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ABSTRACT

The fate and observable properties of gamma-ray burst jets crucially depend on their interaction with the progenitor material that
surrounds the central engine. We present a semi-analytical model of this interaction (which builds upon several previous analytical
and numerical works) aimed at predicting the angular distribution of jet and cocoon energy and Lorentz factor after breakout given
the properties of the ambient material and of the jet at launch. Using this model, we constructed synthetic populations of structured
jets, assuming either a collapsar (for long gamma-ray bursts – LGRBs) or a binary neutron star merger (for short gamma-ray bursts –
SGRBs) as progenitor. We assumed all progenitors to be identical, and we allowed little variability in the jet properties at launch: our
populations therefore feature a quasi-universal structure. These populations are able to reproduce the main features of the observed
LGRB and SGRB luminosity functions, although several uncertainties and caveats have yet to be addressed. We make our simulated
populations publicly available.

Key words. gamma-ray burst: general – stars: neutron – relativistic processes

1. Introduction

By the time the connection between long gamma-ray bursts
(GRBs) and core-collapse supernovae had finally been estab-
lished (with the association of SN1998bw tothe association of
SN1998bw to GRB 980425 – Galama et al. 1998; Patat et al.
2001 – and that of SN2003dh to GRB 030329 – Hjorth et al.
2003; Stanek et al. 2003; Matheson et al. 2003), the commu-
nity started to realise that long GRB (LGRB) jets must con-
front themselves with the stellar envelope before being able to
expand in the interstellar space up to transparency. This early
phase of interaction with the ambient material can leave imprints
on the jet properties, whose modelling can be used to constrain
the properties of the progenitor (Matzner 2003). Numerical sim-
ulations (e.g. Aloy et al. 2000; Zhang et al. 2003; Morsony et al.
2007; Xie & MacFadyen 2019) and (semi-)analytical models
(e.g. Ramirez-Ruiz et al. 2002; Matzner 2003; Morsony et al.
2007; Bromberg et al. 2011) have been used to investigate the
dynamics of this interaction. In the following years, evidence
accumulated in favour of the idea that short GRBs (SGRBs) had
a different progenitor (see e.g. Fox et al. 2005, whose deep upper
limits could exclude the presence of a supernova associated to
GRB 050709); the most favoured option deals with a compact
object merger involving at least one neutron star (Narayan et al.
1992). The first investigation of the interaction of a SGRB jet
with a post-neutron star merger environment was presented by
Aloy et al. (2005), whose numerical simulations found the effect
? The results of this work are stored in a publicly available reposi-

tory at the following url: https://github.com/omsharansalafia/
jedi/

of the interaction with the environment to be significant on the
jet propagation and on the determination of its structure. Sub-
sequent, increasingly refined simulations (e.g. Nagakura et al.
2014; Just et al. 2016; Gottlieb et al. 2018b; Xie et al. 2018;
Duffell et al. 2018; Geng et al. 2019) confirmed these results,
showing that in some cases the merger ejecta could even be dense
enough so as to choke the jet.

All of these simulations, regardless of the progenitor type,
also show that the distribution of energy per unit solid angle and
the average Lorentz factor of the jet after breakout are strong
functions of the angle from the jet axis, that is, realistic jets are
structured (as opposed to the uniform, or “top-hat”, jet widely
assumed in GRB modelling) and the structure is determined by
both the properties of the jet at launch and its interaction with
the progenitor ambient medium. Lipunov et al. (2001) and Rossi
et al. (2002) were the first to realise that the presence of jet struc-
ture could lead to a radically different appearance of GRB jets
when seen under different viewing angles and that this could be
one of the main effects in shaping the GRB luminosity function.
The LGRB luminosity function was later shown to be consis-
tent with a single quasi-universal jet structure with a uniform
core and a steep decrease of energy density away from the jet
axis (Pescalli et al. 2015; Salafia et al. 2015). Kumar & Granot
(2003), Granot & Kumar (2003), and Rossi et al. (2004) were
the first to provide a detailed modelling of the afterglow emis-
sion from a structured jet, showing that the most prominent dif-
ferences, with respect to the uniform jet model, are for off-axis
observers. Structured jets have been invoked to explain some
particular LGRBs (such as GRB 030329, Berger et al. 2003)
and more recently, in the context of SGRBs, electromagnetic
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counterparts of gravitational wave events (e.g. Lazzati et al.
2017a; Lamb & Kobayashi 2018; Kathirgamaraju et al. 2018;
Salafia et al. 2018).

Despite these advancements, the uniform jet model prevailed
until very recently for its simplicity and for its success in describ-
ing at least a fraction of GRB afterglows. The first compelling
evidence of a structured jet, indeed, came only from observa-
tions of GRB 170817A (e.g. Ghirlanda et al. 2019; D’Avanzo
et al. 2018; Lazzati et al. 2018; Lyman et al. 2018; Mooley
et al. 2018a; Margutti et al. 2018; Resmi et al. 2018; Troja
et al. 2018), the GRB associated to GW170817, the first neu-
tron star merger detected in gravitational waves by LIGO and
Virgo (Abbott et al. 2017a,b). This has been the first GRB
jet to be conclusively observed off-axis, despite an associated
prompt emission was detected. Its afterglow multi-wavelength
light curves, the apparently superluminal motion (Mooley et al.
2018a) and small projected size (Ghirlanda et al. 2019) of its
radio image, and the late time steep decay (Lamb et al. 2019;
Mooley et al. 2018b) could only be explained invoking a struc-
tured jet seen under a 15–25◦ viewing angle. Intriguingly, both
the prompt and afterglow emission of a jet with the same struc-
ture, located at the median distance and within the median
interstellar medium density of the previously known SGRB pop-
ulation, if seen on-axis, would have fallen right in the middle of
the known SGRB population (Salafia et al. 2019), hinting at a
quasi-universal SGRB jet structure.

In this work we present a semi-analytical model of the inter-
action of the jet with the ambient medium, which represents an
attempt at identifying and modelling the main aspects of this
complex physical process. We used this model to construct syn-
thetic populations of LGRB and SGRB jets, under the assump-
tion that the properties of these jets at launch and those of their
progenitors vary little within the population. This leads naturally
to a quasi-universal structure. The comparison of the luminosity
distributions of these synthetic populations with the observation-
based reconstructed luminosity functions of GRBs shows a gen-
eral agreement. This provides support to the idea that GRB jets
share a quasi-universal structure, even though several uncertain-
ties and caveats have yet to be addressed.

2. Model of the jet propagation through the ambient
medium

2.1. Initial remarks

In this and the following section, we describe our model for
the jet propagation through, and breakout from, the ambient
medium. The model is purely hydrodynamic, that is, we do not
include a description of the effects of the magnetic field. Since
the main candidate mechanism for jet launching (Blandford &
Znajek 1977) requires a strong magnetic field at the base, this
may seem a major oversight. The propagation of a Poynting-
flux-dominated jet into an ambient medium can be in principle
much different from that of a hydrodynamic jet (e.g. Komissarov
1999; Lyubarsky 2009; Bromberg et al. 2014). On the other
hand, as initially argued by Levinson & Eichler (2005) based on
analytical considerations, and later demonstrated by Bromberg
& Tchekhovskoy (2016) by means of relativistic MHD sim-
ulations, when such a Poynting-flux-dominated jet propagates
in a dense ambient medium and starts being collimated by the
cocoon, it becomes unstable to internal kink modes, which lead
to magnetic reconnection at the collimation nozzle. This dis-

sipates the magnetic field down to equipartition1, leading to
a propagation that resembles that of a purely hydrodynamic,
hot jet (Levinson & Eichler 2005; Bromberg & Tchekhovskoy
2016). External kink modes can still cause the jet head to oscil-
late in the transverse direction, effectively increasing the jet
working surface and therefore slowing down the propagation
(Bromberg & Tchekhovskoy 2016), but this effect is progres-
sively reduced during the propagation as long as the ambient
material density profile decreases faster than2 z−2 (which should
always be the case in GRB progenitors). We thus expect only a
minor impact of this simplification on our conclusions, and we
defer a more detailed consideration of the inclusion of the mag-
netic field to a future work.

Let us therefore consider a relativistic jet launched by some
central engine located at the origin of our coordinate system.
The jet is represented by an outflow that initially moves radially
within a cone of half-opening angle θj,0, directed towards the z
axis (we employ cylindrical coordinates), with a constant lumi-
nosity Lj. The base of the jet is located at a height zbase. If the cen-
tral engine is surrounded by some ambient material, the jet will
collide with it and form a forward shock (that propagates into
the ambient medium) and a reverse shock (where the jet material
enters the shocked region). We call “head” the region comprised
between the forward and reverse shock. Figure 1 shows a sketch
of the described setting, with key quantities annotated, to be used
as reference throughout this section.

2.2. Jet head advancement

As shown for example by Marti et al. (1995) and Matzner (2003),
the jet head velocity can be estimated by balancing the ram
pressure of the jet and that of the ambient material in the head
rest frame. In the case of a moving ambient medium, Murguia-
Berthier et al. (2017) showed that the resulting head velocity is
given by

βh =
βa + βj

√
L̃

1 +
√

L̃
(1)

where

L̃ =
ρ′jh
′
jΓ

2
j

ρ′aΓ
2
a

=
Lj

πθ2
j z2ρaΓac3

· (2)

Here the subscripts a and j indicate respectively the ambient
and jet material, primed quantities are measured in the comoving
frame of the respective fluid, β indicates the velocity in units of
the speed of light c, Γ = (1−β2)−1/2 is the Lorentz factor, ρ is the
rest mass density, h is the specific dimensionless enthalpy, and θj
is the jet head half-opening angle.

Numerical relativistic hydrodynamics simulations generally
show that the jet head proceeds slower than predicted by Eq. (1)
in presence of jet collimation by the ambient medium. As
detailed in Harrison et al. (2018), the agreement with simulations

1 This mechanism could be a source of photons in GRB prompt emis-
sion models in which the jet energy is dissipated in optically thick
regions and radiated at the photosphere (e.g. Rees & Mészáros 2005).
This requires the mechanism to remain effective also after the breakout
of the jet head, though, which seems unlikely based on the results of
Bromberg & Tchekhovskoy (2016).
2 In this case L̃ (Eq. (2)) decreases with time, i.e. the jet head acceler-
ates during its propagation, increasing the ratio of the kink mode growth
timescale to the expansion dynamical timescale, therefore making the
jet progressively more stable to kink modes.
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Fig. 1. Sketch of the various components of the jet propagation model,
with some key quantities annotated. All quantities are defined and
described in the text. Typical radii (order of magnitude in cm) are shown
in red on the right, corresponding to the progenitors and average jet
properties we employ when computing our synthetic jet populations
(note that the collimation-related radii zc, zcoll and ẑ change during the
jet propagation).

in the case of a static ambient medium can be restored by replac-
ing L̃ in Eq. (1) with the effective value L̃eff = A2(L̃, θj,0,Ω)L̃,
where

A(L̃, θj,0,Ω) =


0.35 L̃ ≤ 1

0.35L̃
0.46

log10 L̃col 1 < L̃ ≤ L̃col
1 L̃ > L̃col

(3)

where L̃ is computed using Eq. (2) evaluated at the jet head, and
L̃col = θ−4/3

j,0 (16Ω/3)2/3. Here Ω is a functional of the ambi-
ent medium density profile whose exact form is described in
Harrison et al. (2018). In what follows, we employ this correc-
tion, assuming it to be valid also in the case of a moving ambient
medium.

2.2.1. The cocoon

As the jet head advances, the swept ambient material is cast
aside, forming an over-pressured region surrounding the jet,
which is usually called “cocoon”. We assumed the energy flow
from the head to the cocoon Ėc to be a fraction η of the jet energy
flow through the reverse shock, that is ηLj(βj−βh). We estimated
η(t) as the fraction of the head volume that is in causal contact
with the cocoon at a given time t. Let us assume the sound speed
in the head to be cs = c/

√
3. The time-scale associated to the

head advancement, as measured in the head comoving frame, is
th ∼ zh/βhΓhc, so the region of the head in causal contact with

the cocoon extends to a distance l ∼ zh/
√

3βhΓh inside the head.
Assuming the head to be a cylinder of radius rj = θjzh, the frac-
tion of its volume being in causal contact with the cocoon at a
given time is then given by

η =

{ 2
µ
− 1

µ2 µ > 1
1 µ ≤ 1

(4)

where µ =
√

3θjΓhβh. This is similar to the prescription given in
Bromberg et al. (2011), with the advantage that it is a continuous
function of the jet head velocity.

We assumed the cocoon to be at rest in a frame that moves
upwards at a speed β̄a which is the rest-mass averaged speed
of the ambient medium from z0 (the height of its base) to zh,
namely

β̄a =

∫ zh

z0
ρa(z)βa(z)dz∫ zh

z0
ρa(z)dz

(5)

and we define Γ̄a = (1 − β̄a
2)−1/2. The energy of the cocoon is

given by

Ec(t) =

∫ t

0
η(t)Lj(βj − βh(t)) dt (6)

where t is measured in the central engine rest frame and the jet
luminosity is evaluated at the retarded time t − zh/βjc. The term
in parentheses accounts for the relative velocity between the jet
and the head.

2.2.2. Cocoon pressure

We assumed the cocoon to be cylindrical, extending from the
base of the ambient material located at a height z0 (which could
be above the jet base if a cavity is present around the central
engine, and moves with the ambient material if the wind stops
being injected from the central region) and extending up to the
jet head at zh (where the head bow shock is present). Let us indi-
cate the cocoon cylindrical radius as rc. We assumed the cocoon
to be radiation-dominated and neglected pressure gradients, so
that its pressure is Pc = Ec/3πr2

c (zh − z0)Γ̄a. The cocoon expands
sideways at a speed βc which is obtained by balancing the cocoon
pressure and the ram pressure from the external medium. To keep
with our assumption of cylindrical cocoon shape, we averaged
out this speed vertically, namely βc =

(
1 + ρ̄ac2/Pc

)−1/2
, where

ρ̄a = (zh − z0)−1
∫ zh

z0
ρa(z, t)dz is the altitude-averaged ambient

density.

2.2.3. Reconfinement shock

The jet is surrounded by the cocoon, which exerts an approx-
imately uniform lateral pressure Pc inwards on the jet. If
this pressure is higher than thermal pressure in the jet Pj ∼

Lz2
base/4πθ

2
j,0z4c (Matzner 2003, assuming an adiabatic jet),

a reconfinement shock forms (Komissarov & Falle 1997;
Morsony et al. 2007). The shape of the shock is given
by the balance between the component of the jet ram pressure
normal to the shock and the cocoon pressure. In the frame of
the ambient material, within small angles from the jet axis, the
balance equation is given by

ρ′jh
′
jΓ

2
j Γ2

a(βj − βa)2Γ−2
a

(
rs

z
−

drs

dz

)2

+ Pj = Pc (7)
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where rs is the cylindrical radius of the reconfinement shock, and
z is measured in the central engine frame (the Γ−2

a factor above
accounts for its transformation to the ambient medium frame).
Assuming Pc � Pj we neglected the latter and wrote the solution
of the above ordinary differential equation as

rs(z) = θj,0(1 + Azc)z − θj,0Az2 (8)

where A =

√
πcβjPc/Lj(βj − βa)2, and zc is the height at which

the jet thermal pressure equals the cocoon pressure (Bromberg
et al. 2011). The reconfinement shock thus converges to the
jet axis at a height ẑ = A−1 + zc. Following Bromberg et al.
(2011), owing to the parabolic shape of the reconfinement shock,
we assumed the jet cross section radius rj to be constant above
(ẑ + zc)/2, being given by rj = θj,0(ẑ + zc)/2. For simplicity, any
variation in the conditions (especially the cocoon pressure) near
zc is assumed to affect instantaneously the reconfinement shock
and thus the jet head opening angle.

3. Jet breakout and development of jet structure

3.1. Breakout condition

Most realistic progenitor density profiles feature a smooth
decrease of the mass density beyond some radius, therefore we
need an unambiguous way of defining the breakout radius. Since
the jet head forward shock is radiation-dominated, it remains
confined to the progenitor interior as long as the Thomson opti-
cal depth τ(zh) =

∫ ∞
zh

(σT/mp)ρa(z) dz from the head height zh

outwards is larger than unity3 (here σT and mp indicate the
Thomson cross section and the proton mass respectively). We
therefore took τ = 1 as our breakout condition.

3.2. Post-breakout evolution

As soon as the jet head breaks out of the ambient medium
(i.e. the progenitor star in the long GRB scenario, or the outer
edge of the compact binary merger ejecta in the short GRB sce-
nario), at a lab-frame time tbo and a height zbo, both the jet and
the cocoon are free to expand in the interstellar medium (ISM).
As the cocoon material starts to flow out of the new open chan-
nel, the shock at its sides stalls and its pressure drops, making the
jet collimation at its base soon ineffective (Lazzati & Begelman
2005). Since the jet in our model is effectively collimated at a
height zcoll = (ẑ + zc)/2, the information on the cocoon pressure
loss starts affecting the jet opening angle only after a delayed
time tdelay = (zbo−zcoll)/cs, where cs = c/

√
3 is the sound speed4.

After this time, we assumed the cocoon pressure at zcoll to drop
exponentially as

Pc(t) = Pc,bo exp
(
−

cs(t − tbo − tdelay)
zbo

)
(9)

due to the cocoon material flowing at sound speed out of the open
channel. As detailed in Lazzati & Begelman (2005), the pressure

3 For relativistic shocks, the confinement remains effective out to a
lower optical depth τ ∼ 0.01 Γ3

s , where Γs is the shock Lorentz factor
(Nakar & Sari 2012). The shock energy release at breakout, though, still
happens mostly at the radius for which τ ∼ 1. Given the steep density
decrease in the outermost radii of our progenitor models, changing the
prescription would anyway translate to a negligible difference in the
breakout radius.
4 In the treatment described in Lazzati & Begelman (2005), this time
delay is not considered.

drop causes the jet half-opening angle to increase exponentially

θj(t) = θj,bo exp
(
α

cs(t − tbo − tdelay)
zbo

)
(10)

until it eventually reaches the base jet half-opening angle θj,0, or
until the jet injection stops. Here θj,bo is the half-opening angle
of the head at breakout, and α is a parameter that depends on the
details of the transient acceleration phase of the jet after breakout
(Lazzati & Begelman 2005). We set this value to 1/8 (it was
1/4 in Lazzati & Begelman 2005) based on a comparison with
numerical simulations (Appendix A.2). Material that breaks out
within an angle θj(t) < Γ−1

j subsequently expands laterally to
Γ−1

j (Lazzati & Begelman 2005), so we actually took θj(t) as the
maximum between the value computed from Eq. (10) and Γ−1

j .
This simple modelling neglects the entrainment (and the pos-

sible development of instabilities) between the jet and the sur-
rounding cocoon material, which can transfer some of the jet
energy outwards. As a simple effective description of this trans-
fer, we assumed that the jet energy that flows out of the progen-
itor (after breakout) during each time interval dt is spread over
the latitudinal angle in a Gaussian fashion, with a sigma equal to
θj(t). The final jet structure is then obtained by integrating over
t, namely

dEjet

dΩ
(θ) =

∫ Tjet+zbo/βjc

tbo

Lj G(θj(t), θ) dt (11)

where

G(θj, θ) ∝ exp

−1
2

(
θ

θj

)2 cos2 θ (12)

is the assumed angular energy spread function, and
2π

∫ 1
0 G(θj, θ)d cos θ = 1. The cos2 θ term is inserted to

ensure that the function goes to zero as θ → π/2. The quantity
Tjet in Eq. (11) represents the jet duration in the central engine
frame, so that Tjet + zbo/βjc is the time when the jet ceases to
flow out of the ambient medium. With this description, a jet that
propagates uncollimated by the ambient material develops a
Gaussian structure dE/dΩ ∝∼ exp[−(θ/θj,0)2/2]. Similarly, a jet
that is collimated, but whose duration is short compared to the
timescale tθ = tdelay + 8zbo/cs over which the jet cross section
increases, has dE/dΩ ∝∼ exp[−(θ/θj,bo)2/2]. Cases in between
will feature a shallower decrease followed by a Gaussian cut-off.
For both short and long GRBs, typical values of tθ are longer
than the jet duration, thus the typical GRB jet structure is most
likely narrow with a steep fall off outside the jet core.

4. Cocoon structure

After breakout, the shocked ambient material in the cocoon is
free to expand under the effect of its own internal pressure. As
discussed in the preceding section, its material initially blows
out of the open channel formed after the jet breakout, and then
expands (anisotropically) in the surrounding space. Based on
the standard theory of radiation-dominated relativistic fireballs
(Cavallo & Rees 1978; Piran et al. 1993), we can estimate its
average terminal Lorentz factor as Γ̄c ∼ 1 + Ec/Mc2, where

M =

∫ tbo

0
πr2

j (t)ρa(zh(t))(βh(t) − βa(t))c dt (13)

is the mass in the inner cocoon (i.e. the ambient mass swept and
cast aside as the jet head propagates). Initially, it expands within
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an angle ∼rc,bo/zbo, where rc,bo is the cocoon cylindrical radius
at breakout, but its internal pressure causes it to expand laterally
to an angle θc ∼ max

(
rc,bo/zbo, arcsin(Γ̄−1

c )
)
. These simple argu-

ments give us the Lorentz factor and angular scale of the cocoon
structure.

4.1. Energy angular structure

Numerical relativistic hydrodynamical simulations (Lazzati
et al. 2017b; Lazzati & Perna 2019) suggest that the cocoon
typically features an approximately exponential distribution of
energy per unit solid angle. Inspired by that, we assume the fol-
lowing ansatz energy distribution

dEc

dΩ
(θ) = K(Ec) exp

(
−
θ

θc

)
cos2 θ (14)

where θc is defined in the preceding section, and K(Ec) is chosen
so that the total kinetic energy in the cocoon is Ec, namely

K(Ec) =
Ec

2π
∫ 1

0 exp
(
− θ
θc

)
cos2 θ d(cos θ)

(15)

which implies the assumption that all internal energy is con-
verted to kinetic energy.

4.2. Lorentz factor angular structure

We still need to define how the average Lorentz factor varies
with the angular distance from the jet axis. We assume the jet
material, where not mixed with the cocoon, to reach a termi-
nal Lorentz factor Γj (which is a free parameter of the model).
Based on the natural expectation that the cocoon material closer
to the jet axis moves faster than that at larger angles, we assign to
the cocoon material the ansatz Lorentz factor profile (similar to
Lazzati & Perna 2019)

Γc(θ) − 1 = (Γ̄c − 1) exp
(
−ω

θ

θc

)
(16)

where Γ̄c and θc have been defined in the preceding section, and
ω is a free parameter which we set to ω = 1/3 based on compar-
ison with numerical simulations (Appendix A.3)

5. Final structure

After breakout, the jet and cocoon form a single structure (often
referred to as a structured jet), which soon reaches homologous
(i.e. ballistic) expansion. While some rearrangement of the inter-
nal structure is still possible in this phase, we assume it to be
negligible and simply compute the final angular energy distribu-
tion as the sum of the jet and cocoon energies, namely

dE
dΩ

(θ) =
dEjet

dΩ
(θ) +

dEc

dΩ
(θ). (17)

For what concerns the Lorentz factor of the structured jet, we
compute it as the mass-weighted average of those of the jet and
cocoon material, namely

Γ(θ) =

dEjet

dΩ
(θ) +

dEc
dΩ

(θ)

Γ−1
j

dEjet

dΩ
(θ) + Γ−1

c (θ) dEc
dΩ

(θ)
(18)

6. The luminosity distribution of GRBs from
structured jets

Equipped with the model presented in the preceding sections,
we proceeded to constructing a synthetic population of GRB
jets, each with its own structure set by the interaction with the
ambient medium. We treated long GRBs (LGRBs) and short
GRBs (SGRBs) as separate, independent populations. For each,
we chose a single, representative progenitor model, into which
we injected jets whose properties are distributed within a narrow
range. This results in a population of structured jets (those which
successfully punch through the ambient medium) and choked
jets (those which do not). Based on a simple modelling of the
prompt emission, we computed the luminosity distribution of
each population, assuming isotropic viewing angles. Finally, we
compared the results with the luminosity functions derived from
the observations.

6.1. Prompt emission model

In order to construct our luminosity distributions, we needed to
model the jet prompt emission isotropic-equivalent peak lumi-
nosity Liso that results from a given jet structure, as a function
of the viewing angle. Given the jet injection duration Tjet, we
computed the GRB duration as TGRB = Tjet − (tbo − zbo/βjc)
and we assumed it to be independent of the viewing angle. This
assumption is based on the idea that the gamma-ray emission
is powered by some form of energy dissipation within the jet
(e.g. internal shocks or magnetic reconnection), and that it con-
sists of a series of short episodes taking place at some typical
radius. Under these assumptions, the duration of the GRB is set
by the post-breakout jet injection duration, and does not depend
strongly on the viewing angle (see e.g. Salafia et al. 2016). As
a caveat, we note that this requires the angular timescale R/Γ2c
at the photospheric radius R (at the angles that contribute signif-
icantly to the emission for a given viewing angle) to be shorter
than the duration of the burst itself, otherwise the angular time
spread would dominate.

We computed the prompt emission isotropic equivalent
energy Eiso(θv) following Salafia et al. (2015, 2019), that is, we
assumed 10 percent of the kinetic energy at each angle to be con-
verted into gamma-ray radiation, and we integrated the emission
over the jet accounting for relativistic beaming. We assumed the
prompt emission light curve to have a triangular shape, so that
Liso(θv) = 2Eiso(θv)/TGRB. This is a crude approximation, given
the diversity of GRB light curves (especially in LGRBs), but we
adopted it for its simplicity.

For the present study, we only applied this model to cases
where the jet successfully breaks out of the progenitor. We defer
the implementation of more detailed emission models and the
inclusion of the possible prompt emission in the case of a choked
jet to future work.

6.2. Long GRBs

6.2.1. Ambient medium density profile

For our representative LGRB progenitor ambient medium, we
took the density profile from the stellar model 16TI of Woosley
& Heger (2006). This model has been used in several previous
studies of LGRB jets (e.g. Morsony et al. 2007; López-Cámara
et al. 2013). It represents a star with an initial mass of M =
16 M�, low metallicity Z = 10−2 Z�, and a large initial angu-
lar momentum J = 3 × 1052 erg s, which is evolved to pre-core
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Fig. 2. Radial density profile from our representative LGRB progeni-
tor (model 16TI of Woosley & Heger 2006), which represents a low-
metallicity, high-angular momentum, massive star prior to collapse.
The low-density power-law tail, visible in the lower-right corner of the
figure, has been added by ourselves to the original density profile of the
model. It represents a stellar wind with typical Wolf-Rayet mass loss
rate Ṁw = 10−5 M� yr−1 and velocity vw = 1000 km s−1.

collapse using the KEPLER code (Weaver et al. 1978). The
original simulation data5 features a low-mass (∆M ∼ 0.1 M�)
extended (∆R ∼ 7 × 1011 cm) envelope – represented by a sin-
gle point in the adaptive grid – which is considered (Woosley
& Heger 2006) an artefact due to the treatment of rotation in
a one-dimensional simulation. We therefore remove this point
from the density profile; we add, for consistency, a stellar wind
with typical Wolf-Rayet mass loss rate Ṁw = 10−5 M� yr−1 and
velocity vw = 1000 km s−1, even though this has a negligible
impact on the modelled jet dynamics. The final density profile
is shown in Fig. 2. We note that our results, as detailed below,
do not depend strongly on the detailed shape of the progenitor
density profile: we obtain similar results employing the progen-
itor model of Duffell & MacFadyen (2015). A more systematic
investigation of the dependence on the progenitor properties will
be presented in a future work.

6.2.2. Jet properties at launch

Given the large uncertainties on the jet launching mechanism
and on its initial collimation, we simply assumed all jets to have
a fixed half opening angle θj,0 = 0.25 rad ≈ 14◦ at injection.
We also assumed their terminal Lorentz factor to be Γj = 100
in all cases (while higher values are actually observed in some
cases, this seems to be a typical value at least for LGRBs, see
Ghirlanda et al. 2018). We extracted the jet luminosity Lj from a
log-normal distribution centred at µ = 2×1049 erg s−1 ≡ 〈L〉with
a dispersion σ = 0.65 dex. Similarly, we extracted the duration
from a log-normal distribution with µ = 30 s ≡ 〈T 〉 and σ =
0.45 dex. These values are educated guesses, based on the fact
that the typical collimation-corrected kinetic energy of LGRBs
is around 1051 erg (Goldstein et al. 2016), and their average rest-
frame duration is just below 30 s (Salafia et al. 2015). We chose
zbase = 5×106 cm as our injection height. We simulated a total of
1000 jets, 94% of which successfully broke out of the progenitor
star.

5 Retrieved from https://2sn.org/GRB2/
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Fig. 3. Distribution of jet structures in our LGRB population. In each
panel, at each fixed angle θ, the yellow (resp. orange) filled area encloses
90% (resp. 50%) of the structures in the population, while the red line
shows the median of the distribution at that angle. Top panel: energy
structures (kinetic energy per unit solid angle as a function of the angle
θ from the jet axis). Bottom panel: velocity structures (average Lorentz
factor diminished by one, as a function of θ).

6.2.3. Resulting LGRB structures

Figure 3 shows the distribution of jet structures for the successful
jets in our synthetic LGRB population. The red solid line repre-
sents the median value of the kinetic energy per unit solid angle
(upper panel) and Γ − 1 (lower panel, respectively) at a given
angle θ. The orange and yellow shaded regions contain 50% and
90% of the values at each fixed θ, respectively. The figure shows
that our LGRB jets are on average very narrow, featuring a core
of .1.5 deg, with a steep fall off of the kinetic energy density out-
side. The cocoon is in general quite energetic, but wide, so that
its typical energy density per unit solid angle is lower by around
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(thick grey solid line) is affected by a change in one of the parameters (coloured thinner lines). See text for an interpretation of the dependencies.

four orders of magnitude with respect to the jet core. The very
narrow jet opening angle might seem at odds with those derived
from jet breaks in LGRB afterglow light curves (Berger 2014),
but we caution that (i) the jet structure (especially if narrow, see
e.g. Granot & Piran 2012) is expected to evolve after breakout
due to jet lateral spread, and it may thus be different at the after-
glow stage (see also Gill et al. 2019a), and (ii) in the context of
structured jet light curves, jet-break-like features are related to
the viewing angle rather than to the jet opening angle (Kumar &
Granot 2003; Rossi et al. 2004). Interestingly, the general fea-
tures we found for the LGRB jet structure – a narrow opening
angle and a faster angular decrease in energy than in Lorentz fac-
tor – are in agreement with the observational constraints derived
by Beniamini & Nakar (2019).

6.2.4. Luminosity distribution

Figure 4 shows the luminosity distribution of our LGRB pop-
ulation, computed as described in the preceding sections. The
thick solid red histogram shows the local (z = 0) rate density
per logarithmic luminosity bin, dR0/d log10(Liso/(erg s−1)), con-
structed from our model population, assuming a total local rate
R0 = 600 yr−1 Gpc−3. The thin, coloured histograms show the
luminosity distributions of jets seen within 2 deg from the jet axis

(yellow), between 2 and 10 deg (dark blue) and at viewing angles
larger than 10 deg (light blue). The black points show the actual
luminosity distribution of LGRBs from Pescalli et al. (2015),
who collected and updated binned rate estimates from previous
works: the points to the right of Liso = 1050 erg s−1 come from
the reconstructed luminosity function from Wanderman & Piran
(2009); the leftmost point is the low-lumnosity GRB rate from
Soderberg et al. (2004), updated as described in Pescalli et al.
(2015); the three remaining points are lower limits derived in
Pescalli et al. (2015). The general features of the model popu-
lation are in good agreement with the observed points, which is
remarkable given the fact that we based our parameter distribu-
tions on educated guesses This shows that the luminosity distri-
bution of LGRBs can be successfully interpreted in a scenario
where both jets and progenitors have very similar properties, the
main parameter behind the diversity being the viewing angle.

6.2.5. Dependence on the parameters

Figure 5 gives a grasp of how the luminosity function depends
on the jet properties at launch. The grey thick line is the fiducial
luminosity function (the same as that shown in Fig. 4). Thinner
coloured lines show the variation induced by changing one of
the parameters of the distributions of jet properties at launch at
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a time. To produce each line we construct a synthetic popula-
tion of 1000 jets whose properties are extracted from distribu-
tions with the same parameters as those described in Sect. 6.2.2,
except one, which is displaced as reported in the legend. The
resulting luminosity functions (always constructed only from
jets that successfully break out) are normalised to the same total
rate as the fiducial one. Here we describe the general trends, and
some tentative qualitative explanations. Increasing the average
jet luminosity 〈L〉 by a factor of 10 (pink line in the left-hand
panel of Fig. 5) essentially shifts the whole luminosity function
to higher luminosities, keeping the shape similar. On the con-
trary, lowering 〈L〉 by the same factor (purple line in the left-
hand panel of Fig. 5), the high-luminosity end is shifted towards
lower luminosities, but the low-luminosity end remains essen-
tially unchanged: this is the combined effect of a lower average
luminosity after breakout, and of an increased ratio of cocoon
to jet energy, which makes the structure shallower. Lowering the
average jet injection duration 〈T 〉 (blue line in the central panel
of Fig. 5) or increasing the jet opening angle at launch (yellow
line in the right-hand panel) both make the luminosity function
slope below Liso ∼ 1051.5 erg s−1 steeper: this is due to the larger
energy in the cocoon, which makes the structure, broadly speak-
ing, shallower (Pescalli et al. 2015). Also the opposite is true, as
shown by the remaining lines.

A more detailed account of the dependence of the luminosity
function on the parameters and assumptions will be presented in
a future work.

6.3. Short GRBs

6.3.1. Ambient medium density profile

Assuming that all (or most) SGRBs are produced by the merger
of two neutron stars, and that there is little variation (among
different events) in the properties of the various outflows pro-
duced during and after the merger, we assumed the homolo-
gously expanding ejecta cloud described in Xie et al. (2018) to
be representative of the SGRB ambient medium. Current SGRB
observations seem to actually indicate some degree of diver-
sity in the associated kilonova emission (Gompertz et al. 2018),
which would in turn suggest a variety outflow properties, but it
is difficult at present to quantify it. We therefore opted for a sin-
gle progenitor ambient medium model for simplicity. The den-
sity profile along the jet axis (solid red line) and velocity profile
(dashed blue line) are shown in Fig. 6.

6.3.2. Jet properties at injection

As for the LGRB population, we assumed all jets to have a fixed
half opening angle θj,0 = 0.25 rad at injection and a terminal
Lorentz factor Γj = 100. We extracted the jet luminosity Lj from
a log-normal distribution centred at µ = 3 × 1049 erg s−1 with
a dispersion σ = 0.85 dex; we extracted the duration from a
log-normal distribution with µ = 0.3 s and σ = 0.45 dex. For
SGRBs, since the ambient medium is not static, we needed to
define an additional parameter, that is the delay between the
neutron star merger (which corresponds to the time when all
the ambient material is concentrated at r = 0) and the start of
the jet injection. This represents the time it takes for the post-
merger system to develop the necessary conditions to launch a
jet (see Gill et al. 2019b for an interesting discussion of the delay
between GW170817 and GRB170817A and its implications for
that system). These conditions are very uncertain, as the actual
jet launching mechanism is still debated, but the most likely
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Fig. 6. Density and velocity profile of the SGRB ambient medium
model. The red line shows a snapshot of the density profile (along the
polar axis) of the neutron star merger ejecta model described in Xie et al.
(2018) (also used in Kasliwal et al. 2017 and Gottlieb et al. 2018b). The
blue dashed line shows the corresponding velocity profile (velocity axis
on the right). The ejecta are assumed to expand homologously.

option seems to be energy extraction from a spinning black hole
surrounded by an accreting torus of highly magnetised material,
through the mechanism first described in Blandford & Znajek
1977 (see also Tchekhovskoy et al. 2010). For this to happen, (i)
the merger remnant must have collapsed to a black hole, (ii) the
magnetic field must have been amplified in the torus (mainly by
magneto-rotational instabilities) to reach a significant magneti-
sation, and (iii) an ordered large scale magnetic field structure
with a significant poloidal component must have developed. The
time for (ii) is likely very short (few dynamical times), as shown
by high-resolution GRMHD simulations (e.g. Kiuchi et al. 2018;
Kawamura et al. 2016). Process (iii) should take a few Alfvén
times (tens of milliseconds, see e.g. Christie et al. 2019, whose
simulations resolve the magnetic field amplification, its large
scale organisation and the consequent jet launching). In absence
of a prompt collapse to a BH (which would anyway leave little
matter outside), therefore, the delay is likely dominated by (i). If
the merger remnant is a hypermassive proto-neutron star (which
is supported by differential rotation), the collapse to a BH takes
tens to hundreds of milliseconds; on the other hand, if the merger
remnant is a supra-massive neutron star (which is supported by
solid-body rotation), the collapse to a BH takes place only after
electromagnetic spin down slows down the remnant enough for
it to become unable to support itself against self-gravity: in this
case, the collapse could take place after several seconds. It is
likely, though, that no accretion disc would be left after such a
late collapse (Margalit et al. 2015). The most likely scenario for
a successful SGRB jet to be launched therefore seems that of
a short-lived hypermassive proto-neutron star (see also Shibata
et al. 2006). Based on these arguments, we fixed our time delay
at ∆tinj = 0.1 s. Of the total 1000 jets we simulated, 88% suc-
cessfully broke out of the ambient medium.

6.3.3. Distribution of SGRB structures

The jet structure distribution for our synthetic SGRB popula-
tion features a somewhat larger dispersion with respect to the
LGRB population, as shown in Fig. 7. It is interesting to compare
this distribution with the jet structure of GRB 170817A derived
by Ghirlanda et al. (2019) based on multi-wavelength fitting of
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Ghirlanda et al. (2019).

the afterglow light curves and of the centroid motion observed
in VLBI images. The black lines in Fig. 7 represent the best-
fit (solid), one sigma (dashed) and two sigma (dotted) contours
of the derived jet structure. These show that a good fraction of
jet structures in our synthetic population are compatible6 with
GRB 170817A.

6 The large core Lorentz factor in the structure of GRB 170817A from
Ghirlanda et al. (2019) is simply the result of the fact that the self-
similar nature of the jet deceleration makes it impossible to distinguish
jet core Lorentz factors larger than ∼θ−1

v when the jet is observed off-
axis, and thus essentially any core Lorentz factor larger than about 30 is
compatible with the observations.

6.3.4. Luminosity distribution

Figure 8 shows the luminosity distribution of our SGRB pop-
ulation, computed as described in the preceding sections. The
thick solid red histogram shows the rate density per logarithmic
luminosity bin at redshift zero, dR0/d log10(Liso/(erg s−1)), con-
structed from our model population, assuming a total local rate
R0 = 300 yr−1 Gpc−3. This local rate has been chosen to make
the high luminosity end comparable to estimates by Wanderman
& Piran (2015) (W15) and Ghirlanda et al. (2016) (G16 – their
case a). It falls on the low end of the binary neutron star merger
rates derived by The LIGO Scientific Collaboration (2019). The
shape of the simulated luminosity distribution is in good agree-
ment with that of W15, which is again remarkable, given that
we did not attempt to perform a fitting. In terms of the rate, the
consistency with W15 would need a lower total rate (around
80 yr−1 Gpc−3). The high-luminosity end (L > 1052erg s−1) is
consistent with G16 for this choice of total rate, but the down-
ward turn of the distribution at lower luminosities is not repro-
duced. However, as shown in the next section, a similar feature
appears if the jet opening angle at launch is assumed to be nar-
rower.

Figure 8 reveals another particular feature of our synthetic
SGRB population: even the high-end of the luminosity function
is dominated by jets seen (slightly) off-axis. Given the uncertain-
ties in the modelling and the degeneration in the parameters (see
also next subsection), though, we defer a deeper investigation of
this feature to a future work.

6.3.5. Dependence on the parameters

Figure 9 illustrates the dependence of the luminosity function on
the jet properties at launch. The meaning of the various curves
is the same as in Fig. 5. As in the case of long GRBs, most of
the trends can be understood intuitively. Similarly to LGRBs,
a change in the average jet luminosity 〈L〉 at launch shifts the
high-end of the luminosity function correspondingly (see Fig. 9,
left-hand panel). On the other hand, the low-end, which is dom-
inated by jets seen far off-axis, does not change appreciably.
This is due to the homologous expansion of the ambient mate-
rial (Duffell et al. 2018): jets with a lower luminosity produce
slower-moving heads, but as the ambient medium expands these
confront themselves with lower densities with respect to heads
that move faster. As a consequence, it turns out that the break-
out success (and therefore the energy stored in the cocoon after
breakout) does not depend explicitly on the jet luminosity (at a
fixed initial jet opening angle – Duffell et al. 2018). An increase
(resp. decrease) in the average jet injection duration 〈T 〉 shifts
the whole luminosity function to lower (resp. higher) luminosi-
ties (central panel of Fig. 9). This happens because in this case
the jet duration is comparable to the jet breakout time, which has
two consequences: (i) the cocoon energy is comparable to that in
the jet and (ii) the post-breakout duration is short, which boosts
the cocoon luminosity (due to the particular way we model it, see
Sect. 6.1). Since slightly off-axis jets contribute even at the high-
end of the luminosity function (with this particular choice of
parameters), this impacts the whole luminosity function. Increas-
ing the jet opening angle at launch (yellow line in the right-
hand panel of Fig. 9) increases the average energy in the cocoon,
but it also increases its mass and therefore its opening angle.
This shifts the low-luminosity peak of the luminosity function to
the right, but leaves the high-end essentially unchanged. On the
other hand, a decrease of θj,0 (red line) significantly changes the
typical energy structure after breakout, making the jet narrower
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Fig. 8. SGRB luminosity distribution of our
model population (thick solid red histogram)
compared to two luminosity function models
based on observations (Wanderman & Piran
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Scientific Collaboration 2019).

O. S. Salafia, C. Barbieri, S. Ascenzi and M. Toffano: GRB jet propagation and structure development

Fig. 9. Short GRB luminosity function dependence on the parameters of the jet at launch. In each panel, the thick grey line shows the synthetic
short GRB luminosity function with fiducial parameters. The thinner, coloured lines show the impact of changing a single parameter. See text for
a description of the various dependencies.

and more powerful, while the cocoon becomes less energetic.
The result is a luminosity function which resembles much more
that of LGRBs, where the high-end is dominated by on-axis jets
and the low-end by off-axis cocoons. With this choice of param-
eters, the shape resembles more that of the SGRB luminosity
function by Ghirlanda et al. (2016).

Finally, Fig. 10 shows the dependence of the luminosity func-
tion on the delay ∆tinj between the onset of the expansion of the
ambient medium and the start of the jet injection. Reducing the
delay by a factor of 10 (red line) does not change the luminos-
ity functionn significantly, since the fiducial value ∆tinj = 0.1 s is
already short compared to the breakout time. Increasing it by the
same factor (yellow line) again increases the energy in the cocoon,
due to the reduced jet collimation by the ambient medium, which
causes the head working surface to widen.

7. Discussion

7.1. Caveats and open questions

While the results of our analysis are encouraging about the feasi-
bility of a GRB unification under the quasi-universal jet scenario,

O. S. Salafia, C. Barbieri, S. Ascenzi and M. Toffano: GRB jet propagation and structure development

Fig. 10. Short GRB luminosity function dependence on the delay ∆tinj
between merger and jet injection.

we stress that several caveats remain to be addressed. Here is a
non-exhaustive list of issues we think need to be investigated in
the future:
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– Our model of the jet propagation through the ambient
medium, of its collimation by the cocoon, and of the devel-
opment of structure builds on previous works (Matzner 2003;
Bromberg et al. 2011; Lazzati & Perna 2019) which have shown
a good agreement with selected numerical simulations. Never-
theless, the model is based on some simplifying assumptions
whose impact, to our knowledge, has not been studied in detail
yet. To name a few: (i) the jet is assumed to be uniform at
launch, but no systematic investigation has been performed, to
our knowledge, of how the dynamics and the resulting jet struc-
ture would change if the jet were assumed to be already struc-
tured at its base (which is a natural expectation in a realistic set-
ting, see e.g. Kathirgamaraju et al. 2019; Christie et al. 2019);
(ii) as discussed in Sect. 2, the inclusion of magnetic field might
affect the jet dynamics and collimation (but probably not drasti-
cally – Levinson & Eichler 2005; Bromberg & Tchekhovskoy
2016). The impact of different degrees of magnetisation and
magnetic field configurations on the final jet structure has yet
to be addressed;

– There are some indications that the conversion efficiency
of jet energy to radiation during the prompt emission might
decrease away from the jet axis (e.g. Beniamini et al. 2019;
Beniamini & Nakar 2019; Salafia et al. 2019). This could impact
the luminosity function;

– In the present work, we assumed all progenitors to be iden-
tical (separately for LGRBs and SGRBs). Further studies are
necessary to determine how the population would change if we
included different progenitors, whether or not this would nar-
row down even more the required dispersion of jet properties at
launch. Another important topic that has not been addressed here
is how the jet properties at launch depend on the progenitor.

– An additional fundamental aspect that needs to be
addressed is whether it is possible to explain the afterglows of
LGRBs and SGRBs with a quasi-universal structure seen at dif-
ferent viewing angles.

Further theoretical work, and hopefully new precious obser-
vations from future detections of off-axis jets, will eventually
allow us to address these questions and caveats.

7.2. The fraction of choked jets and the duration distribution

During the last few years, some authors (Bromberg et al. 2012;
Moharana & Piran 2017; Sobacchi et al. 2017; Petropoulou et al.
2017) explored the idea that the duration distribution of GRBs
could contain information about the minimum time needed for
the jet to punch through the typical progenitor. The signature
of this should be a flattening in the probability distribution of
duration around such minimum time. These works assume an
intrinsic power-law probability distribution of jet duration

dp
dT
∝ T−α (19)

above some minimum duration Tmin. Since the jets must spend
an average time Tb to break out of the progenitors, the post-
breakout duration (Tγ) distribution becomes

dp
dTγ
∝ (Tb + Tγ)−α (20)

which reflects the intrinsic duration distribution ∝T−αγ when
Tγ � Tb, but it is flat when Tγ ∼ Tb. The model of Petropoulou
et al. (2017) includes a power-law distribution of luminos-
ity, which makes then Tb luminosity-dependent, but the results
are similar. These models reproduce well the observed GRB
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Fig. 11. GRB duration probability distribution. The blue histogram
shows the estimated probability distribution of intrinsic duration
(defined as T90/(1+z)) of Swift-detected GRBs with a measured redshift.
Red points represent the corresponding distribution for our simulated
populations (assuming an observed rate ratio of 13.5 between LGRB
and SGRB, i.e. the same rate ratio as in the Swift sample), while the grey
points show the distribution for the LGRB synthetic population alone
(downward arrows are upper limits that correspond to empty bins). Ver-
tical error bars show the Poisson uncertainty associated to each bin.

duration distribution. Since the values of α that reproduce the
observed population are large (α ∼ 4), they predict a large
fraction of choked jets (the fraction also depends on the min-
imum duration Tmin and, in the model of Petropoulou et al.
2017, also on the minimum luminosity, but a small fraction
of choked jets would require a fine tuning of Tmin close to
Tb). In contrast with that, our synthetic populations are dom-
inated by jets that successfully break out from their progen-
itors (Sects. 6.2.2 and 6.3.2). It is natural, therefore, to ask
whether the duration distribution of our populations does reflect
the actual observed one. Figure 11 shows a comparison between
the observed duration probability distribution and that of our
synthetic sample. The blue histogram shows the estimated prob-
ability distribution of rest-frame duration (defined as T90/(1+z))
of the sample of Swift GRBs with measured redshift. For each
bin, we compute the probability estimate as
dp
dT

(Ti) ≈
Ni

Ntot ∆Ti
, (21)

where Ti is the central duration of the bin, ∆Ti is the bin width,
Ni is the number of events in that bin, and Ntot is the total number
of events. The associated (Poisson) uncertainty is

δ
dp
dT

(Ti) ≈
√

Ni

Ntot ∆Ti
· (22)

For empty bins, we take as upper limit the estimate obtained by
assuming a single event in that bin. Red points show the cor-
responding probability distribution (for the duration defined in
Sect. 6.1) of our synthetic samples, where we assumed a 13.5
observed rate ratio of LGRB over SGRB (i.e. the same as for the
Swift sample used). Grey points show the LGRB synthetic sam-
ple alone. The comparison shows a good agreement, indicating
that the observed GRB duration distribution is still consistent
with the possibility that most GRB jets successfully break out of
their progenitor. The observation of a successful GRB jet associ-
ated to GW170817 (Ghirlanda et al. 2019; Mooley et al. 2018a)
suggests that this is the case for SGRBs (see Beniamini et al.
2019, for an excellent discussion of this latter point).
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8. Conclusions

During the last two decades, evidence accumulated in favour of
the presence of jet structure in both LGRB and SGRB, unveiling
its important role in shaping the appearance of these sources. The
limited range of properties of their putative progenitors seems to
suggest the possibility that such jet structure is quasi-universal:
this would have a great unifying impact. In this work, we set up
a model of the interaction of a GRB jet with its environment,
specifically aimed at predicting the jet structure after break-
out. With this model, we computed self-consistently the quasi-
universal structure that would result if the properties of GRB
jets at launch and those of their progenitors were distributed
in very narrow ranges. Strikingly, these quasi-universal struc-
tures can reproduce both the LGRB and SGRB luminosity func-
tions. While we acknowledge that several issues remain to be
addressed, we consider this results is encouraging towards the
unification of GRBs within the quasi-universal hypothesis.
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Appendix A: Comparison with simulations

Table A.1. Comparison between the breakout time, cocoon energy and
breakout radius predictions of our model and those found in numerical
simulations of Gottlieb et al. (2018a) and Nagakura et al. (2014).

Gottlieb et al. (2018a) tbo [s] Ec [1049 erg]

Configuration Sim. Model Sim. Model
A 0.10 0.10 1.5 1.4
B 0.20 0.18 2.0 2.2
C 0.12 0.14 1.5 1.7

Nagakura et al. (2014) tbo [s] rbo [109 cm]
Configuration Sim. Model Sim. Model

M-ref 0.23 0.24 3.7 3.5
M-L4 0.20 0.18 3.2 2.7

M-th30 0.63 0.55 8.9 7.2
M-th45 – 1.01 – 13
M-ti500 0.90 0.69 17.5 14
M-M3 0.11 0.10 2.0 1.7

M-M2-2 0.32 0.32 5.0 4.4
M-M1 0.75 0.64 11.0 8.2

Notes. The energies reported in Gottlieb et al. (2018a) refer to both the
jet and the counter-jet cocoons, so they have been divided by 2.

In this section we compare our semi-analytical model with
results of a number of numerical relativistic hydrodynamical
simulations described in the literature.

A.1. Jet head propagation

Our modelling of the jet head propagation follows quite closely
previous works (Matzner 2003; Bromberg et al. 2011), with
some adjustment to account for a moving ambient medium.
Similar models have been presented recently by Matsumoto &
Kimura (2018), Gill et al. (2019b) and Lazzati & Perna (2019),
with some minor differences. We investigate here the validity of
this approach by comparing the breakout time, breakout radius
and cocoon energy predicted by our model to those obtained by
Gottlieb et al. (2018a, G18 hereafter) and Nagakura et al. (2014,
N14 hereafter) in numerical simulations. Table A.1 shows the
results of our comparison.

Configurations A, B and C in G18 all involve a relativistic
jet of luminosity Lj = 2 × 1050 erg s−1 and initial opening angle
θj,0 = 10◦ launched in an ambient medium representing binary
neutron star ejecta in homologous expansion, with a total mass
Mej = 10−2 M� and a power-law density profile decreasing as
r−3.5. The configurations differ by the maximum velocity βmax of
the ejecta (being 0.4 in configuration C and 0.2 in the other two)
and by the delay tinj between the start of the ejecta expansion
and the jet injection (tinj = 80, 240 and 40 ms for A, B and C
respectively). We reproduced the ambient medium configuration
and followed the jet evolution semi-analytically using our model,
up to the jet breakout. The breakout times and cocoon energies
predicted by our model agree with the simulations within 20%.

The initial configurations of N14 are very similar to those of
G18. Their reference configuration (M-ref) is the same as case C
of G18, but with tinj = 50 ms and θj,0 = 15◦. The other con-
figurations, listed in Table A.1, are variants over the reference
one, exploring alternative values of some parameters, namely
Lj = 4 × 1050 erg s−1 (M-L4), θj,0 = 30◦ (M-th30) and 45◦

(M-th45), tinj = 500 ms (M-ti500), and Mej = 10−3 M� (M-M3),

2 × 10−2 M� (M-M2-2) and 10−1 M� (M-M1). Also in this case,
the results of our model agree with the simulations within ∼20%,
but they show a systematic trend towards faster breakouts, which
may indicate that the L̃ correction adopted from Harrison et al.
(2018) needs to be modified in the case of a moving ambient
medium.

A.2. Collimation and jet opening angle

We performed an additional comparison with the time evolution
of the average jet opening angles as reported in N14. Figure A.1
shows the time evolution of the height-averaged opening angle
of the jet from N14 (bottom panel) and as predicted by our model
(top panel). The angle was computed as

θav(t) =

∫ zh(t)
z0

θj(z, t)dz

zh(t) − z0
· (A.1)

In the simulations, θj(z, t) is the opening angle containing the
“relativistic” (hΓ > 10) material located at a height z, at time t.
In our model, according to our assumptions detailed above, the
jet is conical up to Z = (ẑ+zc)/2 and cylindrical above that point,
so that in our case

θav(t) =
θj,0Z(t)

zh(t) − z0

[
1 −

z0

Z(t)
+ ln

(
zh(t)
Z(t)

)]
(A.2)

before breakout (t ≤ tbo), and

θav(t) =
θj(t)zbo

zbo − z0

[
1 −

(
θj,0

θj(t)

)
z0

zbo
+ ln

(
θj,0

θj(t)

)]
(A.3)

after breakout (t > tbo). Figure A.1 shows a remarkably
good agreement (given the simplifications adopted) between
our model and the simulations in most cases, after set-
ting α = 1/8 in Eq. (10). With the initial configuration
M-th45 (larger jet) Nagakura et al. (2014) find that their jet fails
to penetrate the ejecta within their simulation time 1 s, so they
do not report the breakout time and radius. The imperfect agree-
ment in case M-th30 suggests that the small angle approxima-
tions adopted in the treatment of collimation may break down at
jet opening angles as large as &30◦.

A.3. Jet and cocoon structure

In order to compare our recipe for the jet structure to numerical
simulations, we reproduced the charachteristics of the ambient
media and the properties of the jet at its base from the simula-
tions described in Lazzati et al. (2017b) and Xie et al. (2018).
We then applied our semi-analytical model of the jet head prop-
agation (Sect. 2) to find the breakout quantities. Finally, we used
the latter as input to compute the jet and cocoon structures as
detailed in Sect. 3, Sect. 4 and Sect. 4.2. Let us describe the three
configurations and the results of the comparison.

Lazzati et al. (2017a,b). Lazzati et al. (2017b) used a
modified version of the relativistic hydrodynamics code FLASH
(Fryxell et al. 2000) to simulate a jet propagating and break-
ing out of an ambient medium with a static, spherically sym-
metric density distribution with a profile ρ(r) ∝ r2 exp(−r).
The jet is injected within an angle θj,0 = 16◦ with a constant
luminosity Lj = 1050 erg s − 1 and lasts for Tjet = 1 s. Even
though the authors state that the terminal Lorentz factor of the
injected jet is Γ300, the actual maximum Lorentz factor attained
in the simulation is lower, presumably because its evolution was
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Fig. A.1. Comparison between the height-averaged opening angle evolution from the numerical simulations in Nagakura et al. 2014 (right-
hand panel, adapted from their Fig. 3) and those predicted by our semi-analytical model (left-hand panel). Each line refers to a different initial
configuration (see text). Stars and upward triangles in the left-hand panel mark tbo and tbo + tdelay (see Sect. 3), respectively. The evolution for
configuration M-th45 is not shown in the original figure. A&A proofs: manuscript no. paper
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Fig. A.2. Comparison between the jet structure predicted by our model
and the results of numerical simulations by Lazzati et al. (2017b). Upper
panel: distribution of kinetic energy per unit solid angle, while Lower
panel: average Lorentz factor diminished by one. Grey dashed and dot-
ted lines represent respectively the jet and the cocoon as computed by
our model (Sects. 3, 4 and 4.2). Red lines show the combined struc-
ture. Blue thick lines show the results of the numerical simulations (the
Lorentz factor profile is given in Lazzati et al. 2018).

not followed up to the coasting phase. We thus choose to set
Γj = 100. The resulting jet structure is shown in Fig. A.2.
The general agreement is good, especially for what concerns
the kinetic energy density distribution. The Lorentz factor pro-
file is in quite good agreement in the inner jet and in the outer
cocoon, but it falls off too fast in the transition from the jet to the
cocoon.

Xie & MacFadyen (2019). The simulations in Xie et al.
(2018) model two jets propagating in a moving ambient medium
which represents the result of the merger of two neutron stars.
The medium is in homologous expansion and features an inner
denser cloud surrounded by a fast tail with a steep density fall-
off. The two cases modelled, dubbed “narrow engine” and “wide
engine”, differ by the opening angle of the jet at its base, and by
the jet enthalpy at injection. One subtlety is that the jets in the
two models are injected following different techniques: in the
wide engine case, the jet is injected through a cylindrical nozzle
and thus has a quite well-defined opening angle θj,0 = 0.35 rad;
in the narrow engine case, the jet is injected through a circu-
lar nozzle as in Duffell & MacFadyen (2015), and features a
non-uniform angular distribution of luminosity, with an approxi-
mately Gaussian form ∝∼ exp[−(θ/θ0)2/2], with θ0 = 0.1 rad. We
thus tried different values of the base jet half-opening angle θj,0
in our model between θ0 and 2θ0, looking for the best agreement
with their results. We found that θj,0 = 1.38θ0 produces a very
good agreement in both the kinetic energy and Lorentz factor
profile (setting Γj = 100, that is, equal to their terminal Lorentz
factor), as shown in Fig. A.3. In the wide engine case this tuning
is not necessary, and we simply adopt the value θj,0 = 0.35 rad
as in the simulation, and we set Γj = 20, again equal to their
terminal Lorentz factor. The result is shown in Fig. A.4. In this
latter case, the agreement in the Lorentz factor profile is not as
good.

These comparisons show that, while s omewhat crude, our
recipe seems to capture the main trends in the development of
the jet and cocoon structure, at least in the conditions covered by
these simulations. We plan to run a series of dedicated numerical
hydrodynamical simulations to investigate further these aspects.
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Fig. A.3. Same as Fig. A.2, but for the “narrow engine” case in Xie
et al. (2018) (we choose the structure extracted from the 104 s snapshot
as shown in their Fig. 2, right-hand panels).
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Fig. A.4. Same as Fig. A.2, but for the “wide engine” case in Xie et al.
(2018) (we choose the structure extracted from the 104 s snapshot as
shown in their Fig. 7, right-hand panels).
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