evolution, was used to predict 

he expected ratio between FG/SG binary fractions. They showed 
hat the ratio of FG/SG binary fractions is a unique function of the
nitial FG/SG half-mass radii ratio, and binary fractions consistent 
ith those measured by Lucatello et al. ( 2015 ) can be obtained only

ssuming an initial ratio r h , S / r h , F < 0.2. Unfortunately, the simplified
ramework adopted by these authors limits the application of such 
n approach to determine a strong constraint on the initial condition
f the SG. 
In this paper, we use Monte Carlo simulations of stellar sys-

ems hosting two stellar populations containing a large fraction 
 f b = 50 per cent 1 ) of binaries and spanning a wide range of initial
onditions affecting the evolution of the binary fractions. The fraction 
f surviving binaries in the last snapshot of these simulations is
ompared with observations and used to derive a constraint on the
nitial half-mass radius of the SG. 

In Section 2 , the Monte Carlo code adopted for the simulations is
resented. In Section 3 , the initial set-up of simulations is described.
ection 4 is devoted to the presentation of the results and the
omparison with observational data. We summarize our results in 
ection 5 . 

 M O N T E  C A R L O  C O D E  

he simulations have been run using the Monte Carlo code originally
resented in Sollima & Mastrobuono Battisti ( 2014 ). It follows
he H ́enon ( 1971 ) scheme to simulate the dynamical evolution of
 stellar system accounting for the effect of two-body relaxation 
nd tidal effects in various kinds of Galactic potentials. In this
pproach, at each time-step the integrals of motions (energy and 
ngular momentum) of particles are perturbed assuming interactions 
etween stars with a contiguous ranking in distance from the cluster
entre, and random impact parameters. The shape of the potential is
pdated accordingly and a new statistical realization of the particle 
istribution is performed by placing particles randomly across their 
rbit. So, at odds with N -body simulations where a time-step smaller
han the dynamical time ( t dyn ) must be adopted to accurately integrate
he orbits of particles, in the Monte Carlo approach the time-step must
e smaller than the relaxation time ( t rel � t dyn ). This technique has
een pro v ed to be ef fecti ve in simulating the e volution of stellar
ystems, providing comparable results of N -body simulations with a 
triking gain in computing time (Giersz et al. 2013 ; Rodriguez et al.
016 ). Such an increased ef ficiency allo ws to run extended sets of
imulations of stellar systems with masses comparable to those of 
resent-day GCs (Kremer et al. 2020 ). In recent years, several groups
av e dev eloped efficient Monte Carlo codes adding additional levels
f complexity to account for the presence of a mass spectrum, stellar
volution, three- and four-body interactions and the interaction with 
 tidal field (Giersz 1998 ; Joshi, Rasio & Portegies Zwart 2000 ;
ollima & Mastrobuono Battisti 2014 ; Vasiliev 2015 ). 
Binaries, the focus of this work, can be present at the beginning

f the simulations or form during its evolution. During the cluster
volution they interact between them and with the other single stars
eading to a number of possible outcomes (ionization, exchange, 
y-by, triples, etc.). At each time-step, the probability of a close
ncounter between two or three neighbour objects (either single–
ingle, single–binary, binary–binary or 3 singles) within a sphere 
f radius r m is calculated (see Sollima & Ferraro 2019 ; Sollima
021 ) and the interaction is integrated using a symplectic algorithm
Yoshida 1990 ) if a random number uniformly distributed between 
 and 1 is smaller than such a probability. The initial conditions
f the interaction are set by randomly rotating the binary rotation
lane(s) and placing the interacting objects at a distance such that the
otential energy felt by the involved objects is 20 times smaller than
he binary binding energy. The particles mo v e towards their centre of
MNRAS 512, 776–791 (2022) 
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ass with a relative velocity calculated from their relative velocity at
nfinity with an impact parameter randomly extracted across the πr 2 m 

ross-section. The interaction is followed until the total energy of the
ystem exceeds zero. The products of the collision are then placed
ith their final velocities in the cluster reference frame. We address

he reader to the Sollima & Mastrobuono Battisti ( 2014 ), Sollima &
erraro ( 2019 ), and Sollima ( 2021 ) papers for a detailed description
f the adopted code. 
Here, we describe only the updates to the code that have been

dopted to handle a detailed treatment of stellar evolution. Stellar
volution in single stars has been implemented adopting the set of
racks of Pietrinferni et al. ( 2006 ) and Limongi & Chieffi ( 2018 ).
hese models include all the most updated physics (e.g. winds,
ngular momentum losses and pulsation for massive stars), providing
he stellar radii, core masses, surface temperature, and luminosities
s a function of mass and time. The stellar lifetimes have been derived
y interpolating through the stellar tracks at various metallicities and
−enhancements. After this time-scale, stars finish their evolution

eaving a compact remnant according to their original masses. Low-
ass ( M < 8 M � at solar metallicity) stars leave a white dwarf.
tars developing a non-degenerate CO core ( M > 8 M � at solar
etallicity) undergo a fast evolution ending with an SNe II explosion.
he remnant left by these stars is either a neutron star (NS; if 8 <
 /M � < 30 at [Fe/H] = 0) or a black hole (BH; for more massive

tars). For these stars, a velocity kick has been added to mimic the
ffect of SNeII explosion. In particular, the kick velocity has been
xtracted from a Maxwellian distribution with σkick = 100 km s −1 

or stars leaving an NS remnant (8 < M /M � < 30 at [Fe/H] = 0) and
kick = 80 km s −1 for those leaving a BH remnant (Kruijssen 2009 ).
he initial–final mass relation of all objects has been taken from

he relations of Kruijssen ( 2009 ). The radii of dark remnants have
een adopted from the mass–radius relations of Hurley, Pols & Tout
 2000 ). More details of the implementation of stellar evolution for
ingle stars in our Monte Carlo code are described in Sollima ( 2021 ).

When stellar evolution proceeds in the components of a binary
tar several processes like mass transfer, coalescence, common-
nvelope evolution, etc. can occur. The criterion adopted for Roche
obe o v erflow is that the stellar radius of either component e xceeds
he v olume-a veraged Roche lobe radius (from Paczynski 1976 )
alculated at the orbital periastron. The amount of mass transferred
rom the donor and that accreted by the accretor depends on the
volutionary stage of the two stars and have been calculated using
he recipes of Hamers et al. ( 2021 ). In binaries with a significant
ccentricity, orbit averaged rates have been adopted. If at least
ne of the component of the binary is in a giant phase, its stellar
arameters can change on time-scales comparable to the simulation
ime-step ( � t ). In this case, the average mass transfer rate has been
alculated along the entire post-Main Sequence stage of the evolved
tar(s) ( � t RG ) and an ef fecti ve rate ṁ eff = 〈 ̇m 〉 �t/�t RG has been
dopted. In case of slow mass transfer ( ̇m �t < m ), the semimajor
xis and eccentricity of the binary have been updated adopting the
rescriptions for weak friction of Hut ( 1981 ). Instead, in case of a
udden mass change, the orbit of the binary has been numerically
ntegrated until a new stable configuration is reached. The effect of

ass transfer can lead to a rejuvenation, to an evolutionary phase
hange, or to the creation of exotic objects like Blue Straggler
tars, Novae, SNe Ia, X-ray binaries, cataclysmic variables, and
illisecond pulsars. All these processes have been modelled using

he recipes of Hurley, Tout & Pols ( 2002 ). 
As a further impro v ement, the code has been parallelized using

he openMP multithreading implementation. Thanks to the abo v e
odification, our Monte Carlo code is now able to run simulations
NRAS 512, 776–791 (2022) 
ith N = 2 × 10 6 particles with large ( f b = 50 per cent ) fraction of
inaries (see Section 3 ) in ∼1 d using a four 3.3GHz Intel processors
achine with 4Gb of RAM. 
The various impro v ements to the code need to be tested against
 -body simulations. For this purpose, we run additional simulations
ith the same setup of three different works: (i) the simulations of
esperini et al. ( 2013 ) simulating the evolution of two nested stellar
opulations, (ii) the simulations of Hong et al. ( 2015 ) including a
ignificant population of primordial binaries, and (iii) the simulations
f Baumgardt & Makino ( 2003 ) including a mass spectrum and the
ffect of stellar evolution. The results of such comparisons are shown
n Appendix A . 

 I NI TI AL  SET-UP  

o investigate the effect of the various structural parameters on the
raction of surviving binaries, we performed a set of simulations
panning a range of initial conditions. As a working hypothesis, we
efined our initial set-up in the framework of the scenario proposed
y D’Ercole et al. ( 2008 ). In this model, the SG forms in a time
nterval between 30 and 100 Myr after the cluster formation from the
jecta of intermediate-mass (4 < M /M � < 8) asymptotic giant branch
AGB) stars of the FG that cool and mix with a fraction of pristine
as, residual from the formation of the FG. Although there is not a
eneral consensus on the validity of this model (see Section 1 ), it is
seful to define a set of constraints on the initial conditions of the FG
see below). Note that all models within the ‘multiple-generations’
cenario, predict a formation of the SG on a time-scale shorter than
hat needed to ensure a significant number of interactions involving
inaries. So, if different polluters are considered (like e.g. the Fast
otating Massive Stars; Krause et al. 2013 ), the differences in the

iming of the onset and the duration of the SG formation burst should
ot have a significant effect on the survi v al of binaries after a Hubble
ime. 

The number of binaries changes during the cluster evolution
ainly because of two ef fects: e v aporation and ionization (see

.g. Sollima 2008 ). Binaries are indeed on average more massive
han single stars and lose velocity in the elastic interactions with
heir neighbours, thus populating low energy orbits and being
referentially retained with respect to single stars. Close interactions
ith single stars or other binaries can lead to inelastic encounters
here part of the kinetic energy of the colliding object is absorbed
y the binary and used to separate its components. If the amount of
ransferred energy exceeds the binary binding energy the binary is
isrupted (Heggie 1975 ). 
In principle, all the parameters affecting the structural evolution

f the cluster can alter the efficiency of the above processes and,
onsequently, the fraction of surviving binaries. So, a comprehen-
iv e surv e y of initial conditions should e xplore a parameter space
ade of FG/SG masses, half-mass radii, concentrations, velocity

nisotropies, mass functions, binary fractions, and characteristics
period, mass-ratio, and eccentricity distributions), and GC systemic
rbits. Of course, such an extended grid of simulations is out of
he possibility of any computing facility. Ho we ver, part of the
bo v e space of parameters can be reduced by eliminating those
arameters affecting the cluster evolution at the second order, and
sing independent constraints to link some of them. 
For this reason all the simulations run in this work assume a

roupa ( 2001 ) initial mass function (IMF) defined between 0.1 and
20 M � for the FG and between 0.1 and 8 M � for the SG (to a v oid
he explosion of SG SNeII; D’Ercole et al. 2008 ). 
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The simulated clusters mo v e in a logarithmic potential with 
ircular velocity v circ = 220 km s −1 following circular orbits at 
arious galactocentric distances ( R G = 5, 8.5, and 20 kpc). To test the
ffect of the adopted tidal field, one simulation has been run adopting
he tidal field generated by the axisymmetric potential of Johnston, 
pergel & Hernquist ( 1995 ) and the orbit of the GC NGC 1851
alculated using the systemic distance, radial velocity, and proper 
otions provided by Baumgardt & Vasiliev ( 2021 ) and Vasiliev &
aumgardt ( 2021 ). This last orbit is extremely eccentric ( e = 0.9)
ith a peri-Galactic distance of ∼1 kpc and an orbital period of
450 Myr, so that some 60 bulge- and 120 disc-shocking occur 

uring the entire cluster evolution. 
We follow the initial conditions adopted in the simulations run in 

ollima ( 2021 ) in the ‘multiple-generations’ scenario that have been 
hown to lead to a final FG/SG ratio consistent with that observed in
eal GCs ( N SG 

/N t > 50 per cent ; Carretta et al. 2010 ; Milone et al.
017 ) assuming that (i) FG stars are distributed with a strong degree
f primordial mass-se gre gation (but see also Vesperini et al. 2021 ),
nd (ii) the initial Roche lobe filling factor of the FG is r h , F / r J >
.15. So, we adopt an isotropic distribution of FG stars according 
o a Gunn & Griffin ( 1979 ) multimass model with W 0 = 25. 2 The
alf-mass radius of FG is set to r h , F = 0.2 r J , where 

 J = R 

2 / 3 
G 

(
GM F 

2 v 2 circ 

)1 / 3 

s the Jacobi radius and M F is the FG initial mass. Between 30
nd 100 Myr after the beginning of the simulation, SG stars are
ontinuously added in the central region of the cluster following a 
ing ( 1966 ) profile with central adimensional potential W 0 = 5 and
 various half-mass radii ( r h , S = 0.5, 1, and 3.5 pc). The energies
nd angular momenta of SG stars are drawn solving the anisotropic 
eans equation using the instantaneous cluster potential and adopting 
n Osipkov–Merrit radial anisotropy profile (Osipkov 1979 ; Merritt 
985 ) with anisotropy radius equal to r a = r h , S . 
The initial FG mass has been set to M F = 2 × 10 6 M �. This

alue has been chosen as a compromise to ensure a final mass after
 Hubble time which is consistent with that typical of present-day 
Cs ( ∼10 5 M �) still maintaining an affordable number of particles.

n one simulation, we adopt a smaller FG mass of M F = 6 × 10 5 M �
o test the impact of the FG mass. The SG mass has been set on the
asis of the results of D’Ercole et al. ( 2010 ) who, assuming ad hoc
ields for AGB and super-AGB stars, required an amount of pristine
as such that the emerging SG has a mass ∼10 per cent of that of the
G to reproduce the distribution of stars in the Na-O anticorrelation 
lane. In one case, an SG with a mass only 3 per cent of the FG mass
as been simulated. 

The binary population has been simulated by random pairing 
tars from a Kroupa ( 2001 ) IMF. Periods and eccentricities have
een extracted from the distributions reported in Duquennoy & 

ayor ( 1991 ). From an initial library, binaries with semimajor axes
maller than the limit for stable o v erflow described in Section 2
ere remo v ed. In all the considered simulations, the initial fraction
f binaries is f b = 50 per cent for both populations, consistent with 
hat found in the Galactic field at low-metallicity (Moe, Kratter & 

adenes 2019 ). This choice implicitly assumes that the process of
 We adopt the definition of the central adimensional potential W 0 = � 0 /σ
2 
K, 1 , 

here � 0 is the central potential and σK ,1 is an energy normalization 
roportional to the central velocity dispersion of the most massive considered 
tellar group ( M 1 = 120 M �). For reference, adopting W 0 = 25 the stellar 
roups at 1, 25, and 50 M � follow profiles similar to single-mass King ( 1966 ) 
odels with W 0 = 3, 4, and 5, respectively. 

b  

d  

c
 

f  

e  

f  

a  
inary formation in GCs (both FG and SG) occurred in the same
ashion of what occurred among solar-type stars in the Galactic field,
ith the observed differences being entirely due to the long-term 

ynamical evolution. The arbitrariness of this assumption is justified 
y the consideration that, according to the most widely accepted 
cenario, the Galactic field population originates in star clusters and 
ssociations which dissolve in a short time-scale (Kruijssen 2012 ). 
lthough the initial conditions of such clusters were likely different 

rom those of proto-GCs both in terms of metallicity and gas density,
ydrodynamic models of star-forming regions suggest that the stellar 
roperties and multiplicity are relatively insensitive to the initial 
onditions (Bate 2009a , b ). 

Because of the large initial half-mass radius of the FG and the
bsence of massive stars in the SG, the escape velocity of the system
n the first 30 Myr is smaller than the characteristic kick velocity of
Ne II. So, only a tiny fraction of massive remnants (NS and BH) are
etained in our simulations. To check the effect of a larger retention
f massive remnants, in one simulation we switched off the natal
icks of core-collapse SNe. 
The simulations are run for 12 Gyr allowing to follow the evolution

f the structural properties of FG and SG and their binary populations.
The whole set of simulations is summarized in Table 1 . 

 RESULTS  

.1 General structure 

he simulations presented in this paper are aimed at reproducing the
bserv ational e vidence in GCs. As a first sanity check, we show in the
eft-hand panel of Fig. 1 the evolution of all the simulations in the M

r h plane. Qualitatively, all simulations follow a similar path in this
iagram: (i) a sudden expansion due to the stellar e volution-dri ven
ass-loss (0 < t / Myr < 30), (ii) a radial oscillation occurring at the

nset of the SG formation that brakes the FG expansion (30 < t / Myr
 100), (iii) a strong FG mass-loss corresponding to the shift of the

alf-mass radius towards the more concentrated SG (100 < t / Myr
 6000), (iv) a phase of stable mass-loss during which the cluster
aintains a roughly constant size (6000 � t / Myr < 12 000). It can

e seen that, after 12 Gyr of evolution, all the simulations reach a
ortion of the M − r h plane occupied by low-mass ( M ∼ 10 5 M �)
alactic GCs. The two simulations starting with a less massive FG

R8.5M0.6fm0.1rs1) or SG (R8.5M2fm0.03rs1) mass finish their 
volution with a lower final mass ( M ∼ 3 × 10 4 M �; still compatible
ith those of the least massive GCs; Baumgardt & Hilker 2018 ).
hile the reason for such a behaviour in the R8.5M0.6fm0.1rs1 

imulation is quite obvious (the whole evolution of this simulation is
hifted at low masses since its beginning), the evolutionary path of
he R8.5M2fm0.03rs1 simulation is different from that of the other 
nes. Indeed, the small braking effect of the low-mass SG leads to a
ong lasting expansion of the FG, with a corresponding strong mass-
oss. Still, the portion of the M − r h plane populated by high-mass
Cs (at log ( M /M �) > 5.5) is not reached by our simulations. By

ssuming a rigid shift of the existing simulations, these GCs could
riginate from massive ( log ( M /M �) > 7) progenitors with half-mass
adii of r h ∼ 60 pc. Stellar systems of similar masses and sizes have
een observed in the periphery of giant ellipticals (the Ultra compact
w arfs; Miesk e, Hilk er & Inf ante 2002 ) and in lensed young massive
lusters at high redshift (Vanzella et al. 2019 ). 

In the right-hand panel of Fig. 1 , the evolution of the number
raction of SG stars is shown for all the performed simulations. The
volution is characterized by a sudden increase of the SG number
raction due to the early loss of FG. The fraction of SG reaches
n almost constant value of 55 –80 per cent after a few Gyr. This is
MNRAS 512, 776–791 (2022) 
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ot surprising since all the performed simulation starts with a large
oche lobe filling factor r h , F / r J = 0.2 to reproduce this behaviour. 
Summarizing, all the performed simulations finish their evolution

ith a structure and general properties compatible with those
bserved in real GCs. Of course, the set-up of our simulations is
uite simplified so that only general properties like mass, half-mass
adius, and relative fraction of FG/SG are used as constraints, while
ther characteristics (like the correlations among various parameters)
ould require a detailed cluster-to-cluster comparison with a fine

uning of the initial conditions. Nevertheless, the ranges co v ered
y other parameters like the mass function slope ( −0.50 < α <

0.88), the binary fraction (0.08 < f b < 0.18), the half-to-core radii
atio (0.54 < log ( r h / r c ) < 1.29), and the mean velocity dispersion
1.91 < σ /km s −1 < 3.66) are all encompassed by those co v ered by
eal GCs in the same mass range (Baumgardt & Hilker 2018 ). 

.2 Binaries: general properties 

s described in Section 3 , the properties of the binary stars
hange during the cluster evolution as a result of the joint effect
f e v aporation and ionization. Specifically, the global fraction of
inaries quickly decreases at the beginning of all simulations as a
esult of the breaking of soft binaries, reaching values in the range
 per cent < f b < 19 per cent after 12 Gyr, in agreement with the
ractions observed in low-mass GCs by Milone et al. ( 2012 ). To fur-
her illustrate this evolution, we compare in Fig. 2 the initial and final
roperties (period, semimajor axis, eccentricity, and mass-ratio dis-
ributions) of the FG and SG binaries in simulation R8.5M2fm0.1rs1.
n this figure, all distributions have been normalized to the total
umber of objects of the respective population. The effect of close
nteractions is apparent from this figure: in both populations the
eriod and semimajor axis distributions are depleted at long periods
nd large semiaxes. This range indeed corresponds to those binaries
ith smaller binding energies ( E b = Gm 1 m 2 /2 a ), more prone to

onization. 3 Ho we ver, the truncation period and semimajor axis are
arger in the FG than in the SG. This is due to the concentration of
G that populates a region of high density and velocity dispersion
here collisions are more frequent and energetic (see also Vesperini

t al. 2011 ; Hong et al. 2015 , 2016 ). Other processes of binary
reation/destruction like tidal capture, 3-body capture, and mergers
av e a v ery minor effect on the final binary fractions of FG/SG.
hey indeed occur only in extremely dense environments and mainly

n massive ( > 10 M �) binaries (underrepresented by the adopted
ottom-heavy mass function) or in heavy remnants (often expelled
hrough natal kicks and Spitzer instability; Spitzer 1969 ). 

It is interesting to note that also the eccentricity and mass-ratio
istrib utions ev olve with time. The large number of collisions indeed
a v ours exchanges between components, thus enhancing the relative
roportion of high-mass ratios. Similarly, at odds with soft binaries,
ard binaries release energy to the colliding objects getting harder
Heggie 1975 ). In this situation, tides between the two components
ecome important and tend to circularize their orbit. So, while the
nitial distribution of eccentricities is close to the thermal one, at the
nd of the simulation it is peaked at low eccentricities. Note also
hat, since the rate of collisions is higher in the SG, the eccentricity
istribution of SG binaries is much more peaked than that of FG. 
 The separation is the main parameter driving the binary binding energy: 
s an example, among the binaries contained in the snapshot at 12 Gyr of 
imulation R8.5M2fm0.1rs1, the semimajor axis varies by a factor 10 000 
hile the product m 1 m 2 varies by only a factor 100. 



The initial size of SG in GCs 781 

Figure 1. Left-hand panel: Evolution of all the simulations in the M − r h plane. Black points mark the characteristic evolutionary phases described in Section 4.1 
on the R8.5M2fm0.1rs1 simulation. Grey points represent the Galactic GCs with 5 < R G / kpc < 20 (from Baumgardt & Hilker 2018 ). Right-hand panel: Evolution 
of the fraction of SG stars. The colour code is described in the last column of Table 1 . 
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A note of interest comes from mixed binaries (those formed by 
omponents of different generations). These binaries form exclu- 
iv ely from e xchanges or tidal capture, whose efficienc y is significant
nly in the central region of the cluster. Their period and semimajor
xis distribution is indeed almost flat with a larger proportion of
ight binaries than those observed among FG and SG binaries. 

oreo v er, their eccentricity distribution is bimodal with a strong
eak at circularized binaries (coming from the tidal evolution of tight 
inaries) superposed to a thermal distribution at large eccentricities 
coming from violent perturbation occurring during collisions). The 
lobal fraction of mixed binaries is extremely low (they constitute 
.2 per cent of all binaries in simulation R8.5M2fm0.1rs1), but it
ncreases in the core (9.4 per cent), in agreement with what found in
he N -body simulations by Hong et al. ( 2019 ) and observationally by

ilone et al. ( 2020 ). 

.3 Binaries: relati v e fractions in FG/SG 

n this section, we analyse the effect of various initial conditions on
he binary fractions of FG and SG. In Fig. 3 , the evolution of the
lobal fraction of FG and SG binaries in simulation with different 
G and SG masses and half-mass radii are compared. 
From these comparisons it appears that: 

(i) The fraction of SG binaries (5 per cent < f b,S < 12 per cent )
s systematically smaller than that of FG (10 per cent < f b,F < 

2 per cent ); 
(ii) The fraction of binaries drops in the first 0.5 Gyr for the SG

nd slightly later in the FG, reaching in both cases an equilibrium
alue which is maintained till the end of the simulation; 

(iii) The final fraction of SG binaries decreases as the initial half-
ass radius of SG decreases, and increases in the simulations with a

ow-mass FG or SG; 
(iv) The final fraction of FG binaries decreases as the Galacto- 

entric distance decreases, in the simulation moving on an eccentric 
rbit, in that with a low-mass FG and increases in that with a low-
ass SG. 
A Pearson permutation test exploring mono- and bi v ariate cor-
elations of the SG binary fraction f b , S with the parameters R G ,
 h , S , M F , and M S indicates a unique significant ( P ∼ 98 . 2 per cent )
orrelation between f b , S and r h , S and two marginally significant 
87 per cent < P < 95 per cent ) bi v ariate correlations between f b , S ,
 h , S and either M F or M S . The same analysis applied to the FG return
 less clear result with no significant correlations. 

The observed trend of the final FG and SG global binary fractions
ith the various parameters can be interpreted considering the 

nvironmental conditions (density, velocity dispersion) of the regions 
here these two populations spend most of their evolution. The SG

orms in the centre and maintains a compact structure during all
ts e volution, follo wing a dynamical e volution decoupled from the
G. Being almost insensitive to the tidal field and to the structural
volution of the FG, the only parameter affecting the binary fraction
s the efficiency of the ionization process. As described in Section 3 ,
his efficiency is linked to the fraction of hard binaries i.e. those with a
inding energy larger than the local kinetic energy of colliding stars.
his last quantity can be quantified by the squared r.m.s. velocity of
tars in the central region where this population resides during all
ts evolution. The dependence of such a velocity from the general
luster parameters (mass and half-mass radius) can be derived from 

he virial theorem so that 

2 ∝ M/r h,S . (1) 

he larger is this ratio the smaller is the fraction of binaries able to
urvive to collisions. Note that the maximum destruction efficiency of 
G binaries occurs at the beginning of the simulation when the SG has

ts smallest half-mass radius and the cluster is still extremely massive. 
n this initial phase, almost all the soft binaries are quickly destroyed,
hile the harder ones survive until the end of the simulation. 
The same mechanism can explain also the variation of the FG

inary fraction on the various simulations. However, at odds with 
G, the mass and half-mass radius of the FG vary by about one order
f magnitude during the first Gyrs of evolution. So, the moment
f maximum efficiency of the binary ionization process occurs at a
ater epoch when, as a result of the early mass-loss, the FG half-mass
MNRAS 512, 776–791 (2022) 
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M

Figure 2. Comparison between the periods (top-left panel), semimajor axis (top-right), eccentricity (bottom-left), and mass-ratio (bottom-right) distributions 
at the first (black histograms) and the last snapshot of the R8.5M2fm0.1rs1 simulation. The blue, red, and green lines refer to the FG, SG, and mixed binaries, 
respectively. All FG and SG distributions are normalized to the total number of stars of the corresponding populations, while the distributions of mixed binaries 
are arbitrarily scaled for a better visualization. 
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adius shrinks. This effect is further enhanced by mass se gre gation

f FG binaries that mo v e towards the central region where the dense
G environment contributes to an efficient disruption of binaries. The
raction of binaries is therefore more sensitive to those parameters
hat determine the FG structural evolution. In this regard, a strong
idal field (in simulations moving at small distances from the Galactic
entre and/or when moving on eccentric orbits) imposes a smaller
nitial half-mass radius to guarantee the cluster survi v al, with a
onsequent high efficiency of binary ionization. Similarly, when the
G has a low mass (in simulation R8.5M0.6fm0.1r1), the initial FG
alf-mass radius must be large enough to ensure a significant loss
f FG stars, and the corresponding efficiency of binary ionization
NRAS 512, 776–791 (2022) 
s low. On the other hand, when a small SG forms (in simulation
8.5M2fm0.03r1), the braking effect on the FG is small and the
luster spends most of its evolution with a large half-mass radius,
ith a corresponding low efficiency of the binary ionization process.
It is interesting to study the effect of BHs for the evolution of

he binary fractions of FG and SG. In the bottom panel of Fig. 4 ,
e show the evolution of the number of BH in our simulations. As

xpected, the number of BH has a sudden decrease at the beginning
f all simulations resulting from the prompt ejection caused by
atal kicks. A continuous loss of BH occurs during the subsequent
volution as a result of the interaction between BH and binaries in
he cluster centre, so that less than 10 BH are present at the end of all

art/stac428_f2.eps
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Figure 3. Evolution of FG (blue lines) and SG (red lines) binary fractions in all the simulations. Simulations with different initial FG masses (top-left panel), 
initial SG masses (top-right), orbits (bottom-left), and initial SG half-mass radii (bottom-right) are compared in the various panels. 
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imulations. This prediction could conflict with recent indications of 
 significant population of heavy remnants in the core of two nearby
Cs (Vitral et al. 2022 ). A different situation emerges in simulation
8.5M2fm0.1rs1nk which is run without SNeII natal kicks: in this 

imulation a significant number of BH is retained from the beginning 
f the simulation. They quickly sink into the cluster central region 
s a result of mass se gre gation and interact with other single and
inary stars, mainly SG stars residing in the cluster centre. A fraction
f them form binaries through three-body capture and later expel 
he low-mass companions in repeated exchanges. The result of this 
rocess is the formation of a sub-system of BH-BH binaries acting as
 reservoir of energy which is released to the interacting stars. This is
llustrated in the bottom panel of Fig. 4 where the number of BH–BH
inaries of simulations R8.5M2fm0.1rs1 and R8.5M2fm0.1rs1nk are 
ompared. It is apparent that while in simulation R8.5M2fm0.1rs1 
H–BH binaries are rare, simulation R8.5M2fm0.1rs1nk hosts a 
oughly constant number of 4–10 BH–BH binaries during the entire 
volution. The interaction of BH–BH binaries with SG stars leads to
n increase of the half-mass radius of the SG. In this configuration,
he ionization rate of SG stars decreases and a slightly larger fraction
f binaries is maintained with respect to the simulation where BH–
H binaries are absent. This process is not significant for FG binaries

hat are distributed o v er a large area, outside the range of action of
H–BH binaries. 
Note that the difference between the binary fractions in the two

enerations decreases at short periods and small semimajor axes. In 
act, in this range binaries of both populations are generally hard
nd their fractions are less sensitive to the environment. To better
isualize this effect, we show in Fig. 5 the evolution of the binary
ractions of FG and SG in four period ranges. It is apparent that,
MNRAS 512, 776–791 (2022) 
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M

Figure 4. Top panel: Evolution of the number of BH–BH binaries in 
simulations R8.5M2fm0.1rs1 and R8.5M2fm0.1rs1. Bottom panel: Evolution 
of the number of BHs in all the simulations. The colour code is described in 
the last column of Table 1 . 
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hile at intermediate periods (2 < logP / d < 6) the two generations
how a strikingly different destruction efficiency, outside this range
inaries are either easily disrupted (at logP / d > 6) or preserved (at
ogP / d < 2) in both populations. 

To compare the binary fractions in our set of simulations with
he observational results of Lucatello et al. ( 2015 ), it is necessary to
ccount for the observational bias of this last work. In fact, because of
he limited duration of the radial velocity monitoring of this study, the
fficiency of binary detection varies as a function of the binary orbital
eriod. In particular, long-period binaries are characterized by small
mplitude variations possibly hidden in the observational uncertainty,
nd the radial velocity monitoring could have sampled only a
mall fraction of the orbital phase. Observational analyses based on
pectroscopic time-series are therefore progressively less sensitive at
ncreasing periods (see fig. 4 of Lucatello et al. 2015 ). To account
or this effect, we select from the last snapshot of each simulation
nly those binaries with an unevolved primary component with m 1 >

.8 M � (corresponding to the Red Giant mass of the GCs analysed
y Lucatello et al. 2015 ). For each of these binaries, we assumed
 random phase of maximum, inclination angle and longitude of
he periastron and calculated the radial velocity of the primary
omponent with respect to the binary centre of mass at the orbital
hase corresponding to the cadence of the spectroscopic observations
f Lucatello et al. ( 2015 ). A Gaussian shift with standard deviation
qual to the radial velocity uncertainty has been added to velocities to
imic the effect of observational uncertainties. Following the abo v e

rocedure, a mock observation with the same observational bias of
he Lucatello et al. ( 2015 ) study has been simulated. The detection
f binaries has been then performed adopting the same procedure
escribed in Lucatello et al. ( 2015 ). A correction has been applied
o account for the biased radial distribution of spectroscopic targets
see fig. 1 of Lucatello et al. 2015 ). For this purpose, to each particle
f the simulation, a weight equal to the ratio between the number of
pectroscopic targets and that of the expected stars within � log r / r h 
 0.25 from the particle location has been assigned. The fractions of
NRAS 512, 776–791 (2022) 
bservable FG and SG binary fractions ( f obs 
b,F and f obs 

b,S , respectively)
ave been determined as the ratio between the sum of the weights of
etected binaries and of all systems in the corresponding population,
nd are listed in Table 1 . 

By restricting the analysis to observable binaries the range co v ered
y the various simulations reduces significantly spanning inter-
als of 4 per cent < f obs 

b,F < 10 per cent and 1 . 5 per cent < f obs 
b,S <

 per cent. The same dependences outlined for global fractions
olds also for this subsample of binaries. In particular, FG binaries
re more numerous than SG ones with a fraction that increase as
he tidal field becomes weaker. The dispersion of FG observable
inary fractions is, ho we ver, much smaller than that of the global
raction ( σf obs 

b,F /f 
obs 
b,F = 0 . 28; σ f b , F / f b , F = 0.36). This is due to the

act that observable binaries are preferentially short-period (mainly
ard) binaries, whose fraction is more stable (see Fig. 5 ). Taken
t face value, the fraction of FG observable binaries in almost all
he simulations moving on circular orbits is slightly higher than
hat observed by Lucatello et al. ( 2015 ) ( f b,F = 4 . 9 ± 1 . 3 per cent ).
o we ver, most GCs follow eccentric orbits experiencing a tidal
eld stronger than that felt by our simulations moving on circular
rbits without e xperiencing an y disc/bulge-shock. Indeed, the FG
inary fraction significantly reduces ( f obs 

b,F = 3 . 8 per cent ) in simu-
ation 1851M2fm0.1r1 that mo v es within a realistic potential on an
ccentric orbit, dropping below the value measured by Lucatello et al.
 2015 ). 

Regarding the SG, the best match with the value measured
y Lucatello et al. ( 2015 ) ( f b,S = 1 . 2 ± 0 . 4 per cent ) is obtained
y the simulations R8.5M2fm0.1rs0.5 ( f obs 

b,S = 2 . 3 per cent ) and
8.5M2rhrj0.2fm0.03rs1ms ( f obs 

b,S = 1 . 7 per cent ). Similarly to the
ehaviour observed with the global fractions, there is a clear trend
f increasing SG binary fraction with SG initial half-mass radius,
p to f obs 

b,S = 5 . 3 per cent at r h , S = 3.5 pc (R8.5M2fm0.1rs3.5). Note
hat a similar binary fraction ( f obs 

b,S = 5 . 1 per cent ) is measured in
imulation R8.5M0.6fm0.1rs1 which, in spite of its small initial SG
alf-mass radius, is characterized by a small initial FG mass. So,
e conclude that simulations sharing the same M F / r h , S ratio (and

herefore similar velocity dispersion within the SG half-mass radius,
ee equation 1 ) also have similar fractions of SG binaries. Indeed,
 2D fit in the plane of the correlated parameters ( f obs 

b,S , r h,S , M F )
ives 

 og f obs 
b S 

= 0 . 47 l og 

(
r h,S 

pc 

)
− 0 . 52 l og 

(
M F 

10 6 M �

)
− 1 . 41 (2) 

ndicating that f obs 
b S 

∝ 

√ 

r h,S /M F . Unfortunately, none of the per-
ormed simulations reaches an observed SG binary fraction as low
s that measured by Lucatello et al. ( 2015 ). Ho we ver, follo wing
he abo v e considerations, it is possible to inv ert equation ( 2 ) to
xtrapolate the initial half-mass radius of SG (at the epoch of its
ormation t S ) as a function of the initial cluster mass ( M ( t = 0) ≡
 F ) in order to match the observational SG binary fraction as 

 h,S ( t S ) = 0 . 1 + 0 . 04 
−0 . 03 

(
M( t = 0) 

10 6 M �

)
pc, (3) 

here the associated uncertainty is calculated from the propagation
f the observational uncertainty and the intrinsic scatter of equa-
ion ( 2 ). Other sources of systematic uncertainties linked to the
ncertainties in the adopted distribution of binary binding energies,
o the structural differences between simulations and real GCs and/or
o the systematics possibly affecting the observational estimate could
e also present. So, a more conserv ati ve 3 σ upper limit to the SG
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Figure 5. Evolution of the fraction of FG (blue lines) and SG (red lines) binaries in the simulation R8.5M2fm0.1rs1. Left-hand panels refer to binaries in three 
different period intervals. The right-hand panel shows the detection efficiency of the Lucatello et al. ( 2015 ) analysis. 
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alf-mass radius could be given as 

 h,S ( t S ) < 0 . 22 

(
M( t = 0) 

10 6 M �

)
pc. (4) 

 C O N C L U S I O N S  

n this paper, we performed a set of Monte Carlo simulations of
tar clusters composed by two stellar populations, accounting for the 
ain processes affecting their dynamical evolution (stellar evolution, 

ides, two-body relaxation, three-, and four-body interactions) and 
xploring a range of initial sizes and masses of the two populations.
hese simulations host an initial fraction of binaries compatible with 

hat measured in the Galactic field ( f b = 50 per cent ; Duquennoy &
ayor 1991 ; Moe et al. 2019 ) and quickly destroy a fraction of

hem with an efficiency that depends on their initial conditions. We 
bserve that wide ( a > 10 au) binaries are quickly destroyed in
he central portion of the cluster where the SG resides, creating a
ifference in the binary fractions of FG and SG which is maintained
uring the subsequent evolution. Among the various simulations, 
e found that the fraction of SG binaries depends uniquely on the

atio between the initial cluster mass and the half-mass radius of the
riginal nucleus of SG stars. This is a consequence of the dependence
f the r.m.s. velocity of stars on the enclosed mass and size of the
egion containing the SG, which determines the boundary between 
oft and hard binaries. The efficiency of binary ionization decreases 
ith time as a result of the sudden mass-loss experienced by the
luster and by the expansion of the SG during its dynamical mixing
rocess, so that the final binary fraction in the SG observed today
s strongly sensitive to the initial size of the SG. This indicates
hat the SG binary fraction r epr esents an excellent tool to constrain
he initial concentration of SG at its birth. In particular, through a
omparison with the observational work of Lucatello et al. ( 2015 )
fter taking into account for observational effects, we provide an 
stimate of such an initial size, which depends uniquely on the initial
luster mass (see equations 3 and 4 ). Considering that GCs have
resent-day masses 2 ÷ 4 times larger than those reached by our
imulations after 12 Gyr of evolution (Baumgardt & Hilker 2018 ),
nd assuming a constant initial–final mass ratio, we argue that SG
ust have formed with typical half-mass radii smaller than 0.5–1 pc.

n spite of the associated uncertainties, this is the first time that a
irect link between initial conditions and a present-day parameter 
s identified. Indeed, all the other dynamical quantities are strongly 
ffected by the effect of two-body relaxation that erases primordial 
ifferences between FG and SG. 
The fraction of FG binaries shows instead a more complex 

ependence on the cluster orbital parameters. Indeed, at odds with 
G, FG is more extended and exposed to the tidal field during the
ntire cluster evolution. So, the r.m.s. velocity of colliding stars 
 σ ∝ 

√ 

M/r h ), determining the soft-hard boundary, follows a slow 

volution with the contraction of FG partly compensates its strong 
ass-loss. So, while very soft (corresponding to wide binaries with 

eparations of a > 100 au for a typical combination of components’
asses) binaries are immediately destroyed, intermediate ones (with 
MNRAS 512, 776–791 (2022) 
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Figure 6. Cumulative distribution of initial binding energies of binaries 
according to the prescriptions of Duquennoy & Mayor ( 1991 ) (black line), 
Raghavan et al. ( 2010 ) (red line), and Moe & Di Stefano ( 2017 ) (blue line). 
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0 < a /au < 100) take a longer time-scale to be ionized. The final
alue of the FG binary fraction therefore depends, beside structural
arameters, on the strength of the tidal field which determines the
ariation of cluster mass and size. On the other hand, when the
nalysis is restricted to the sample of tight binaries ( a < 10 au),
 more stable fraction of FG binaries is measured among the
arious simulations. These binaries are indeed more resistant to
onization and their fraction is therefore less dependent on external
actors. 

It is important to point out that our results and constraints are
ased on a number of assumptions. First, we set-up our simulations
ccording to the scenario envisaged by D’Ercole et al. ( 2008 ). It
annot be taken for granted that the same result holds also in a
if ferent frame w ork. On the other hand, as f ar as the SG forms in a
ime-scale shorter than the duration of the binary ionization process
 < 100–500 Myr), the actual nature of the polluter should not affect
hese results. So, the conclusions drawn here should remain valid for
ll those models predicting the SG formed from an early recycle of
olluted gas in the central region of the FG (e.g. D’Ercole et al. 2008 ;
rause et al. 2013 ). Alternative scenarios could also lead to a present-
ay structure similar to that observed among GCs e.g. starting from
ompact configurations of FG and SG (e.g. Bastian et al. 2013 ; Gieles
t al. 2018 ). While these scenarios need to be tested with specifically
esigned simulations, some of them have been found to lead to a few
nconsistencies with observations (Sollima 2021 ). 

Secondly, the quantitative constraint on the initial size of SG
epends on the adopted characteristics of binaries (period, semimajor
xis, eccentricity, mass-ratio distribution). All these parameters
ontribute to the binary binding energy, so that different choices lead
o populations of binaries with a different resistance to ionization. In
his paper, we adopted the classical prescriptions of Duquennoy &

ayor ( 1991 ), but alternative distributions have been proposed in
ecent years (Raghavan et al. 2010 ; Sana et al. 2012 ; Moe & Di
tefano 2017 ). It is worth mentioning that all these works predict
ery similar binding energy distributions differing by < 10 per cent
cross the entire range co v ered by the binaries in our simulations
see Fig. 6 ). While this represents an una v oidable source of un-
ertainty, a realistic model able to predict the characteristics of
inaries in complex environments like those of GC precursors is
till missing. As already discussed in Section 3 , hydrodynamical
imulations suggest only a weak (if any) dependence of the binary
roperties on environmental conditions (Bate 2009a ), which should
e therefore determined by dynamical evolution. On the other hand,
he extremely different density expected in proto-GCs is expected
o affect the relative efficiency of accretion and fragmentation in
roto-stellar accretion discs as well as their sizes and lifetimes,
hich affect the eccentricity and mass-ratio distributions of binaries

Tokovinin & Moe 2020 ). We will address the dependence of the bi-
ary properties on the density and metallicity of the environment in a
uture work. 

Thirdly, we adopted a simplified tidal field in our simulations to
imic clusters subject to various degrees of tidal stress. In real cases,

he effect of bulge- and disc-shocking could be significant in GCs
ollowing orbits with a large eccentricity or confined close to the
alactic disc. This is particularly important for FG binaries whose

raction is more sensitive to the tidal field or, more specifically, to
he effect of the tidal field on the structure of the FG system. In this
egard, it is interesting to note that simulation 1851M2fm0.1rs0.1, run
ollowing an eccentric orbit in a realistic Galactic potential, provides
n FG binary fraction in better agreement with the observed measure
Lucatello et al. 2015 ) with respect to simulations moving on circular
rbits in a logarithmic potential. 
NRAS 512, 776–791 (2022) 

p

The result presented here agrees with the qualitative prediction of
ratton et al. ( 2019 ) which was based on a simplified toy model. The

onstraint to the half-mass radius of the SG determined here implies
 very high half-mass density for the SG ( ρh , S > 10 5 M � pc −3 )
ecreasing by about one order of magnitude in the first 100 Myr.
imilar densities are predicted by the hydrodynamic simulations of
alura et al. ( 2019 , see their fig. 3). These authors performed their

imulations in the multiple-generations scenario and predict an SG
orming with ρS ∼ 10 6 M � pc −3 . Observationally, the typical density
f the site of star formation is much lower than this value (Hopkins
t al. 2010 ). The known embedded star clusters in the Milky Way
ontain ∼10 2 ÷4 M � in regions with ef fecti ve radii of ∼1 pc (Lada &
ada 2003 ). High-density peaks can be found in the local Universe
round Young Massive Clusters (with ρ ∼ 10 3 M � pc −3 ; Portegies
wart, McMillan & Gieles 2010 ), still orders of magnitude smaller

han that estimated here. Ho we ver, all these young clusters are
ignificantly less massive and located in environments characterized
y higher metallicity than GC progenitors, so that star formation
ould have proceeded in a different way. Densities of the order of
0 6 M � pc −3 have been found in the nuclear star clusters of the Milky
ay and other late-type galaxies (Sch ̈odel et al. 2014 ; Georgiev et al.

016 ). On the other hand, extremely dense star-forming re gions hav e
een recently observed in lensed fields at high redshift by Vanzella
t al. ( 2019 ) which could be associated with GC precursors. 

Unfortunately, this study suffers from the weak constraint provided
y the only av ailable observ ational study performed on several GCs
Lucatello et al. 2015 ). This pioneering work used a data set of
pectra collected o v er ∼3 yr in different observing campaigns aimed
t the determination of chemical abundances, without an optimal
adence and surv e yed only a few tens of Red Giants per cluster,
hus requiring to stack the samples of all GCs together. In this
ituation, the combined effect of individual peculiarities, different
adial sampling, structural differences, etc. adds further uncertainty
o the estimated binary fractions. Future studies specifically devoted
o the determination of binary fractions with a better statistics and a
igher sensitivity to longer periods will help to impro v e the constraint
rovided in this paper. 
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PPENDI X  A :  C O M PA R I S O N  WI TH  N - B O DY  

I MULATI ONS  

he basic version of the Monte Carlo code adopted in this paper
as been e xtensiv ely tested against N -body simulations in Sollima &
astrobuono Battisti ( 2014 ) comparing the evolution of the mass
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Figure A1. Evolution of the Lagrangian radii containing 1 per cent, 10 per cent, 50 per cent and 90 per cent of the enclosed mass in the N -body simulations r10 
(left-hand panel) and r25 (right-hand panel) of Vesperini et al. ( 2013 ) and the corresponding Monte Carlo simulations. In both panels, the Lagrangian radii of 
FG and SG are marked by red and blue lines, respectively, for N -body simulations and by magenta and cyan lines for Monte Carlo simulations. 
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Figure A2. Evolution of the number of binaries in the two N -body simula- 
tions of the Hong et al. ( 2015 ) sample (black lines) and the corresponding 
Monte Carlo simulations (red lines). All numbers are normalized to their 
initial values. Simulations with hardness x = 3 and 20 are marked by solid 
and dashed lines, respectively. 
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nd Lagrangian radii of simulations including equal mass particles
ithout primordial binaries under different tidal fields. Since then,
an y updates hav e been added to take into account the presence of a
ass spectrum, stellar evolution, three-, and four-body interactions

Sollima & Ferraro 2019 ; Sollima 2021 ). It is therefore necessary to
urther test the code comparing its predictions with those of N -body
imulations including these additional ingredients and/or including
ultiple populations. 
We consider three different sets of initial conditions for which
 -body simulations have been run by independent groups: (i) the

imulations of Vesperini et al. ( 2013 ) including two populations of
qual mass particles without primordial binaries, (ii) the simulations
f Hong et al. ( 2015 ) including a single population of equal mass stars
ith a primordial population of binaries, and (iii) the simulations by
aumgardt & Makino ( 2003 ) including a single population with a
ass spectrum and stellar evolution. Each of the abo v e set of simu-

ations adds an additional ingredient to the simple simulations run in
ollima & Mastrobuono Battisti ( 2014 ), so that it is possible to test

he performance of the code in reproducing the effect of each process.
The first set of simulations has been presented in Vesperini

t al. ( 2013 ). It consists of simulations including 10 000 equal
ass particles equally distributed between two populations. Each

opulation is distributed following a King ( 1966 ) model with W 0 =
 and different characteristic radii. We considered simulations with
 t , FG / r t , SG = 10 and 25. No primordial binaries are included in these
imulations. The cluster mo v es on a circular orbit in a tidal field
enerated by a point mass truncating the cluster at the tidal radius
f the adopted model. In Fig. A1 , we compare the evolution of the
agrangian radii of FG/SG stars with the predictions of our Monte
arlo code. In both simulations, the agreement is excellent, indicating

hat the dynamical mixing of the two populations is well accounted
y our code. 
The second set of simulations is taken from the work by Hong

t al. ( 2015 ). Among the various simulations run by these authors,
e considered those with a single population of 20 000 equal mass
articles with a fraction of 10 per cent of primordial binaries. The
articles are distributed following a King ( 1966 ) model with W 0 =
NRAS 512, 776–791 (2022) 
. The cluster mo v es on a circular orbit in a tidal field generated by
 point mass truncating the cluster at the tidal radius of the adopted
odel ( R J = r t ). In each of the considered simulations binaries have

een simulated with a different hardness parameter x = E b / m σ 2 

orresponding to 3 and 20 and following a thermal distribution of
ccentricities. In Fig. A2 , the evolution of the fraction of binaries
s compared for the two considered simulations. It can be seen that
n both simulations the declining trend of the number of binaries
s well reproduced, with the predictions of the Monte Carlo and

art/stac428_fa1.eps
art/stac428_fa2.eps
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Figure A3. Evolution of the enclosed mass in the four N -body simulations of 
the Baumgardt & Makino ( 2003 ) sample (black lines) and the corresponding 
Monte Carlo simulations (red lines). All masses are normalized to their initial 
values. Simulations with N = 10 000, 20 000, 50 000, and 100 000 particles 
end their evolution at increasing times. 
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 -body codes al w ays agreeing within 10 per cent along the entire
volution. This indicates that the binary formation/destruction is 
roperly accounted by our code. 
The third set of simulations has been presented by Baumgardt &
akino ( 2003 ) and consists of a set of simulations including a
ass spectrum and a stellar evolution treatment. Stars are extracted 

rom a Kroupa ( 2001 ) IMF from 0.1 to 15 M �. We considered the
imulations following a King ( 1966 ) density profile with W 0 = 7
nd four different number of particles N = 10 000, 20 000, 50 000,
nd 100 000. Stellar evolution has been implemented following the 
ecipes of Hurley et al. ( 2000 ). No natal kicks have been simulated
or massive stars. Primordial binaries are not present at the beginning
f the simulations but they form during the evolution through tidal
nd 3-bodies capture. The cluster mo v es on a circular orbit in a tidal
eld generated by a logarithmic potential producing a truncation 
t the tidal radius of the adopted model. In Figs A3 , A4 , and A5 ,
he evolution of the cluster mass, the Lagrangian radii, and the mean

ass of the four simulations are compared with the predictions of our
onte Carlo code. In all cases, the mass, the Lagrangian radii, and

he mean mass are well reproduced. This indicates that the dynamical
volution is well treated by our code also when a spectrum of masses
nd stellar evolution are included. A small ( < 10 per cent ) difference
s apparent in the mass evolution at the beginning of all simulations,
ikely resulting from the slightly different lifetimes adopted by the 
wo codes. 
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Figure A4. Evolution of the Lagrangian radii containing 1 per cent, 10 per cent, 50 per cent, and 90 per cent of the enclosed mass in the N -body simulations of 
Baumgardt & Makino ( 2003 ) (black lines) and the corresponding Monte Carlo simulations (red lines). 
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Figure A5. Evolution of the mean mass in the N -body simulations of Baumgardt & Makino ( 2003 ) (black lines) and the corresponding Monte Carlo simulations 
(red lines). 
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