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�XiSh�YS

cBshIwsdM xb qdyd�s BxrdqIwshB�wU rdwqygdr Be rtx]rsqtystqd h� rswqUdrr lBUdytUwq yUBtM
yBqdrfi Jd h�Idrshfwsd sgd dIBUtshB� Be Md�rhsb odqstqxwshB�r B� rywUdr rlwUUdq sgw� sgd
vdw�r Ud�fsg dlxdMMdM h� yB�sqwysh�f hrBsgdqlwU yUBtMrfi wMBosh�f sgd rwld eBqlwUhrl
MdIdUBodM eBq sgd daow�Mh�f k�hIdqrd w�M sgd rBUwq Jh�M– md +�M sgws h�hshwUUb rlwUU
wloUhstMdfi vdw�r]rswxUd odqstqxwshB�r ’oqBowfwsh�f wr rBt�M JwIdr h� sgd wxrd�yd Be
w lwf�dshy +dUM(fi wqd wloUh+dM wMhwxwshywUUb Mtqh�f sgd yB�sqwyshB�fi wooqBahlwsdUb
yB�rdqIh�f sgd JwId wyshB� Md�rhsbfi t�shU sgdb dhsgdq xdyBld �B�Uh�dwq w�M rsddod�
h�sB rgBySr ws w shld G�ifi Bq xdyBld fqwIhswshB�wUUb t�rswxUd Jgd� sgd vdw�r Ud�fsg
Mdyqdwrdr xdUBJ sgd rywUd Be sgd odqstqxwshB�r ws w shld Gfo– md dIwUtwsd w�wUbshywUUb sgd
shld G�i ws Jghyg sgd odqstqxwshB�r d�sdq sgd �B�]Uh�dwq rswfd trh�f w ntqfdqr= dptwshB�
wooqBwygfi w�M Jd Idqheb �tldqhywUUb sgws sghr shld lwqSr sgd xdfh��h�f Be sgd ogwrd
Be qwohM MhrrhowshB� Be sgd Sh�dshy d�dqfb Be sgd odqstqxwshB�r– md sgd� rgBJ sgws eBq
sbohywU IwUtdr Be sgd qlr cwyg �tlxdq h� lBUdytUwq yUBtM yBqdrfi G�i hr rlwUUdq sgw�
Gfofi w�M sgdqdeBqd Md�rhsb odqstqxwshB�r UhSdUb Mhrrhowsd xdeBqd xdyBlh�f fqwIhswshB�wU
t�rswxUd– iBUd�BhMwU lBMdr fqBJ ws w ewrsdq qwsd sgw� yBloqdrrhxUd lBMdrfi w�M lwb
dId�stwUUb oqBlBsd eqwfld�swshB� sgqBtfg sgd eBqlwshB� Be IBqshywU rsqtystqdr–

wdK s�oyre gbMqBMb�wlhyr - uicW yUBtMr - uicW Sh�dlwshyr w�M Mb�wlhyr

. uMShepTYSueM

jgN PEBJGg BO FVwUUflFywUN zNAFRGL CNEGHExwGRBAF zHERAP GgN
yBUUwCFN BO wA RAGNEFGNUUwE yUBHz gwF xNNA GgN FHxSNyG BO VwAL
FGHzRNF wRVNz wG HAzNEFGwAzRAP GgN OBEVwGRBA BO FGNUUwE yUHFfl
GNEF wAz VHUGRCUN FGNUUwE FLFGNV xL GgN CEByNFF BO OEwPVNAfl
GwGRBAfi AwVNUL GgN xENwTHC BO w UwEPN yUBHz RAGB yUHVCFfi
yBENF wAz FGNUUwE yUHFGNEF– mgRUN NwEUL FGHzRNF “tBLUN 0842`
tHAGNE 08”1fi 08”W` cNFGNU 08”4wfix( OByHFNz BA GgN PEBJGg BO
RARGRwUUL vNwAFflHAFGwxUN CNEGHExwGRBAFfi jBgURAN “087/( RAGEBfl
zHyNz GgN yBAyNCG BO ’zNUwLNz OEwPVNAGwGRBA5fi wF GgN BAFNG
BO PEwIRGwGRBAwU RAFGwxRURGL ywA ByyHE BAUL wOGNE GgN VNwA
zNAFRGL BO GgN yUBHz “wFFHVNz GB xN RA OENNflOwUU yBUUwCFN( gwF
PEBJA FRPAR)ywAGULfi wAz GgN RAFGwAGwANBHF IwUHN BO GgN vNwAF
UNAPGg gwF xNyBVN FVwUUNE GgwA GgN FywUN BO GgN CNEGHExNz ENfl
PRBA– jBgURAN “087/( wEPHNz GgwG RA GgRF ywFN GgN GRVN ANNzNz
OBE w FRPAR)ywAG wVCUR)ywGRBA BO GgN CNEGHExwGRBAF JBHUz xN
UwEPNE GgwA GgN GRVN GgN CwENAG yUBHz gwF UNOG RA RGF NIBUHGRBAfi
wAz CBRAGNz BHG GgN EBUN BO GgN yBAINEPRAP VBGRBA BO GgN PwFfi
RA wUGNEAwGRIN GB FNUOflPEwIRGLfi wF w VNwAF GB wVCUROL FVwUUfl
FywUN zNAFRGL CNEGHExwGRBAF JgRyg wEN RARGRwUUL vNwAFflFGwxUN–
jgN OwGN BO GgNFN RARGRwUUL vNwAFflFGwxUN CNEGHExwGRBAF JwF

/ q,VwRUı yUwHzRw)wEyNGER–wFGEB–RG

RAINFGRPwGNz AHVNERywUUL RA yBUUwCFN FRVHUwGRBAF xL hBMLfl
yMTw “0872(fi JgB OBHAz GgNV FHxSNyG GB N3yRNAG zwVCRAP
JNUU xNOBEN ENwygRAP GgN GgENFgBUz OBE PEwIRGwGRBAwU RAFGwfl
xRURGLfi wAz GgNENOBEN HAwxUN GB OBEV JNUUflzN)ANz OEwPVNAGF–
rHEGgNEVBENfi RA gRF FRVHUwGRBAF hBMLyMTw “0872( BxFNEINz
GgN OBEVwGRBA BO UBywU yBAyNAGEwGRBAF BO wAPHUwE VBVNAGHV
“CBFFRxUL wF GgN ENFHUG BO GRzwU RAGNEwyGRBAF( NINA RA GgN yBUfl
UwCFN BO RARGRwUUL ABAflEBGwGRAP yUBHzF– mgNGgNE GgNFN UBywU
NAgwAyNVNAGF BO IBEGRyRGL JBHUz GHEA GgNVFNUINF RAGB GHEfl
xHUNAG NzzRNFfi wF BERPRAwUUL FHPPNFGNz xL bwLMNE “08”2(fi BE
NINAGHwUUL NIBUIN GB EBGwGRBAwUUL FHCCBEGNz zRFTflURTN FGEHyfl
GHENFfi wF FHPPNFGNz N–P– xL GgN FRVHUwGRBAF xL sBBzJRA NG
wU– “1//W(fi gwF ENVwRANz HAyUNwE–

hNyNAGULfi wA BERPRAwU wCCEBwyg GB GgN CEBxUNV BO GgN
PEBJGg BO zNAFRGL CNEGHExwGRBAF NVxNzzNz RA w yBUUwCFRAP
yUBHz JwF wzBCGNz xL jBwU:w NG wU– “1/04(fi JgB OBEVHUwGNz
GgN CEBxUNV RA GgN OEwVNJBET BO wA h�uMprM tHaakM mnvfi R–N–
GgN PEwIRGwGRBAwU yBUUwCFN BO w FCgNERywU CENFFHENUNFF yUBHzfi
NKCUBRGRAP GgN wAwULGRywU GBBUF zNINUBCNz RA yBFVBUBPL OBE
GgN NKCwAzRAP kARINEFN0– jBwU:w NG wU– “1/04( OBHAz GgwG GgN

0 uA yBFVBUBPLfi GQRF FBUHGRBA yBEENFCBAzF GB GQN bNVwRGEN,SBUVwA
NUURCGRy “j :[0( FBUHGRBA BO qRAFGNRA&F NDHwGRBAF OBE w ’zHFG5 kAR,
INEFN

y� 1/06 SQN �HGQBEF
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PEwIRGwGRBAwU RAFGwxRURGL ByyHEF OwFGNE RA RAINEFN tHxxUN ,BJF
GgwA RA w FGwGRy yUBHzfi wAz CBFGHUwGNz GgwG PEBJRAPfi HAFGwfl
xUN CNEGHExwGRBAF BA FywUNF UwEPNE GgwA GgN vNwAF UNAPGg µt
yBUUwCFN JgNA GgNL ENwyg GgN ABAflURANwE FGwPNfi R–N– wG w GRVN
G�i RzNAGR)Nz xL GgN yBAzRGRBA ∇θ.θ ≡ 0– uA RAINEFN tHxxUN
,BJFfi G�i RF wUJwLF FVwUUNE GgwA GgN OENNflOwUU GRVN Gdd BO GgN
yUBHzfi wAz wCCEBwygNF GgN UwGGNE RA GgN URVRG BO RARGRwUUL FVwUU
wVCURGHzN BO GgN CNEGHExwGRBAF–

mgRUN jBwU:w NG wU– “1/04( FGHzRNz GgN NIBUHGRBA BO vNwAFfl
HAFGwxUN CNEGHExwGRBAF RA w yUBHz yBAGwRARAP w UwEPN AHVxNE
BO vNwAF VwFFNFfi RA GgRF JBET JN yBAFRzNE VBUNyHUwE yUBHz
yBENF yBAGwRARAP BAUL w ONJ vNwAF VwFFNFfi wAz OByHF BA GgN
NIBUHGRBA BO vNwAFflFGwxUN zNAFRGL CNEGHExwGRBAFfi GgwG RARGRwUUL
BFyRUUwGN wF w yBUUNyGRBA BO FBHAz JwINF BO FVwUU wVCURGHzN–
jgRF RF SHFGR)Nz xL GgN BxFNEIwGRBAwU ENFHUG GgwG ABAflGgNEVwU
VBGRBAF RA zNAFN yBENF wEN PNANEwUUL FHxFBARy “cLNEF NG
wU– 0872(– uA GgN ywFN BO FGwEUNFF yBENFfi RG gwF xNNA FHPPNFGNz
GgwG FHxFBARy VBGRBAF “’GHExHUNAyN5( VwL xN OBEVRAP GgN
FNNzF BO VHUGRCUN FRGNF BO FGwE OBEVwGRBA “rRFgNE 1//Wfi sBBzfl
JRA NG wU– 1//Wfi 1//6(fi xHG FywEyN NIRzNAyN gwF xNNA OBHAz
LNG OBE FHxFGEHyGHEN OBEVwGRBA RA GgNFN BxSNyGF “iygANN NG wU–
1/01fi ZHAgwV NG wU– 1/0”(– rBE NKwVCUNfi iygANN NG wU– “1/01(
NKwVRANz OBHE ’FHCNEflvNwAF5 FGwEUNFF yBENF BO VwFFNF 2-7 c◦
)AzRAP HCCNE URVRGF BA GgN VwFFNF BO wAL NVxNzzNz OEwPfl
VNAG zBJA GB w ONJ GgBHFwAzGg BO FBUwE VwFF– eAUL ENyNAGUL
FBVN NIRzNAyN BO yBVCwyG FHxFGEHyGHEN gwF xNNA OBHAz RA
BAN FGwEUNFF yBEN RA eCgRHygHF “aRET NG wU– 1/06( wAz RA GgN
eERBA cBUNyHUwE YUBHz 0 iBHGg “fwUwH NG wU– 1/06(– uA wAL
ywFNfi GgN CEByNFFNF zNGNEVRARAP GgN OBEVwGRBA BO VHUGRCUN
CEBGBFGNUUwE FNNzF wG GgNFN FywUNF ENVwRA HAyUNwE–

jB wzzENFF GgN CEBxUNV BO FHxflFGEHyGHEN OBEVwGRBA RA
yUBHz yBENFfi RA GgRF CwCNE JN RAINFGRPwGN GgN NIBUHGRBA BO zNAfl
FRGL wAz INUByRGL CNEGHExwGRBAF NVxNzzNz RA w yBAGEwyGRAP
VNzRHV “GgN ’xwyTPEBHAz5fi BE ’CwENAG yUBHz5( HAzNEPBRAP
RFBGEBCRy BE wARFBGEBCRy yBUUwCFN– rREFGfi JN OBEVHUwGN w GgNBfl
ENGRywU OEwVNJBET GB FGHzL yBAGEwyGRAP ,BJF xwFNz BA VNGgfl
BzF zNINUBCNz RA yBFVBUBPL OBE GgN NKCwAzRAP kARINEFN “FNNfi
N–P–fi fNNxUNF 087/( wAz RA GgN FGHzL BO GgN NKCwAzRAP FBUwE
JRAz “sEwCCRA NG wU– 0882fi sEwCCRA ´ lNUUR 088”fi jNANEwAR
´ lNUUR 1/02fi ZBAP NG wU– 1/0Wfi lNEzRAR ´ sEwCCRA 1/04(– uA
GgRF OEwVNJBETfi JN FGHzL wAwULGRywUUL GgN URANwE wAz ABAURAfl
NwE NIBUHGRBA BO CNEGHExwGRBAF– mN yBAFRzNE GJB FRVCUN ywFNF
BO yBAGEwyGRAP xwyTPEBHAzF9 w FCgNERywU yUBHz HAzNEPBRAP gBfl
VBUBPBHF CENFFHENUNFF yBUUwCFNfi wAz GgN FCgNERywU wyyENGRBA
,BJ BA w CBRAG VwFF–

hNUwGNz CEBxUNVF wEN GgN NIBUHGRBA BO BFyRUUwGRBAF
RA yBAGEwyGRAP yBENF “nEBzNERyT ´ aNGB 1/0/fi aNGB ´
YwFNUUR 1/0/(fi wAz GgN xNgwIRBHE BO gLzEBzLAwVRywU GHExHfl
UNAyN zHERAP GgN yBAGEwyGRBA BO w yUBHz “hBxNEGFBA ´ sBUfl
zENRyg 1/01fi ZwIRzBIRGF ´ rRFg 1/06(– jgN UwGGNE FGHzRNFfi RA
CwEGRyHUwEfi zNVBAFGEwGNF GgwG GgN EBBG VNwA FDHwEN “EVF(
GHExHUNAG INUByRGL RAyENwFNF zHERAP yBAGEwyGRBAfi wF UBAP wF
GgN NzzL GHEABINE GRVN RF FgBEGNE GgwA GgN yBAGEwyGRBA GRVN
“w CEByNFF GNEVNz ’wzRwxwGRy gNwGRAP5 BO GHExHUNAyN(–

jgN CwCNE RF BEPwARFNz wF OBUUBJF9 RA iNyG– 1 JN OBEfl
VHUwGN GgN NDHwGRBAF BO gLzEBzLAwVRyF RA yBVBIRAP yBBEfl
zRAwGNF OBE wCCURywGRBA GB yBAGEwyGRAP RAGNEFGNUUwE yUBHzF` RA
iNyG– 2 JN FGHzL GgN NIBUHGRBA BO URANwE CNEGHExwGRBAF RA
GgN ywFN BO RFBGEBCRy wAz wARFBGEBCRy yBAGEwyGRBA` RA iNyG– W
JN wCCUL GgN OBEVwURFV BO RAINEFN tHxxUN ,BJF GB GgN gBfl
VBUBPBHF yBUUwCFN BO w HAROBEVflzNAFRGL yUBHz` RA iNyG– 4 JN
yBVCwEN BHE wAwULGRywU ENFHUGF GB w gLzEBzLAwVRywU FRVHUwfl

GRBA RA w yBAGEwyGRAP xBK– rRAwUULfi RA iNyG– ” JN FHVVwERFN
BHE yBAyUHFRBAF–

1 tophepoM�cuYi uM YeceluMs

YeehpuM�SDi

jB RAINFGRPwGN GgN zLAwVRyF BO yBAGEwyGRAP yUBHzFfi JN NVfl
CUBL wA wCCEBwyg FRVRUwE GB GgN BAN yBVVBAUL HFNz RA yBFfl
VBUBPRywU FGHzRNFfi JgNEN w xwyTPEBHAz VNzRHV NIBUINF JRGg
FBVN FCNyR)Nz UwJF “GgN rERNzVwAA NDHwGRBAF RA GgwG ywFN(
wAz GgN PEBJGg BO CERVBEzRwU CNEGHExwGRBAF RF OBUUBJNz RA w
UBywU yBBEzRAwGN FLFGNV yBVBIRAP JRGg GgN xwyTPEBHAz ,BJ–
mN PNANEwURFN GgRF wCCEBwyg xL ENUwKRAP GgN wFFHVCGRBA BO wA
RFBGEBCRy NKCwAFRBA.yBAGEwyGRBA– sRINA GgN ABAflHAROBEVRGL
BO GgN RAGNEFGNUUwE VNzRHVfi ygwEwyGNERFNz xL w )UwVNAGwEL
FGEHyGHEN wAz GgN CENFNAyN BO wyyENGRBA ,BJFfi ,HRz VBGRBAF
wEN ABG NKCNyGNz GB xN RFBGEBCRy– rBE NKwVCUNfi w ,HRz NUNVNAG
wyyENGRAP BAGB w VwFF CBRAG RF wyyNUNEwGRAP wAz FGENGygRAP RA
GgN zRENyGRBA BO GgN ,BJfi JgRUN yBAGEwyGRAP RA GgN GEwAFINEFN
zRENyGRBAF1–

YBAFRzNE w FVwUU YwEGNFRwA URAN NUNVNAG ∇u: ’∇a>∇b>∇ M(
wzINyGNz xL GgN ,BJfi NIBUIRAP wF

∇u’G( : I’G( √∇u˙> “0(

JgNEN I’G( : cgJf)w’G(>x’G(>y’G(, RF GgN FywUN OwyGBE ABEVwURMNz
FHyg GgwG I’G˙( : H wAz ∇u’G˙( : ∇u˙– �UU gLzEBzLAwVRywU
DHwAGRGRNF ywA xN JERGGNA wF GgN FHV BO xwyTPEBHAz wAz
UBywU yBVCBANAGF “gNENwOGNE ’CNEGHExwGRBAF5(fi wF

�: �a[�0> θ : θa[θ0> “1(

JgNEN �’u> G( RF GgN INUByRGL )NUzfi θ’u> G( RF GgN PwF zNAFRGLfi
wAz u : ’a>b>M(– uA GgN OBUUBJRAP JN wFFHVN wA RFBGgNEVwU
NDHwGRBA BO FGwGN � : y1Fθfi JgNEN � RF GgN PwF CENFFHEN wAz
yF RF GgN “yBAFGwAG( FBHAz FCNNz– mN wUFB wFFHVN GgwG GgN
xwyTPEBHAz zNAFRGL RF FCwGRwUUL HAROBEV– jgN xwyTPEBHAz
INUByRGL GgNA OBUUBJF w tHxxUNflGLCN UwJfi

�a’u> G( :�’G( √u> “2(

JgNEN �’G( : cgJf’w̃.w> x̃.x> ỹ.y(fi wAz GgN NDHwGRBA BO yBAGRfl
AHRGL RVCURNF

θa’G( :
θ˙

wxy
> “W(

JgNEN θ˙ : θa’G˙( RF GgN RARGRwU IwUHN BO GgN xwyTPEBHAz zNAfl
FRGL– bNG RAGEBzHyN w FLFGNV BO yBVBIRAP yBBEzRAwGNF

u⊙ : I≈0’G( √u, “4(

RA JgRyg GgN URAN NUNVNAG wzINyGNz xL GgN xwyTPEBHAz ,BJ
wCCNwEF FGwGRBAwEL– uA GgNFN yBVBIRAP yBBEzRAwGNF GgN gLfl
zEBzLAwVRywU NDHwGRBAF xNyBVN

∝θ0

∝ G
[ α̂ √ ’θ�0( :≈Go�θ0> “”(

wAz

∝�0
∝ G

[’�0 √ α̂(�0[
y1F

θ
α̂θ0[e0 :≈� √�0> “6(

1 uA GQN ywFN BO GQN FBUwE JRAzfi NKCwAzRAP wG zR3NENAG EwGNF RA GQN
EwzRwU wAz GEwAFINEFN zRENyGRBAFfi w FRVRUwE OBEVwURFV RF ywUUNz ’NK,
CwAzRAP xBK VBzNU5 “sEwCCRA NG wU– 0882fi sEwCCRA ´ lNUUR 088”(–

cdh�i ...fi 0-7 “1/06(
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JgNEN GgN FCwGRwU PEwzRNAG α̂ RF

α̂ :
0

w

∝

∝a⊙
9xa[

0

x

∝

∝b⊙
9xb[

0

y

∝

∝ M⊙
9xM : I

≈0 √α⊙> “7(

wAz GgN PEwIRGwGRBAwU )NUz e0 FwGRF)NF GgN fBRFFBA&F NDHwGRBA

α̂ √e0 : m�sθ0, “8(

2 xuMD�h DlexTSueM er fDhSThX�SueMi

jgN URANwERFNz NDHwGRBAF wEN

∝∇

∝ G
[ α̂ √�0 : ˙> “0/(

wAz

∝�0
∝ G

[y1F α̂∇ [e0 :≈� √�0, “00(

JgNEN ∇ ’u⊙> G( : θ0’u
⊙> G(.θa’G( RF GgN zNAFRGL yBAGEwFG– jwTRAP

GgN yHEU “α̂�( BO ND– “00( JN BxGwRA GgN NIBUHGRBA BO GgN
IBEGRyRGL ∂∂∂0 : α̂��0fi

∝∂∂∂0

∝ G
:≈Go�∂∂∂0[� √∂∂∂0> “01(

FgBJRAP GgwG wAL RARGRwU IBEGRyRGL RF NAgwAyNz xL GgN yBAfl
GEwyGRBA BO GgN yUBHz “�� ˙(– uO GgN yBAGEwyGRBA RF RFBGEBCRyfi
ND– “01( ENzHyNF GB

∝∂∂∂0

∝ G
:≈1

w̃

w
∂∂∂0> “02(

FgBJRAP GgN GgN IBEGRyRGL RAyENwFNF wF w’G(≈1fi GgN ENINEFN BO
GgN FBflywUUNz ’AwGHEwU zNywL5 BO IBEGRyRGL RA GgN NKCwAzRAP
kARINEFN– � VBEN PNANEwU OBEV BO ND– “02( OBE GgN VNwA IBEfl
GRyRGL ≫∂∂∂1⟨0.1 gwF xNNA BxGwRANz xL eUFBA ´ iwygF “0862(
JgB RAyUHzNz w ABAURANwE GNEV ENCENFNAGRAP GgN xENwTHC BO
UwEPNE NzzRNF RAGB FVwUUNE BANF RA RAyBVCENFFRxUN GHExHUNAyN
“w CEByNFF GgwG GNAzF GB RAyENwFN GgN VNwA IBEGRyRGL(– mgRUN
RA GgN NKCwAzRAP kARINEFN GgN UwGGNE CEByNFF yBVCNGNF JRGg
GgN ’AwGHEwU zNywL5 zHN GB GgN BINEwUU NKCwAFRBAfi RA w yBAfl
GEwyGRAP yUBHz RG wUJwLF UNwzF GB wA HAxBHAzNz RAyENwFN BO
GgN VNwA IBEGRyRGL GgwG xUBJF HC RA w )ARGN GRVNfi RO GgN ,HRz
gwF MNEB IRFyBFRGL “eUFBA ´ iwygF 0862(– jgNFN RzNwF gwIN
xNNA NKCwAzNz xL hBxNEGFBA ´ sBUzENRyg “1/01(–

jwTRAP GgN zRINEPNAyN “α̂√( BA xBGg FRzNF BO ND– “00(
wAz HFRAP ND– “0/(fi JN BxGwRA GgN NIBUHGRBAwEL NDHwGRBA OBE
yBVCENFFRxUN VBzNF “GgwG yBHCUN GB PEwIRGL(

∝ 1∇

∝ G1
≈y1F α̂1∇ ≈m�sθa∇ : 1α̂ √ ’� √�0(, “0W(

YBAFRzNE w FRAPUN rBHERNE VBzN JRGg wVCURGHzN

∇ ’u⊙> G( : r’G(dgg
⊙ √u⊙ > “04(

JgNEN g⊙ RF GgN “yBAFGwAG( yBVBIRAP JwININyGBEfi ENUwGNz GB
GgN CEBCNE “GRVNflzNCNAzNAG( JwININyGBE g’G( xL

g’G( : I≈0’G(g⊙, “0”(

uAFNEGRAP GgRF NKCENFFRBA RA ND– “0W(fi JN BxGwRA

z1r

zG1
[1t

zr

zG
[y1F ’j

1≈j1t (r : ˙> “06(

JgNEN j : {g{fi

t :
0

j1

)

w̃

w
j1a [

x̃

x
j1b [

ỹ

y
j1M

(

:≈0

j

zj

zG
“07(

RF GgN yBAGEwyGRBA EwGNfi wAz

jt’G( :

∫

m�sθx’G(

yF
→ jt>˙∼

wxy
“08(

RF GgN vNwAF JwINAHVxNE– jgN NffiNyG BO GgN yBAGEwyGRBA RF
GB zNyENwFN GgN JwINUNAPGg µ ’G( : 1�.j’G( wAz RAyENwFN GgN
wVCURGHzN “FNyBAz GNEV BA GgN btifi JRGg t � ˙( BO CNEfl
GHExwGRBAF– uO GgN yBVCENFFRBA EwGN RA BAN zRENyGRBA RF VHyg
UwEPNE GgwA RA GgN BGgNE GJBfi CNEGHExwGRBAF PEBJ OwFGNE wUBAP
GgwG zRENyGRBA wAz xNyBVN wFLVCGBGRywUUL GJBflzRVNAFRBAwU–
jgN JwININyGBE BO GgN CNEGHExwGRBAFfi )KNz RA yBVBIRAP yBfl
BEzRAwGNFfi RA CgLFRywU FCwyN xNyBVNF CEBPENFFRINUL wURPANz
JRGg GgN zRENyGRBA BO FGEBAPNE yBVCENFFRBA–

ZN)ARAP GgN IwERwxUN ω wF

zω

zG
: yF

j1’G(

j1t>˙
“1/(

ND– “06( ywA xN JERGGNA RA yBVCwyG OBEV wF

z1r

zω 1
[

)

jt>˙

j

(m

’j1≈j1t (r : ˙> “10(

JgRyg PNANEwURFNF GgN ’xwFRy NDHwGRBA BO OEwPVNAGwGRBA GgNfl
BEL5 xL bLAzNAflnNUU “0862(–

2-. maX wCCEBKRVwGRBA

uO j < jt CNEGHExwGRBAF BFyRUUwGN– uO GgN BFyRUUwGRBA CNERBz RF
VHyg FVwUUNE GgwA GgN yBAGEwyGRBA GRVNfi GgN wVCURGHzN BO
CNEGHExwGRBAF ywA xN NFGRVwGNz xL w man wAwULFRF “FNN N–P–
rwUUN 0861(– �FFHVRAP

r’ω ( : e ’ω (d≈gδ’ω ( “11(

JRGg δ’ω ( BFyRUUwGRAP BA w GRVNFywUN VHyg FVwUUNE GgwA IwERfl
wGRBA BO e ’ω (fi GgN zBVRAwAG GNEVF RA ND– “10( ywA xN NURVRfl
AwGNz xL ygBBFRAP

zδ

zω
:

)

jt>˙

j

(1

’j1≈j1t (
0.1> “12(

JgNENwF GgN ANKG UwEPNFG GNEVF PRIN GgN yBAzRGRBA

e
z1δ

zω 1
[1

z e

zω

zδ

zω
: ˙> “1W(

JgRyg RVCURNF e 1 zδ.zω : yBAFGwAG– rEBV ND– “12(fi BAN GgNA
BxGwRAF

e τ
j

’j1≈j1t (
0.m
, “14(

rBE j≪ jtfi ND– “11( ENCENFNAGF BFyRUUwGRBAF JRGg RAFGwAGwANBHF
OENDHNAyL

∂’G( :
z∞

zG
≡ yFj’G( “1”(

wAz wVCURGHzN RAyENwFRAP wF j’G(0.1– uO GgN yBAGEwyGRBA RF
RFBGEBCRy JRGg FywUN OwyGBE w’G( GgN CNERBz BO GgN BFyRUUwGRBAF
“j≈0 τ w( xNyBVNF CEBPENFFRINUL FVwUUNE GgwA GgN GRVNFywUN
BO GgN IwERwGRBA BO GgN wVCURGHzN “j0.1 τ w≈0.1(fi GgHF VwTRAP
GgN man wCCEBKRVwGRBA IwURz wG wAL GRVNfi RO RG RF FwGRF)Nz
RARGRwUULfi JgNENwF RA yBFVBUBPL GgN man wCCEBKRVwGRBA RF
FwGRF)Nz BAUL wG NwEUL GRVNF “FNNfi N–P– fNNxUNF 087/(– iRVfl
RUwEULfi w man wAwULFRF BO ND– “0/( FgBJF GgwG {�0{ : yF∇ τ
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w≈0.1– uA GgRF wCCEBKRVwGRBAfi yBVCENFFRxUN VBzNF yBAFNEIN
GgN wyGRBA zNAFRGL

� ’G(

∂’G(
: bn�rG,> “16(

JgNEN

� ’G( :
0

1
y1F ∇ 1[

0

1
{�0{1 : y1F∇ 1 “17(

RF GgN NANEPL zNAFRGL BO GgN CNEGHExwGRBAF “nENGgNEGBA ´
swEENGG 08”8fi ZNJwE 086/(–

2-1 iCNyRwU ywFN6 OENNflOwUU BA w CBRAG VwFF

�F wA wCCURywGRBAfi JN NIwUHwGN GgN wVCUR)ywGRBA BO FVwUUfl
FywUN CNEGHExwGRBAF “j ≪ jt( zHERAP FCgNERywU OENNflOwUU BA w
FGwE BO VwFF c/– uA GgRF ywFNfi GgN ,HRz NUNVNAG NKCNERNAyNF
w yBVCENFFRBA RA GgN GEwAFINEFN zRENyGRBAFfi FwL afi bfi wAz w
FGENGygRAP RA GgN EwzRwU zRENyGRBAfi FwL Mfi

w’G( : x’G( : bnr1 ϕ’G( y’G( : 0[
rg�1 ϕ [2ϕ GJ�ϕ

1
> “18(

JgNEN ϕ RF w ’zNINUBCVNAG wAPUN5 EwAPRAP OEBV / GB �.1–
jgN zNINUBCVNAG wAPUN RF ENUwGNz GB GRVN xL

G :
1

�
’ϕ [ rg�ϕ bnrϕ(Gdd> “2/(

JgNEN Gdd : ’�p2˙.7sc/(
0.1 RF GgN OENNflOwUU GRVN BO w ,HRz NUNfl

VNAG RARGRwUUL wG w zRFGwAyN p˙ OEBV GgN FGwE “FNN �CCNAzRK
�1 OBE zNGwRUF(– rEBV ND– “14(fi GgN wVCURGHzN BO w zNAFRGL
CNEGHExwGRBA CEBCwPwGRAP wG wA wAPUN π “)KNz RA GgN yBVBIfl
RAP OEwVN( JRGg ENFCNyG GB GgN EwzRwU zRENyGRBA RAyENwFNF wF

∇ : ∇˙

)

rg�1 π

w1
[

bnr1 π

y1

(0.m

> “20(

JgNEN GgN FywUN OwyGBEF w’G( wAz y’G( wEN PRINA xL ND– “�0/(–
rRP– 0 FgBJF GgN NIBUHGRBA BO ∇ OBE CNEGHExwGRBAF JRGg
JwINAHVxNE EwzRwU “π : ˙( BE GEwAFINEFwU “π : 8˙}(– jgN
zwFgNz URAN FgBJF GgN NIBUHGRBA BO GgN wVCURGHzN OBE w
EwAzBV zRFGERxHGRBA BO JwINAHVxNEF BxGwRANz wINEwPRAP
ND– “20( BINE π – iRAyN w ,HRz NUNVNAG yBAGEwyGF RA GJB zRfl
ENyGRBAF JgRUN RF FGENGygNz RA GgN GgREzfi GgN PEBJGg BO CNEfl
GHExwGRBAF RF ENUwGRINUL FUBJ9 GgN wINEwPN wVCURGHzN zBHxUNF
BAUL wOGNE 84; BO GgN OENNflOwUU yBUUwCFN BO GgN ,HRz NUNVNAG
gwF xNNA yBVCUNGNz– �A NINA FVwUUNE wVCUR)ywGRBA ywA xN
NKCNyGNz RA GgN wyyENGRBA ,BJF BA w )UwVNAGfi RO GgN UwGGNE RF
wCCEBKRVwGNz wF wA RA)ARGN yLURAzNEfi wF yBAGEwyGRBA RA GgRF
ywFN BAUL ByyHEF RA GgN zRENyGRBA CNECNAzRyHUwE GB GgN )Uwfl
VNAG–

uA PNANEwUfi wARFBGEBCRy yBUUwCFN wAz FGENGygRAP BO ,HRz
NUNVNAGF RA ,BJF zERINA xL GgN PEwIRGwGRBAwU )NUz BO VwFF
yBAyNAGEwGRBAF URTN FGwEF BE )UwVNAGF zRUHGN wAz ENGwEz GgN
PEBJGg BO wAL FVwUUflFywUN zNAFRGL.INUByRGL CNEGHExwGRBA RARfl
GRwUUL CENFNAG RA GgN PwF– uA GgN ANKG iNyGRBA JN GHEA GB GgN
yBUUwCFN BO w FGwEUNFFfi FNUOflPEwIRGwGRAP yUBHz yBEN JgNEN GgN
wVCUR)ywGRBA BO CNEGHExwGRBAF RF NKCNyGNz GB ByyHE wG GgN
gRPgNFG CBFFRxUN EwGN–

rgeF�u 04 �VCURGHzN BO zNAFRGL CNEGHExwGRBAF zHERAP FCQNERywU
OENN,OwUU BA w CBRAG VwFFfi OBE CNEGHExwGRBAF JRGQ JwINAHVxNE Ew,
zRwU “π : ˙( wAz GEwAFINEFwU “π : 8˙}(– SQN zwFQNz URAN FQBJF GQN
NIBUHGRBA BO GQN wVCURGHzN OBE w EwAzBV zRFGERxHGRBA BO JwINAHV,
xNEF–

W �ffxuY�SueM Se tecexeseTi

Yexx�fiD

jgN zLAwVRyF BO FGwEUNFF yBENF wCCNwEF GB xN ygwEwyGNERFNz
xL w BINEwUU FUBJ yBAGEwyGRBA EwGgNE GgwA OENNflOwUU yBUUwCFN RA
GgNRE yNAGEwU CwEGF “aNGB NG wU– 1/04fi YwVCxNUU NG wU– 1/0”(–
dNINEGgNUNFFfi GgN FRVCUN VBzNU BO GgN gBVBUBPBHF yBUUwCFN
BO w HAROBEV zNAFRGLfi CENFFHENUNFF FCgNEN yBAGwRAF GgN NFFNAfl
GRwU ygwEwyGNERFGRyF BO ,BJF zERINA xL GgN FNUOflPEwIRGL BO GgN
PwF “mgRGJBEGg ´ mwEzfljgBVCFBA 1//0(– uA wzzRGRBAfi RGF
FRVCURyRGL wUUBJF BAN GB zNERIN wAwULGRywUUL GgN GRVN NIBUHfl
GRBA BO GgN FywUN OwyGBEF ANNzNz GB wCCUL GgN OBEVwURFV BO
RAINEFN tHxxUN ,BJF– uA GgRF VBzNUfi GgN wyyNUNEwGRBA BO GgN
xwyTPEBHAz ENFHUGF OEBV GgN FNUOflPEwIRGL BO GgN yBENfi

α⊙ √ea : m�sθa> “21(

JgNEN θa : θ˙.w
2fi wAz GgN FywUN OwyGBE RF

w’G( : bnr1 ϕ’G(> “22(

JgNEN ϕ RF wPwRA PRINA xL ND– “2/( wAz Gdd : ’2�.21sθ˙(
0.1 RF

GgN OENNflOwUU GRVN “FNN �CCNAzRK �0 OBE zNGwRUF(– uA GgRF ywFN
ND– “06( xNyBVNF

z1r

zϕ1
≈1GJ�ϕ

zr

zϕ
[5

�

j⊙1

j1t>˙
≈ 0

bnr1 ϕ

(

r : ˙, “2W(

jgN NIBUHGRBA BO zNAFRGL CNEGHExwGRBAF zNCNAzF BA GgNRE
RARGRwU FCwGRwU FywUN– YBAFRzNE OBE NKwVCUN GgN NIBUHGRBA BO
FVwUUflFywUNfi vNwAFflFGwxUN CNEGHExwGRBAF JRGg j⊙ ≪ jt>˙– uA w
FGwGRy yUBHzfi FHyg ,HyGHwGRBAF BFyRUUwGN wF FBHAz JwINF JRGg
OENDHNAyL ∂ : yFj– uO GgN yUBHz yBAGEwyGF RFBGEBCRywUUL JRGg
FywUN OwyGBE wfi GgN FRMN BO GgN CNEGHExwGRBA zNyENwFNF wF w “RGF
BFyRUUwGRBA OENDHNAyL RAyENwFRAP wyyBEzRAPUL wF w≈0( xHG GgN
vNwAF UNAPGg zNyENwFNF OwFGNEfi wF yF.

∼
θ − w2.1– jgHFfi wAL

cdh�i ...fi 0-7 “1/06(
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FVwUUflFywUN CNEGHExwGRBA GgwG RF RARGRwUUL URANwEUL FGwxUN wAz
CEBCwPwGNF wF FBHAz JwINF xNyBVNF PEwIRGwGRBAwUUL HAFGwxUN
wG FBVN GRVN Gfo’j

⊙(fi GgwG wCCEBwygNF Gdd wF j⊙ × γ– rEBV
ND– “2W(fi GgRF GRVN yBEENFCBAzF GB bnr1 ϕfo : j1t>˙.j

⊙1– uA GgRF
URVRGfi GgN FBUHGRBA BO ND– “2W( RF

r’ϕ( :
0

bnrϕ
)y0 rg�’�ϕ([y1 bnr’�ϕ(,> “24(

JgNEN �:
∼
5j⊙.jt>˙ ≪ 0fi ENCENFNAGRAP GJB BFyRUUwGRAP VBzNF

“JRGg r’˙( : ˙ wAz zr.zϕ’˙( : ˙fi ENFCNyGRINUL(– �F wAGRyRfl
CwGNz xL GgN man wAwULFRFfi GgN wVCURGHzN BO GgN CNEGHExwfl
GRBAF RAyENwFN wF 0.bnrϕ τ w≈0.1–

�F GgN yBAGEwyGRBA BO GgN yUBHz CEByNNzFfi w zNyENwFNFfi
wAz NINAGHwUUL CNEGHExwGRBAF BA FywUNF CEBPENFFRINUL FVwUU
xNyBVN PEwIRGwGRBAwUUL HAFGwxUN– mgNA j⊙ ′ jt>˙fi ND– “2W(
xNyBVNF

z1r

zϕ1
≈1GJ�ϕ

zr

zϕ
≈ 5

bnr1 ϕ
r : ˙, “2”(

sNANEwU FBUHGRBA BO ND– “2”( wEN JNUU TABJA OEBV yBFVBUBPL
“N–P– dwEURTwE 1//1(– mRGg GgN RARGRwU yBAzRGRBAF wCCEBCERwGN
OBE yUBHz yBUUwCFN GgN FBUHGRBA RF “jBwU%w NG wU– 1/04(fi

r’ϕ( : y0
GJ�ϕ

bnr1 ϕ
[y1

1[ rg�1 ϕ [2ϕ GJ�ϕ

bnr1 ϕ
> “26(

wAz ENCENFNAGF GJB PEBJRAP VBzNF “JRGg r’˙( : ˙ wAz
zr.zϕ’˙( : ˙fi ENFCNyGRINUL(– �FLVCGBGRywUUL OBE G × Gdd xBGg
VBzNF PEBJ URTN w≈2.1 τ ’0≈ G.Gdd(

≈0 “N–P– tHAGNE 08”1(– fNEfl
GHExwGRBAF xNyBVN PEwIRGwGRBAwUUL HAFGwxUN wG w GRVN Gt’µ

⊙(
yBEENFCBAzRAP GB GgN NIBUHGRBAwEL wAPUN

bnrϕt :
µ ⊙

µt>˙
, “27(

jgHFfi RA w OENNflOwUURAP xwyTPEBHAzfi FVwUUflFywUNfi vNwAFflFGwxUN
CNEGHExwGRBAF wEN wVCUR)Nz wF w≈0.1 HAGRU GgNL xNyBVN PEwIfl
RGwGRBAwUUL HAFGwxUN wAz GgNA PEBJ wF w≈2.1fi GgN FwVN EwGN
ygwEwyGNERFRAP GgN NIBUHGRBA BO GgN CwENAG yUBHzfi JgRyg RF
RGFNUO PEwIRGwGRBAwUUL HAFGwxUN “t τ ’0≈ G.Gdd(

≈0(–

W-. eAFNG BO ABAURANwERGL

�F GgN wVCURGHzN BO GgN CNEGHExwGRBAF RAyENwFNFfi GgN URANwE
wCCEBKRVwGRBA xENwTF zBJA wG FBVN CBRAG– bRANwE PEBJGg
GNEVRAwGN JgNA CNEGHExwGRBAF xNyBVN vNwAFflHAFGwxUN wAz
yBUUwCFNfi BE xNyBVN ABAURANwE wG w GRVN G�i wAz FGwEG GB zRFFRfl
CwGN GgNRE NANEPL xL FgByTF– �OGNE G�i GgN NANEPL zRFFRCwGRBA
RF NKGENVNUL EwCRzfi wF FgByTF N3yRNAGUL yBAINEG JwIN NANEPL
RAGB gNwG–

jB NIwUHwGN G�ifi yBAFRzNE OBE FRVCURyRGL w BANflzRVNAFRBAwU
,BJ– uPABERAP CENFFHEN wAz PEwIRGLfi GgN VBVNAGHV NDHwGRBA
“6( ENzHyNF GB

∝H0
∝ G

[
H0

w

∝H0
∝a⊙

:≈tH0, “28(

mRGg GgN GEwAFOBEVwGRBA u0 : wH0 wAz zρ : w≈1zGfi ND– “28(
ywA xN ENJERGGNA RA GgN ANJ IwERwxUNF u0’a

⊙>ρ( wAz ρ wF GgN
FGwAzwEz “RAIRFyRz( nHEPNEF& NDHwGRBA OBE GgN FGwGRy ywFNfi

∝u0
∝ρ

[u0
∝u0
∝a⊙

: ˙, “W/(

jgN PNANEwU “RVCURyRG( FBUHGRBA BO ND– “W/( RF NwFRUL BxGwRANz
JRGg GgN VNGgBz BO ygwEwyGNERFGRyF “FNN N–P– vNffiENL 1//2(9

w INUByRGL CNEGHExwGRBA JRGg RARGRwU wVCURGHzN u0’a
⊙>˙( :

H0’a
⊙>˙( JRUU FGNNCNA JRGg GRVN wAz OBEV w FgByT wG w GRVN

ρ :≈·lg� )zH0’a
⊙>˙(.za⊙,|≈0 → G�i>˙fi JgNEN G�i>˙ RF GgN GRVN OBE

ENwygRAP GgN ABAURANwE FGwPN RA GgN FGwGRy ywFN– uA GgN CENFfl
NAyN BO yBAGEwyGRBAfi ABAURANwERGL GgNENOBEN ByyHEF wG w GRVN
G�i FHyg GgwG
} G�i

˙

zρ

w1
: G�i>˙, “W0(

YUNwEULfi RA GgN ywFN BO yBAGEwyGRBA G�i� G�i>˙fi R–N– CNEGHExwGRBAF
NAGNE GgN ABAURANwE CgwFN NwEURNE GgwA RA GgN FGwGRy ywFN–

uG RF FGEwRPgGOBEJwEz GB NIwUHwGN G�i RA GgN ywFN BO GgN
gBVBUBPBHF yBUUwCFN BO w CENFFHENUNFF FCgNEN– � FRAHFBRzwU
INUByRGL CNEGHExwGRBA JRGg JwINUNAPGg µ ⊙ : 1�.j⊙ wAz RARfl
GRwU wVCURGHzN H˙ xNyBVNF ABAURANwE wAz OBEVF w FgByT wG
G : G�ifi yBEENFCBAzRAP GB GgN NIBUHGRBAwEL wAPUN ϕ�i BxGwRANz
RAGNPEwGRAP ND– “W0(fi

G�i>˙ :
mGdd

�

} ϕ�i

˙

zϕ

bnr1 ϕ
: GJ�ϕ�i, “W1(

rBE G�i>˙ : 0.j⊙H˙fi GgRF RVCURNF

GJ�ϕ�i :
µ ⊙

7GddH˙
, “W2(

jB yBVCwEN G�i wAz Gfofi RF yBAINARNAG GB CwEwVNGERMN GgN
wVCURGHzN BO GgN CNEGHExwGRBAF wF H˙ : E˙yFfi JgNEN E˙

RF GgN RARGRwU IwUHN BO GgN EVF cwyg AHVxNEfi wAz ENJERGN
ND– “W2( wF

GJ�ϕ�i :

)

0∼
5E˙

(

µ ⊙

µt>˙
, “WW(

rRP– 1 FgBJF GgN GRVN G�i wAz Gs wG JgRyg RARGRwUUL vNwAFfl
FGwxUN CNEGHExwGRBAF xNyBVN ABAURANwE wAz PEwIRGwGRBAwUUL
HAFGwxUNfi ENFCNyGRINULfi OBE IwERBHF IwUHNF BO GgN EVF cwyg
AHVxNE ENCENFNAGwGRIN BO GgN UNINU BO ABAflGgNEVwU VBGRBAF
BxFNEINz RA zNAFN yBENFfi JgNEN GLCRywUUL E˙ ≡ ˙,0-0 “cLfl
NEF 0872fi twywE ´ jwOwUUw 1/00(– nBGg G�i wAz Gfo wEN xBHAzNz
OEBV wxBIN xL Gddfi xHG zNCNAz BA GgN “yBVBIRAP( FywUN BO GgN
CNEGHExwGRBA µ ⊙ RA BCCBFRGN JwLF9 Gf RAyENwFNF JRGg zNyENwFfl
RAP µ ⊙fi JgNENwF G�i xNyBVNF FVwUUNE– jgHFfi CNEGHExwGRBAF BA
FH3yRNAGUL FVwUU FywUNF NAGNE GgN ABAURANwE CgwFN JgNA GgNL
wEN FGRUU PEwIRGwGRBAwUUL FGwxUN– rBE NKwVCUNfi RO µ ⊙ : ˙,4µt>˙fi
GgN ABAURANwE FGwPN wAz GgN OBEVwGRBA BO FgByTF RF ENwygNz
wG G�i : ˙,15Gdd wAz G�i : ˙,m6Gdd OBE E˙ : 0 wAz ˙,4fi ENFCNyfl
GRINULfi JNUU xNOBEN GgN CNEGHExwGRBA xNyBVNF PEwIRGwGRBAwUUL
HAFGwxUN wG Gs : ˙,8mGdd–

4 YeMSh�YSuMs Xen cepDx

jB OBUUBJ GgN NIBUHGRBA BO FVwUUflFywUN ABAflFNUO PEwIRGwGfl
RAP CNEGHExwGRBAF HC GB GgN ABAURANwE FGwPN RA w yBAGEwyGfl
RAP xwyTPEBHAz JN HFN C�EHfi w rgnyiflywosHph�f yBzN xwFNz
BA gRPgflBEzNE )ARGNflzRffiNENAyN VNGgBzF OBE GgN NIBUHGRBA
BO yUwFFRy wAz ENUwGRIRFGRy VwPANGRMNz CUwFVwF “bBAzERUUB ´
ZNU pwAAw 1//Wfi ZNU pwAAw NG wU– 1//6fi bwAzR NG wU– 1//–
jgN yBAFNEIwGRIN AwGHEN BO GgN AHVNERywU VNGgBz NVCUBLNz
wHGBVwGRywUUL CENFNEINF VwFFfi VBVNAGHV wAz GBGwU NANEPL
zNAFRGL wyEBFF wAL ,HRz zRFyBAGRAHRGLfi FB GgwG GgN wCCEBCERfl
wGN wVBHAG BO zRFFRCwGRBA RF RAGEBzHyNz wG FgByTF GB ywCGHEN
GgNRE CENyRFN UBywGRBAF wAz GB NAFHEN GgN yBEENyG SHVC BO
NAGEBCL–

cdh�i ...fi 0-7 “1/06(



5 o- Snbf cs uT-

rgeF�u 14 ZHERAP GQN yBUUwCFN BO w CENFFHENUNFF yUBHzfi w URANwE
CNEGHExwGRBA JRGQ yBVBIRAP JwINUNAPGQ µ ⊙ xNyBVNF ABAURANwE wG
w GRVN G�i “ytEINF UvaNUUNz `FgnyS5( wAz PEwIRGwGRBAwUUL HAFGwxUN
wG w GRVN Gs “ytEIN UvaNUUNz `OEvI- hAFG-5(– mwINUNAPGQ RF RA HARGF
BO GQN vNwAF JwINUNAPGQ µt>˙ wAz GRVN RF RA HARGF BO GQN yUBHz&F
OENN,OwUU GRVN Gdd– SQN ABA,URANwE GRVN RF FQBJA OBE GQENN IwUHNF BO
GQN RARGRwU cwyQ AHVxNE BO GQN CNEGHExwGRBAFfi E˙ : 0fi E : ˙,4
wAz E˙ : ˙,0– SQN ywFN BO µ ⊙ : ˙,4µt>˙ RF FQBJA wF wA NKwVCUNı
GQN ABAURANwE CQwFN RF ENwyQNz xNOBEN GQN PEwIRGwGRBAwU RAFGwxRURGLfi
HAUNFF GQN CNEGHExwGRBAF QwIN cwyQ AHVxNE xNUBJ − ˙,0–

jgN yBzN JBETF RA PNANEwU yBBEzRAwGN FLFGNVFfi RAyUHzfl
RAP NIBUIRAP VNGERyFfi FB GgwG RG ywA xN NwFRUL wzwCGNz GB NKfl
CwAzRAP BE yBAGEwyGRAP AHVNERywU xBKNFfi wF zBAN ENyNAGUL OBE
w yBVCENgNAFRIN FGHzL BO GgN ABAURANwE NIBUHGRBA BO �UOI%NA
JwINF RA GgN NKCwAzRAP FBUwE JRAz CUwFVw RA GgN ywFN BO w
HAROBEV xwyTPEBHAz FCNNz “ZNU pwAAw NG wU– 1/04(– tNEN GgN
VNGgBz gwF xNNA NKGNAzNz GB wAL FCwGRwU VNGERy BO GgN TRAz

fg i : cgJf)w1’G(>x1’G(>y1’G(,> “W4(

UNwzRAP GB wCCEBCERwGN FBHEyN GNEVF RA GgN “yBAFNEIwGRIN(
gLzEBzLAwVRyF NDHwGRBAF yBAGwRARAP GRVN zNERIwGRINF BO GgN
wxBIN VNGERy OHAyGRBAF–

uA GgN FRVHUwGRBAFfi JN gwIN wFFHVNz wA RFBGEBCRy yBAfl
GEwyGRBA “w: x: y( OEBV G : ˙ GB G : Gb JRGg FywUN OwyGBE

w’G( :

)

0≈ G

Gb

(ξ

, “W”(

jgN EwAPN BO ξ BO CgLFRywU RAGNENFG RF ˙ � ξ � 1.2fi JgRyg
NAyBVCwFFNF GgN ywFN BO w FGwGRy xwyTPEBHAz “ξ : ˙(fi w DHwFRfl
FGwGRy yBUUwCFN “˙�ξ � 1.2(fi w zLAwVRywU yBUUwCFN “ξ : 1.2(–
mN wUFB yBAFRzNE GgN URANwE ywFN ξ : 0– rRP– 2 wAz W FgBJ GgN
NIBUHGRBA BO GgN zNAFRGL yBAGEwFGfi ABEVwURFNz GB GgN RARGRwU
IwUHNfi OBE GgN ξ : 1.2 wAz ξ : 0fi ENFCNyGRINULfi BxGwRANz JRGg
w YwEGNFRwA xBK BO 4012 PERz CBRAGF– uA GgN FRVHUwGRBAFfi OBE
w PRINA ξ JN )K GgN RARGRwU wVCURGHzN BO GgN CNEGHExwGRBAF
GB ∇˙ : ˙,0 wAz GwTN wF ENONENAyN GRVN GgN ABAURANwE GRVN
G�i>˙ OBE GgN FGwGRy ywFN– mN GgNA yBAFRzNE IwERBHF yBAGEwyGRBA
GRVNFfi Gb.G�i>˙ : 1˙fi 0/fi 1fi 0–14 wAz JN OBUUBJ GgN NIBUHGRBA BO
CNEGHExwGRBAF JRGg GRVN– mN gwIN EHA GgN FwVN FRVHUwGRBAF

rgeF�u 24 SRVN NIBUHGRBA BO GQN EVF wVCURGHzN BO zNAFRGL CNE,
GHExwGRBAF RA w RFBGQNEVwU PwF yBAGEwyGRAP RFBGEBCRywUUL JRGQ GQN
FywUN OwyGBE BO ND– “W”( JRGQ ξ : 1.2 “ywFN BO zLAwVRywU yBAGEwy,
GRBA( OBE IwERBHF IwUHNF BO Gb “GghyS UhANF(– SGRVN RF RA HARGF BO G�i>˙fi
GQN ABAURANwE GRVN OBE GQN FGwGRy VBzNU– � zhvVnAz VwETF GQN
CBFRGRBA BO G�i PRINA xL ND– “W6(fi wAz GghA UhANF FQBJ GQN NIBUHGRBA
BO GQN wVCURGHzN RA GQN maX wCCEBKRVwGRBA– rBE G < G�i FQByTF
wEN OBEVNz wAz GQN JwINF zRFFRCwGN–

JRGg RAyENwFRAP FCwGRwU ENFBUHGRBAFfi BxFNEIRAP GgwG OBE 4012

PERz CBRAGF yBAINEPNAyN JwF )AwUUL wygRNINz– mRGg GgN FywUN
OwyGBE PRINA xL ND– “W”(fi GgN CNEGHExwGRBAF wEN NKCNyGNz GB
xNyBVN ABAURANwE wG w GRVN G�i PRINA xL ND– “W0(fi

G�i

G�i>˙
:

Gb

G�i>˙

)

0≈
)

0≈ ’0≈1ξ(
G�i>˙

Gb

[0.’0≈1ξ(
{

, “W6(

jgHFfi GgN zNywL BO CNEGHExwGRBAF yBEENFCBAzF GB GgN CgLFRfl
ywUUL yBEENyG wVBHAG BO TRANGRy NANEPL zRFFRCwGRBA yBVCwGRxUN
JRGg GgN φ : 0 wzRwxwGRy RAzNK wzBCGNz RA BHE FRVHUwGRBAF–

�F FgBJA xL rRP– 2fi GgN NIBUHGRBA BO CNEGHExwGRBAF zNfl
CNAz BA GgN GRVN FywUN BO GgN yBAGEwyGRBA BO GgN xBK– jgN
PEBJGg CgwFN OBUUBJF FGERyGUL GgN wzRwxwGRy wCCEBKRVwGRBA
∇ τ w’G(≈0.1 HAGRU ABAURANwE NffiNyGF ENFHUG RA FGNNCNARAP BO
GgN JwINF wAz OBEVwGRBA BO FgByTF– jgN wAwULGRywU NKCENFfl
FRBA ND– “W6( xwFNz BA GgN BANflzRVNAFRBAwU RAIRFyRz nHEPNEF&
NDHwGRBA CENzRyGF GgN NAz BO GgN wzRwxwGRy CgwFN wAz GgN xNfl
PRAARAP BO GgN zRFFRCwGRIN CgwFNfi RA PBBz wPENNVNAG JRGg GgN
AHVNERywU ENFHUGF– jgN )PHEN FgBJF GgwG G�i RF yBAFRzNEwxUL
ENzHyNz JRGg ENFCNyG GB GgN FGwGRy ywFN RO GgN yBAGEwyGRBA Byfl
yHEF BA w GRVN FywUN BO GgN BEzNE BO w ONJ G�i>˙– uO Gb ≡ G�i GgN
wVCUR)ywGRBA zHN GB yBAGEwyGRBA EBHPgUL xwUwAyNF GgN zNywL
zHN GB zRFFRCwGRBAfi VwRAGwRARAP wA wUVBFG yBAFGwAG IwUHN BO
GgN EVF BO zNAFRGL “wAz INUByRGL( CNEGHExwGRBAF–

5 puiYTiiueM �Mp YeMYxTiueMi

mN gwIN yBAFRzNENz GgN NIBUHGRBA BO FVwUUflFywUN gLzEBzLfl
AwVRy CNEGHExwGRBAF RA w yBAGEwyGRAP yBENfi PNANEwURFRAP GgN
wAwULGRywU wCCEBwyg zNINUBCNz RA yBFVBUBPL OBE GgN NKfl
CwAzRAP kARINEFN GB GgN ywFN BO wExRGEwEL wARFBGEBCRy RAfl
INEFN tHxxUN ,BJF– uA PNANEwUfi PEwIRGLflzERINA wARFBGEBCRy
,BJFfi wF GgBFN ygwEwyGNERFRAP GgN wyyENGRBA BAGB CBRAGflURTN
BE )UwVNAGflURTN VwFF yBAyNAGEwGRBAF wEN UNFF NffiNyGRIN GgwA
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rgeF�u i4 iwVN wF rRP– 2 OBE ξ : 0–

RFBGEBCRy ,BJF zERINA xL GgN FNUOflPEwIRGL BO w yUBHz yBEN RA
GgN wVCUR)ywGRBA BO zNAFRGL wAz INUByRGL CNEGHExwGRBAFfi zHN
GB GgN zRUHGRAP NffiNyG BO GgN FGENGygRAP BO ,HRz NUNVNAGF RA
GgN zRENyGRBA BO GgN ,BJ–

qINA RA GgN RFBGEBCRy ywFNfi gBJNINEfi GgNEN wEN BxIRfl
BHF zRffiNENAyNF JRGg GgN NKCwAzRAP kARINEFNfi JgNEN xBGg
FBUNABRzwU wAz yBVCENFFRxUN VBzNF zNywL xNywHFN BO GgN NKfl
CwAFRBA BO GgN kARINEFNfi UNwIRAP BAUL GgN PEwIRGwGRBAwU RAfl
FGwxRURGL GB CEBVBGN GgN OBEVwGRBA BO FHxFGEHyGHENF– uA w
yBAGEwyGRAP yUBHzfi FBUNABRzwU wAz yBVCENFFRxUN CNEGHExwGRBAF
PEBJ JRGg GRVNfi GgN OBEVNE OwFGNE GgwA GgN UwGGNE “wF w≈1

BE OwFGNEfi RA GgN RFBGEBCRy ywFN(fi CEBVBGRAP GgN GgN OBEVwfl
GRBA BO IBEGNK FGEHyGHENF CENONENAGRwUUL wURPANz GB GgN zRENyfl
GRBA BO OwFGNE yBAGEwyGRBA– jgRF CEByNFF VwL yENwGN UBywU NAfl
gwAyNVNAGF BO wAPHUwE VBVNAGHV NINA RA GgN wxFNAyN BO
wAL xHUT EBGwGRBA BO GgN yBENfi wAz yBEN OEwPVNAGwGRBA VwL
CEByNNz OEBV GgN xENwTflHC BO EBGwGRBAwUUL FHCCBEGNz FHxfl
FGEHyGHENFfi wF OBHAz N–P– RA GgN FRVHUwGRBAF xL sBBzJRA NG
wU– “1//W(– YBAINEFNULfi GgN wVCURGHzN BO yBVCENFFRxUN VBzNF
RA GgN man wCCEBKRVwGRBA PEBJF wF w≈0.1 RA GgN RFBGEBCRy
ywFNfi yBAFNEIRAP GgN JwIN wyGRBA zNAFRGL– jgNFN VBzNF yBHfl
CUN GB GgN PEwIRGwGRBAwU )NUzfi wAz xNyBVN PEwIRGwGRBAwUUL HAfl
FGwxUN wF GgN vNwAF UNAPGg CEBPENFFRINUL FgERATF “wF UBAP wF
GgN yBUUwCFN RF RFBGgNEVwU(fi UNwzRAP GB OEwPVNAGwGRBA– tBJfl
NINEfi GgN wyGHwU OwGN BO yBVCENFFRxUN CNEGHExwGRBAF zNCNAzF
RA PNANEwU BA GgNRE JwINUNAPGg wAz wVCURGHzNfi wAz RF yBAfl
GEBUUNz xL GgN ENUwGRIN IwUHNF BO FNINEwU GRVNFywUNF9 GgN GRVN
GB ENwyg GgN ABAURANwE FGwPN G�ifi GgN GRVN wG JgRyg CNEGHEfl
xwGRBAF xNyBVN PEwIRGwGRBAwUUL HAFGwxUN Gfofi wAz GgN PUBxwU
yBUUwCFN GRVN FywUN BO GgN xwyTPEBHAz– jgN ABAURANwE GRVN RA
w yBUUwCFRAP yUBHzfi xBHAzNz OEBV wxBIN xL GgN OENNflOwUU GRVN
Gddfi RF FgBEGNE GgwA RA w FGwGRy xwyTPEBHAzfi wAz ywA xN NFGRfl
VwGNz wAwULGRywUUL BA GgN xwFRF BO w BANflzRVNAFRBAwU nHEPfl
NEF& NDHwGRBA VBzR)Nz xL GgN yBAGEwyGRBA– rBE GgN GLCRywU
wVCURGHzNF BO INUByRGL CNEGHExwGRBAF BxFNEINz RA yUBHz yBENF
“∇H.yF ≡ ˙,4-0(fi RA PNANEwU G�i � Gfofi zNCNAzRAP BA GgNRE JwINfl
UNAPGg– eAUL CNEGHExwGRBAF BA FywUNF UwEPNE GgwA − 7˙-8/;
BO GgN RARGRwU vNwAF UNAPGg “GgNENOBEN BO GgN BEzNE BO GgN FRMN
BO GgN yBEN(fi xNyBVN vNwAFflHAFGwxUN RA GgN URANwE CgwFN– jgN
BGgNEF OBEV FgByT wAz FGwEG GB zRFFRCwGN GgNRE NANEPLfi NFGwxfl

URFgRAP w yBVCNGRGRBA JRGg GgN ’wzRwxwGRy gNwGRAP5 ENFHUGRAP
OEBV yBAGEwyGRBA–

jgRF FyNAwERB xwFNz BA wAwULGRywU ENFHUGF RF FHCCBEGNz
xL OHUUL GgENNflzRVNAFRBAwU AHVNERywU ywUyHUwGRBAF CNEOBEVNz
JRGg GgN gLzEBzLAwVRywU yBzN C�EH– jgNFN FRVHUwGRBAF yBAfl
)EV GgwG RARGRwUUL URANwE CNEGHExwGRBAF RA w xBK yBAGEwyGRAP
RFBGEBCRywUUL RAyENwFN GgNRE wVCURGHzN wF CENzRyGNz xL GgN
man wAwULFRF HC GB GgN GRVN G�i– �F FgBJA xL GgN FRVHUwfl
GRBAFfi G�i VwETF GgN BAFNG BO w CgwFN BO zNywL BO GgN CNEGHExwfl
GRBAF& wVCURGHzN zHN GB FGEBAP NANEPL zRFFRCwGRBA xL FgByTF–
uO GgN EwCRz wVCURGHzN zNywL OBUUBJRAP G�i FHPPNFGNz xL GgN
AHVNERywU ywUyHUwGRBAF RF ENCENFNAGwGRIN BO GgN zRFFRCwGRBA RA
yUBHz yBENfi RG RF HAURTNUL GgwG FVwUUflFywUN CNEGHExwGRBAF ywA
FHEIRIN GB GgN CBRAG BO xNyBVRAP FNUOflPEwIRGwGRAP wAz HAfl
FGwxUN– kAzNE GgNFN yREyHVFGwAyNFfi VHUGRCUN OEwPVNAGwGRBA
RA yBENF RF URTNUL wygRNINz xL GgN PEBJGg wAz FHxFNDHNAG
xENwTHC BO FBUNABRzwUfi EwGgNE GgwA yBVCENFFRxUNfi FVwUUflFywUN
CNEGHExwGRBAFfi NRGgNE GgEBHPg GgN OEwPVNAGwGRBA BO zRFTflURTN
FGEHyGHENF “sBBzJRA NG wU– 1//W(fi BE xL GgN wyyHVHUwGRBA BO
VwFF wG GgN xBHAzwEL xNGJNNA ANwExL wAGRflCwEwUUNU IBEGRyNF
“YUwETN NG wU– 1/06(– tBJNINEfi RG FgBHUz xN TNCG RA VRAz
GgwG IBEGRyNF wEN NwFRUL zRFEHCGNz xL wAL UwEPNflFywUN VwPfl
ANGRy )NUz zHN GB VwPANGRy FGENFFNF wFFByRwGNz GB yHEENAG
FgNNGF wG GgNRE NzPNF “rEwAT NG wU– 088”fi fwUBGGR NG wU– 1//7(fi
wA wFCNyG GgwG FgBHUz xN wzzENFFNz RA OHGHEN JBETF– rEBV
GgN BxFNEIwGRBAwU FRzNfi RG JBHUz xN zNFREwxUN GB NKCUBRG GgN
ywCwxRURGRNF BO FHxVRUURVNGEN RAGNEONEBVNGNEF URTN �bc� GB
yBAFGEwRA GgN UNINU BO OEwPVNAGwGRBA RA FGwEUNFF yBENFfi CNEfl
OBEVRAP xBGg gRPgflFNAFRGRIRGL zHFG yBAGRAHHV NVRFFRBA wAz
VBUNyHUwE URAN BxFNEIwGRBAFfi GB CEBxN GgN zNAFRGL FGEHyGHEN
wAz GgN IBEGRyRGL )NUz CERBE GB GgN OBEVwGRBA BO w VHUGRCUN
FGNUUwE FLFGNV BE w yUHFGNE–

�YaMemxDpsDcDMSi

Yj wyTABJUNzPNF w YudqY� wJwEz HAzNE GgN uiYh� RARfl
GRwGRIN “CEBSNyG uiYh� YfljkhYeb tf0/Y2cntfi OBE GgN
wIwRUwxRURGL BO gRPg CNEOBEVwAyN yBVCHGRAP ENFBHEyNF wAz
FHCCBEG– bZp wAz ib wyTABJUNzPN FHCCBEG OEBV GgN fhudfl
cukh CEBSNyG CEBG– 1/04b4qq1o cHkshflrywkM rhlHkwshn�r ne

ghfgflM�Mpfb wrspnogbrhywk okwrlwr– jgN wHGgBEF GgwAT fwBUw
YwFNUURfi hBUwAz sEwCCRAfi lRyGBE cBAGwPHzflYwVCFfi cwEyB
lNUUR wAz cwUyBUV mwUVFUNL OBE FGRVHUwGRAP zRFyHFFRBAF–

hDrDhDMYDi
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418
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�. tBVBUBPBHF yBUUwCFN BO w CENFFHENUNFF FCgNEN

YBAFRzNE w yUBHz BO VwFF c wAz HAROBEV zNAFRGL θ˙ yBUUwCFfl
RAP RA OENNflOwUU– jgN VwFF c’p˙( RAFRzN w EwzRHF p˙ RF c’p˙( :
’m�.2(θ˙p

2
˙fi wAz GgN OENNflOwUU GRVN RF Gdd : ’2�.21sθ˙(

0.1fi RAfl
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