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There has been a significant interest in modifications of the standard A Cold Dark Matter (ACDM)
cosmological model prompted by tensions between certain datasets, most notably the Hubble ten-
sion. The late-time modifications of the ACDM model can be parametrized by three time-dependent
functions describing the expansion history of the Universe and gravitational effects on light and mat-
ter in the Large Scale Structure. We perform the first joint Bayesian reconstruction of these three
functions from a combination of recent cosmological observations, utilizing a theory-informed prior
built on the general Horndeski class of scalar-tensor theories. This reconstruction is interpreted in
light of the well-known Hy, the Ss and the A tensions. We identify the phenomenological features
that alternative theories would need to have in order to ease some of the tensions, and deduce im-
portant constraints on broad classes of modified gravity models. Among other things, our findings
suggest that late-time dynamical dark energy and modifications of gravity are not likely to offer a
solution to the Hubble tension, or simultaneously solve the Ar, and Ss tensions.

Despite the success of the A Cold Dark Matter
(ACDM) model in fitting a multitude of cosmological
data, there are good reasons to keep an open mind about
its possible extensions. Chief among them is the lack of
satisfactory understanding of its two key ingredients: A
and CDM. Another reason is the improving depth and
resolution of cosmological surveys across a wide range of
wavelengths, opening qualitatively new ways of testing
the model and some of its fundamental principles, such
as the validity of General Relativity (GR) over cosmo-
logical distances [1-3]. Finally, with the increased con-
straining ability of different types of measurements, a few
notable tensions have recently emerged between some of
the datasets when interpreted within ACDM.

Most actively discussed is the “Hubble tension”, re-
ferring to the 50 disagreement between the value of the
Hubble constant predicted by the ACDM model fit to
cosmic microwave background (CMB) measurements [4]
and the most recent direct determination from Cepheid
calibrated type IA Supernova (SN) [5]. The Hy obtained
using alternative methods of calibrating SN have larger
uncertainties at this time but promise to become much
more precise in the future. They also yield higher val-
ues of Hy [6], although some are in a better agreement
with CMB [7, 8]. Another well-known tension is the
disagreement in the galaxy clustering amplitude, quan-
tified by the parameter Ss, predicted by the best fit to
CMB and that measured by galaxy weak lensing sur-
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veys, such as the Dark Energy Survey (DES) [9], the
Kilo-Degree Survey (KiDS) [10] and the Subaru Hyper
Suprime-Cam (HSC) survey [11]. In addition, the CMB
temperature anisotropy measured by Planck appears to
be more affected by weak gravitational lensing than ex-
pected in ACDM [4]. Various extensions of ACDM have
been proposed with the aim of relieving some of these
tensions, including modifications of GR [6]. The possi-
ble role of systematics in these tensions has also been
studied [12, 13].

GR is one of the most successful physical theories, hav-
ing passed many tests in Earth-based laboratories and
the Solar system [14] and, more recently, having been val-
idated by observations of gravitational waves from binary
black holes and neutron stars [15, 16], and the imaging of
the black hole in M87 [17]. None of these tests, however,
probe GR on cosmological scales, where gravity, rather
than being sourced by massive objects, is characterized
by the Hubble expansion of the universe. The discovery
of the acceleration of cosmic expansion [18, 19], which,
within GR, implies the existence of mysterious dark en-
ergy (DE), along with the older puzzle concerning the
vacuum energy and whether it gravitates (i.e. the old
cosmological constant problem [20]), prompted signifi-
cant interests in possible alternatives of GR, commonly
referred to as modified gravity (MG). While no preferred
alternative has emerged so far, significant progress has
been made over the past decade and a half in identify-
ing the key requirements of a successful theory. Many
of the earlier MG models were shown to be specific re-
alizations from a general class of scalar-tensor theories
with second order equations of motion, discovered by
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Horndeski in 1974 [21]. A broad understanding was also
achieved of the possible ways in which MG effects can be
screened in order to comply with the many stringent tests
of GR [2, 22-25]. The resulting theoretical landscape is
rich and complex, but the emergence of phenomenologi-
cal and unifying frameworks [26-32], and their numerical
implementations [33—-36], helped to identify the key sig-
natures and sets of promising cosmological probes.

What can cosmology tell us about gravity? The ob-
servable universe is homogeneous and isotropic on large
scales, well-described by the flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric with line element
ds? = —dt? + a(t)?dx?, where a(t) is the scale factor de-
scribing the background expansion. The evolution of the
latter is determined by the Friedmann equation, which
can, in general, be written as

d(l 2 Qr Qm
<dt) = a’H} |:a4+a3+Qx(a) ; (1)

where Hgy is the Hubble constant, €, and (Q,, are the
current fractional energy density in relativistic and non-
relativistic particle species, and Qx(a) = px(a)/pihi
represents the effective DE density that has a current
fraction Qpg, i.e., Qx(a) = Qpg at a = 1, so that,
at present, we have Q, + Q,, + Qpg = 1. In ACDM,
DE corresponds to the cosmological constant, A, and
Qx (a) = const; more generally, Qx (a) describes the col-
lective contribution of any terms other than the radiation
and matter densities, including modifications to gravity
that would imply a modified Friedmann equation and the
possibility of a non-zero curvature term, Q/a?. Check-
ing if Qx(a) = const throughout the history of the uni-
verse is a key test of the flat ACDM model. Most studies
of DE in the literature do so focusing on the equation of
state of DE, w(a) = (1/3)dInQx(a)/dIna — 1, looking
for departures from wp = —1. In MG theories, however,
the effective DE density can pass through zero, making
w singular.

On smaller scales, inhomogeneities become important.
In the Newtonian gauge, focusing on scalar components,
the perturbed FRW line element reads

ds* = —(1 + 2¢)dt* + a*(1 — 2¢)dx? | (2)

where ¢ = ¢(t,x) and ¢ = ¢(t,x) correspond to the
Newtonian potential and spatial curvature inhomogene-
ity, respectively. A theory of gravity, such as GR, pro-
vides a set of equations that relate these metric perturba-
tions to the inhomogeneities in matter. At linear order,
they can be written in Fourier space as (neglecting the
anisotropic stress contribution from radiation)

K = —4nGu(a, k)a’pA | 3)

k2(¢ + 'l/})/Q = _47TGE(G'7 k)asz ) (4)

where G is the Newton’s constant, k is the Fourier
wavenumber, p is the background density of matter and
A is the comoving matter density contrast. The phe-

nomenological functions p and 3 are defined by the rela-
tions above, and are both equal to unity in ACDM. The

Weyl potential, (¢ + 1)/2, determines the trajectories
of light, probed by weak gravitational lensing (WL) of
galaxies or CMB, while v is the potential felt by non-
relativistic matter, determining the peculiar velocity of
galaxies observed via redshift space distortions (RSD).
Thus, combining WL and RSD probes, along with other
cosmological data, provides a way of measuring p and
3 [26, 28, 37]. A related commonly used phenomenolog-
ical function is the gravitational slip,

: (5)

which is equal to unity in GR. The slip is a “smoking
gun” of MG, as any evidence of u # 3, or v # 1, would
signal a breakdown of the equivalence principle — a key
prediction of GR. The slip is also intimately related to
the speed of gravitational waves, ¢r [38]. In addition, any
departure of p or ¥ from unity would be a signature of
new interactions or particle species. Furthermore, broad
subsets of the Horndeski class of theories can be ruled
out depending on the measured values of 4 and ¥ [39].

In Horndeski theories, 1 and X are ratios of second or-
der polynomials in k [40], with the k-dependence set by
the Compton wavelength of the scalar field. For scalar-
tensor theories to be viable, while still having cosmo-
logical signatures, they must include a screening mecha-
nism that restores GR in the Solar System. There are
two broad types of screening mechanisms: Vainshtein
and Chameleon [2, 22-25]. The Compton length tends
to be either comparable to the Hubble scale, in the for-
mer case, or below 1 Mpc in the latter. Since, either
way, the scale-dependence is outside the range probed by
large scale structure surveys within the linear perturba-
tion theory, we do not consider the k-dependence of u
and X, focusing solely on their evolution with redshift.
This also helps to reduce the computational costs.

Fig. 1 shows the joint reconstruction of Qx(z), u(z)
and X(z) from a combination of CMB, Baryon Acoustic
Oscillations (BAO), SN, WL and RSD data, along with
the derived reconstruction of 4(z). The reconstruction
is performed with and without a theoretical prior, de-
rived previously from simulations of Horndeski theories
[41]. One can clearly see the important role played by
the theory prior in preventing over-fitting the data. This
is particularly true for Qx (z), which exhibits oscillations
at 0 < z < 0.6 driven by the scatter in the BAO and SN
data, which are then completely suppressed by the prior.
Overall, the reconstructed §2x(z) is consistent with the
ACDM prediction, especially with the prior.

The signal-to-noise ratio of the detection of deviation
from ACDM (see Methods for details) is 2.9 (1.3), 1.7
(1.6), 2.4 (2.3) and 1.9 (1.8) for Qx, p, ¥ and ~, respec-
tively, without the prior (with the prior). The total x?
value is improved by 16.5 (3.9) compared with ACDM
without the prior (with the prior). The significance of
the detection generally drops after including the Horn-
deski prior, most notably for Qx. The most persistent
deviation is in ¥ driven by the CMB lensing anomaly, as



FIG. 1. Reconstructed evolution of Qx(z), pu(z) and 3(z),
along with the derived reconstruction of v(z), from the Base-
line+LSS data, with and without the Horndeski prior. The
bands show the 68% confidence level regions derived from the
marginalized posterior distributions of the individual nodes.
The two vertical lines show the redshifts of equality between
the matter and DE densities, z.q, and the beginning of cosmic
acceleration, zacc, in the best fit ACDM model.

discussed in the following section.

The reconstructed evolution of y in Fig. 1 shows a clear
preference for p > 1 at low z, and a weak trend for p < 1
at higher z. The p > 1 trend is caused by the positive
correlation between p and 3, while the reasons for 3 > 1
will be discussed in the next subsection in the context
of the CMB lensing tension. Since p directly affects the
growth of gravitational potential, the p < 1 trend at
higher z is there to compensate for p > 1 at lower z in
order to keep the clustering amplitude Sg consistent with
the data.

The reconstructed shape of ¥(z) shows interesting de-
partures from ACDM, generally preferring ¥ > 1. The
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FIG. 2. Reconstruction of ¥(z) from Baseline+LSS, with

the Horndeski prior, with and without varying the TT lensing
amplitude parameter Ar.

increase in Y at lower redshifts helps to better fit the large
scale power deficit in the CMB temperature anisotropy
spectra (TT), as it reduces the Integrated Sachs Wolfe
(ISW) effect by slowing the decay of the gravitational
potentials caused by cosmic acceleration. At higher red-
shifts, ¥ > 1 is caused by the weak lensing anomaly in the
Planck TT [4], with the larger 3(z) helping to boost the
Weyl potential responsible for smoothing of the acoustic
peaks in TT. However, as one can see from Table II of
Supplemental Information (SI), this worsens the fit to the
CMB lensing part of Planck (increased xZ,p;.), suggest-
ing that the anomaly is caused by something other than
a deficit of weak lensing. Performing our analysis while
allowing the TT lensing amplitude Ay, [42] to be a free
parameter brings the high z values of X(2) back to unity,
as one can see from Fig. 2. Additional discussion of the
lensing anomaly and the other tensions, and their impact
on the reconstruction is presented in the SI Section II C.

The analysis above shows that MG can, in principle,
help to solve the TT lensing anomaly if > > 1. However,
this has an important implication for the Sg tension as
shown in Fig. 3. The matter clustering amplitude quan-
tified by the Sg parameter is related to the amplitude of
the Weyl potential, which in our analysis is directly im-
pacted by . Thus, the parameter combination that is
best constrained by WL surveys, such as DES; is (X)Ss,
where (X) is the value averaged over the redshift range
probed by the given survey. Thus, while MG can lower
Sg by allowing for ¥ > 1 to fit the TT lensing anomaly,
(32)Ss would still remain in tension with the DES value.
However, if one “solves” the CMB lensing anomaly by
allowing for Ar, to be free, ¥ returns to its GR value
as shown in Fig. 2, and the lower Sg value restores the
agreement with DES for (3)Ss. This implies that MG



FIG. 3. The 68% and 95% confidence level contours for Qas,
(X)Ss and Ho derived from the combination of all data with
the Horndeski prior, with and without the SHOES prior on
Msn and the added TT lensing anomaly parameter Ar,. The
blue contours show the ACDM best fit, while the grey bands
show the constraint on Hy obtained by the SHOES collabora-
tion and (3)Ss obtained by DES.

cannot solve the TT lensing anomaly and the Sg tension
simultaneously.

What about the Hy tension? Fig. 4 demonstrates the
general difficulty in solving the Hubble tension by allow-
ing for an evolving DE at low redshifts. In particular, one
can see the clear separation between the BAO data clus-
ter, aligned along the upper grey band, corresponding to
the luminosity distances calibrated on the Planck best-fit
ACDM model, i.e., using the sound horizon determined
by Planck CMB measurements, and the SN data cluster,
aligned along the lower grey band, corresponding to the
Cepheid based calibration by SHOES. Adding the SHOES
prior on Mgn to the data brings the reconstructed ex-
pansion history closer to the lower band, but it is still far
from a good agreement. The posteriors for Hy are shown
in Fig. 3. We find Hy = 69.7+£1.4 km/s/Mpc from the fit
to Baseline+LSS+ Mgy with the Horndeski prior and Ay,
which is within 20 of the SHOES value of Hy = 73.2+1.3
km/s/Mpc. However, as one can see from Table IV in
SI, the value of x2%, remains high and the “easing” of the
tension comes at the cost of a significant increase in the
uncertainty of Hyp.

One can make several useful deductions about MG the-
ories by comparing our reconstructions to the expressions
for p, ¥ and « derived in Horndeski theories under the
quasi-static approximation. It is helpful to consider the

0.1
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— with Horndeski prior BAO

FIG. 4. The luminosity distances predicted by the Baseline
best fit ACDM (shown as a grey band around 0) compared to
the Pantheon SN data calibrated using the SHOES measure-
ment of Msn. The lower grey band shows the errors in the
measurements of Msn. Also shown are the BAO data points
with the standard ruler calibrated on the Baseline ACDM
model. The clear separation between the two grey bands il-
lustrates the Hubble tension, while the gap between the two
clusters of data demonstrates the difficulty of solving it with
dynamical DE without violating the agreement with either
BAO or SN.

expression for v(z) in the small and large & limits [39, 43],

R 1/c2., kE—0
TN+ BB /(B +BE), k= oo

where cr is the speed of gravitational waves, while g
and (¢ represent two different ways of coupling the metric
and the scalar field, manifested as a “fifth” force felt by
matter particles. These limiting expressions show why
the gravitational slip is considered a smoking gun of MG.
In the context of Horndeski theories, v # 1 can be due
to a modified cr [38], a fifth force, or both. Since the
multi-messenger observations of gravitational waves from
binary neutron stars [16, 44] found ¢r = 1 at z ~ 0, one
would conclude that the observed v # 1 implies evidence
for a fifth force at low redshifts.

The reconstructed ~(z) in the bottom panel of Fig. 1
evolves from v > 1 at higher z to v < 1 at lower z, with
the transition happening around the epoch of onset of
cosmic acceleration. While the significance of the v # 1
detection is less than 20, it is still interesting to consider
its implications for Horndeski theories. It would rule out
models with v = 1, such as the Cubic Galileon (CC) [45],
Kinetic Gravity Braiding (KGB) [46] or the “no-slip grav-
ity” (NSG) [47]. In addition, finding v > 1 at any red-
shift would rule out the generalized Brans-Dicke models
(GBD), i.e. all theories with a canonical form of the

(6)



scalar field kinetic energy term. In GBD, one has ¢y = 1
and Bp = —f, and hence one should have v < 1 on all
scales.

In addition, we find no violation of the (¥ — 1)(u —
1) > 0 condition expected in Horndeski theories [39],
implying that models with non-canonical kinetic terms
are permitted.

Until the nature of DE and CDM are properly under-
stood, we should use every opportunity for testing the
basic assumptions of the model, including the validity of
GR on cosmological scales. Our methodology is readily
applicable to the data from upcoming surveys which will
make it possible to reconstruct gravity on cosmological
scales at unprecedented precision, providing a stringent
test of the standard model of cosmology. We have identi-
fied the phenomenological features that alternative grav-
ity and DE theories would need to have in order to ease
some of the tensions present within the ACDM model.
Overall, our results suggest that, while theories of late
time modifications of gravity can help ease some of the
tensions, they are unlikely to eliminate all of them si-
multaneously. We also observed hints of departures of
the gravitational slip from its GR value of v = 1 which,
if confirmed at a higher statistical significance by future
observations, would constitute a smoking gun of modified
gravity, while ruling out several popular MG theories.

I. METHODS
A. Reconstruction and the role of the theory prior

In the reconstruction of Qx, p and X, each of the
three functions is represented by its values at 11 points
in a: 10 values (nodes) uniformly spaced in a € [1,0.25]
(corresponding to z € [0, 3]) and an additional node at
a = 0.2 (z = 4), with a cubic spline connecting the nodes
and making the functions approach their GR values at
a — 0. The cubic spline introduces a correlation of the
11 redshift nodes, making the statistical significance of
the reconstruction dependent on an implicit smoothing
scale determined by our arbitrary choice of the number of
nodes. This ambiguity is eliminated after the data is sup-
plemented with a theoretical correlation prior, as long as
the smoothness scale imposed by the prior is larger than
that of the cubic spline. This is indeed the case in our re-
construction, where we used the prior was derived in [41]
by generating large ensembles of solutions in Horndeski
theories within the Effective Field Theory (EFT) frame-
work and projecting them onto Qx(a), pu(a) and X(a).
The most important feature of the Horndeski prior is a
strong positive correlation between p and ¥, with prefer-
ence for (¥ —1)(p—1) > 0, which was anticipated in [39]
based on analytical considerations and later confirmed
by a numerical sampling of Horndeski solutions [41, 48].

These 33 parameters associated with Qx, p and X,
along with the remaining cosmological parameters, are fit

to several combinations of datasets using MGCosmoMC' [33,
34, 49], which is a modification of CosmoMC? [50]. Addi-
tional details on the method, along with a detailed dis-
cussion of the Horndeski prior and its role, are presented
in ST Sec ITA.

B. Datasets

Our datasets include the CMB temperature, polariza-
tion and CMB weak lensing spectra from Planck [51],
the latest collection of the BAO data from eBOSS [52],
MGS [53] and 6dF [54], the RSD measurements by
eBOSS [55-58], the Pantheon SN catalogue [59] and the
DES Year 1 galaxy clustering and weak lensing data [60]
limited to large linear scales [49]. In addition, for some
of the tests, the intrinsic SN magnitude Mgy determina-
tion by SHOES [61] was also used, which, when coupled
with the Pantheon SN, provides a measurement of Hy.
Our“Baseline” dataset includes CMB, BAO and SN, and
is combined with DES and RSD to form the “Baseline +
LSS” dataset used for the reconstructions in Fig. 1.

C. Significance of the detection

SNR Qx I by 5

no theory prior
Baseline 3.0 1.6 2.0 1.0
Baseline+LSS 2.9 1.7 2.4 1.9
All 3.8 2.1 2.6 2.3
Baseline+Ar 3.1 1.5 1.9 1.0
Baseline4+LSS+A7, 3.3 1.5 1.8 1.0
All+Arp, 4.0 1.9 2.2 1.3

with Horndeski prior

Baseline 1.1 0.6 1.8 0.6
Baseline+LSS 1.3 1.6 2.3 1.8
All 2.3 2.2 2.7 2.4
Baseline+Ar 1.2 0.5 1.7 0.5
Baseline+LSS+ Ay, 1.7 1.3 1.3 0.9
All+Ap 2.6 2.1 1.7 1.2

TABLE I. The signal-to-noise ratio (SNR) in the detection of
departure of Qx, pu, ¥ and « from their ACDM values. The
gravitational slip v is defined in (5).

Table I lists the signal-to-noise ratios (SNR) in the
detection of departures of Qx, u and ¥ from their ACDM
values:

SNR? = (6 — 6cr)"C, ' (0 — Oar) (7)

1 https://github.com/sfu-cosmo/MGCosmoMC
2 http://cosmologist.info/cosmomc/
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where the vector 6 includes parameters related to the
three MG functions, C, their covariance and 6gg repre-
sents their GR limit. The table also shows the SNR for
the gravitational slip 7. One can see that the signifi-
cance of the detection generally drops after including the
Horndeski prior, most notably, from ~3c to ~1c for Qx
when the SHOES data is not used. The most persistent
deviation is in X, which is above 20 with and without the
prior and, to a lesser extent, in u, because of its strong
correlation with 3. One can also see that this is largely
driven by the CMB lensing anomaly, as the inclusion of
Ay as a free parameter brings the SNR in ¥ down to ~10.
Interestingly, the inclusion of the SHOES prior does not
only increase the SNR in Qx but also in g and 3, due
to a non-negligible correlation between the background
expansion and the growth rate, as one can also see from
Panel (c) of Fig. 5.

II. SUPPLEMENTAL INFORMATION

A. Additional information on the formalism,
reconstruction method and the theory prior

The starting point of our reconstruction is to
parametrize (QQx, p and X in terms of their values at 11
discrete values (nodes) of a. From the 11 nodes, 10 val-
ues are distributed uniformly in the interval a € [1,0.25]
(corresponding to z € [0, 3]) with another one at a = 0.2
(z = 4). We make the functions approach their ACDM
values at higher redshifts, because the theoretical prior is
obtained by looking at models that deviate from GR at
late times only, though studying earlier times deviations
from GR is generally possible within the same frame-
work [62]. To allow for a smooth transition between their
values at z = 4 and z = 1000, we add a set of 9 anchor
nodes arranged along a tanh pattern, and then use cu-
bic spline to interpolate between all the nodes to obtain
continuous functions Qx(a), p(a) and X(a). Our results
do not depend on how many nodes we use, since, with 10
nodes, we already include many nodes per prior correla-
tion length and additional nodes will be made redundant
by the correlation prior. In addition, the BAO, RSD,
DES and SN data probe z < 3, while CMB constrains
the integrated effect over z < 1000, with no data in the
3 < z < 1000 range.

The cubic spline introduces an implicit smoothness
prior into the reconstruction that suppresses sharp
changes of the functions between nodes. Panel (a) of
Fig. 5 shows the correlation between the nodes of Qx, p
and X imposed by the cubic spline. As one can see by
comparing to Panel (b), this prior is substantially weaker
than that derived from the Horndeski theories, as dis-
cussed below. Panels (¢) and (d) show, respectively, the
correlation imposed by data only (which includes the im-
plicit prior), and by data in combination with the Horn-
deski prior.

We wuse an appropriately modified version of

MGCosmoMC® [33, 34, 49], based on CosmoMC* [50], to sam-
ple the parameter space, which, in addition to the node
parameters x;, pi, 2; introduced earlier, includes the
usual cosmological parameters: Quh2, Q.h2, 0,, T, As,
ns, N, where Q,h% and Q.h? are the physical densities
of baryons and CDM, 6, is the angular size of the sound
horizon at the decoupling epoch, 7 is the reionization op-
tical depth, As; and n, are the amplitude and the spec-
tral index of primordial fluctuations, and A collectively
denotes the nuisance parameters that appear in various
data likelihoods. We note that the last node of Qx, cor-
responding to a = 1, is not varied as it is the same as
the derived parameter Qpg. We run 8 MCMC chains
and assess their convergence through the Gelman-Rubin
criterion, assuming the chains have reached convergence
when R —1 < 0.1 for the least converged eigenvalue, en-
suring that all others have a higher degree of convergence
(R—1~0.01).

In addition to performing the reconstruction of Qx (a),
u(a) and X(a) by determining the best fit node param-
eters from data alone, we use the method of [63, 64]
to add the Horndeski prior that correlates the nodes
{Qxi, 1i, 2;} = £. It is introduced as a Gaussian prior

Pprior X exp[—(f - fﬁd)C_l(f — fﬁd)T] s (8)

where C is the correlation matrix derived from the joint
covariance of the three functions obtained in [41]. While
we have the full covariance at our disposal, along with
the mean values, we opt not to use the latter as our fidu-
cial values fgq in order to avoid biasing the outcome of
the reconstruction, and also use the normalized correla-
tion matrix for C. In practice, the prior is implemented
as a new contribution to the total x2, with fgq deter-
mined during sampling using the so-called “running av-
erage” method [63]. The theory prior acts much like a
Wiener filter, discouraging (but not completely prohibit-
ing) abrupt variations of the functions.

Panel (b) of Fig. 5 shows the Horndeski correlation
prior used in our work. One can clearly see that the cor-
relation “length” is much longer than that of the implicit
prior due to the cubic spline shown in Panel (a). This
ensures that the prior aided reconstruction is indepen-
dent of the binning scheme. Also notable is the nearly
perfect correlation between p and ¥, in line with the
(X —=1)(p— 1) > 0 conjecture made in [39]. The correla-
tion between Qx and p or ¥ is nearly absent, although,
as mentioned above, it can be strong in certain subclasses
of Horndeski theories.

We do not consider the k-dependence of p and ¥, fo-
cusing solely on their evolution with redshift. This helps
to reduce the computational costs and is largely justified
by the fact that, in practically all known MG theories,
the scale-dependence of these functions manifests itself

3 https://github.com/sfu-cosmo/MGCosmoMC
4 http://cosmologist.info/cosmomc/
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a) The implicit correlation prior, as a function of redshift, induced by using the cubic spline to connect the 11 redshift

nodes. All three functions, Qx, p and 3, are subject to the same implicit prior, with no cross-correlation between different
functions. b) The Horndeski prior correlating the nodes of Qx, p and X. The correlation between the nodes of each function
is much stronger than that introduced by the cubic spline. The Horndeski prior also introduces a strong correlation between
u and X. ¢) The correlation obtained from our “Baseline” data posterior covariance of the nodes, i.e. that determined by the
data and the implicit prior correlation in Panel (a). d) The correlation corresponding to the posterior covariance derived from
the Baseline data with the help of the Horndeski prior in Panel (b).

outside the range of linear scales probed by large scale
structure (LSS) surveys [2, 65]. Most of the previous
cosmological tests of GR have focused on separately test-
ing either the background expansion or modified growth
and/or employed simple ad hoc parametrizations of w,
pu and X, or their equivalents [66], which can bias the
results and prevent capturing important information in
the data, as demonstrated in [67]. We note that three
functions equivalent to Qx, u and ¥ were reconstructed
n [68] from the so-called “observables” [69], or model-
independent combinations of the data, with a particular
focus on constraining the gravitational slip v. While very
interesting, the methods in that work did not allow de-
termination of the cosmological parameters and address-

ing the tensions, nor considered the effect of correlations
between the functions that could come from theory. A
reconstruction of the free functions in the effective the-
ory description of Horndeski [30, 70] was performed using
a similar method in [71, 72], showing interesting hints of
departures from GR, albeit at low statistical significance.
Our reconstruction has the benefit of not being restricted
to Horndeski theories, while still allowing us to check the
consistency of various subclasses of Horndeski theories
with the data.

We restricted our studies to late-time modifications of
ACDM because there one can make a clear connection to
the theoretical predictions in the quasi-static limit, and
also because extending our phenomenological approach



to earlier times would require making additional assump-
tions about the effect of modified gravity on radiation,
which makes the framework less generic. In [62], a simi-
lar phenomenological parametrization was used to study
effects of modified gravity at times around recombina-
tion, finding that this could help to ease the Hy tensions.
Also, in [73], a reconstruction of the dark energy den-
sity was performed using methods similar to ours, finding
that this can resolve the Hubble tension, but not the Sy
tension.

B. Additional information on datasets

We consider combinations of the following datasets:

e “Planck”: the 2018 release of the Planck CMB tem-
perature, polarization and the reconstructed CMB
weak lensing spectra [51];

e “BAO”: the eBOSS DR16 BAO compilation
from [52] that includes measurements at multi-
ple redshifts from the samples of Luminous Red
Galaxies (LRGs), Emission Line Galaxies (ELGs),
clustering quasars (QSOs), and the Lyman-« for-
est [57, 74-76], along with the SDSS DR7 MGS [53]
data. We also add the BAO measurement from
6dF [54]. This compilation covers the BAO mea-
surements at 0.07 < z < 3.5. Note that the BAO
data considered here are the “tomographic” version
of the DR12 BOSS BAO at 0.20 < z < 0.75 [77]
(not the “consensus” version using effective red-
shifts presented in [52]).

e “SN”: the Pantheon SN sample at 0.01 < z <
2.3 [59];

e “RSD”: the eBOSS joint measurement of BAO
and RSD for LRGs, ELGs and QSOs [55-58], us-
ing it instead of the eBOSS BAOQO-only measure-
ment. For LRGs, it combines eBOSS LRGs and
BOSS CMASS galaxies spanning the redshift range
0.6 < z < 1, at an effective redshift of zeg = 0.698.
QSOs cover 0.8 < z < 2.2 with an effective redshift
of zeg = 1.48, while ELGs cover 0.6 < z < 1.1 with
an effective redshift of zeg = 0.845. In addition, we
add BAO-only measurements from 6dF and MGS.

e “DES”: the Dark Energy Survey Year 1 measure-
ments of the angular two-point correlation func-
tions of galaxy clustering, cosmic shear and galaxy-
galaxy lensing with source galaxies at 0.2 < z <
1.3 [60]; since our formalism has no nonlinear pre-
scription for structure formation, the angular sep-
arations probing the nonlinear scales were removed
using the “aggressive” cut option of MGCAMB de-
scribed in [49], which uses the method introduced
in [60, 66].

e “Mgn”: the SHOES determination of the intrin-
sic SN type Ia brightness magnitude as obtained

by [61], included in the Pantheon SN likelihood
as in [78]. This provides a measurement of Hy =
73.2 + 1.3 km/s/Mpc in ACDM.

Our baseline dataset combination (labelled “Baseline”
from now on) includes Planck, BAO and SN. In addition,
we also consider the additional Baseline+RSD+DES and
Baseline+RSD+DES+Mgn. Note that, when RSD is in-
cluded in the combination, the BAO data do not coincide
with the one used in Baseline for the eBOSS LRGs BAO
measurement, as we replace it with the joint RSD-BAO
measurement. We note that a non-linear modelling of
RSD is required to extract the linear growth rate fos,
which was done assuming ACDM. In principle, there
can be additional non-linear effects from modified grav-
ity that could bias the AC'DM-based extraction of fosg.
For specific modified gravity models with the scale in-
dependent growth, this bias was shown to be negligible
for current measurements [79]. However, this conclusion
depends on the theory of gravity as well as the accuracy
of the measurements [80)].

For brevity, we refer to RSD+DES as simply “LSS”,
and to Baseline+RSD+DES+Mgyn as “All”.

C. Extended analysis of cosmological tensions

Including the lensing amplitude Ay, [42] as an extra
free parameter helps to assess if the high redshift depar-
ture of X(z) from the GR limit is indeed due to the CMB
lensing anomaly. This is a completely phenomenological
parameter that rescales the contribution of weak gravita-
tional lensing to the CMB temperature anisotropy spec-
trum (TT). In a self-consistent cosmological model one
should have Ay, = 1. Fig. 6 shows the reconstruction of
¥ (z) with and without the correlation prior, for both the
Baseline and Baseline+LSS data combinations, and with
the Aj, parameter both fixed to unity and free to vary.
Comparing the fixed and free Ay, reconstructions shows
how the inclusion of Aj, completely removes the high z
departure from GR, with X(z) now fully consistent with
one.

We further explore the correlations between ¥(z) and
Ap, and its implication for the Sg parameter in Fig. 7.
As discussed in the main text, the reconstructed shapes
of Qx and p allow for slightly lower values of Sg than
ACDM. However, Sg is also related to the amplitude of
the lensing potential, which in our analysis is modulated
by X. The parameter that is constrained by DES is (3)Ssg
where (X) is an average of ¥ in the redshift range rele-
vant for DES, and it is equal to one in the ACDM limit.
Despite the lowering of Sg, this parameter remains the
same as that in ACDM when Aj, = 1, as it can be seen in
the top panels of Tables IT and III, where the results for
this case are shown. This is due to the enhancement of
from the GR limit driven by the CMB lensing anomaly as
discussed above. As a consequence, if one keeps a fixed
Ayp, = 1, the quality of the fit to DES data is not better
than ACDM even when Qx, pu and ¥ are free to vary



FIG. 6. Reconstruction of ¥(z) from the Baseline (top panels) and the Baseline+LSS (bottom panels) data combinations,
without (left panels) and with adding the Horndeski correlation prior (right panels). Solid lines show the reconstructed mean
values with the lensing amplitude parameter Ay, fixed to unity (thus corresponding to the results shown in Fig. 1), while the
dashed lines correspond to the case where Aj, was free to vary. The shaded regions show the corresponding 68% confidence

levels.

(see Table III). If one instead allows for Ay, to be free,
an anomalous value of this parameter “solves” the CMB
lensing anomaly, and ¥ becomes consistent with the GR
limit. In this case, the lowering of Sg leads to lower values
of (X)Ss and the fit to the DES data is improved com-
pared with ACDM. Table III shows the values of the x?
for the different data considered in the analysis. One can
see that, with respect to ACDM, the Ap, = 1 analysis
improves the DES x? by 0.4 (1.2 without the Horden-
ski prior), while this improvement increases to 2.8 (4.7
without the Hordenski prior) if Ay, is free. Overall, this
analysis reveals that the late time modifications alone
are not able to improve the fit to CMB and DES weak
lensing simultaneously.

We now turn our attention to the impact of including
the SHOES prior on the SN magnitude in the data combi-
nation analyzed. As it can be seen in Table IV, the main
impact of such an addition is an enlargement of the un-
certainties and an increase of the estimated mean value
of Hy. We find Hy = 69.44 £+ 1.30 km/s/Mpc, which is
consistent with the value obtained by SHOES within 20.
Fig. 8 shows Q,,, Hy and the sound horizon at baryon

decoupling 7qrag, with and without the SHOES prior and
with and without the Horndeski prior. It is possible to
notice how, for the Baseline+LSS combination, the ad-
ditional freedom given by the Qx, p and ¥ functions
only produces an enlargement of the error on Hy, with
its mean value being the same as in ACDM. When the
SHOES prior is included we obtain instead the increase
of the mean value of Hy as well as a slight shift of 7qrag
with respect to ACDM.

Fig. 4 shows the difference of the luminosity distance
prediction with the SHOES prior from the prediction of
the best-fit ACDM without the SHOES prior. The Pan-
theon SN data points are calibrated using the SHOES
measurement of Mgy while the BAO data points are con-
verted to the luminosity distance from the angular diam-
eter distance using d;, = (1+ 2)2d4. There are two main
issues. The first problem is that the luminosity distance
calibrated from CMB in ACDM does not agree with the
SN data while it agrees with the BAO data. The second
problem is the discrepancy between the BAO and SN
data. The latter makes it hard for late modifications to
resolve this tension fully as it is not possible to fit BAO



FIG. 7. The 68% and 95% confidence level contours for
the parameters Ay, Ss and the combination (X)Ss derived
from the Baseline+LSS data with the Horndeski prior. Yel-
low contours refer to the case where Ar, = 1, while the red
contours represent the case with Ay, being a free parameters.
The blue contours show the ACDM fit to Baseline+LSS. The
grey bands show the constraints on Ss and (X)Ss obtained by
DES in the ACDM model, in which (¥) = 1.

and SN data simultaneously unless we change rgrag by
an early time modification. This is also the case in our
reconstruction. Due to the freedom in Qx(z), the lumi-
nosity distance at lower redshifts becomes closer to the
SN data compared with ACDM, which leads to a larger
Hy. However, it is still not possible to reproduce the lu-
minosity distance calibrated by the SHOES measurement
of Mgy fully.

To show the extent to which the well known Hy and Sg
tensions can be resolved by allowing for time-dependent
Qx, pand X, we show in Fig. 9 the constraints on €2,,,
Hy and (X)Ss and compare the results obtained with
and without the SHOES prior. The results shown in this
figure refer to the case where Ay, is considered as a free
parameter. As discussed before, without this parameter,
the CMB lensing would prevents us from addressing the
Sg tension, thus achieving a better fit to DES. On the
other hand, allowing for a varying Ay, removes the CMB
anomaly, making it possible to fit simultaneously to the
SHOES and DES data better than ACDM. As shown in
Table IV, the total improvement of x? is Ax? = —25.8
without the Horndeski prior and Ay? = —14.1 with the
prior.
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D. Extended discussion of implications for
Horndeski

Any statistically significant departure of X(z), u(z)
or X(z) from unity would imply either a break down of
the ACDM model or a problem, e.g. a systematic ef-
fect, with some of the datasets. The deviations from the
ACDM prediction seen in our reconstructions are at a
level of ~20, comparable to the significance of the Sg and
Ay tensions. While this hardly prompts an urgent revi-
sion of ACDM, it is nevertheless interesting to ask what
implications the trends exhibited by the reconstructions
would have for alternative models. In what follows, we
first interpret the reconstruction results in the context of
Horndeski theories, showing that the reconstructed evo-
lution of the three functions, had it been detected at a
higher confidence level, would rule out broad classes of
scalar-tensor theories.

As shown in [40], under the QSA, the expressions for u
and Y in local theories of gravity take the form of ratios
of polynomials in k. In Horndeski theories, with second
order equations of motion, the polynomials are quadratic
in k. The scale dependence of i and 3, however, is un-
likely to manifest itself in the range of k probed by large
scale structure surveys for which linear perturbation the-
ory is valid. The k-dependence marks the transition from
the k < )\)71 limit, where perturbations of the scalar

field can be neglected, to the k& > A;l regime in which
the scalar field perturbations mediate a fifth force. The
known screening mechanisms in Horndeski theories place
the range of k probed by our reconstruction in one of
these two limits [2, 65].

While the QSA is not guaranteed to be accurate
in all circumstances, especially on near-horizon scales,
it has been found to work quite well for identifying
the key phenomenological signatures of Horndeski theo-
ries [48]. Even though we cannot be certain which regime,
k< )\]71 or k > )\]71, is being probed by our scale-
independent parametrization, we can still make several
useful deduction by comparing our reconstructions to the
QSA expressions for ;4 and ¥ in the two limits.

In the £ < )\;1 limit, the QSA expressions for our
functions are [39]

2

m
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while, for k> A7, one has [39, 43]
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FIG. 8. 68% and 95% confidence level contours ., Ho and the sound horizon at baryon decoupling 7drag, with and without
the SHOES prior (yellow and red contours, respectively) and with and without the Horndeski prior (left and right panels,
respectively). The blue contours show the ACDM fit to Baseline+LSS, while the grey band shows the constrain on Hy obtained

by the SHOES collaboration.
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FIG. 9. The 68% and 95% confidence level contours for the tension parameters, Ss, Ho and Qys, from the Baseline+LSS data
with and without the SHOES prior on the SN magnitude Mgn (yellow and red contours, respectively), and with and without
the Horndeski prior (left and right panels, respectively). The blue contours show the results obtained in the ACDM limit, while
the grey band shows the Hp measured by the SHOES collaboration.
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Y Yoo =

where my is the Planck mass, M, is the modified Planck
mass, cr is the propagation speed of tensor metric modes,

i.e. the speed of gravitational waves, while Sp and ¢ are
two functions, originating from different ways of coupling
the metric and the scalar field, that represent the fifth
force contribution.

The limiting expressions above highlight the close re-
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FIG. 10. Reconstruction of the gravitational slip v(z) constructed from pu(z) and ¥(z). The reconstruction is obtained using
only data (left panel) and adding the Horndeski correlation prior (right panel). Red lines show the mean reconstructions using
the Baseline data combination, with the red region showing the 68% confidence level, while blue lines and regions refer to the

case where RSD and DES are added to the baseline.

lationship between the gravitational slip and the tensor
speed cr [38]. In particular, v must approach 1 in the
large scale limit if ¢ = 1 [39]. In the small scale limit,
on the other hand, v # 1 could be either due to a fifth
force or ¢ # 1, or both. Since ¢ # 1 is disfavoured by
the multi-messenger observations of gravitational waves
from binary neutron stars at z ~ 0 [16, 44], one would
conclude that there is evidence for a fifth force at low
redshifts.

The subclass of the Horndeski theories with v = 1,
other than ACDM, include the Cubic Galileon [45] and
KGB [46] models, along with the so-called “no-slip grav-
ity” [47], for which er =1, B¢ = 0 so that
mg
M2

*

Fig. 10 shows the gravitational slip v(z) derived from
the reconstructions of p(z) and X(z). It is important to
note that the Baseline dataset is not capable of break-
ing the degeneracy between p and Y. Correspondingly,
~(2) reconstructed from the Baseline data has a large un-
certainty and is strongly prior dependent. Using Base-
line+RSD+DES, on the other hand, allows for the de-
generacy between p(z) and X(z) to be partially broken.
As a result, v(z) is better constrained and the trends in
its time-evolution are essentially the same with and with-
out the Horndeski prior. In both cases, one finds v > 1
at higher z and v < 1 at lower z, with the transition
between these two limits happening around the redshift
at which cosmic acceleration sets in. In the case with the
Horndeski prior, the uncertainties are reduced, making
the trend significant at more than 2o.

Keeping in mind that the significance of the v # 1 de-

tection is relatively low, one could ask what such a time-
dependence would imply for Horndeski theories. Aside
from ruling out models with v = 1, like the no-slip grav-
ity, Cubic Galileons and KGB, the fact that we observe
v > 1 would rule out the generalized Brans-Dicke models
(GBD), which predicts ¢ = 1 and g = —f¢, i.e. all
models with a canonical form of the scalar field kinetic
energy term. The latter conclusion follows from the fact
that one should have v < 1 in GBD on all scales.

Finally, as pointed out in [39] based on analytical con-
siderations in the QSA limit, and later confirmed by
a numerical sampling of Horndeski solutions [41, 48],
one expects a strong correlation between p and X, with
(X —1)(x — 1) > 0. To violate the latter condition, in-
dependent sectors/terms of the Horndeski theory would
need to conspire to evolve in just the right way for no
apparent reason. Thus, looking for signs of violation of
the (X —1)(1— 1) > 0 conjecture is an important test of
Horndeski. Fig. 11 shows the evolution of (¥ —1)(u —1)
derived from our reconstructions. With or without the
Horndeski prior, the reconstructions show a good consis-
tency with (X —1)(p —1) > 0.
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1), with red lines/regions corresponding to the mean/68%

confidence level for the Baseline data combination, and blue lines/regions representing the case where RSD and DES are added
to the Baseline. The gray region shows the area where the Horndeski conjecture is violated.

Baseline data

ACDM (reference)

No theory prior

With Horndeski prior

Hy (67.44) 67.437978 (69.86) 69.2 4 1.4 (67.70)67.614
Qm (0.3141) 0.31473011 (0.2890) 0.295 =+ 0.012 (0.3108) 0.310+9-910
() Ss (0.8319) 0.83115-520 (0.8529) 0.893 % 0.050 (0.8555) 0.901 + 0.044
XZnm 2765.7 2760.7 (—5) 2761.92 (—3.8)
XéMBL 8.7 9.9 (+1.2) 9.58 (+0.9)

3N 1035.2 1030.9 (—4.3) 1035.5 (+0.3)
XEa0 20.6 15.3(—5.3) 21.08 (+0.5)

Xot 3830.2 3816.9 (—13.3) 3828.1 (—2.1)

ACDM +Ap No theory prior +Ap With Horndeski prior +Arf

Hy (67.896) 67.83 + 0.46 (69.78) 69.3 & 1.4 (67.15)67.871°}

QU (0.3079) 0.3088 + 0.0061 (0.2902) 0.29475-011 (0.3122) 0.308 4 0.012
(%) Sg (0.8114) 0.814 & 0.013 (0.800) 0.883%0 057 (0.817) 0.870 £ 0.070

Ap (1.0739) 1.069 =+ 0.036 (1.084)1.02775:993 (1.117) 1.0607999°
Xemp 2760.2 (—5.5) 2759.9 (—5.8) 2759.6 (6.1)
XEMBL 10.0 (+1.3) 9.7 (+1.0) 9.7 (+1.0)

XEn 1034.9 (—0.3) 1030.8 (—4.4) 1035.7 (4+0.5)
X&a0 21.0 (+0.4) 15.7 (—4.9) 20.1(—0.5)

Xiot 3826.1 (—4.1) 3816.2 (—14.0) 3825.1 (—5.1)

TABLE II. The best fitting maximum posterior model parameters, in parentheses, mean and 68% C.L. constraints for the
Baseline data combination. Data likelihoods at maximum posterior are compared to their reference ACDM values in parenthesis.
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Baseline + RSD + DES

ACDM (reference)

No theory prior

With Horndeski prior

Hy (67.632) 67.68 & 0.41 (70.13)69.3 + 1.5 (68.23)67.9 4 1.2
O (0.3115) 0.3107 % 0.0054 (0.2877)0.29319-012 (0.3040) 0.3063:919
(%) Ss (0.8255) 0.822 4+ 0.010 (0.8236) 0.84410-0%2 (0.8247) 0.838 4 0.025
XeMmB 2766.3 2761.3 (—5.0) 2764.4 (—1.9)

X&MBL 8.8 9.3 (4-0.5) 8.9 (4+0.1)

3 1035.0 1029.6 (—5.4) 1034.6 (—0.4)
XEA0 19.3 13.8 (—5.5) 17.9(—1.4)
XbEs 322.5 321.3(-1.2) 322.1(—0.4)

Xot 4151.8 4135.3 (—16.5) 4147.9 (—3.9)

ACDM +Ap, No theory prior +Ar, With Horndeski prior +Ar,

Hy (68.028) 68.20 + 0.46 (69.64)69.2 + 1.5 (67.64)67.7+ 1.3

Qn, (0.3061) 0.3038 = 0.0059 (0.2898) 0.29216-612 (0.3071) 0.307 % 0.012
(%) Ss (0.8084) 0.800 + 0.013 (0.7672) 0.786 4 0.040 (0.7765) 0.78115-93L

Ar (1.0777) 1.09315-93% (1.219) 1.19970-0%2 (1.248) 1.208 + 0.090
XemB 2760.3 (—6.0) 2760.5 (—5.8) 2761.8 (—4.5)

XEMBL 10.0 (+1.2) 10.1 (+1.3) 10.2 (+1.4)

X3 1034.8 (—0.2) 1030.2 (—4.8) 1034.6 (—0.4)
X0 19.3(0.0) 12.4 (—6.9) 15.1(—4.2)
XbEs 321.2(—1.3) 317.8 (—4.7) 319.7 (—2.8)

Xiot 4145.6 (—6.2) 4131.0 (—20.8) 4141.4 (—10.4)
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TABLE III. The best fitting maximum posterior model parameters, in parentheses, mean and 68% C.L. constraints for the
Baseline + RSD + DES data combination. Data likelihoods at maximum posterior are compared to their reference ACDM

values in parenthesis.
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